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Iíñòèòóò ïðèêëàäíèõ ïðîáëåì ìåõàíiêè i ìàòåìàòèêè iì. ß.Ñ.Ïiäñòðèãà÷à ÍÀÍ Óêðà¨íè,
Ëüâiâ

ÂËÀÑÒÈÂÎÑÒI ÎÁ'�ÌÍÎÃÎ ÏÎÒÅÍÖIÀËÓ ÄËß ÎÄÍÎÃÎ ÊËÀÑÓ
ÓËÜÒÐÀÏÀÐÀÁÎËI×ÍÈÕ ÐIÂÍßÍÜ ÄÎÂIËÜÍÎÃÎ ÏÎÐßÄÊÓ

Ðîçãëÿäà¹òüñÿ çàäà÷à Êîøi äëÿ âèðîäæåíîãî ïàðàáîëi÷íîãî ðiâíÿííÿ òèïó Êîëìîãîðîâà
äîâiëüíîãî ïîðÿäêó iç çàëåæíèìè ëèøå âiä ÷àñîâî¨ çìiííî¨ t êîåôiöi¹íòàìè. Âñòàíîâëþþòüñÿ
âëàñòèâîñòi âiäïîâiäíîãî òàêié çàäà÷i îá'¹ìíîãî ïîòåíöiàëó â ïðîñòîðàõ Ãåëüäåðà çðîñòàþ÷èõ
ïðè |x| → ∞ ôóíêöié. Ç öèõ âëàñòèâîñòåé âèïëèâà¹ êîðåêòíà ðîçâ'ÿçíiñòü çàäà÷i Êîøi ç
îäíîðiäíèìè ïî÷àòêîâèìè óìîâàìè.

A Cauchy problem for degenerate parabolic equation of Kolmogorov type of arbitrary order
with dependent on only time-variable t coe�cients is considered. Properties of a volume potential
which corresponding to the problem are established in H�older spaces of increased as |x| → ∞
functions. From these properties a well-posedness of the Cauchy problem with homogeneous initial
conditions is implied.

Âñòóï. Ðîçãëÿäàòèìåìî îäíîâèìiðíó ÷à-
ñîâó çìiííó t i n-âèìiðíó ïðîñòîðîâó çìií-
íó x, ÿêà ñêëàäà¹òüñÿ ç ãðóï çìiííèõ xj :=
(xj1, ...xjnj

) ∈ Rnj , j ∈ {1, 2, 3}, äå n1 ≥ n2 ≥
n3 ≥ 0, n = n1+n2+n3. Îá'¹êòîì äîñëiäæå-
ííÿ â öié ñòàòòi ¹ çàäà÷à Êîøi âèãëÿäó(
∂t−

n2∑
j=1

x1j∂x2j−
n3∑
j=1

x2j∂x3j−
∑

|k1|≤2b

ak1(t)∂
k1
x1

)
×

×u(t, x) = f(t, x), (t, x) ∈ Π(0,T ], (1)

u(t, x)|t=0 = 0, x ∈ Rn, (2)

äå b � çàäàíå íàòóðàëüíå ÷èñëî, Π(0,T ] :=
(0, T ] × Rn, T � äîäàòíå ÷èñëî. Ïðèïóñêà¹-
òüñÿ, ùî êîåôiöi¹íòè ak1 , k1 ∈ Zn1

+ , |k1| ≤ 2b,
¹ íåïåðåðâíèìè êîìïëåêñíîçíà÷íèìè ôóí-
êöiÿìè íà [0, T ] i òàêèìè, ùî äèôåðåíöiàëü-
íèé âèðàç ∂t −

∑
|k1|≤2b

ak1(t)∂
k1
x1

ðiâíîìiðíî íà

[0, T ]× Rn1 ïàðàáîëi÷íèé çà Ïåòðîâñüêèì.
ßêùî n3 ≥ 1, òî ðiâíÿííÿ (1) âèðîäæó¹-

òüñÿ çà äâîìà ãðóïàìè çìiííèõ x2 i x3. Êîëè
n3 = 0, à n2 ≥ 1, òî ¹ âèðîäæåííÿ çà îäíi¹þ
ãðóïîþ çìiííèõ x2. Ó âèïàäêó n2 = n3 = 0
ðiâíÿííÿ (1) íåâèðîäæåíå.

