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Âñòàíîâëåíî óìîâè iñíóâàííÿ â øêàëi ïðîñòîðiâ Ñîáîë¹âà ¹äèíîãî ðîçâ'ÿçêó çàäà÷i ç ií-
òåãðàëüíèìè óìîâàìè ó âèãëÿäi ìîìåíòiâ äëÿ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè äðóãîãî ïî-
ðÿäêó.

The conditions of existence and uniqueness (in the scale of Sobolev spaces) of solution to the
problem with momentum integral conditions for partial di�erential equations of second order.

1. Âñòóï. Ó áàãàòüîõ çàäà÷àõ ïðèðî-
äîçíàâñòâà âèíèêàþòü çàäà÷i ç íåëîêàëü-
íèìè iíòåãðàëüíèìè óìîâàìè äëÿ ðiâíÿíü
òà ñèñòåì ðiâíÿíü iç ÷àñòèííèìè ïîõiäíè-
ìè. Ïðèêëàäîì ìîæóòü áóòè çàäà÷i, ïîâ'ÿçà-
íi ç äîñëiäæåííÿìè ïðîöåñiâ ïîøèðåííÿ òå-
ïëà, ïðîöåñiâ âîëîãîïåðåíîñó ó êàïiëÿðíî-
ïîðèñòèõ ñåðåäîâèùàõ, äèôóçi¨ ÷àñòèíîê ó
òóðáóëåíòíié ïëàçìi, îáåðíåíèõ çàäà÷, à òà-
êîæ çàäà÷ ìàòåìàòè÷íî¨ áiîëîãi¨ òà äåìîãðà-
ôi¨ [1�7, 9�11, 13]. Äîñëiäæåííÿ çàäà÷ ç iíòå-
ãðàëüíèìè óìîâàìè äëÿ ðiâíÿíü òà ñèñòåì
ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè ðîçïî÷à-
ëîñÿ ïîðiâíÿíî íåäàâíî. Iíòåðåñ äî ¨õ âèâ÷å-
ííÿ çóìîâëåíèé íå òiëüêè âàæëèâiñòþ ¨õíüî¨
ôiçè÷íî¨ iíòåðïðåòàöi¨, à òàêîæ òèì, ùî äëÿ
áàãàòüîõ òàêèõ ðiâíÿíü íåìîæëèâà êîðåêòíà
ïîñòàíîâêà ëîêàëüíèõ êðàéîâèõ çàäà÷.

Ó äàíié ðîáîòi âèêëàäåíî ðåçóëüòàòè,
îòðèìàíi ïðè äîñëiäæåííi çàäà÷i ç iíòå-
ãðàëüíèìè óìîâàìè ó âèãëÿäi ìîìåíòiâ äëÿ
ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè äðóãîãî
ïîðÿäêó â íåîáìåæåíié ñìóçi; ïðè öüîìó
îïèñàíî êëàñ ðiâíÿíü iç ÷àñòèííèìè ïîõi-
äíèìè, äëÿ ÿêèõ âêàçàíà çàäà÷à ¹ êîðå-
êòíîþ ó ïðîñòîðàõ Ñîáîë¹âà. Âiäçíà÷èìî,
ùî ó âèïàäêó îáìåæåíèõ îáëàñòåé ðîçâ'ÿ-
çíiñòü çàäà÷ ç iíòåãðàëüíèìè óìîâàìè ó âè-
ãëÿäi ìîìåíòiâ äëÿ ñèñòåì ðiâíÿíü iç ÷àñòèí-
íèìè ïîõiäíèìè, âçàãàëi êàæó÷è, ïîâ'ÿçàíà
ç ïðîáëåìîþ ìàëèõ çíàìåííèêiâ [3�5], äëÿ

îöiíîê çíèçó ÿêèõ âèêîðèñòàíî ìåòðè÷íèé
ïiäõiä òà ðåçóëüòàòè ìåòðè÷íî¨ òåîði¨ ÷èñåë
[9]. Áëèçüêèìè äî ïðîâåäåíèõ äîñëiäæåíü ¹
ðåçóëüòàòè ðîáîòè [11], äå äëÿ ñèñòåìè ðiâ-
íÿíü iç ÷àñòèííèìè ïîõiäíèìè â íåîáìåæå-
íié ñìóçi ðîçãëÿíóòî çàäà÷ó ç iíòåãðàëüíèìè
óìîâàìè, ÿêi íå ìiñòÿòü âàãîâèõ ôóíêöié ïiä
çíàêîì iíòåãðàëà), à òàêîæ ðåçóëüòàòè ðîáî-
òè [13], äå çàñòîñîâàíî óçàãàëüíåíèé ìåòîä
âiäîêðåìëåííÿ çìiííèõ äëÿ ïîáóäîâè òà âè-
â÷åííÿ âëàñòèâîñòåé ðîçâ'ÿçêó çàäà÷i ç iíòå-
ãðàëüíèìè óìîâàìè ó âèãëÿäi ìîìåíòiâ äëÿ
åâîëþöiéíîãî ðiâíÿííÿ.
2. Îñíîâíi óìîâíi ïîçíà÷åííÿ. Áó-

