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ÇÍÀÕÎÄÆÅÍÍß ÄÂÎÕ ÌÎËÎÄØÈÕ ÊÎÅÔIÖI�ÍÒIÂ
Ó ÒÅËÅÃÐÀÔÍÎÌÓ ÐIÂÍßÍÍI Ç ÄÐÎÁÎÂÈÌÈ ÏÎÕIÄÍÈÌÈ

Âñòàíîâëþ¹ìî îäíîçíà÷íó ðîçâ'ÿçíiñòü îáåðíåíî¨ çàäà÷i Êîøi äëÿ ðiâíÿííÿ u
(α)
t −r(t)u

(β)
t +

a2(−∆)γ/2u− b(t)u = F0(x)g(t), (x, t) ∈ Rn× (0, T ], ç äðîáîâèìè ïîõiäíèìè, çàäàíèìè óçàãàëü-
íåíèìè ôóíêöiÿìè F0 òà ó ïðàâèõ ÷àñòèíàõ ïî÷àòêîâèõ óìîâ. Çàäà÷à ïîëÿãà¹ ó çíàõîäæåííi
òðiéêè ôóíêöié: óçàãàëüíåíîãî ðîçâ'ÿçêó u (íåïåðåðâíîãî é iíòåãðîâíîãî çà ÷àñîì â óçàãàëü-
íåíîìó ñåíñi) òà íåâiäîìèõ íåïåðåðâíèõ òà iíòåãðîâíèõ êîåôiöi¹íòiâ b(t), r(t).

We establish the unique solvability of an inverse Cauchy problem for the equation u
(α)
t −

r(t)u
(β)
t + a2(−∆)γ/2u − b(t)u = F0(x)g(t), (x, t) ∈ Rn × (0, T ], with fractional derivatives, given

distributions F0 and in right-hand sides of the initial conditions. The problem is to �nd the generali-
zed solution u (continuous and integrable in time in generalized sense) and unknown continuous
and integrable coe�cients b(t), r(t).

Âñòóï. Ó [1, 2] äîñëiäæåíà çàäà÷à Êîøi
äëÿ ïåâíèõ êëàñiâ ïàðàáîëi÷íèõ ðiâíÿíü iç
ïñåâäîäèôåðåíöiàëüíèì îïåðàòîðîì ó ïðîñ-
òîðàõ óçàãàëüíåíèõ ôóíêöié òèïó Øâàðöà.
Ó [3�7] äîâåäåíi òåîðåìè iñíóâàííÿ i ¹äèíî-
ñòi, à òàêîæ îäåðæàíî çîáðàæåííÿ çà äîïî-
ìîãîþ ôóíêöié Ãðiíà êëàñè÷íèõ ðîçâ'ÿçêiâ
çàäà÷ Êîøi äëÿ ðiâíÿíü iç äðîáîâîþ ïîõiä-
íîþ çà ÷àñîì.

Îáåðíåíi çàäà÷i äëÿ ðiâíÿíü iç äðîáîâè-
ìè ïîõiäíèìè âèíèêàþòü ó áàãàòüîõ ãàëóçÿõ
íàóêè i òåõíiêè.

Îáåðíåíi êðàéîâi çàäà÷i íà âèçíà÷åííÿ
àáî ãîëîâíîãî êîåôiöi¹íòà, àáî ïðàâî¨ ÷àñòè-
íè, àáî ïîðÿäêó äðîáîâî¨ ïîõiäíî¨ ó ðiâíÿí-
íi, àáî íåâiäîìî¨ êðàéîâî¨ óìîâè âèâ÷àëèñü ó
[8�14] òà iíøèõ ïðàöÿõ, ðîçâ'ÿçíiñòü ïðÿìî¨
é îáåðíåíî¨ çàäà÷ äëÿ îäíîãî êëàñó ðiâíÿíü
iç ïñåâäîäèôåðåíöiàëüíèì îïåðàòîðîì âñòà-
íîâëåíî ó [15]. Îáåðíåíi çàäà÷i ç íåâiäîìè-
ìè ìîëîäøèìè êîåôiöi¹íòàìè ó ðiâíÿííÿõ iç
äðîáîâèìè ïîõiäíèìè ìàëî âèâ÷åíi.

Ó äàíié ñòàòòi ìè äîcëiäæó¹ìî iñíóâàííÿ
i ¹äèíiñòü ðîçâ'ÿçêó (u, r, b) îáåðíåíî¨ çàäà÷i
Êîøi

u
(α)
t − r(t)u

(β)
t + a2(−∆)γ/2u− b(t)u =

= F0(x)g(t), (x, t) ∈ Rn × (0, T ],
(1)

u(x, 0) = F1(x),

ut(x, 0) = F2(x), x ∈ Rn, (2)(
u(·, t), φ1(·)

)
= Φ1(t),(

u(·, t), φ2(·)
)
= Φ2(t), t ∈ (0, T ]

(3)

ç äðîáîâèìè ïîõiäíèìè Ðiìàíà-Ëióâiëÿ
u
(α)
t , u

(β)
t òà (−∆)γ/2u, âèçíà÷åíîþ ç âèêîðè-

ñòàííÿì ïåðåòâîðåííÿ Ôóð'¹

F [(−∆)γ/2u] = |λ|γF [u]

ïðè óìîâi
(L) α ∈ (1, 2), β ∈ (0, 1), γ > α,

min{n, 2, γ} > (n− 1)/2,
äå F0, F1, F2 � çàäàíi óçàãàëüíåíi ôóíêöi¨,
g,Φ1,Φ2, φ1, φ2 � çàäàíi ãëàäêi ôóíêöi¨, ÷å-
ðåç (f, φ) ïîçíà÷åíî çíà÷åííÿ óçàãàëüíåíî¨
ôóíêöi¨ f íà îñíîâíié ôóíêöi¨ φ, a2 � äîäàò-
íà ñòàëà.

Çàóâàæèìî, ùî îäíîçíà÷íó ðîçâ'ÿçíiñòü
çàäà÷i Êîøi äëÿ ðiâíÿííÿ (1) ïðè b(t) =
r(t) = 0, t ∈ [0, T ] ó ïðîñòîðàõ óçàãàëüíåíèõ
ôóíêöié áóëî äîâåäåíî â [16, 17], çîêðåìà,
ó [17] � ó ïðîñòîðàõ áåñåëåâèõ ïîòåíöiàëiâ
ïðè α ∈ (0, 1].
1. Ïîçíà÷åííÿ, ôîðìóëþâàííÿ çàäà-

÷i é äîïîìiæíi ðåçóëüòàòè. Íåõàé N �
ìíîæèíà íàòóðàëüíèõ ÷èñåë, Z+ = N ∪ 0,
Q = Rn×(0, T ], n ∈ N, D(Rn) � ïðîñòið íå-
ñêií÷åííî äèôåðåíöiéîâíèõ ôóíêöié iç êîì-
ïàêòíèìè íîñiÿìè â Rn, E(Rn) = C∞(Rn),
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D(Q̄) � ïðîñòið íåñêií÷åííî äèôåðåíöiéîâ-
íèõ ôóíêöié iç êîìïàêòíèìè íîñiÿìè i òà-
êèõ, ùî ( ∂

∂t
)kv|t=T = 0, k ∈ Z+, Dk(Rn) �

ïðîñòið ôóíêöié iç Ck(Rn) ç êîìïàêòíèìè
íîñiÿìè, ||φ||Dk(Rn) = max

|κ|≤k
max

x∈suppφ
|Dκφ(x)|, äå

κ = (κ1, . . . , κn), κj ∈ Z+, j ∈ {1, . . . , n},
|κ| = κ1 + · · · + κn, Dκφ(x) = ∂|κ|φ(x)

∂x
κ1
1 ...∂xκnn

,

D′(Rn), E ′(Rn) i D′(Q̄) � ïðîñòîðè ëiíié-
íèõ íåïåðåðâíèõ ôóíêöiîíàëiâ âiäïîâiäíî
íà D(Rn), E(Rn) i D(Q̄). Çàóâàæèìî, ùî
E ′(Rn) � ïðîñòið óçàãàëüíåíèõ ôóíêöié iç
êîìïàêòíèìè íîñiÿìè. Íåõàé

D′
+(R) = {f ∈ D′(R) : f = 0, t < 0},

D′
C(Q̄) = {v ∈ D′(Q̄) : (v(·, t), φ(·)) ∈ C[0, T ]

∀φ ∈ D(Rn)},
D′
C,L(Q) = {v ∈ D′(Q̄) : (v(·, t), φ(·)) ∈

C(0, T ] ∩ L(0, T ) ∀φ ∈ D(Rn)}.