Äëÿ ðiâíÿííÿ (1) iñíó¹ ôóíäàìåíòàëüíèé
ðîçâ'ÿçîê çàäà÷i Êîøi (ÔÐÇÊ) G, äåòàëüíi
âëàñòèâîñòi ÿêîãî íàâåäåíî â [1]. Ôóíêöiÿ G
ïîðîäæó¹ îá'¹ìíèé ïîòåíöiàë ç ãóñòèíîþ f

âèãëÿäó

u(t, x) :=
t∫
0

dτ
∫
Rn

G(t, x; τ, ξ)f(τ, ξ)dξ,

(t, x) ∈ Π(0,T ]. (3)

Äëÿ âèïàäêó, êîëè ðiâíÿííÿ (1) 2-ãî ïî-
ðÿäêó, òîáòî b = 1, â [1] äîñëiäæóâàëèñü âëà-
ñòèâîñòi ôóíêöi¨ (3) â ïðèïóùåííi ëîêàëüíî¨
ãåëüäåðîâîñòi é åêñïîíåíöiàëüíîãî çðîñòàí-
íÿ ïðè |x| → ∞ ôóíêöi¨ f , ó [2] ç'ÿñîâóâàâñÿ
çâ'ÿçîê ãåëüäåðiâñüêèõ âëàñòèâîñòåé i ïîâå-
äiíêè ïðè |x| → ∞ ãóñòèíè f i ôóíêöi¨ u òà
¨¨ ïîõiäíèõ. Òóò ìè äîñëiäæó¹ìî àíàëîãi÷íi
âëàñòèâîñòi (3) äëÿ ðiâíÿííÿ (1) äîâiëüíîãî
ïîðÿäêó 2b.
1. Îçíà÷åííÿ íîðì i ïðîñòîðiâ. Êîðè-

ñòóâàòèìåìîñü òàêèìè ïîçíà÷åííÿìè: M :=
{1, 2, 3}; N := (n1 + (2b + 1)n2 + (4b +
1)n3)/(2b), N1 := n1/(2b), N2 := (n1 + (2b +
1)n2)/(2b); q := 2b/(2b − 1); x1j(t) := x1j,
j ∈ {1, ..., n1}; x2j(t) := x2j + tx1j, j ∈
{1, ..., n2}; x3j(t) := x3j + tx2j + (t2/2)x1j,
j ∈ {1, ..., n3}; xl(t) := (xl1(t), ..., xlnl

(t)),
l ∈ M ; X1(t) := (x1(t), x2(t), x3(t)); X2(t) :=
(ξ1, x2(t), x3(t)); X3(t) := (ξ1, ξ2, x3(t));

ρs(t, x, ξ) :=
s∑
l=1

t1−lq|xl(t) − ξl|q, s ∈ M ;

ρ0(t, x, ξ) := 0; ρ(t, x, ξ) := ρ3(t, x, ξ);
Ec(t, x; τ, ξ) := exp{−cρ(t − τ, x, ξ)}, ÿêùî

ISSN 2309-4001.Áóêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë. 2016. � Ò. 4, � 3�4. 47



c � äîäàòíà ñòàëà; [a, x] :=
3∑
l=1

al|xl|q, ÿêùî

a = (a1, a2, a3) ∈ R3, x = (x1, x2, x3) ∈ Rn,

|xl| :=
( nl∑
j=1

x2lj

)1/2
, xl ∈ Rnl , l ∈ M ; Zl+

� ìíîæèíà âñiõ l-âèìiðíèõ ìóëüòèiíäåêñiâ;
ml := (ml1, ...,mlnl

) � åëåìåíò ìíîæèíè Znl
+ ,

l ∈ M ; m := (m1,m2,m3) � åëåìåíò ìíî-
æèíè Zn+; |ml| := ml1 + ... + mlnl

, ÿêùî
ml ∈ Znl

+ , l ∈ M ; ∂t, ∂y � îïåðàöi�� äèôå-
ðåíöiþâàííÿ ïåðøîãî ïîðÿäêó âiäïîâiäíî çà
çìiííèìè t, y; ∂ky � îïåðàöiÿ äèôåðåíöiþâà-
ííÿ ïîðÿäêó k > 1 çà çìiííîþ y; ∂ml

xl
:=

∂ml1
xl1
...∂

mlnl
xlnl

, ÿêùî xl ∈ Rnl , ml ∈ Znl
+ , l ∈ M ;

∆x′
x f(·, x, ·) := f(·, x, ·)−f(·, x′, ·); d(x, ξ;α) :=

d(x, ξ;α1, α2, α3) :=
3∑
l=1

|xl − ξl|αl/(2b(l−1)+1),

d(x, ξ) := d(x, ξ; 1, 1, 1), ÿêùî {x, ξ} ⊂ Rn,
α = (α1, α2, α3), α1 ∈ [0, 1], α2 ∈ [0, 2b + 1],
α3 ∈ [0, 4b+ 1]; BR := {x ∈ Rn|d(x, 0) ≤ R}.

Çàóâàæèìî, ùî iñíþþòü äîäàòíi ÷èñëà b1,
b2 òàêi, ùî äëÿ äîâiëüíèõ {x, ξ} ⊂ Rn i γ > 0:
b1(d(x; ξ))

γ ≤ d(x, ξ; γ, γ, γ) ≤ b2(d(x; ξ))
γ.

Îäíàêîâî ïîçíà÷àþòüñÿ ðiçíi ñòàëi, ÿêùî
��õ âåëè÷èíè íàñ íå öiêàâëÿòü.