äåìî âèêîðèñòîâóâàòè òàêi ïîçíà÷åííÿ:
Π(T ) = {(t, x) ∈ R2 : t ∈ (0;T ), x ∈ R},
T > 0, Hα, α ≥ 0, � êëàñè÷íèé ïðîñòið Ñî-
áîë¹âà, ÿêèé ñêëàäà¹òüñÿ ç òàêèõ ôóíêöié
φ(x) ∈ L2(R), äëÿ ÿêèõ (1 + ξ2)α/2φ̃(ξ) ∈
L2(R), äå φ̃(ξ) = 1√

2π

∫ +∞
−∞ φ(x)e−ixξdx� ïåðå-

òâîðåííÿ Ôóð'¹ ôóíêöi¨ φ(x). Íîðìà â ïðî-
ñòîði Hα âèçíà÷à¹òüñÿ ðiâíiñòþ

∥φ(x);Hα∥ =

√
1

2π

∫ +∞

−∞
|φ̂(ξ)|2 (1 + ξ2)α dξ;

Hn
α, n ∈ Z+, � ïðîñòið òàêèõ ôóíêöié u(t, x),

ùî ïîõiäíi ∂ju(t, x)/∂tj, j = 0, 1, . . . , n, äëÿ
êîæíîãî ôiêñîâàíîãî t ∈ [0;T ] íàëåæàòü äî
ïðîñòîðó Hα−j i íåïåðåðâíî çìiíþþòüñÿ çà
t ∈ [0;T ] â öüîìó ïðîñòîði; íîðìó â ïðîñòîði
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Hn
α çàäà¹ìî ðiâíiñòþ

∥u(t, x);Hn
α∥ =

n∑
j=0

max
t∈[0;T ]

∥∥∥∥∂ju(t, x)∂tj
;Hα−j

∥∥∥∥ .
3. Ôîðìóëþâàííÿ çàäà÷i. Â îáëàñòi

Π(T ) äëÿ ðiâíÿííÿ

L

(
∂

∂t
,
∂

∂x

)
u ≡ ∂2u

∂t2
+ a1

∂2u

∂t∂x
+ a2

∂2u

∂x2
= 0,

(1)
äå a1, a2 ∈ C, ðîçãëÿíåìî çàäà÷ó ç iíòåãðàëü-
íèìè óìîâàìè∫ T

0

tj−1u(t, x)dt = φj(x), j = 1, 2, x ∈ R. (2)

Áóäåìî ïðèïóñêàòè, ùî ðiâíÿííÿ (1) ¹
òàêèì, ùî äëÿ êîðåíiâ λ1, λ2 ìíîãî÷ëåíà
L(λ, i) âèêîíó¹òüñÿ óìîâà

Reλ1 < Reλ2, Reλ1 ̸= 0, Reλ2 ̸= 0. (3)

Óìîâà (3) âèêîíó¹òüñÿ, íàïðèêëàä, ÿêùî
a1 = 0, a2 = 1, i ïîðóøó¹òüñÿ, ÿêùî a1 =
0, a2 = −1. Ó ïåðøîìó âèïàäêó ðiâíÿííÿ (1)
¹ ðiâíÿííÿì Ëàïëàñà, â äðóãîìó � ðiâíÿí-
íÿì ìàëèõ êîëèâàíü ñòðóíè.
Îçíà÷åííÿ. Çàäà÷ó (1), (2) áóäåìî íàçè-

âàòè (α1, α2)-êîðåêòíîþ, ÿêùî äëÿ äîâiëü-
íèõ φ1, φ2 ∈ Hα1 ó ïðîñòîði H2

α2
iñíó¹ ¹äè-

íà ôóíêöiÿ u(t, x), ÿêà ñïðàâäæó¹ ðiâíÿííÿ
(1), óìîâè (2), i âèêîíó¹òüñÿ íåðiâíiñòü

∥u;H2
α2
∥ ≤ C (∥φ1;Hα1∥+ ∥φ2;Hα1∥) ,

äå ñòàëà C > 0 íå çàëåæèòü âiä âèáîðó
ôóíêöié φ1(x), φ2(x).