×åðåç f∗g ïîçíà÷à¹ìî çãîðòêó óçàãàëü-
íèõ ôóíêöié f i g, âèêîðèñòîâó¹ìî ôóíêöiþ

fλ(t) =

{
θ(t)tλ−1/Γ(λ), λ > 0,

f ′
1+λ(t), λ ≤ 0,

äå Γ(z) � ãàìà-ôóíêöiÿ, θ(t) � ôóíêöiÿ Õåâi-
ñàéäà. Çàóâàæèìî, ùî

fλ ∗ fµ = fλ+µ.
Íàãàäà¹ìî, ùî ïîõiäíà Ðiìàíà-Ëióâiëÿ ïî-
ðÿäêó β > 0 âèçíà÷åíà ôîðìóëîþ

v
(β)
t (x, t) = f−β(t) ∗ v(x, t),

à ïîõiäíà Êàïóòî � ôîðìóëîþ

Dα
t v(x, t) =

1
Γ(n−α)

t∫
0

(t− τ)n−α−1 dn

dτn
v(τ)dτ

ïðè n− 1 < α < n, n ∈ N.
Ïîçíà÷à¹ìî

Cα,γ(Q) = {v ∈ C(Q) :
(−∆)γ/2v,Dα

t v ∈ C(Q)},
Cα,γ(Q̄) = {v ∈ Cα,γ(Q) | v, vt ∈ C(Q̄)},
(Lv)(x, t) = v

(α)
t (x, t) + a2(−∆)γ/2v(x, t),

(Lregv)(x, t) = Dα
t v(x, t) + a2(−∆)γ/2v(x, t),

(L̂v)(x, t) = f−α(t)∗̂v(x, t)+
+a2(−∆)γ/2v(x, t), (x, t) ∈ Q,

äå ïðè v ∈ D(Q̄)
f−α(t)∗̂v(x, t) =

(
f−α(τ), v(x, t+ τ)

)
.

Ïðàâèëüíà ôîðìóëà Ãðiíà [16]:∫
Q

v(y, τ)(L̂ψ)(y, τ)dydτ =

=

∫
Q

(Lregv)(y, τ)ψ(y, τ)dydτ−

−
∫
Rn

v(y, 0)dy

T∫
0

f2−α(τ)ψτ (y, τ)dτ+

+

∫
Rn

vt(y, 0)dy

T∫
0

f2−α(τ)ψ(y, τ)dτ

∀v ∈ Cα,γ(Q̄) ψ ∈ D(Q̄).

Ïðèïóùåííÿ:

(A1) F0, F1, F2 ∈ E ′(Rn),
s ∈ [0,min{(α− β)/2, 1− β}),
tsg ∈ C[0, T ],

(A2) ln tΦj, t
β ln tΦ

(β)
j , tsΦ

(α)
j ∈ C[0, T ],

φj ∈ D(Rn), j = 1, 2, d(t) :=
tβ(1 + | ln t|)[Φ(β)

1 (t)Φ2(t)−Φ1(t)Φ
(β)
2 (t)],

inf
t∈(0,T ]

|d(t)| = d0 > 0.

Îçíà÷åííÿ 1. Òðiéêà ôóíêöié (u, r, b) ∈
U = U(T ) := D′

C,L(Q) × (C(0, T ] ∩ L(0, T ))2,
ÿêà çàäîâîëüíÿ¹ òîòîæíiñòü

(u, L̂ψ) =

T∫
0

g(t)
(
F0(·), ψ(·, t)

)
dt+

+

T∫
0

r(t)
(
u
(β)
t (·, t), ψ(·, t)

)
dt+

+

T∫
0

b(t)
(
u(·, t), ψ(·, t)

)
dt+

+
2∑
j=1

(
Fj(x)fj−α(t), ψ(x, t)

)
∀ψ ∈ D(Q̄)

(4)
òà óìîâè (3), íàçèâà¹òüñÿ ðîçâ'ÿçêîì çàäà÷i
(1)-(3).

Çàóâàæèìî, ùî ó ïîäiáíîìó ôîðìóëþ-
âàííi â [18] âñòàíîâëåíà îäíîçíà÷íà ðîçâ'ÿç-
íiñòü ó ïðîñòîði D′

C(Q̄)×C(0, T ] çàäà÷i Êîøi

ISSN 2309-4001.Áóêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë. 2016. � Ò. 4, � 3�4. 81



äëÿ ðiâíÿííÿ (1) ïðè b(t) = 0 òà îäíié äî-
äàòêîâié óìîâi â (3). Òóò ðîçãëÿäà¹ìî çàäà-
÷ó ç äâîìà íåâiäîìèìè êîåôiöi¹íòàìè òà êî-
ëè ðåãóëÿðíi äàíi çàäà÷i ìîæóòü ìàòè ñëàáêi
îñîáëèâîñòi ïðè t = 0.

Äëÿ äîâåäåííÿ ðîçâ'ÿçíîñòi çàäà÷i âèêî-
ðèñòîâó¹ìî ìåòîä ôóíêöi¨ Ãðiíà.
Îçíà÷åííÿ 2. Âåêòîð-ôóíêöiÿ(

G0(x, t), G1(x, t), G2(x, t)
)

òàêà, ùî ïðè
äîñòàòíüî ðåãóëÿðíèõ g0, g1, g2 ôóíêöiÿ

u(x, t) =

t∫
0

dτ

∫
Rn

G0(x− y, t− τ)g0(y, τ)dy

(5)

+
2∑
j=1

∫
Rn

Gj(x− y, t)gj(y)dy, (x, t) ∈ Q̄

¹ êëàñè÷íèì (iç Cα,γ(Q̄)) ðîçâ'ÿçêîì çàäà÷i
Êîøi

Lregu(x, t) = g0(x, t), (x, t) ∈ Q,

u(x, 0) = g1(x), ut(x, 0) = g2(x), x ∈ Rn

íàçèâà¹òüñÿ âåêòîð-ôóíêöi¹þ Ãðiíà öi¹¨ çà-
äà÷i. Ïîçíà÷à¹ìî

(Ĝ0φ)(y, τ) =

T∫
τ

∫
Rn

G0(x− y, t− τ)φ(x, t)dxdt,

(Ĝjφ)(y) =
T∫

0

∫
Rn

Gj(x− y, t)φ(x, t)dxdt,

j = 1, 2,

(Ĝjφ)(y, t) =

∫
Rn

Gj(x− y, t)φ(x) dx,

j = 0, 1, 2.

Ëåìà 1 [16]. Ïðàâèëüíi íàñòóïíi ñïiââiä-
íîøåííÿ:

Gj(x, t) =
(
fj−α(τ), G0(x, t− τ)

)
,

(x, t) ∈ Q, j = 1, 2,

(Ĝ0(L̂ψ))(y, τ) = ψ(y, τ), (y, τ) ∈ Q̄,

(Ĝj(L̂ψ))(y) =
(
fj−α(τ), ψ(y, τ)

)
,

y ∈ Rn, j = 1, 2, ∀ψ ∈ D(Q̄). (6)

Ëåìà 2. Âåêòîð-ôóíêöiÿ Ãðiíà çàäà÷i
Êîøi (1), (2) iñíó¹.

Äîâåäåííÿ. Ó [5, 16] îäåðæàíî çîáðàæåí-
íÿ êîìïîíåíò âåêòîð-ôóíêöi¨ Ãðiíà

G0(x, t) =
π−n/2tα−1

|x|n
×

H2,1
2,3

(
|x|γ

2γa2tα

∣∣∣(1, 1) (α, α)
(1, 1) (n/2, γ/2) (1, γ/2)

)
,

Gj(x, t) =
π−n/2tj−1

|x|n
×

H2,1
2,3

(
|x|γ

2γa2tα

∣∣∣(1, 1) (j, α)
(1, 1) (n/2, γ/2) (1, γ/2)

)
,

j = 1, 2, äå Hm,n
p,q

(
z
∣∣∣(a1, γ1) . . . (ap, γp)
(b1, α1) . . . (bq, αq)

)
�H-ôóíêöiÿ Ôîêñà [19,20].

Äëÿ ôóíêöié Gj, j = 0, 1, 2 ìà¹ìî

a∗ =
n∑
i=1

αi −
p∑

i=n+1

αi +
m∑
i=1

βi −
q∑

i=m+1

βi =

= 2− α > 0,

∆∗ =
q∑
i=1

βi −
p∑
i=1

αi = γ − α > 0.

Òîìó çà ïðèïóùåííÿ (L) çà òåîðåìîþ 1.1
[20] öi ôóíêöi¨ iñíóþòü äëÿ âñiõ x ̸= 0, t > 0.

Ëåìà 3. Äëÿ âñiõ k ∈ Z+, ìóëüòèiíäåêñiâ
κ, |κ| = k, φ ∈ D(Rn),

Dκ
y (Ĝjφ) ∈ C(Q), Dκ

y (Ĝjφ)
(β)
t ∈ C(Q),

j = 0, 1, 2, i ïðàâèëüíi íàñòóïíi îöiíêè:∣∣Dκ
y (Ĝ0φ)(y, t)

∣∣ ≤ ctα−1(1 + |ln t|)||φ||Dk(Rn),∣∣Dκ
y (Ĝjφ)(y, t)

∣∣ ≤ ctj−1(1 + |ln t|)||φ||Dk(Rn),∣∣Dκ
y (Ĝ0φ)

(β)
t (y, t)

∣∣ ≤
≤ cβt

α−β−1(1 + |ln t|)||φ||Dk(Rn),∣∣Dκ
y (Ĝjφ)

(β)
t (y, t)

∣∣ ≤
cβt

j−β−1(1 + |ln t|)||φ||Dk(Rn),

(y, t) ∈ Q, j = 1, 2.