Äëÿ äîäàòíîãî ÷èñëà c0 i íàáîðó a :=
(a1, a2, a3) íåâiä'¹ìíèõ ÷èñåë al, l ∈ M , òà-
êèõ, ùî T < min

l∈M
(c0/al)

(2b−1)/(2b(l−1)+1), ðîç-

ãëÿíåìî ôóíêöi�� [1]
kl(t, al) :=c0al(c

2b−1
0 −a2b−1

l t2b(l−1)+1)1−q, l∈M ,
k(t) := (k1(t, a1), k2(t, a2), k3(t, a3)),
s1(t) :=k1(t,a1)+2

q−1tqk2(t,a2)+2
q−2t2qk3(t,a3),

s2(t) := 2q−1k2(t, a2) + 4q−1tqk3(t, a3),
s3(t) := 4q−1k3(t, a3),
s(t) := (s1(t), s2(t), s3(t)), t ∈ [0, T ],
ÿêi ìàþòü òàêi âëàñòèâîñòi:
k(0) = a, al ≤ kl(τ, al) < kl(t, al) < sl(t),
0 ≤ τ < t ≤ T, l ∈M ; (4)
kl(t− τ, kl(τ, al)) ≤ kl(t, al), 0 ≤ τ ≤ t ≤ T,
l ∈M ; (5)
−c0ρ(t, x, ξ) + [a, ξ] ≤ [k(t), X1(t)] ≤ [s(t), x],
t ∈ (0, T ], {x, ξ} ⊂ Rn. (6)

Êðiì òîãî, ëåãêî ïåðåêîíàòèñÿ, ùî ñïðàâ-
äæóþòüñÿ ùå òàêi íåðiâíîñòi:
−c0ρ(t−τ, x, ξ)+[k(τ), ξ)] ≤ [k(t), X1(t−τ)] ≤
≤ [s(t), x], 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn; (7)
−c0ρl−1(t− τ, x, ξ) + [k(τ), Xl(t− τ)] ≤
≤ [k(t), X1(t−τ)], 0 ≤ τ < t ≤ T, {x, ξ}⊂Rn,

l ∈M ; (8)
[k(T ), X1(t)] ≤ [s(T ), x], t ∈ [0, T ], x ∈ Rn. (9)

Îçíà÷èìî íîðìè i ïðîñòîðè ôóíêöié. Íå-
õàé α1 ∈ (0, 1], α2 ∈ (1, 2b + 1], α3 ∈ (2b +
1, 4b + 1], α := (α1, α2, α3), p1 ∈ {0, 1, ..., 2b},
{p2, p3} ⊂ {0, 1}, p := (p1, p2, p3). Âèêîðèñòî-
âóâàòèìåìî òàêi ãåëüäåðîâi ïðîñòîðè ôóí-
êöié w : Π[0,T ] → C:
Ck(·) � ïðîñòið óñiõ íåïåðåðâíèõ ôóíêöié

w, äëÿ ÿêèõ ñêií÷åííîþ ¹ íîðìà
||w||k(·) := sup

(t,x)∈Π[0,T ]

(|w(t, x)| exp{−[k(t), x]});

Cα
k(·) � ïðîñòið óñiõ ôóíêöié w, äëÿ ÿêèõ

ñêií÷åííîþ ¹ íîðìà
||w||αk(·) := ||w||k(·) + [w]αk(·),

äå [w]αk(·) := sup
{(t,x),(t,x′)}⊂Π[0,T ]

x̸=x′

|∆x′
x w(t,x)|
d(x,x′;α)

×

×(exp{[k(t), x]}+ exp{[k(t), x′]})−1;

Cp,α
k(·) � ïðîñòið óñiõ ôóíêöié w, ÿêi ðàçîì

çi ñâî��ìè ïîõiäíèìè ∂ml
xl
w, |ml| ≤ pl, l ∈ M ,

íàëåæàòü äî ïðîñòîðó Cα
k(·), òîáòî ¹ ñêií÷åí-

íîþ íîðìà

||w||p,αk(·) := ||w||αk(·) +
3∑
l=1

∑
0<|ml|≤pl

||∂ml
xl
w||αk(·);

Cp,α
s(·) � ïðîñòið, îçíà÷åííÿ ÿêîãî îäåðæó-

¹òüñÿ ç îçíà÷åííÿ ïðîñòîðó Cp,α
k(·) çàìiíîþ

ôóíêöi�� k íà ôóíêöiþ s.
2. Âiäîìîñòi ïðî ôóíäàìåíòàëüíèé

ðîçâ'ÿçîê çàäà÷i Êîøi. Â [1] âñòàíîâëåíî,
ùî ÔÐÇÊ G äëÿ ðiâíÿííÿ (1) ìà¹ âèãëÿä

G(t, x; τ, ξ) =
= (t− τ)−NF−1

σ→y[Ṽ (t, τ, σ)](t, τ, y)|y=y(t−τ,x,ξ),
0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn,