Ìåòîþ äàíî¨ ðîáîòè ¹ âñòàíîâëåííÿ óìîâ,
ïðè âèêîíàííi ÿêèõ çàäà÷à (1), (2) ¹ (α1, α2)-
êîðåêòíîþ. Öi óìîâè âèêëàäåíî â òåîðåìi 1,
ÿêà ¹ îñíîâíèì ðåçóëüòàòîì ðîáîòè.
4. Ïîáóäîâà ôîðìàëüíîãî ðîçâ'ÿçêó.

Íåõàé ũ(t, ξ), φ̃1(ξ), φ̃2(ξ) � ïåðåòâîðåííÿ
Ôóð'¹ çà çìiííîþ x ôóíêöié u(t, x), φ1(x),
φ2(x) âiäïîâiäíî. Çàñòîñîâóþ÷è ïåðåòâîðåí-
íÿ Ôóð'¹ äî ðiâíÿííÿ (1) òà óìîâ (2), îòðè-
ìà¹ìî, ùî ôóíêöiÿ ũ(t, ξ) ¹ ðîçâ'ÿçêîì òàêî¨
iíòåãðàëüíî¨ çàäà÷i ç ïàðàìåòðîì ξ ∈ R:

d2ũ(t, ξ)

dt2
+ a1(iξ)

dũ(t, ξ)

dt
+ a2(iξ)

2ũ(t, ξ) = 0,

(4)

∫ T

0

tj−1ũ(t, ξ)dt = φ̃j(ξ), j = 1, 2. (5)

Íåõàé f1(t, ξ), f2(t, ξ) � òàêà ôóíäàìåí-
òàëüíà ñèñòåìà ðîçâ'ÿçêiâ ðiâíÿííÿ (4), ùî
f
(j−1)
q (0, ξ) = δj,q, j, q = 1, 2, äå δj,q �
ñèìâîë Êðîíåêåðà. Çàóâàæèìî, ùî ôóíêöi¨
f1(t, ξ), f2(t, ξ), ¹ àíàëiòè÷íèìè çà t, ξ. Äëÿ
öèõ ôóíêöié âèêîíóþòüñÿ òàêi çîáðàæåííÿ

f1(t, ξ) =
λ2e

λ1ξt − λ1e
λ2ξt

λ2 − λ1
, (6)

f2(t, ξ) =


eλ2ξt−eλ1ξt
(λ2−λ1)ξ , ξ ̸= 0,

t, ξ = 0.
(7)

Ðîçâ'ÿçîê çàäà÷i (4)�(5) çîáðàæó¹òüñÿ
ôîðìóëîþ

ũ(t, ξ) = C1(ξ)f1(t, ξ) + C2(ξ)f2(t, ξ), (8)

äå ñòàëi C1(ξ), C2(ξ) ¹ ðîçâ'ÿçêàìè ñèñòåìè
ëiíiéíèõ ðiâíÿíü

∑2
q=1Cq(ξ)

∫ T
0
fq(t, ξ)dt = φ̃1(ξ),∑2

q=1Cq(ξ)
∫ T
0
tfq(t, ξ)dt = φ̃2(ξ).

(9)

Íåõàé ∆(ξ) � âèçíà÷íèê ñèñòåìè (9):

∆(ξ) =

∣∣∣∣∣
∫ T
0
f1(t, ξ)dt

∫ T
0
f2(t, ξ)dt∫ T

0
tf1(t, ξ)dt

∫ T
0
tf2(t, ξ)dt

∣∣∣∣∣ . (10)

Çàóâàæèìî, ùî ∆(0) ̸= 0. Äiéñíî, f1(t, 0) =
1, f2(t, 0) = t, òîìó

∆(0) =

∣∣∣∣∣
∫ T
0
dt

∫ T
0
tdt∫ T

0
tdt

∫ T
0
t2dt

∣∣∣∣∣ =
=

∣∣∣∣∣ T T 2/2

T 2/2 T 3/3

∣∣∣∣∣ = T 4

12
. (11)