Òóò i äàëi bi, c, cβ, Ci, C∗
i , ci, c

∗
i (i ∈ Z+)� äî-

äàòíi ñòàëi.
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Äîâåäåííÿ. Ëåìà äîâîäèòüñÿ ç âèêîðè-
ñòàííÿì îöiíîê êîìïîíåíò âåêòîð-ôóíêöi¨
Ãðiíà. Âîíè áóëè îòðèìàíi â ðîáîòi [16]
íà áàçi âëàñòèâîñòåé òà àñèìïòîòèêè H-
ôóíêöié Ôîêñà [20]. Âðàõîâóþ÷è òåîðåìó 1.7
iç [20], îäåðæàíî îöiíêè

|G0(x, t)| ≤
C0t

α−1

|x|n
, |Gj(x, t)| ≤

Cjt
j−1

|x|n
,

j = 1, 2 ïðè |x|γ > tα, (7)

à çà íàñëiäêîì ç òåîðåìè 1.12 [20] ó âèïàäêó

γ ̸= n+ 2l

σ
, l ∈ Z+, σ ∈ N (8)

îäåðæàíî îöiíêè ïðè |x|γ < tα:

|G0(x, t)| ≤
C∗

0

t|x|n−γ
, ÿêùî γ < n, (9)

|G0(x, t)| ≤ C∗
0 t
α−1−nα/γ äëÿ γ ≥ n, (10)

|Gj(x, t)| ≤
C∗
j t
j−1−α

|x|n−γ
ïðè γ < n, (11)

|Gj(x, t)| ≤ C∗
j t
j−1−nα/γäëÿ γ ≥ n, j = 1, 2.

(12)
Ó çàãàëüíîìó âèïàäêó ïðàâèëüíi òàêi æ
îöiíêè, àëå ç ìíîæíèêàìè lnN tα

|x|γ ïðè äå-
ÿêèõ íàòóðàëüíèõ N ó ôîðìóëàõ (9)�(12).
Íå îáìåæóþ÷è çàãàëüíîñòi, äàëi ðîçãëÿäà¹-
ìî âèïàäîê (8).

Iç íàâåäåíèõ îöiíîê âèïëèâà¹ iíòåãðîâ-
íiñòü ôóíêöié Gj(x, t) â Rn äëÿ êîæíîãî
t > 0, j = 0, 1, 2. Îñêiëüêè

∂

∂yi
Gj(x− y, t) = − ∂

∂xi
Gj(x− y, t),

i = 1, . . . , n, j = 0, 1, 2

i ïîäiáíî äëÿ ïîõiäíèõ âèùèõ ïîðÿäêiâ, òî
äëÿ âñiõ φ ∈ D(Rn) òà ìóëüòèiíäåêñiâ κ

Dκ(Gjφ)(y, t) =
∫
Rn

Gj(x− y, t)Dκφ(x)dx

çà óìîâè ðiâíîìiðíî¨ çáiæíîñòi iíòåãðàëiâ

vj,κ(y, t) =

=
∫
Rn

Gj(x− y, t)Dκφ(x)dx, j = 0, 1, 2.

Çà öèõ óìîâ ç ïîïåðåäíüî¨ ðiâíîñòi îäåð-
æèìî, ùî Dκ(Ĝjφ) ∈ C(Q) äëÿ äîâiëüíîãî

ìóëüòèiíäåêñó κ, à îòæå, Ĝjφ ∈ C∞(Q) ïðè
φ ∈ D(Rn), j = 0, 1, 2.

Ïîêàæåìî ðiâíîìiðíó çáiæíiñòü iíòåãðà-
ëiâ vj,κ(y, t) äëÿ êîæíîãî κ.

Âðàõîâóþ÷è îöiíêè (7), (9) ôóíêöi¨
G0(x−y, t), ôiíiòíiñòü òà îáìåæåíiñòü ôóíê-
öié Dκφ(x, t) â QT , ó âèïàäêó |κ| = k, γ < n
îäåðæó¹ìî

|v0,κ(y, t)| ≤

≤
[ ∫
x:|x−y|γ<tα

|G0(x− y, t)| · |Dκφ(x)|dx+

+
∫

x:|x−y|γ>tα
|G0(x− y, t)| · |Dκφ(x)|dx

]
≤

≤ d0,κ,0

[ ∫
x:|x−y|γ<tα

|Dκφ(x)|
t|x− y|n−γ

dx+

+

∫
x:|x−y|γ>tα

tα−1|Dκφ(x)|
|x− y|n

dx
]
dt ≤

≤ d0,κ,1

[1
t

tα/γ∫
0

rγ−1dr + tα−1|ln t|
]
||φ||Dk(Rn)

≤ d0,κ,2t
α−1−ε ||φ||Dk(Rn),

à ç (7), (10) ïðè γ ≥ n

|v0,κ(y, t)| ≤

≤ d0,κ,0

[
tα−1−nα/γ

∫
x:|x−y|γ<tα

|Dκφ(x)|dx+

+tα−1

∫
x:|x−y|γ>tα

|Dκφ(x)|
|x− y|n

dx
]
dt ≤

≤ d0,κ,1

[
tα−1−nα/γ

tα/γ∫
0

rn−1dr+

+tα−1|ln t|
]
||φ||Dk(Rn) ≤

≤ d0,κ,2t
α−1−ε ||φ||Dk(Rn) ∀ε ∈ (0, 1).

Òóò i äàëi dj,κ,0 = max{Cj, C∗
j }, dj,κ,k, dj,κ,k

(j = 0, 1, 2, k ∈ Z+) � äîäàòíi ñòàëi.
Àíàëîãi÷íî, âðàõîâóþ÷è îöiíêè (7), (11)

ôóíêöié Gj(x − y, t), j = 1, 2, ïðè γ < n
îäåðæó¹ìî
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∣∣∣vj,κ(y, t)| ≤
≤ |

∫
x:|x−y|γ<tα

Gj(x− y, t)Dκφ(x)dx+

+
∫

x:|x−y|γ>tα
Gj(x− y, t)Dκφ(x)dx

∣∣∣ ≤
≤ dj,κ,0

[
tj−1−α ∫

x:|x−y|γ<tα

|Dκφ(x)|
|x−y|n−γ dx+

+tj−1
∫

x:|x−y|γ>tα

|Dκφ(x)|
|x−y|n dx

]
≤

≤ dj,κ,1

[
tj−1−α

tα/γ∫
0

rγ−1dr+

+tj−1
+∞∫
tα/γ

|Dκφ(x)|r−1dr
]
≤

≤ dj,κ,2t
j−1−ε||φ||Dk(Rn), k = |κ|.

Ó âèïàäêó γ ≥ n ç âðàõóâàííÿì îöiíîê
(7), (12), ìàòèìåìî

|vj,κ(y, t)| ≤ dj,κ,0t
j−1
[ ∫
x:|x−y|γ<tα

|Dκφ(x)|
tnα/γ dx+

+
∫

x:|x−y|γ>tα

|Dκφ(x)|
|x−y|n dx

]
≤

≤ dj,κ,1t
j−1[1 + |lnt|] ||φ||Dk(Rn) ≤

≤ dj,κ,2t
j−1−ε ||φ||Dk(Rn), j = 1, 2.

Âèêîðèñòîâóþ÷è âëàñòèâiñòü 2.3 [20]

Hm,n
p,q

(
1
z

∣∣∣(a1, α1) . . . (ap, αp)
(b1, β1) . . . (bq, βq)

)
=

= Hn,m
q,p

(
z
∣∣∣(1− b1, β1) . . . (1− bq, βq)
(1− a1, α1) . . . (1− ap, αp)

)
H-ôóíêöi¨ Ôîêñà, ìîæåìî ïîäàòè ôóíêöi¨
Gj(x, t) ÿê

G0(x, t) =
π−n/2tα−1

|x|n

H1,2
3,2

(
2γa2

|x|γ t
α
∣∣∣(0, 1) (1− n/2, γ/2) (0, γ/2)
(0, 1) (1− α, α)

)
,

Gj(x, t) =
π−n/2tj−1

|x|n

H1,2
3,2

(
2γa2

|x|γ t
α
∣∣∣(0, 1) (1− n/2, γ/2) (0, γ/2)
(0, 1) (1− j, α)

)
,

j = 1, 2.

Çà òåîðåìîþ 2.7 iç [20] ïðî äðîáîâå äèôå-
ðåíöiþâàííÿ H-ôóíêöié

f1−β(t) ∗G0(x, t) =
π−n/2tα−β

|x|n ×

×H1,2
3,2

(
tα
∣∣∣(0, 1) (1− n/2, γ/2) (0, γ/2)

(0, 1) (β − α, α)

)
.

Çà âëàñòèâiñòþ 2.8 [20] ïðî äèôåðåíöiþ-
âàííÿ çíàõîäèìî

(f1−β(t) ∗G0)t =
π−n/2tα−β−1

|x|n ×

×H2,1
2,3

(
|x|γ

2γa2tα

∣∣∣(1, 1) (α− β, α)
(1, 1) (n/2, γ/2) (1, γ/2)

)
.