äå F−1 � îáåðíåíå ïåðåòâîðåííÿ Ôóð'¹ çà
ïðîñòîðîâèìè çìiííèìè,
Ṽ (t, τ, σ) := exp{

∑
|k1|≤2b

i|k1|(t− τ)1−|k1|/(2b)×

×
1∫
0

ak1(τ + (t− τ)β)(σ′
1 + βσ′

2 +
β2

2
σ3)

k′1×

×(σ′′
1 + βσ′′

2)
k′′1 (σ′′′

1 )
k′′′1 dβ},

y(t, x, ξ) := (t−1/(2b)(x1 − ξ1), t
−1−1/(2b)(x2 +

tx̂1 − ξ2), t
−2−1/(2b)(x3 + tx′2 +

t2

2
x′1 − ξ3)),

x′1 := (x11, ..., x1n3), x
′′
1 := (x1(n3+1), ..., x1n2),

x′′′1 := (x1(n2+1), ..., x1n1), x̂1 := (x11, ..., x1n2),
i òàêi âëàñòèâîñòi:

1) ôóíêöiÿ G(t, x; τ, ξ), 0 ≤ τ < t ≤ T ,
{x, ξ} ⊂ Rn, íåïåðåðâíà ïðè (t, x) ̸= (τ, ξ) ðà-
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çîì çi ñâî��ìè ïîõiäíèìè ∂m1
x1
∂m2
x2
∂m3
x3
G i ñïðàâ-

äæóþòüñÿ îöiíêè
|∂m1
x1
∂m2
x2
∂m3
x3
G(t, x; τ, ξ)| ≤

≤ Cm(t− τ)−N−(|m1|+(2b+1)|m2|+(4b+1)|m3|)/(2b)×
×Ec(t, x; τ, ξ), 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn,

ml ∈ Znl
+ , l ∈M, (10)

äå Cm i c � äåÿêi äîäàòíi ñòàëi;
2) äëÿ äîâiëüíîãî γ ∈ (0, 1] i òîãî ñàìîãî

c, ùî â (10), ïðàâèëüíèìè ¹ îöiíêè
|∆x′

x ∂
m
x G(t, x; τ, ξ)| ≤ Cm(d(x; x

′))γ×
×(t− τ)−N−(|m1|+(2b+1)|m2||(4b+1)|m3|+γ)/(2b)×

×Ec(t, x; τ, ξ), (d(x;x′))2b ≤ t− τ,

0 ≤ τ < t ≤ T, {x, x′, ξ} ⊂ Rn,m ∈ Zn+; (11)

3) ñïðàâäæó¹òüñÿ ðiâíiñòü∫
Rn

G(t, x; τ, ξ)dξ =

= exp{(t− τ)
1∫
0

a0(τ + (t− τ)β)dβ},

0 ≤ τ < t ≤ T, x ∈ Rn; (12)

4) äëÿ 0 ≤ τ < t ≤ T i x ∈ Rn ïðàâèëüíi
ðiâíîñòi

∂mx
∫
Rn

G(t, x; τ, ξ)dξ = 0, m ∈ Zn+ \ {0};

∂m2
x2
∂m3
x3

∫
Rn2+n3

G(t, x; τ, ξ)dξ2dξ3 = 0,

(m2,m3) ∈ Zn2+n3
+ \ {0};

∂m3
x3

∫
Rn3

G(t, x; τ, ξ)dξ3=0,m3 ∈ Zn3
+ \{0}. (13)

Çàóâàæåííÿ 1. Çi ñòðóêòóðè ðiâíÿííÿ
(1) òà ÔÐÇÊ äëÿ íüîãî âèïëèâà¹, ùî ôóí-
êöiÿ

∫
Rn3

G(t, x; τ, ξ)dξ3 ¹ ÔÐÇÊ äëÿ ðiâíÿí-

íÿ (1), ÿêùî â íüîãî âõîäÿòü òiëüêè ïåðøi
äâi ãðóïè ïðîñòîðîâèõ çìiííèõ (n3 = 0), à∫
Rn2+n3

G(t, x; τ, ξ)dξ2dξ3 � ÔÐÇÊ äëÿ íåâèðî-

äæåíîãî ïàðàáîëi÷íîãî çà Ïåòðîâñüêèì ðiâ-
íÿííÿ (n2 = n3 = 0), àäæå∫

Rn3

G(t, x; τ, ξ)dξ3 = (t− τ)−N2×

×F−1
(σ1,σ2)→(y1,y2)

[Ṽ (t, τ, (σ1, σ2, 0))](t, τ, y1, y2),∫
Rn2+n3

G(t, x; τ, ξ)dξ2dξ3 = (t− τ)−N1×

×F−1
σ1→y1

[Ṽ (t, τ, (σ1, 0, 0))](t, τ, y1),
äå y1 = y1(t− τ, x, ξ), y2 = y2(t− τ, x, ξ).