ßêùî âèêîíó¹òüñÿ óìîâà

∀ξ ∈ R\{0} ∆(ξ) ̸= 0, (12)

òî ñèñòåìà (9) ìà¹ ¹äèíèé ðîçâ'ÿçîê
(C1(ξ), C2(ξ)). Âèêîðèñòîâóþ÷è ïðàâèëî
Êðàìåðà, äiñòàíåìî

C1(ξ) =
φ̃1(ξ)

∆(ξ)

∫ T

0

tf2(t, ξ)dt−
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− φ̃2(ξ)

∆(ξ)

∫ T

0

f2(t, ξ)dt,

C2(ξ) = − φ̃1(ξ)

∆(ξ)

∫ T

0

tf1(t, ξ)dt+

+
φ̃2(ξ)

∆(ξ)

∫ T

0

f1(t, ξ)dt.

Òîìó ïðè âèêîíàííi óìîâè (12) çàäà÷à (4),
(5) ìà¹ ¹äèíèé ðîçâ'ÿçîê

ũ(t, ξ) =
2∑

j,q=1

∆j,q(ξ)

∆(ξ)
fq(t, ξ)φ̃j(ξ), (13)

äå ∆j,q(ξ) � àëãåáðè÷íå äîïîâíåííÿ åëåìåí-
òà
∫ T
0
tj−1fq(t, ξ)dt, j, q = 1, 2, ó âèçíà÷íèêó

∆(ξ).
Íàâåäåìî ïðèêëàäè çàäà÷, äëÿ ÿêèõ óìî-

âà (12) âèêîíó¹òüñÿ àáî ïîðóøó¹òüñÿ.
Ïðèêëàä 1. Âèçíà÷íèê ∆(ξ) çàäà÷i ç

óìîâàìè (2) äëÿ ðiâíÿííÿ Ëàïëàñà

∂2u(t, x)

∂t2
+
∂2u(t, x)

∂x2
= 0 (14)

îá÷èñëþ¹òüñÿ çà ôîðìóëîþ ∆(ξ) =

=
2 sh(ξT/2)

ξ4
[ξT ch(ξT/2)− 2 sh(ξT/2)] ,

(15)
ÿêùî ξ ̸= 0 i ∆(0) = T 4/12. Îñêiëüêè t ch t−
sh t ̸= 0 äëÿ âñiõ t ∈ R\{0}, òî ç ôîðìóëè
(15) âèïëèâà¹, ùî äëÿ çàäà÷i (2), (14) óìîâà
(12) âèêîíó¹òüñÿ.
Òâåðäæåííÿ 1. ßêùî êîðåíi λ1, λ2 ìíî-

ãî÷ëåíà L(λ, i) ¹ äiéñíèìè i ðiçíèìè, òî âè-
çíà÷íèê ∆(ξ) ¹ âiäìiííèì âiä íóëÿ.
Äîâåäåííÿ. Äiéñíî, ðîçãëÿíåìî âèçíà-

÷íèê (10) ÿê ôóíêöiþ ïàðàìåòðà T . Äèôå-
ðåíöiþþ÷è éîãî çà çìiííîþ T , îäåðæèìî

d∆(ξ)

dT
=

∣∣∣∣ f1(T, ξ) f2(T, ξ)∫ T
0
tf1(t, ξ)dt

∫ T
0
tf2(t, ξ)dt

∣∣∣∣+
+

∣∣∣∣ ∫ T0 f1(t, ξ)dt
∫ T
0
f2(t, ξ)dt

Tf1(T, ξ) Tf2(T, ξ)

∣∣∣∣ =
=

∫ T

0

t(f1(T, ξ)f2(t, ξ)− f2(T, ξ)f1(t, ξ))dt+

+

∫ T

0

T (f1(t, ξ)f2(T, ξ)− f2(t, ξ)f1(T, ξ))dt =

=

∫ T

0

(T − t)δ(ξ; t, T )dt, (16)

äå

δ(ξ; t1, t2) =

∣∣∣∣ f1(t1, ξ) f2(t1, ξ)
f1(t2, ξ) f2(t2, ξ)

∣∣∣∣ ,
äå t1, t2 ∈ [0, T ]. Iç ôîðìóë (7) âèïëèâà¹, ùî
δ(0; t1, t2) = (t2 − t1) i

δ(ξ; t1, t2) =
1

(λ2 − λ1)ξ

∣∣∣∣ eλ1t1ξ eλ2t1ξ

eλ1t2ξ eλ2t2ξ

∣∣∣∣ =
=
e(λ1+λ2)t1ξ(eλ2(t2−t1)ξ − eλ1(t2−t1)ξ)