Ïîäiáíî îá÷èñëþ¹ìî

f1−β(t) ∗Gj(x, t) =
π−n/2tj−β

|x|n ×

×H1,2
3,2

(
2γa2

|x|γ t
α
∣∣∣(0, 1) (1− n/2, γ/2) (0, γ/2)
(0, 1) (β − j, α)

)
,

∂
∂t

(
f1−β(t) ∗Gj(x, t)

)
= π−n/2tj−β−1

|x|n ×

×H1,2
3,2

(
2γa2

|x|γ t
α
∣∣∣(0, 1) (1− n/2, γ/2) (0, γ/2)
(0, 1) (1 + β − j, α)

)
= π−n/2tj−β−1

|x|n ×

×H2,1
2,3

(
|x|γ

2γa2tα

∣∣∣(1, 1) (j − β, α)
(1, 1) (n/2, γ/2) (1, γ/2)

)
,

j = 1, 2.

Äëÿ âñiõ ôóíêöié ∂
∂t

(
f1−β(t) ∗ Gj(x, t)

)
(j = 0, 1, 2) ìà¹ìî ∆∗ = γ − α > 0,
a∗ = 2− α > 0. Òîìó çà òåîðåìîþ 1.1 iç [20]
öi ôóíêöi¨ iñíóþòü äëÿ âñiõ x ̸= 0, t > 0.

Âðàõîâóþ÷è òåîðåìó 1.7 iç [20], çíàõîäè-
ìî îöiíêè

| ∂
∂t

(
f1−β(t) ∗G0(x, t)

)
| ≤ c0t

α−β−1

|x|n
,

| ∂
∂t

(
f1−β(t) ∗Gj(x, t)

)
| ≤ cjt

j−β−1

|x|n
, j = 1, 2

ïðè |x|γ > tα.

Çà íàñëiäêîì ç òåîðåìè 1.12 [20] îäåðæó-
¹ìî îöiíêè ïðè |x|γ < tα:

| ∂
∂t

(
f1−β(t) ∗G0(x, t)

)
| ≤

≤ c∗0t
α−β−1

|x|n
( |x|γ
tα
)min{1,n/γ}

=

=

{
c∗0

tβ+1|x|n−γ , γ < n
c∗0

t
β+1+α(nγ −1) , γ ≥ n

,
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| ∂
∂t

(
f1−β(t) ∗Gj(x, t)

)
| ≤

≤
c∗j t

j−1−β

|x|n
( |x|γ
tα
)min{1,n/γ}

=

=

{ c∗j
tα+β+1−j |x|n−γ , γ < n

c∗j

t
β+1−j+αn

γ
, γ ≥ n

, j = 1, 2.

Íåõàé

wj,γ(y, t) =
( ̂(f1−β(t) ∗Gj)tφ

)
(y, t) =

=

∫
Rn

∂

∂t

(
f1−β(t) ∗Gj(x− y, t)

)
Dγφ(x)dx,

j = 0, 1, 2, φ ∈ D(Rn).

Âèêîðèñòîâóþ÷è çíàéäåíi âèùå îöiíêè, ó
âèïàäêó γ < n ìàòèìåìî

|w0,γ(y, t)| ≤

≤ d0,γ,3

[
1

tβ+1

∫
x:|x−y|γ<tα

|Dγφ(x)|
|x−y|n−γ dx+

+tα−β−1
∫

x:|x−y|γ>tα

|Dγφ(x,t)|
|x−y|n dx

]
≤

≤ d0,γ,4t
α−β−1(1 + |ln t|)||φ||Dk(Rn) ≤

≤ dγ,5t
α−β−1−ε||φ||Dk(Rn), ∀ε > 0,

|wj,γ(y, t)| ≤

≤ dj,γ,3

[ ∫
x:|x−y|γ<tα

|Dγφ(x)|
tα+β+1−j |x−y|n−γ dx+

+
∫

x:|x−y|γ>tα

tj−β−1|Dγφ(x,t)|
|x−y|n dx

]
≤

≤ dj,γ,4t
j−β−1(1 + |ln t|)||φ||Dk(Rn) ≤

dj,γ,5t
j−β−1−ε||φ||Dk(Rn), ∀ε > 0, j = 1, 2,

à ó âèïàäêó γ ≥ n

|w0,γ(y, t)| ≤

≤ d0,γ,3

[
1

t
β+1+α(nγ −1)

∫
x:|x−y|γ<tα

|Dγφ(x)|dx+

+tα−β−1
∫

x:|x−y|γ>tα

|Dγφ(x,t)|
|x−y|n dx

]
≤

≤ d0,γ,4t
α−β−1(1 + |ln t|)||φ||Dk(Rn) ≤

≤ d0,γ,5t
α−β−1−ε||φ||Dk(Rn), ∀ε > 0,

|wj,γ(y, t)| ≤

≤ dj,γ,3

[ ∫
x:|x−y|γ<tα

|Dγφ(x)|
t
β+1−j+αn

γ
dx+

+
∫

x:|x−y|γ>tα

tj−β−1|Dγφ(x,t)|
|x−y|n dx

]
≤

≤ dj,γ,4t
j−β−1(1 + |ln t|)||φ||Dk(Rn) ≤

≤ dj,γ,5t
j−β−1−ε||φ||Dk(Rn), ∀ε > 0,

j = 1, 2, k = |γ|.

Òåîðåìà 1. Íåõàé âèêîíàíi ïðèïóùåííÿ
(L), (A1) ïðè s ∈ [0, α − β). Òîäi iñíó¹ ¹äè-
íèé ðîçâ'ÿçîê u ∈ D′

C,L(Q) çàäà÷i (1), (2)
iç r(t) = b(t) = 0, t ∈ [0, T ] òàêèé, ùî
u
(β)
t ∈ D′

C,L(Q). Âií âèçíà÷åíèé ôîðìóëîþ(
u(·, t), φ(·)

)
= hφ(t)

∀φ ∈ D(Rn), t ∈ (0, T ],
(13)

äå

hφ(t) =
2∑
j=1

(
Fj(·), (Ĝjφ)(·, t)

)
+

+

t∫
0

g(τ)
(
F0(·), (Ĝ0φ)(·, t− τ)

)
dτ, t ∈ (0, T ].

Äîâåäåííÿ. Âèêîðèñòîâó¹ìî ñõåìó äîâå-
äåííÿ òåîðåìè 3 iç [21]. Óçàãàëüíåíi ôóíê-
öi¨ Fj ìàþòü ñêií÷åííi ïîðÿäêè ñèíãóëÿðíî-
ñòåé s(Fj) ≤ kj, j = 0, 1, 2: iñíóþòü ÷èñëà
k0, k1, k2 ∈ Z+ i ôóíêöi¨ gjκ ∈ Lloc(Rn), |κ| ≤
kj, j = 0, 1, 2 òàêi, ùî

(Fj, φ) =
∑
|κ|≤kj

∫
Rn

gjκ(y)D
κφ(y)dy

∀φ ∈ D(Rn), j = 0, 1, 2.

(14)

Âèêîðèñòîâóþ÷è çîáðàæåííÿ (14) òà ëå-
ìó 3, ïåðåêîíó¹ìîñü, ùî äëÿ äîâiëüíî¨ φ ∈
D(Rn)

t∫
0

g(τ)
(
F0(y), (Ĝ0φ)(y, t, τ)

)
dτ =

=
∑
|κ|≤k0

t∫
0

g(τ)×
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×
[ ∫
Rn

g0α(y)D
κ
y (Ĝ0φ)(y, t, τ)dy

]
dτ,

(
Fj(y), (Ĝjφ)(y, t)

)
=

=
∑
|κ|≤k1

∫
Rn

g1κ(y)D
κ
y (Ĝ1φ)(y, t)dy

òà ïðàâèëüíi îöiíêè

∣∣∣ t∫
0

g(τ)
(
F0(y), (Ĝ0φ)(y, t, τ)

)
dτ
∣∣∣ ≤

≤ c0||φ||Dk0 (Rn)×

×
t∫

0

τ s|g(τ)|τ−s(t− τ)α−1−ε dτ

≤ b0t
α−s−ε||φ||Dk0 (Rn), t ∈ [0, T ],

∣∣(Fj(y), (Ĝjφ)(y, t)
)∣∣ ≤ bjt

j−1−ε||φ||Dkj (Rn),

t ∈ (0, T ], ε ∈ (0, 1), j = 1, 2.

Îòîæ, ïðè φ ∈ D(Rn) ïðàâà ÷àñòèíà (13)
(ôóíêöiÿ hφ) íàëåæèòü C(0, T ] ∩ L(0, T ).

Ïîêàæåìî, ùî ôóíêöiÿ (13) ¹ ðîçâ'ÿçêîì
çàäà÷i â ñåíñi îçíà÷åííÿ 1. Äëÿ äîâiëüíî¨
ψ ∈ D(Q) çíàõîäèìî

(
u, (L̂ψ)

)
=

T∫
0

(
u(·, t), (L̂ψ)(·, t)

)
dt =

T∫
0

( t∫
0

g(τ)
(
F0(y), (Ĝ0(L̂ψ))(y, t, τ)

)
dτ
)
dt

+
2∑
j=1

T∫
0

(
Fj(y), (Ĝj(L̂ψ))(y, t)

)
dt =

=
(
F0(y),

T∫
0

g(τ)dτ

T∫
τ

(Ĝ0(L̂ψ))(y, t, τ)dt
)
+

+
2∑
j=1

(
Fj(y),

T∫
0

(
Ĝj(L̂ψ)

)
(y, t)dt

)
=

=
(
F0(y) · g(τ),

(
Ĝ0(L̂ψ)

)
(y, τ)

)
+

+
2∑
j=1

(
Fj, Ĝj(L̂ψ)

)
.