Òâåðäæåííÿ iç çàóâàæåííÿ 1 áóëî âðàõî-
âàíî â [1], çîêðåìà, ïðè äîâåäåííi ðiâíîñòåé
(13).

Íàäàëi ñòàëó c0 ç îçíà÷åííÿ ôóíêöié
kl(t, al), l ∈M , áðàòèìåìî ç iíòåðâàëó (0, c),
äå c � ñòàëà ç îöiíîê (10). Ïðàâà ÷àñòèíà
íåðiâíîñòi (10) ìiñòèòü ôóíêöi�� Ec i ρ, ÿêi
ìàþòü òàêi âëàñòèâîñòi [1]:∫

Rn

(t− τ)−NEδ(t, x; τ, ξ)dξ = C, τ < t,

{x, ξ} ⊂ Rn, δ > 0; (14)

(d(Xs(t− τ); ξ))βEc̄(t, x; τ, ξ) ≤
≤ C(t− τ)β/(2b)Ec̄1(t, x; τ, ξ), 0 ≤ τ < t ≤ T,

{x, ξ} ⊂ Rn, c̄1 ∈ (0, c̄), β ∈ (0, 1]; (15)

∀{c1, c2} ⊂ R, 0 < c2 < c1, ∃C > 0:
exp{−c1ρ(t, x′, ξ)} ≤ C exp{−c2ρ(t, x, ξ)},

x ∈ Rn, t > 0, d(x, x′) < t1/(2b). (16)

Êðiì òîãî, ïðàâèëüíà íåðiâíiñòü
∀R̄ > 0 : ρ(t, x, ξ) ≥ t−λRq, t ∈ (0, T ],

x ∈ BR̄, ξ ∈ Rn \B2R, (17)

äå R := R̄(1 + T + T 2/2), λ = q − 1 ïðè
t ∈ (0, 1], λ = 3q − 1 ïðè t > 1.

Äîâåäåìî íåðiâíiñòü (17). Ìà¹ìî

ρ(t, x, ξ)≥ t−λ
3∑
l=1

|x̄l(t)− ξl|q≥ t−λ||ξ|−|X1(t)||q.

ßêùî t ∈ (0, T ], x ∈ BR̄, òî |X1(t)| =
= |x+ t(0, (x11, ..., x1n2), (x21, ..., x2n3))+

+(t2/2)(0, 0, (x11, ..., x1n3)) ≤
≤ |x|+ t(|x1|+ |x2|) + (t2/2)|x1| ≤

≤ (1 + t + t2/2)|x| ≤ (1 + T + T 2/2)R̄. Òîìó
äëÿ ξ ∈ Rn \ B2R, R = R̄(1 + T + T 2/2):
ρ(t, x, ξ)≥ t−λ(2R− R̄(1 + T + T 2/2))q= t−λRq.

3. Ôîðìóëè äëÿ ïîõiäíèõ âiä îá'¹ì-
íîãî ïîòåíöiàëó, ïîðîäæåíîãî ôóíäà-
ìåíòàëüíèì ðîçâ'ÿçêîì ðiâíÿííÿ (1).
Äàëi ïîçíà÷àòèìåìî: r1 := 2b; r2 := 1; r3 := 1.
Òåîðåìà 1. Íåõàé f ∈ Ck(·) i çàäîâîëüíÿ-

¹òüñÿ òàêà óìîâà Ãåëüäåðà ç ÷èñëàìè α1 ∈
(0, 1], α2 ∈ (1, 2b+ 1] i α3 ∈ (2b+ 1, 4b+ 1] :

∀R > 0 ∃C > 0 ∀(t, x) ∈ [0, T ]×BR :

|∆x′

x f(t, x)| ≤ Cd(x, x′;α1, α2, α3). (18)
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Òîäi îá'¹ìíèé ïîòåíöiàë (3) ìà¹ íåïåðåðâ-
íi ïîõiäíi, ùî âõîäÿòü ó ðiâíÿííÿ (1), ÿêi
âèçíà÷àþòüñÿ äëÿ (t, x) ∈ Π(0,T ] ôîðìóëàìè

∂m1
x1
u(t, x) =

t∫
0

dτ

∫
Rn

∂m1
x1
G(t, x; τ, ξ)f(τ, ξ)dξ,

|m1| < 2b; (19)

∂ml
xl
u(t, x) =

t∫
0

dτ

∫
Rn

∂ml
xl
G(t, x; τ, ξ)×

×∆
Xl(t−τ)
ξ f(τ, ξ)dξ, |ml| = rl, l ∈M ; (20)

∂tu(t, x) = f(t, x)+

+

t∫
0

dτ

∫
Rn

∂tG(t, x; τ, ξ)∆
X3(t−τ)
ξ f(τ, ξ)dξ+

+

t∫
0

dτ

∫
Rn1+n2

∂t

∫
Rn3

G(t, x; τ, ξ)dξ3×

×∆
X2(t−τ)
X3(t−τ)f(τ,X3(t− τ))dξ1dξ2+

+

t∫
0

dτ

∫
Rn1

∂t

∫
Rn2+n3

G(t, x; τ, ξ)dξ2dξ3×

×∆
X1(t−τ)
X2(t−τ)f(τ,X2(t− τ))dξ1+

+

t∫
0

∂t

∫
Rn

G(t, x; τ, ξ)dξf(τ,X1(t− τ))dτ.