(λ2 − λ1)ξ
,

ÿêùî ξ ̸= 0. Îñêiëüêè ÷èñëà λ1, λ2 ¹ äiéñíè-
ìè i ðiçíèìè, òî ç îòðèìàíèõ ôîðìóë äëÿ
δ(ξ; t1, t2) âèïëèâà¹, ùî δ(ξ; t, T ) > 0 äëÿ
âñiõ ξ ∈ R òà t ∈ [0;T ). Òîìó ç ðiâíîñòi
(16) îòðèìà¹ìî, ùî d∆(ξ)

dT
> 0 ïðè T > 0,

ξ ∈ R, òîáòî äëÿ êîæíîãî ξ ∈ R ôóíêöiÿ
∆(ξ) ¹ çðîñòàþ÷îþ ôóíêöi¹þ T ≥ 0. Îñêiëü-
êè ∆(ξ)|T=0 = 0, òî ç ïîïåðåäíüî¨ íåðiâíî-
ñòi âèïëèâà¹, ùî ∆(ξ) > ∆(ξ)|T=0 = 0 ïðè
T > 0.
5. Óìîâè êîðåêòíîñòi çàäà÷i. Äîñëi-

äèìî ïèòàííÿ ïðî ïðèíàëåæíiñòü ôóíêöi¨

u(t, x) =
1√
2π

∫ ∞

−∞
ũ(t, ξ)eixξdξ =

1√
2π

∫ ∞

−∞

2∑
j,q=1

∆j,q(ξ)

∆(ξ)
fq(t, ξ)φ̃j(ξ)e

ixξdξ (17)

äî ïðîñòîðó H2
α2
, ÿêùî ∆(ξ) ̸= 0 i φj ∈ Hα1 ,

j = 1, 2, äëÿ äåÿêîãî α1 ≥ 0. Äëÿ öüîãî âñòà-
íîâèìî îöiíêè äëÿ ôóíêöié ũ(t, ξ) òà ¨õíiõ
ïîõiäíèõ çà t äî ïîðÿäêó 2 âêëþ÷íî. Çàóâà-
æèìî, ùî

ũ(t, 0) =

(
4

T
− 6t

T 2

)
φ̃1(0)+

(
12t

T 3
− 6

T 2

)
φ̃2(0),

ũ(t, ξ) =
2∑

j,q=1

Γj,q(ξ)

Γ(ξ)
eλqξtφ̃j(ξ), ξ ̸= 0, (18)

äå

Γ(ξ) =

∣∣∣∣∣γ11(ξ) γ12(ξ)

γ21(ξ) γ22(ξ)

∣∣∣∣∣ , (19)
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γ11(ξ) =
eλ1ξT−1
λ1ξ

, γ12(ξ) = eλ2ξT−1
λ2ξ

,

γ21(ξ) =
1

λ1ξ

[
Teλ1ξT − eλ1ξT − 1

λ1ξ

]
,

γ22(ξ) =
1

λ2ξ

[
Teλ2ξT − eλ2ξT − 1

λ2ξ

]
,

à Γj,q(ξ) � àëãåáðè÷íå äîïîâíåííÿ åëåìåí-
òà, ùî ñòî¨òü íà ïåðåòèíi j-ãî ðÿäêà òà q-ãî
ñòîâïöÿ ó âèçíà÷íèêó Γ(ξ). Âiäçíà÷èìî, ùî
Γ(ξ) = (λ2 − λ1)ξ∆(ξ), ξ ̸= 0, òîìó óìîâè
∆(ξ) ̸= 0 òà Γ(ξ) ̸= 0 ïðè ξ ̸= 0 ¹ ðiâíîñèëü-
íèìè.
Ëåìà 1. Íåõàé 0 < Reλ1 < Reλ2. Òîäi

âèêîíóþòüñÿ îöiíêè

max
t∈[0,T ]

∣∣∣Γj,q(ξ) (eλqξt)(r)∣∣∣ ≤
≤ C1(1 + |ξ|)r−1eRe (λ1+λ2)ξT , ξ > 0, (20)

max
t∈[0,T ]