Ñêîðèñòàâøèñü ôîðìóëàìè (6), äëÿ
ôóíêöi¨ u, çàäàíî¨ ôîðìóëîþ (13), i äîâiëü-
íî¨ ψ ∈ D(Q) îäåðæó¹ìî òîòîæíiñòü (4) ïðè
r(t) = b(t) = 0, t ∈ [0, T ]. Çà îçíà÷åííÿì 1
ôóíêöiÿ (13) ¹ ðîçâ'ÿçêîì çàäà÷i øóêàíîãî
êëàñó.

�äèíiñòü ðîçâ'ÿçêó çàäà÷i äîâîäèòüñÿ, ÿê
ó [21].

Ïîêàæåìî, ùî u(β)t ∈ D′
C,L(Q).

Âèêîðèñòîâóþ÷è çîáðàæåííÿ (13), äëÿ
äîâiëüíî¨ φ ∈ D(Rn) îäåðæó¹ìî(

u
(β)
t (·, t), φ(·)

)
= h(β)φ (t) =

=
2∑
j=1

(
Fj(·), (Ĝjφ)

(β)
t (·, t)

)
+

+f−β(t) ∗
t∫

0

g(τ)
(
F0(·), (Ĝ0φ)(·, t− τ)

)
dτ =

=
2∑
j=1

(
Fj(·),

(
(f1−β(t) ∗ Ĝj)φ

)
t
(·, t)

)
+

+
(
F0(·), f1−β(t) ∗

∂

∂t

(
g(t) ∗ (Ĝ0φ)(·, t)

))
=

=
2∑
j=1

(
Fj(·),

(
(f1−β(t) ∗ Ĝj)tφ

)
(·, t)

)
+

+
(
F0(·), g(t) ∗

(
(f1−β(t) ∗ Ĝ0)tφ

)
(·, t)

)
=

=
2∑
j=1

(
Fj(·),

( ̂(f1−β(t) ∗Gj)tφ
)
(·, t)

)
+

+
(
F0(·), g(t) ∗

( ̂(f1−β(t) ∗G0)tφ
)
(·, t)

)
.

Çà ëåìîþ 3 òà ôîðìóëîþ (14) ïðè j = 0 äëÿ
äîâiëüíî¨ φ ∈ D(Rn)∣∣∣(F0(·), g(t) ∗

( ̂(f1−β(t) ∗G0)tφ
)
(·, t)

)∣∣∣ =∣∣∣ t∫
0

g(τ)
(
F0(y), (Ĝ0φ)

(β)
t (y, t− τ)

)
dτ
∣∣∣ ≤

≤ c0||φ||Dk0 (Rn)×
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×
t∫

0

τ s|g(τ)|(t− τ)α−β−1−ετ−s dτ

≤ b̂0t
α−β−s−ε||φ||Dk0 (Rn), t ∈ [0, T ],∣∣∣(Fj(·), ( ̂(f1−β(t) ∗Gj)tφ

)
(·, t)

)∣∣∣ ≤
≤ b̂jt

j−β−1−ε||φ||Dkj (Rn), t ∈ (0, T ].

Îòîæ, òàêîæ h
(β)
φ ∈ C(0, T ]∩L(0, T ) ïðè φ ∈

D(Rn).

Íàñëiäîê 1. Íåõàé âèêîíàíi ïðèïóùåí-
íÿ òåîðåìè 1 ïðè s = 0 òà F1 = 0. Òîäi iñíó¹
¹äèíèé ðîçâ'ÿçîê u çàäà÷i (1), (2) iç r(t) =

b(t) = 0, t ∈ [0, T ] òàêèé, ùî u, u(β)t ∈ D′
C(Q̄).

2. Òåîðåìè iñíóâàííÿ òà ¹äèíîñòi
äëÿ îáåðíåíî¨ çàäà÷i. Çà òåîðåìîþ 1
çà ïðèïóùåíü (L), (A1) ìà¹ìî hφ, h

(β)
φ ∈

C(0, T ] ∩ L(0, T ) äëÿ âñiõ φ ∈ D(Rn) i áóäü-
ÿêèé ðîçâ'ÿçîê u ∈ D′

C,L(Q) ðiâíÿííÿ(
u(·, t), φ(·)

)
= hφ(t)+ (15)

+

t∫
0

r(τ)
(
u(β)τ (·, τ), (Ĝ0φ)(·, t− τ)

)
dτ+

+

t∫
0

b(τ)
(
u(·, τ), (Ĝ0φ)(·, t− τ)

)
dτ

∀φ ∈ D(Rn), t ∈ (0, T ],

ïðè r(t) = b(t) = 0 ¹ ðîçâ'ÿçêîì çàäà÷i (1),
(2). Ïðè r(t) ̸= 0 äëÿ äîâiëüíî¨ ψ ∈ D(Q)

T∫
0

dt

t∫
0

r(τ)
(
u(β)τ (·, τ), (Ĝ0(L̂ψ))(·, t−τ)dτ

)
=

=

T∫
0

r(τ)dτ

T∫
τ

(
u(β)τ (·, τ), (Ĝ0(L̂ψ))(·, t− τ)

)
dt

=

T∫
0

r(τ)
(
u(β)τ (·, τ),

T∫
τ

(Ĝ0(L̂ψ))(·, t− τ)dt
)
dτ

=

T∫
0

r(τ)
(
u(β)τ (·, τ), (Ĝ0(L̂ψ))(·, τ)

)
dτ

=

T∫
0

r(t)
(
u
(β)
t (·, t), ψ(·, t)

)
dt.

Àíàëîãi÷íî ïðè b(t) ̸= 0

T∫
0

dt

t∫
0

b(τ)
(
u(·, τ), (Ĝ0(L̂ψ))(·, t− τ)dτ

)

=

T∫
0

b(τ)dτ

T∫
τ

(
u(·, τ), (Ĝ0(L̂ψ))(·, t− τ)

)
dt

=

T∫
0

b(τ)
(
u(·, τ),

T∫
τ

(Ĝ0(L̂ψ))(·, t− τ)dt
)
dτ

=

T∫
0

b(τ)
(
u(·, τ), (Ĝ0(L̂ψ))(·, τ)

)
dτ

=

T∫
0

b(t)
(
u(·, t), ψ(·, t)

)
dt.

Îòæå, ïðàâà ÷àñòèíà (15) çàäîâîëüíÿ¹ òî-
òîæíiñòü (4) i çà îçíà÷åííÿì áóäü-ÿêèé
ðîçâ'ÿçîê u ∈ D′

C,L(Q) ðiâíÿííÿ (15) ¹ ðîç-
â'ÿçêîì çàäà÷i (1), (2).

Ç ðiâíÿííÿ (1) îòðèìó¹ìî(
u
(α)
t (·, t), φj(·)

)
+ a2

(
u(·, t), (−∆)γ/2φj(·)

)
=

= r(t)
(
u
(β)
t (·, t), φj

)
+

+b(t)
(
u(·, t), φj

)
+ g(t)

(
F0, φj

)
, j = 1, 2,

à âèêîðèñòîâó÷è óìîâè (3), ìàòèìåìî

Φ
(α)
1 (t) = −a2

(
u(·, t), (−∆)γ/2φ1(·)

)
+r(t)Φ

(β)
1 (t) + b(t)Φ1(t) + g(t)

(
F0, φ1

)
,

Φ
(α)
2 (t) = −a2

(
u(·, t), (−∆)γ/2φ2(·)

)
+r(t)Φ

(β)
2 (t) + b(t)Φ2(t) + g(t)

(
F0, φ2

)
.

Çâiäñè, âðàõîâóþ÷è ïðèïóùåííÿ (A2), çíà-
õîäèìî íåïåðåðâíi é iíòåãðîâíi ôóíêöi¨

r(t) =
[(

Φ
(α)
1 (t) + a2

(
u(·, t), (−∆)γ/2φ1(·)

)
(16)

−g(t)
(
F0, φ1

))
Φ2(t)−

ISSN 2309-4001.Áóêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë. 2016. � Ò. 4, � 3�4. 87



−
(
Φ

(α)
2 (t) + a2

(
u(·, t), (−∆)γ/2φ2(·)

)
−

−g(t)
(
F0, φ2

))
Φ1(t)

]
tβ(1 + |ln t|)[d(t)]−1,

b(t) =
[
−
(
Φ

(α)
1 (t)+a2

(
u(·, t), (−∆)γ/2φ1(·)

)
−

−g(t)
(
F0, φ1

))
Φ

(β)
2 (t)+

+
(
Φ

(α)
2 (t) + a2

(
u(·, t), (−∆)γ/2φ2(·)

)
−

−g(t)
(
F0, φ2

))
Φ

(β)
1 (t)

]
tβ(1 + |ln t|)[d(t)]−1,

t ∈ (0, T ].

Âiäçíà÷èìî, ùî r(t) = O(tβ−s(1 + |ln t|)),
b(t) = O(t−s), t → +0 òà iíòåãðîâíi íà (0, T )
ïðè 0 ≤ s < 1− β.