(21)
Êðiì òîãî çàäîâîëüíÿ¹òüñÿ óìîâà

∂ml
xl
u(t, x)−→

t→0
0, |ml| ≤ rl, l ∈M, (22)

ðiâíîìiðíî ñòîñîâíî x ∈ BR ç äîâiëüíèì äî-
äàòíèì R.
Äîâåäåííÿ. Ïîêëàäåìî
I(t, x; τ) :=

∫
Rn

G(t, x; τ, ξ)f(τ, ξ)dξ,

Km1(t, x; τ) :=
∫
Rn

∂m1
x1
G(t, x; τ, ξ)f(τ, ξ)dξ,

0 ≤ τ < t ≤ T, x ∈ Rn. (23)

Òîäi

u(t, x) =
t∫
0

I(t, x; τ)dτ, (t, x) ∈ Π(0,T ].

Ñïî÷àòêó äîâåäåìî ïðàâèëüíiñòü ôîðìó-
ëè (19). Ùîá äîâåñòè, ùî
∂m1
x1
I(t, x; τ) = Km1(t, x; τ), 0 ≤ τ < t ≤ T,

x ∈ Rn, |m1| < 2b, (24)

íåîáõiäíî ïåðåêîíàòèñÿ, ùî �íòåãðàë
Km1(t, x; τ) çáiãà¹òüñÿ ðiâíîìiðíî ñòîñîâíî
x ∈ BR äëÿ äîâiëüíîãî R > 0 òà ôiêñîâà-
íèõ t i τ . Îöiíèìî ïiäiíòåãðàëüíó ôóíêöiþ
ç Km1 . Íà ïiäñòàâi (10) òà íàëåæíîñòi ôóí-
êöi�� f äî ïðîñòîðó Ck(·) ìà¹ìî
|∂m1
x1
G(t, x; τ, ξ)f(τ, ξ)|≤Cm(t−τ)−N−|m1|/(2b)×
×Ec(t, x; τ, ξ) exp{[k(τ), ξ]}||f ||k(·).

Çà äîïîìîãîþ íåðiâíîñòi (7) îòðèìó¹ìî
|∂m1
x1
G(t, x; τ, ξ)f(τ, ξ)|≤Cm(t−τ)−N−|m1|/(2b)×
×Ec−c0(t, x; τ, ξ) exp{[s(t), x]}||f ||k(·) =

= Cm||f ||k(·) exp{[s(t), x]}(t− τ)−N−|m1|/(2b)×

×exp{−(c−c0)
3∑
l=1

(t− τ)1−lq|x̄l(t− τ)−ξl|q}=

=: J1(t, x; τ, ξ).

ßêùî â iíòåãðàëi ïî ξ ∈ Rn âiä îöiííî��
ôóíêöi�� J1 çðîáèòè çàìiíó çìiííèõ ξl çà ôîð-
ìóëàìè

ηl = (t− τ)1/q−l(ξl − x̄l(t− τ)), l ∈M, (25)

òî äiñòàíåìî ∫
Rn

J1(t, x; τ, ξ)dξ =

=
∫
Rn

Cm(t− τ)−|m1|/(2b) exp{[s(t), x]}||f ||k(·)×

× exp{−(c− c0)
3∑
l=1

|ηl|q}dη =

= C(t− τ)−|m1|/(2b) exp{[s(t), x]}||f ||k(·).
Îòæå, iíòåãðàëKm1(t, x; τ) çáiãà¹òüñÿ ðiâ-

íîìiðíî ñòîñîâíî x ∈ BR äëÿ äîâiëüíîãî
R > 0 òà ôiêñîâàíèõ t i τ , òîìó ñïðàâäæóþ-
òüñÿ ðiâíiñòü (24) òà îöiíêà

|∂m1
x1
I(t, x; τ)| ≤

≤ C(t− τ)−|m1|/(2b) exp{[s(t), x]}||f ||k(·),

0 ≤ τ < t ≤ T, x ∈ Rn, |m1| < 2b. (26)

Çà äîïîìîãîþ íåðiâíîñòi (26) äîâîäè-
òüñÿ ðiâíîìiðíà çáiæíiñòü ñòîñîâíî (t, x) ∈
[0, T ]×BR, R > 0, iíòåãðàëà

t∫
0

∂m1
x1
I(t, x; τ)dτ.
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Îòæå, ïðàâèëüíà ðiâíiñòü