∣∣∣Γj,q(ξ) (eλqξt)(r)∣∣∣ ≤
≤ C2(1 + |ξ|)r−1, ξ < 0,

äå j, q = 1, 2, r = 0, 1, 2.
Äîâåäåííÿ. Îñêiëüêè

Γj,q(ξ) =

∫ T

0

t2−jeλ3−qξtdt, j, q = 1, 2,

òî ïðè 0 < Reλ1 < Reλ2 äëÿ äîñèòü âåëèêèõ
|ξ| âèêîíóþòüñÿ îöiíêè

max
t∈[0,T ]

|eλqξt| ≤

{
eReλqξT , q = 1, 2, ξ > 0,

1, q = 1, 2, ξ < 0,

|Γj,q(ξ)| ≤
∫ T

0

t2−jeReλ3−qξtdt ≤

≤

{
C3(1 + |ξ|)−1eReλ3−qξT , ξ > 0,

C3(1 + |ξ|)−1, ξ < 0,

äå j, q = 1, 2, à îòæå,

max
t∈[0,T ]

∣∣Γj,q(ξ) (λqξ)r eλqξt∣∣ ≤
≤ C3(1 + |ξ|)r−1eRe (λ3−q+λq)ξT =

= C3(1 + |ξ|)r−1eRe (λ1+λ2)ξT , ξ > 0, (21)

max
t∈[0,T ]

∣∣Γj,q(ξ) (λqξ)r eλqξt∣∣ ≤

≤ C3(1 + |ξ|)r−1, ξ < 0. (22)

äå j, q = 1, 2, r = 0, 1, 2. Ëåìó äîâåäåíî.
Ëåìà 2. Íåõàé Reλ1 < 0 < Reλ2. Òîäi

âèêîíóþòüñÿ îöiíêè

max
t∈[0,T ]

∣∣∣Γj,q(ξ) (eλqξt)(r)∣∣∣ ≤
≤ C4(1 + |ξ|)r−1eReλ2ξT , ξ > 0, (23)

max
t∈[0,T ]

∣∣∣Γj,q(ξ) (eλqξt)(r)∣∣∣ ≤
≤ C4(1 + |ξ|)r−1eReλ1ξT , ξ < 0,

äå j, q = 1, 2, r = 0, 1, 2.
Ëåìà 3. Íåõàé Reλ1 < Reλ2 < 0. Òîäi

âèêîíóþòüñÿ îöiíêè

max
t∈[0,T ]

∣∣∣Γj,q(ξ) (eλqξt)(r)∣∣∣ ≤
≤ C5(1 + |ξ|)r−1 ξ > 0, (24)

max
t∈[0,T ]

∣∣∣Γj,q(ξ) (eλqξt)(r)∣∣∣ ≤
≤ C5(1 + |ξ|)r−1eRe (λ1+λ2)ξT , ξ < 0,

äå j, q = 1, 2, r = 0, 1, 2.
Äîâåäåííÿ ëåì 2, 3 ïðîâîäèòüñÿ àíàëî-

ãi÷íî äî äîâåäåííÿ ëåìè 1.
Ëåìà 4. Äëÿ äîâiëüíèõ êâàäðàòíèõ ìà-

òðèöü A = ∥ajq∥2j,q=1, B = ∥bjq∥2j,q=1 ç êîì-
ïëåêñíèìè åëåìåíòàìè âèêîíó¹òüñÿ íåðiâ-
íiñòü

| detA− detB| ≤ 4m1M,

äå
m1 = max

1≤j,q≤2
|ajq − bjq|,

M = max
1≤j,q≤2

{|ajq|, |bjq|}.

Äîâåäåííÿ. Îöiíêà ëåìè âèïëèâà¹ ç òî-
ãî, ùî | detA− detB| =

= |a11a22 − a12a21 − b11b22 + b12b21| =

= |a22(a11 − b11) + b11(a22 − b22)−

−a2,1(a1,2 − b12) + b12(a21 − b21)| ≤ 4m1M.

Ëåìó äîâåäåíî.
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Ëåìà 5. Íåõàé 0 < Reλ1 < Reλ2. Òîäi
iñíó¹ òàêå ÷èñëî R > 0, ùî äëÿ âñiõ ξ, |ξ| >
R, âèêîíó¹òüñÿ îöiíêà

|Γ(ξ)| ≥

≥

{
C6(1 + |ξ|)−3eRe (λ1+λ2)ξT , ξ > R,

C6(1 + |ξ|)−3, ξ < −R.
(25)

Äîâåäåííÿ. Äëÿ ξ ̸= 0 ðîçãëÿíå-
ìî ìàòðèöi A(ξ) = ∥ajq(ξ)∥2j,q=1, B(ξ) =

∥bjq(ξ)∥2j,q=1, òàêi, ùî A(ξ) =

=

 eλ1ξT−1
λ1ξ

eλ2ξT−1
λ2ξ

1
λ1ξ

[
T − eλ1ξT−1

λ1ξ

]
1
λ2ξ

[
T − eλ2ξT−1

λ2ξ

]
 ,

B(ξ) =

 eλ1ξT

λ1ξ
eλ2ξT

λ2ξ

− eλ1ξT

λ21ξ
2 − eλ2ξT

λ22ξ
2

 .