Ïîçíà÷èìî ÷åðåç H1(u, t), H2(u, t) ïðàâi
÷àñòèíè (16), ïiäñòàâèìî ¨õ ó (15) âiäïîâiäíî
çàìiñòü r(t), b(t). Îòðèìó¹ìî íåëiíiéíå îïå-
ðàòîðíå ðiâíÿííÿ(

u(·, t), φ(·)
)
= hφ(t)+ (17)

+

t∫
0

H1(u, τ)
(
u(β)τ (·, τ), (Ĝ0φ)(·, t− τ)

)
dτ+

+

t∫
0

H2(u, τ)
(
u(·, τ), (Ĝ0φ)(·, t− τ)

)
dτ

∀φ ∈ D(Rn), t ∈ (0, T ]

ùîäî íåâiäîìî¨ u ∈ D′
C,L(Q). Íàâïàêè, ÿêùî

u ∈ D′
C,L(Q) � ðîçâ'ÿçîê ðiâíÿííÿ (17), r, b

âèçíà÷åíi ôîðìóëîþ (16), òî ç íàâåäåíîãî
âèùå i äîâåäåííÿ òåîðåìè 1 âèïëèâà¹, ùî
òðiéêà (u, r, b) çàäîâîëüíÿ¹ çàäà÷ó (1)�(3).

Òåîðåìà 2. Çà ïðèïóùåíü (L), (A1), (A2)
iñíó¹ T ∗ ∈ (0, T ] (âiäïîâiäíî Q∗ = Rn ×
(0, T ∗]) i ðîçâ'ÿçîê (u, r, b) ∈ U(T ∗) çàäà÷i
(1)-(3): ôóíêöiÿ u � ðîçâ'ÿçîê ðiâíÿííÿ (17),
r òà b âèçíà÷åíi ôîðìóëàìè (16).

Äîâåäåííÿ. Çãiäíî ç íàâåäåíèì, çà ïðè-
ïóùåíü òåîðåìè òðiéêà (u, r, b) ∈ U òàêà, ùî
ôóíêöiÿ u ∈ D′

C,L(Q) ¹ ðîçâ'ÿçêîì (17), à
r(t), b(t) âèçíà÷åíi çãiäíî ç (16), ¹ ðîçâ'ÿç-
êîì çàäà÷i (1)-(3). Äîñòàòíüî äîâåñòè ðîç-
â'ÿçíiñòü ðiâíÿííÿ (17) â D′

C,L(Q).

Iç äîâåäåííÿ òåîðåìè 1 äëÿ âñiõ ε ∈ (0, 1),
φ ∈ DK(Rn) iç K ∈ Z+, K ≥ max{k0, k1, k2}
îòðèìó¹ìî

ts
∣∣∣ t∫
0

g(τ)
(
F0(·), (Ĝ0φ)(·, t− τ)

)
dτ
∣∣∣ ≤

≤ b0t
α−ε||φ||DK(Rn),

(18)

ts|hφ(t)| ≤[
b0t

α−ε + b1t
s−ε + b2t

s+1−ε] ||φ||DK(Rn).
(19)

Íåõàé ïðè R > 0

MR,s =MR,s(Q) =
{
v ∈ D′

C,L(Q) :

||v||s = sup
t∈(0,T ]

sup
φ∈DK(Rn)

ts
∣∣(v(·, t), φ(·))∣∣
||φ||DK(Rn)

≤ R
}
.

Âèçíà÷à¹ìî îïåðàòîð

P : D′
C,L(Q) → D′

C(Q),(
(Pv)(·, t), φ(·)

)
= hφ(t)

+

t∫
0

H1(v, τ)
(
v(β)τ (·, τ), (Ĝ0φ)(·, t− τ)

)
dτ

+

t∫
0

H2(v, τ)
(
v(·, τ), (Ĝ0φ)(·, t− τ)

)
dτ

∀φ ∈ DK(Rn).

Âèêîðèñòîâóþ÷è ïðèíöèï Áàíàõà, äîâå-
äåìî ðîçâ'ÿçíiñòü ðiâíÿííÿ (17), òîáòî ðiâ-
íÿííÿ

u = Pu, u ∈MR,s(Q) ⊂ D′
C,L(Q).

Ñïî÷àòêó ïîêàæåìî, ùî iñíóþòüR > 0, T ∗ ∈
(0, T ], Q∗ = Rn × (0, T ∗] i M∗

R,s = MR,s(Q
∗)

òàêi, ùî P :M∗
R,s →M∗

R,s.
Äëÿ êîæíî¨ v ∈MR,s ìà¹ìî

τ s|
(
v(·, τ), a2(−∆)γ/2φj(·)

)
| ≤

≤ R∥(−∆)γ/2φj∥DK(Rn) := BjR,

òîìó

τ s|Hj(v, τ)| ≤
Aj +BjR

d0
, j = 1, 2,
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äå

A1 = sup
τ∈(0,T ]

τ s
∣∣∣[Φ(α)

1 (τ)− g(τ)(F0, φ1)]Φ2(τ)

−[Φ
(α)
2 (τ)− g(τ)(F0, φ2)]Φ1(τ)

∣∣∣τβ(1 + |ln τ |)),

A2 = − sup
τ∈(0,T ]

τ s
∣∣∣[Φ(α)

1 (τ)−

−g(τ)(F0, φ1)]Φ
(β)
2 (τ)− [Φ

(α)
2 (τ)−

−g(τ)(F0, φ2)]Φ
(β)
1 (τ)

∣∣∣τβ(1 + |ln τ |)).

Çâiäñè, âðàõîâóþ÷è (18), (19) i ëåìó 3,
äëÿ âñiõ v ∈ MR,s, φ ∈ D(Rn), t ∈ (0, T ] ïðè
0 ≤ s < α−β

2
, ε < min{α−β−s, s} îòðèìó¹ìî

ts
∣∣((Pv)(·, t), φ(·))∣∣

||φ||DK(Rn)

≤

b0t
α−ε + b1t

s−ε + b2t
s+1−ε+

+
(A1 +B1R)Rt

s

d0
×

×
t∫

0

||(Ĝ0φ)
(β)
τ (·, t− τ)||DK(Rn)τ

−2sdτ

||φ||DK(Rn)

+
(A2 +B2R)Rt

s

d0
×

×
t∫

0

||(Ĝ0φ)(·, t− τ)||DK(Rn)τ
−2sdτ

||φ||DK(Rn)

≤ b0t
α−ε + b1t

s−ε + b2t
s+1−ε+

+
(A1 +B1R)Rt

s

d0

t∫
0

cK(t− τ)α−β−ε−1τ−2sdτ+

+
(A2 +B2R)Rt

s

d0

t∫
0

cK(t− τ)α−ε−1τ−2sdτ ≤

≤ b0t
α−ε + b1t

s−ε + b2t
s+1−ε+

+
(A1 +B1R)R

d0
tα−β−ε +

(A2 +B2R)R

f
tα−ε ≤

≤ tα−β−s−ε(q0R
2 + q1R) + q2,

äå qj (j ∈ {0, 1, 2, 3}) � äîäàòíi ñòàëi.
Äëÿ âèêîíàííÿ íåðiâíîñòi

tα−β−s−ε(q0R
2 + q1R) + q2 ≤ R ∀t ∈ [0, T ∗]

(20)

iç äåÿêèìè R > 0, T ∗ ∈ (0, T ], ñïî÷àòêó âè-
áåðåìî R ≥ max{1, 2q2}. Òîäi (20) âèïëèâà¹
ç íåðiâíîñòi

(q0 + q1)Rt
α−β−s−ε ≤ 1

2
∀t ∈ [0, T ∗] (21)

ïðè âèáðàíîìó R, ïðàâèëüíî¨ ïðè T ∗ ≤
min{T, [2(q0 + q1)R]

− 1
α−β−s−ε}. Ìè äîâåëè

iñíóâàííÿ R ≥ max{1, 2q2}, T ∗ ∈ (0, T ] òà-
êèõ, ùî P :M∗

R,s →M∗
R,s ïðè s ∈ [0, α−β

2
).