∂m1
x1
u(t, x) =

t∫
0

∂m1
x1
I(t, x; τ)dτ,

(t, x) ∈ [0, T ]×BR, R > 0,
çâiäêè íà ïiäñòàâi äîâiëüíîñòi R > 0 òà (24)
âèïëèâà¹ ôîðìóëà (19). Êðiì òîãî, ñïðàâ-
äæó¹òüñÿ îöiíêà
|∂m1
x1
u(t, x)|≤Ct1−|m1|/(2b) exp{[s(t), x]}||f ||k(·),

(t, x) ∈ Π(0,T ], |m1| < 2b. (27)

Äëÿ äîâåäåííÿ ðiâíîñòi (20) ïîêëàäåìî
I ′(t, x; τ) :=

∫
Rn

G(t, x; τ, ξ)∆y
ξf(τ, ξ)|y=Xl(t−τ)dξ,

K ′
ml
(t, x; τ) :=

=
∫
Rn

∂ml
xl
G(t, x; τ, ξ)∆

Xl(t−τ)
ξ f(τ, ξ)dξ,

0 ≤ τ < t ≤ T, x ∈ Rn.
Äîâåäåìî, ùî

∂ml
xl
I ′(t, x; τ) = K ′

ml
(t, x; τ), 0 ≤ τ < t ≤ T,

x ∈ Rn, |ml| = rl, l ∈M. (28)

Äëÿ öüîãî îöiíèìî ïiäiíòåãðàëüíó ôóíêöiþ
ç K ′

ml
. Íåõàé R̄ > 0, R := R̄(1 + T + T 2/2).

Ïðè (t, x) ∈ (0, T ] × BR̄ i (τ, ξ) ∈ [0, t) × B2R

íà ïiäñòàâi (10) òà (18), à ïîòiì (15) ç c̄ = c ç
óðàõóâàííÿì òîãî, ùî α1 < α2 < α3, ìà¹ìî

|∂ml
xl
G(t, x; τ, ξ)∆

Xl(t−τ)
ξ f(τ, ξ)| ≤

≤ Cm(t− τ)−N−(l−1/q)|ml|×
×Ec(t, x; τ, ξ)d(ξ,Xl(t− τ);α1, α2, α3) ≤

≤ Cm(t− τ)−N−(l−1/q)|ml|+αl/(2b)Ec̄1(t, x; τ, ξ).
(29)

Âèêîðèñòîâóþ÷è íåðiâíîñòi (7), (8), (10)
i (17), à òàêîæ òå, ùî f ∈ Ck(·), äëÿ (t, x) ∈
(0, T ]× BR̄ i (τ, ξ) ∈ [0, t)× (Rn \ B2R) îòðè-
ìó¹ìî

|∂ml
xl
G(t, x; τ, ξ)∆

Xl(t−τ)
ξ f(τ, ξ)| ≤

≤ Cm(t− τ)−N−(l−1/q)|ml|Ec(t, x; τ, ξ)×
×(exp{[k(τ), ξ]}+ exp{[k(τ), Xl(t− τ)]})×

×||f ||k(·) ≤ Cm(t− τ)−N−(l−1/q)|ml|×
×Ec−c0(t, x; τ, ξ) exp{[s(t), x]}||f ||k(·) ≤

≤ Cm(t− τ)−N−(l−1/q)|ml|×
× exp{− c−c0

2
(t− τ)−λRq}×

×E(c−c0)/2(t, x; τ, ξ) exp{[s(t), x]}||f ||k(·).
Î÷åâèäíî, ùî iñíó¹ òàêå c2 ∈ (0, c−c0

2
), ùî

(t− τ)−(l−1/q)|ml| exp{− c−c0
2

(t− τ)−λRq} ≤

≤ C exp{−c2(t− τ)−λRq}.
Òîìó

|∂ml
xl
G(t, x; τ, ξ)∆

Xl(t−τ)
ξ f(τ, ξ)| ≤

≤ C(t− τ)−N exp{−c2(t− τ)−λRq}×
×E(c−c0)/2(t, x; τ, ξ) exp{[s(t), x]}||f ||k(·),

(t, x)∈(0, T ]×BR̄, (τ, ξ)∈ [0, t)×(Rn \B2R).
(30)

ßêùî ïîäàòè K ′
ml

ó âèãëÿäi ñóìè iíòåãðà-
ëiâ ïî B2R i ïî Rn \ B2R, òî íà ïiäñòàâi (29)
i (30) ïåðøèé äîäàíîê îöiíèòüñÿ ÷åðåç
J2(t, x; τ) :=

∫
B2R

Cm(t− τ)−N−(l−1/q)|ml|+αl/(2b)×

×Ec̄1(t, x; τ, ξ)dξ, 0 ≤ τ < t ≤ T, x ∈ BR̄,
à äðóãèé � ÷åðåç

J3(t, x; τ) :=
=

∫
Rn\B2R

C(t− τ)−N exp{−c2(t− τ)−λRq}×

×E(c−c0)/2(t, x; τ, ξ) exp{[s(t), x]}||f ||k(·)dξ,
0 ≤ τ < t ≤ T, x ∈ BR̄.