Âèçíà÷íèê Γ(ξ) íå çìiíèòüñÿ, ÿêùî âiä éîãî
äðóãîãî ðÿäêà âiäíÿòè éîãî ïåðøèé ðÿäîê,
äîìíîæåíèé íà T . Òîìó detA(ξ) = Γ(ξ). Çà-
óâàæèìî, ùî

detA(ξ) =
e(λ1+λ2)ξT

λ1λ2ξ3
detA1(ξ),

detB(ξ) =
e(λ1+λ2)ξT

λ1λ2ξ3
detB1,

äå

A1(ξ) =

(
α11(ξ) α12(ξ)

α21(ξ) α22(ξ)

)
, (26)

α11(ξ) = 1− e−λ1ξT , α12(ξ) = 1− e−λ2ξT ,

α21(ξ) = − 1

λ1
+

(
ξT +

1

λ1

)
e−λ1ξT ,

α22(ξ) = − 1

λ2
+

(
ξT +

1

λ2

)
e−λ2ξT .

B1 =

(
1 1

− 1
λ1

− 1
λ2

)
.

Äîáðå âiäîìî, ùî äëÿ äîâiëüíîãî ρ > 0
iñíóþòü òàêi ÷èñëà C(ρ), R(ρ) > 0, ùî äëÿ
âñiõ x > R(ρ) âèêîíó¹òüñÿ îöiíêà xρe−x ≤
C(ρ). Âðàõîâóþ÷è ëåìó 4, çâiäñè äiñòàíåìî,

ùî iñíó¹ òàêå ÷èñëî R > 0, ùî äëÿ âñiõ ξ > R
ñïðàâäæó¹òüñÿ íåðiâíiñòü

| detA1(ξ)| ≥
1

2
| detB1| =

|λ2 − λ1|
2|λ1λ2|

.

Òàêèì ÷èíîì,

|Γ(ξ)| = | detA(ξ)| ≥ |λ2 − λ1|eRe(λ1+λ2)ξT

2|λ21λ22ξ3|
≥

≥ C7(1 + |ξ|)−3eRe (λ1+λ2)ξT ,

äëÿ âñiõ ξ > R, òîáòî âåðõíÿ íåðiâíiñòü ó
ôîðìóëi (25) âñòàíîâëåíà.

Ðîçãëÿíåìî òåïåð âèïàäîê, êîëè ξ < 0. Ó

öüîìó âèïàäêó Γ(ξ) =
1

λ1λ2ξ3
detA2(ξ), äå

A2(ξ) =

(
β11(ξ) β12(ξ)

β21(ξ) β22(ξ)

)
.

β11(ξ) = 1− eλ1ξT , β12(ξ) = 1− eλ2ξT ,

β21(ξ) =
1

λ1
+

(
ξT − 1

λ1

)
eλ1ξT ,

β22(ξ) =
1

λ2
+

(
ξT − 1

λ2

)
eλ2ξT .

Âèêîðèñòîâóþ÷è ëåìó 4 äiñòàíåìî, ùî
iñíó¹ òàêå R1 > 0, ùî äëÿ âñiõ ξ <
−R1 ñïðàâäæó¹òüñÿ íåðiâíiñòü | detA2(ξ)| ≥
1
2
| detB1| = |λ2−λ1|

2|λ1λ2| . Îòæå,

|Γ(ξ)| =
∣∣∣∣ 1

λ1λ2ξ3
detA2(ξ)

∣∣∣∣ ≥
≥ |λ2 − λ1|

2|λ21λ22ξ3|
≥ C8(1 + |ξ|)−3,

äëÿ âñiõ ξ < −R1, òîáòî i íèæíÿ íåðiâíiñòü
ó ôîðìóëi (25) âñòàíîâëåíà. Ëåìó äîâåäåíî.
Ëåìà 6. Íåõàé Reλ1 < 0 < Reλ2. Òîäi

iñíó¹ òàêå ÷èñëî R2 > 0, ùî äëÿ âñiõ ξ, |ξ| >
R2, âèêîíó¹òüñÿ îöiíêà

|Γ(ξ)| ≥

{
C9(1 + |ξ|)−3eReλ2ξT , ξ > R2,

C9(1 + |ξ|)−3eReλ1ξT , ξ < −R2.