Òåïåð ïîêàæåìî, ùî P ¹ ñòèñíèì îïåðà-
òîðîì íàM∗

R,s. Äëÿ v1, v2 ∈M∗
R,s, φ ∈ D(Rn),

t ∈ [0, T ∗] ìà¹ìî

ts
∣∣((Pv1)(·, t)− ((Pv2)(·, t), φ(·))∣∣

||φ||DK(Rn)

=

=
ts

||φ||DK(Rn)

∣∣∣ t∫
0

H1(v2, τ)×

×
(
v1(·, τ)− v2(·, τ), (Ĝ0φ)

(β)
τ (·, t− τ)

)
dτ+

+

t∫
0

(
H1(v1, τ)−H1(v2, τ)

)
×

×
(
v1(·, τ), (Ĝ0φ)

(β)
τ (·, t− τ)

)
dτ
∣∣∣+

+
ts

||φ||DK(Rn)

∣∣∣ t∫
0

H2(v2, τ)×

×
(
v1(·, τ)− v2(·, τ), (Ĝ0φ)(·, t− τ)

)
dτ+

+

t∫
0

(
H2(v1, τ)−H2(v2, τ)

)
×

×
(
v1(·, τ), (Ĝ0φ)(·, t− τ)

)
dτ
∣∣∣ ≤

≤ (A1 +B1R)t
s

d0
×

×
t∫

0

∣∣(v1(·, τ)− v2(·, τ), (Ĝ0φ)
(β)
τ (·, t− τ)

)∣∣
||(Ĝ0φ)

(β)
τ (·, t− τ)||DK(Rn)

||(Ĝ0φ)
(β)
τ (·, t− τ)||DK(Rn)

||φ||DK(Rn)

τ−sdτ+

+
a2tsR||(−∆)γ/2φ1||DK(Rn)

d0
×
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×
t∫

0

∣∣(v1(·, τ)− v2(·, τ), (−∆)γ/2φ1(·)
)∣∣

||(−∆)γ/2φ1||DK(Rn)

×

×
||(Ĝ0φ)

(β)
τ (·, t− τ)||DK(Rn)

||φ||DK(Rn)

τ−sdτ+

+
(A2 +B2R)t

s

d0
×

×
t∫

0

∣∣(v1(·, τ)− v2(·, τ), (Ĝ0φ)(·, t− τ)
)∣∣

||(Ĝ0φ)(·, t− τ)||DK(Rn)

||(Ĝ0φ)(·, t− τ)||DK(Rn)

||φ||DK(Rn)

τ−sdτ+

+
a2tsR||(−∆)γ/2φ2||DK(Rn)

d0
×

×
t∫

0

∣∣(v1(·, τ)− v2(·, τ), (−∆)γ/2φ2(·)
)∣∣

||(−∆)γ/2φ2||DK(Rn)

×

×
||(Ĝ0φ)(·, t− τ)||DK(Rn)

||φ||DK(Rn)

τ−sdτ

≤ (2A1 +B1R)t
s

d0
· ||v1 − v2||s×

×

t∫
0

||(Ĝ0φ)
(β)
τ (·, t− τ)||DK(Rn)τ

−2sdτ

||φ||DK(Rn)

+

+
(2A2 +B2R)t

s

d0
· ||v1 − v2||s×

×

t∫
0

||(Ĝ0φ)(·, t− τ)||DK(Rn)τ
−2sdτ

||φ||DK(Rn)

≤

≤ (2q0R + q1)t
α−β−s−ε||v1 − v2||s.

ßêùî (−∆)γ/2φj(x) ≡ 0, x ∈ Rn, òî(
v1(·, t)− v2(·, t), (−∆)γ/2φj(·)

)
= 0

∀t ∈ [0, T ∗], j = 1, 2.

Äëÿ t ∈ [0, T ∗] ìà¹ìî

(2q0R + q1)t
α−β−s−ε ≤

≤ 2q0R + q1
2(q0 + q1)R

<
2q0 + q1
2(q0 + q1)

< 1.

Îòæå, P ¹ ñòèñíèì îïåðàòîðîì íà
MR,s(Q

∗), i çà òåîðåìîþ Áàíàõà îòðèìó¹-
ìî ðîçâ'ÿçíiñòü ðiâíÿííÿ (17) â M∗

R,s ⊂
D′
C,L(Q

∗).
Íàñëiäîê 2. Íåõàé F1 = 0, âèêîíàíi ïðè-

ïóùåííÿ (L), (A1) ïðè s = 0, φj ∈ D(Rn),
Φj,Φ

(β)
j ,Φ

(α)
j ∈ C[0, T ], j = 1, 2, Φ1(0) = 0,

Φ2(0) = (F2, φ2), inf
t∈(0,T ]

|p(t)| = p0 > 0, äå

p(t) := Φ
(β)
1 (t)Φ2(t) − Φ1(t)Φ

(β)
2 (t). Òîäi iñíó¹

T ∗ ∈ (0, T ] (âiäïîâiäíî Q∗ = Rn × (0, T ∗]) i
ðîçâ'ÿçîê

(u, r, b) ∈ D′
C(Q̄)× C[0, T ]2

çàäà÷i (1)-(3): ôóíêöiÿ u ¹ ðîçâ'ÿçêîì ðiâ-
íÿííÿ (17),

r(t) = H1(u, t) =
[(

Φ
(α)
1 (t)+

+a2
(
u(·, t), (−∆)γ/2φ1(·)

)
−

−g(t)
(
F0, φ1

))
Φ2(t)−

−
(
Φ

(α)
2 (t) + a2

(
u(·, t), (−∆)γ/2φ2(·)

)
−

−g(t)
(
F0, φ2

))
Φ1(t)

]
[p(t)]−1,

b(t) = H2(u, t) =
[
−
(
Φ

(α)
1 (t)+

+a2
(
u(·, t), (−∆)γ/2φ1(·)

)
−

−g(t)
(
F0, φ1

))
Φ

(β)
2 (t)+

+
(
Φ

(α)
2 (t) + a2

(
u(·, t), (−∆)γ/2φ2(·)

)
−

−g(t)
(
F0, φ2

))
Φ

(β)
1 (t)

]
[p(t)]−1, t ∈ (0, T ].

Òåîðåìà 3. Çà ïðèïóùåíü (L), (A2) ðîçâ'ÿ-
çîê (u, r, b) ∈ U(T ) çàäà÷i (1)-(3) ¹äèíèé.

Äîâåäåííÿ. Íåõàé iñíó¹ äâà ðîçâ'ÿçêè
(u1, r1, b1), (u2, r2, b2) ∈ U çàäà÷i (1)-(3). Ïiä-
ñòàâèìî ¨õ â (1), (2). Âiçüìåìî u = u1 − u2,
r = r1 − r2, b = b1 − b2 i îòðèìà¹ìî çàäà÷ó
Êîøi äëÿ ðiâíÿííÿ

u
(α)
t = a2(−∆)γ/2u+ r2u

(β)
t + ru1

(β)
t + b2u+ bu1

(22)
ç íóëüîâèìè ïî÷àòêîâèìè óìîâàìè. Çà îçíà-
÷åííÿì ðîçâ'ÿçêó

(
u, L̂ψ

)
=

T∫
0

[
r2(t)

(
u
(β)
t (·, t), ψ(·, t)

)
+
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+r(t)
(
u1

(β)
t (·, t), ψ(·, t)

)
+

+b2(t)
(
u(·, t), ψ(·, t)

)
+ b(t)

(
u1(·, t), ψ(·, t)

)]
dt

∀ψ ∈ D(Q̄).

Çãiäíî ç [16], äëÿ êîæíî¨ ϱ ∈ D(Q̄) iñíó¹
ψ = Ĝ0ϱ ∈ D(Q̄) òàêà, ùî L̂ψ = ϱ â Q. Òîäi
äëÿ êîæíî¨ ϱ ∈ D(Q̄)

T∫
0

(
u(·, t), ϱ(·, t)

)
dt =

=

T∫
0

(
r2(t)u

(β)
t (·, t)+

r(t)u1
(β)
t (·, t) + b2(t)u(·, t)+

+b(t)u1(·, t), (Ĝ0ϱ)(·, t)
)
dt.

(23)

Çàóâàæèìî, ùî ðiâíiñòü (23) áó-
äå ïðàâèëüíîþ òàêîæ äëÿ òàêî¨ ϱ, ùî
ϱ(·, t) ∈ D(Rn) ïðè êîæíîìó t ∈ (0, T ], à(
u1

(β)
t (·, t), (Ĝ0ϱ)(·, t)

)
íåïåðåðâíà é iíòåãðîâ-

íà íà (0, T ). Ç óìîâè (3) çíàõîäèìî

r(t)Φ
(β)
1 (t) + b(t)Φ1(t) =

= a2
(
u(z, t), (−∆)γ/2φ1(z)

)
,

r(t)Φ
(β)
2 (t) + b(t)Φ2(t) =

= a2
(
u(z, t), (−∆)γ/2φ2(z)

)
, t ∈ (0, T ],

çâiäêè

r(t) =
a2tβ(1 + |ln t|)

d(t)
×

×
[(
u(z, t), (−∆)γ/2φ1(z)

)
Φ2(t)−

−
(
u(z, t), (−∆)γ/2φ2(z)

)
Φ1(t)

]
,

(24)

b(t) =
a2tβ(1 + |ln t|)

d(t)
×

×
[(
u(z, t), (−∆)γ/2φ2(z)

)
Φ

(β)
1 (t)

−
(
u(z, t), (−∆)γ/2φ1(z)

)
Φ

(β)
2 (t)

]
,

t ∈ (0, T ]

(25)

i òîäi, ç (23), äëÿ âñiõ ϱ ∈ D(Q̄) îòðèìó¹ìî
ðiâíÿííÿ

T∫
0

(
u(·, t), ϱ(·, t)− r2(t)(Ĝ0ϱ)

(β)
t (·, t)−

−b2(t)(Ĝ0ϱ)(·, t) + wϱ(t)
)
dt = 0,

(26)

äå

wϱ(t) =
a2tβ(1 + |ln t|)

d(t)

[
Φ2(t)(−∆)γ/2φ1(·)−

−Φ1(t)(−∆)γ/2φ2(·)
](
u1

(β)
t (·, t), (Ĝ0ϱ)(·, t)

)
+

+
a2tβ(1 + |ln t|)

d(t)