(27)
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Ëåìà 7. Íåõàé 0 < Reλ1 < Reλ2. Òîäi
iñíó¹ òàêå ÷èñëî R3 > 0, ùî äëÿ âñiõ ξ, |ξ| >
R3, âèêîíó¹òüñÿ îöiíêà

|Γ(ξ)| ≥

{
C10(1 + |ξ|)−3, ξ > R3,

C10(1 + |ξ|)−3eRe (λ1+λ2)ξT , ξ < −R3.

(28)
Äîâåäåííÿ ëåì 6, 7 ïðîâîäèòüñÿ àíàëî-

ãi÷íî äî äîâåäåííÿ ëåìè 5.
Òåïåð ìè ìîæåìî âñòàíîâèòè îñíîâíèé

ðåçóëüòàò äàíî¨ ðîáîòè ïðî iñíóâàííÿ ¹äè-
íîãî ðîçâ'ÿçêó çàäà÷i (1), (2).
Òåîðåìà 1. Íåõàé êîðåíi λ1, λ2 ìíîãî-

÷ëåíà L(λ, i) ìàþòü ðiçíi íåíóëüîâi äiéñíi
÷àñòèíè. ßêùî ∆(ξ) ̸= 0 äëÿ âñiõ ξ ̸= 0,
òî çàäà÷à (1), (2) ¹ (α1, α2)-êîðåêòíîþ, äå
α2 = α1 − 2, α1 ≥ 2.
Äîâåäåííÿ. Îñêiëüêè êîðåíi λ1, λ2 ìà-

þòü ðiçíi íåíóëüîâi äiéñíi ÷àñòèíè, òî ç ëåì
1, 2, 3 òà ëåì 5, 6 âèïëèâà¹, ùî iñíó¹ ÷èñëî
R4 > 0 òàêå, ùî äëÿ âñiõ ξ, |ξ| > R4, âèêîíó-
þòüñÿ îöiíêè

max
t∈[0;T ]

∣∣∣∣Γj,q(ξ)Γ(ξ)

(
eλqξt

)r∣∣∣∣ ≤ C11(1 + |ξ|)r+2, (29)

äå j, q = 1, 2, r = 0, 1, 2. Òîäi ç ôîðìóë (18),
(29) äiñòà¹ìî, ùî äëÿ âñiõ ξ, |ξ| > R4,

max
t∈[0;T ]

∣∣∣∣∂rũ(t, ξ)∂tr

∣∣∣∣ ≤ C12(1 + |ξ|)r+2×

× (|φ̃1(ξ)|+ |φ̃2(ξ)|) , (30)

äå j, q = 1, 2, r = 0, 1, 2. Îñêiëüêè ∆(ξ) ̸= 0
äëÿ âñiõ ξ ̸= 0 i ∆(ξ) � íåïåðåðâíà ôóíêöiÿ
ïàðàìåòðà ξ, òî iñíó¹ ñòàëà C13 > 0 òàêà,
ùî |∆(ξ)| ≥ C13 > 0 äëÿ âñiõ ξ ∈ [−R4;R4].
Òîìó îöiíêè (30) çáåðiãàþòü ñâîþ ñèëó i äëÿ
|ξ| ≤ R4.

Òîäi ç ôîðìóë (17), (18), (30) òà îçíà÷åí-
íÿ íîðìè â ïðîñòîði H2

α2
îòðèìó¹ìî

∥u(t, x);H2
α2
∥ =

=
2∑
r=0

max
t∈[0,T ]

∥∥∥∂ru(t, x)/∂tr;Hα2−r

∥∥∥ ≤

≤ C14

√∫ +∞

−∞
(1 + |ξ|)2α2+4|φ̃1(ξ)|2dξ+

+C14

√∫ +∞

−∞
(1 + |ξ|)2α2+4|φ̃2(ξ)|2dξ ≤

≤ C14∥φ1;Hα1∥+ C14∥φ2;Hα1∥,
ÿêùî α1 ≥ α2 + 2. Òåîðåìó äîâåäåíî.
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