[
Φ

(β)
1 (t)(−∆)γ/2φ2(·)−

−Φ
(β)
2 (t)(−∆)γ/2φ1(·)

](
u1(·, t), (Ĝ0ϱ)(·, t)

)
i ¹ âiäîìîþ ôóíêöi¹þ iç C(0, T ] ∩ L(0, T ),

ϱ(·, t)− r2(t)(Ĝ0ϱ)
(β)
t (·, t)− b2(t)(Ĝ0ϱ)(·, t)+

+wϱ(t) ∈ D(Rn) ∀t ∈ (0, T ]

i ¹ íåïåðåðâíîþ é iíòåãðîâíîþ ôóíêöi¹þ t ∈
(0, T ] (çà ëåìîþ 3). Îòæå, äëÿ äîâiëüíèõ φ ∈
D(Rn), µ ∈ D(0, T ], µ(T ) = 0 iñíó¹ ¹äèíèé
ðîçâ'ÿçîê ϱ ∈ D(Q) iíòåãðàëüíîãî ðiâíÿííÿ
Âîëüòåððè äðóãîãî ðîäó

ϱ(x, t)− r2(t)(Ĝ0ϱ)
(β)
t (x, t)−

−b2(t)(Ĝ0ϱ)(·, t)+wϱ(t) = φ(x)µ(t), (x, t) ∈ Q

ç iíòåãðîâíèì ÿäðîì. Òîäi ç (12)

T∫
0

(
u(·, t), φ(·)

)
µ(t)dt = 0

∀φ ∈ D(Rn), µ ∈ D(0, T ], µ(T ) = 0.

Çà ëåìîþ Äþáóà-Ðåéìîíà îòðèìó¹ìî(
u(·, t), φ(·)

)
= 0 ∀φ ∈ D(Rn), t ∈ (0, T ].

Îòæå, u = 0 â D′
C,L(Q), à ç (21) òà (22) âè-

ïëèâà¹, ùî r(t) = 0, b(t) = 0, t ∈ (0, T ].

3. Âèñíîâîê. Âèâ÷åíî îáåðíåíó çàäà÷ó
Êîøi äëÿ òåëåãðàôíîãî ðiâíÿííÿ ç äðîáî-
âèìè ïîõiäíèìè òà çàäàíèìè óçàãàëüíåíèìè
ôóíêöiÿìè â ïðàâèõ ÷àñòèíàõ ïðÿìî¨ çàäà-
÷i. Âîíà ïîëÿãà¹ ó âèçíà÷åííi óçàãàëüíåíîãî
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ðîçâ'ÿçêó u i íåâiäîìèõ, çàëåæíèõ âiä ÷àñó,
íåïåðåðâíèõ òà iíòåãðîâíèõ ìîëîäøèõ êîå-
ôiöi¹íòiâ b, r ó ðiâíÿííi. Iñíóâàííÿ ðîçâ'ÿç-
êó (u, r, b) ∈ U(T ∗) îòðèìàíî ïðè äåÿêîìó
T ∗ ∈ (0, T ], à ¹äèíiñòü íà âñüîìó iíòåðâàëi
(0, T ] çà ñëàáøèõ ïðèïóùåíü. �

ÑÏÈÑÎÊ ËIÒÅÐÀÒÓÐÈ

1. Ãîðîäåöêèé Â.Â. Ïàðàáîëè÷åñêèå ïñåâäîäèô-
ôåðåíöèàëüíûå óðàâíåíèÿ â ïðîñòðàíñòâå
îáîáùåííûõ ôóíêöèé / Â.Â. Ãîðîäåöêèé, ß.Ì.
Äðèíü //Ïðåïð./ÀÍ Óêðàèíû. Èí-ò ïðèêë.
ïð. ìåõ. è ìàò. � Ëüâîâ � 1991, �4�91. � 57
ñ.

2. Ãîðîäåöüêèé Â.Â. Çàäà÷à Êîøi äëÿ ïñåâäî-
äèôôåðåíöiàëüíèõ ðiâíÿíü ó ïðîñòîðàõ óçà-
ãàëüíåíèõ ôóíêöié òèïó S′ / Â.Â. Ãîðîäåöêèé,
Â.À. Ëiòîâ÷åíêî // Äîï. ÀÍ Óêðà¨íè � 1992. �
10. � Ñ. 6-9.

3. Anh V.V. Spectral analysis of fractional kinetic
equations with random data / V.V. Anh and
N.N. Leonenko // J. of Statistical Physics �
2001. � 104, �5/6� P. 1349-1387.

4. Djrbashian M.M. Fractional derivatives and
Cauchy problem for di�erentials of fractional
order / M.M. Djrbashian, A.B. Nersessyan //
Izv. AN Arm. SSR. Matematika �1968, �3. �
P.3-29.

5. Duan Jun Sheng. Time- and space-fractional
partial di�erential equations / Jun Sheng Duan
// J. Math. Phis. � 2005. � 46, �013504.

6. Eidelman S.D. Analytic methods in the theory of
di�erential and pseudo-di�erential equations of
parabolic type / S.D. Eidelman, S.D. Ivasyshen,
A.N. Kochubei // Birkhauser Verlag, Basel-
Boston-Berlin � 2004.

7. Voroshylov A.A. Conditions of the existence of
classical solution of the Cauchy problem for
di�usion-wave equation with Caputo partial deri-
vative / A.A. Voroshylov, A.A. Kilbas // Dokl.
Ak. Nauk � 2007. � 414, �4. � P. 1-4.

8. Cheng J. Uniqueness in an inverse problem for
a one-dimentional fractional di�usion equation /
J. Cheng, J. Nakagawa, M. Yamamoto and T.
Yamazaki // Inverse Problems � 2009. � 25,
�115002.

9. Hatano Y. Determination of order in fractional
di�usion equation / Y. Hatano, J. Nakagawa, Sh.
Wang and M. Yamamoto // Journal of Math-for-
Industry � 2013, �5A.� P. 51-57.

10. Hussein M. An inverse problem of �nding
the time-dependent di�usion coe�cient from an
integral condition / M. Hussein, D. Lesnic and
M.I. Ismailov // Mathematical Methods in the

Applied Sciences � 2016. � 39, �5. � P. 963-
980.

11. Janno Ja. Determination of the order of fracti-
onal derivative and a kernel in an inverse problem
for a generalized time fractional di�usion equati-
on / Ja. Janno // Electronic J. of Di�erential
Equations, 2016, http://ejde.math.txstate.edu or
http://ejde.math.unt.edu � �199. �P. 1-28.

12. Nakagawa J., Sakamoto K. and Yamamoto M.,
Overview to mathematical analysis for fracti-
onal di�usion equation � new mathematical
aspects motivated by industrial collaboration /
J. Nakagawa, K. Sakamoto and M. Yamamoto
// Journal of Math-for-Industry � 2010, �2A.
� P. 99-108.

13. Rundell W. The determination of an unknown
boundary condition in fractional di�usion equati-
on / W. Rundell, X. Xu and L. Zuo // Applicable
Analysis � 2012, �1. � P. 1-16.

14. Zhang Y. Inverse source problem for a fracti-
onal di�usion equation / Y. Zhang and X. Xu
// Inverse Problems � 2011. � 27. � P. 1�12.

15. Äðiíü ß.Ì. Ïðÿìà i îáåðíåíà çàäà÷i äëÿ îäíî-
ãî êëàñó ðiâíÿíü ç ïñåâäîäèôåðåíöiàëüíèì
îïåðàòîðîì / ß.Ì. Äðiíü // Äîï. ÍÀÍ Óêðà-
¨íè � 2011, �5. � C. 12-17.

16. Ëîïóøàíñüêèé À.Î. Ðîçâ'ÿçîê çàäà÷i Êîøi
äëÿ ðiâíÿíü ç äðîáîâèìè ïîõiäíèìè â ïðîñòî-
ðàõ óçàãàëüíåíèõ ôóíêöié / À.Î. Ëîïóøàí-
ñüêèé // Âiñíèê Ëüâiâ. óí-òó. Ñåð. ìåõ.-ìàò.
� 2012. � Âèï. 77.� Ñ. 132-144.

17. Lopushansky A.O. The Cauchy problem for an
equation with fractional derivatives in Bessel
potential spaces / A.O. Lopushansky // Sib.
Math. J.� 2014. � 55, �6. � P. 1089-1097.

18. Lopushanska H. Inverse Cauchy Problem for
Fractional Telegraph Equations with Distributi-
ons / H. Lopushanska, V. Rapita // Carpathian
Math. Publ. � 2016.� 8, �1. � P. 118-126.

19. Srivastava H.M. The H-functions of one and two
variables with applications / H.M. Srivastava,
K.C. Gupta and S.P. Goyal // New Dehli, South
Asian Publishers � 1982.

20. Kilbas A.A. H-Transforms: Theory and Appli-
cations / A.A. Kilbas, M. Sajgo // Boca-Raton:
Chapman and Hall CRC � 2004.

21. Lopushansky A.O. Regularity of the solutions of
the boundary value problems for di�usion-wave
equation with generalized functions in right-hand
sides / A.O. Lopushansky // Carp. Math. Publ.�
2013. � 5, �2. � P. 279-289.

92 ISSN 2309-4001. Áóêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë. 2016. � Ò. 4, � 3�4.