Âðàõîâóþ÷è ðiâíîñòi (14) i òå, ùî ïðè çà-
äàíèõ αl i |ml| = rl âèêîíó¹òüñÿ íåðiâíiñòü
−(l − 1/q)|ml| + αl/(2b) > −1, l ∈ M , äiñòà-
¹ìî çáiæíiñòü iíòåãðàëiâ J2 i J3 òà ðiâíîìið-
íó çáiæíiñòü iíòåãðàëà K ′

ml
(t, x; τ) ñòîñîâíî

x ∈ BR̄ ïðè ôiêñîâàíèõ t i τ . Íà ïiäñòàâi
äîâiëüíîñòi R̄ > 0 çâiäñè âèïëèâà¹ ðiâíiñòü
(28). Êðiì òîãî, îñêiëüêè
J2(t, x; τ)≤

∫
Rn

Cm(t− τ)−N−(l−1/q)|ml|+αl/(2b)×

×Ec̄1(t, x; τ, ξ)dξ = C(t− τ)−(l−1/q)|ml|+αl/(2b),
J3(t, x; τ)≤

∫
Rn

C(t− τ)−NE(c−c0)/2(t, x; τ, ξ)dξ×

× exp{[s(t), x]}||f ||k(·)=C exp{[s(t), x]}||f ||k(·),
0 ≤ τ < t ≤ T, x ∈ Rn,

òî ìà¹ìî ùå òàêó îöiíêó äëÿ |ml| = rl,
l ∈M :
|∂ml
xl
I ′(t, x; τ)| ≤ C((t− τ)−(l−1/q)|ml|+αl/(2b)+

+exp{[s(t), x]}||f ||k(·)), 0 ≤ τ < t ≤ T,

x ∈ Rn. (31)

Âèðàç ∂ml
xl
I ′(t, x; τ) ìîæíà çàïèñàòè ó âè-

ãëÿäi
∂ml
xl
I ′(t, x; τ) = ∂ml

xl
I(t, x; τ) + ∂ml

xl
I ′1(t, x; τ),

äå I � iíòåãðàë ç ôîðìóëè (23), à
I ′1(t, x; τ) :=

∫
Rn

G(t, x; τ, ξ)f(τ, y)|y=Xl(t−τ)dξ,

0 ≤ τ < t ≤ T, x ∈ Rn.
Îñêiëüêè

I ′1(t, x; τ) =
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=
∫

Rn1×...×Rnl−1

( ∫
Rnl×...×Rn3

G(t, x; τ, ξ)dξl...dξ3

)
×

×f(τ, y)|y=Xl(t−τ)dξ1...dξl−1,
òî íà ïiäñòàâi âiäïîâiäíî�� ðiâíîñòi ç (13)

∂ml
xl
I ′1(t, x; τ) =

=
∫

Rn1×...×Rnl−1

∂ml
xl

( ∫
Rnl×...×Rn3

G(t, x; τ, ξ)dξl...dξ3

)
×

×f(τ, y)|y=Xl(t−τ)dξ1...dξl−1 = 0.
Îòæå,

∂ml
xl
I ′(t, x; τ) = ∂ml

xl
I(t, x; τ),

0 ≤ τ < t ≤ T, x ∈ Rn. (32)

Îöiíêà (31), â ÿêié −(l − 1
q
)|ml| + αl

2b
>

−1, òà ðiâíiñòü (32) äîâîäÿòü ðiâíîìiðíó çái-
æíiñòü ñòîñîâíî (t, x) ∈ (0, T ] × BR ïðè äî-
âiëüíîìó R > 0 iíòåãðàëà

t∫
0

∂ml
xl
I(t, x; τ)dτ.

Çâiäñè òà äîâiëüíîñòi R > 0 âèïëèâà¹ ðiâ-
íiñòü

∂ml
xl
u(t, x) =

t∫
0

∂ml
xl
I(t, x; τ)dτ,

(t, x) ∈ Π(0,T ], |ml| = rl, l ∈M,
ùî ðàçîì ç (32) i (28) äîâîäèòü ôîðìóëó
(20). Êðiì òîãî, ñïðàâäæó¹òüñÿ îöiíêà

|∂ml
xl
u(t, x)| ≤ C(t1−(l−1/q)|ml|+αl/(2b)+
+t exp{[s(t), x]}||f ||k(·)),

(t, x) ∈ Π(0,T ], |ml| = rl, l ∈M. (33)

Òåïåð äîâåäåìî ïðàâèëüíiñòü ôîðìóëè
(21) äëÿ (t, x) ∈ Π[t0,T ], äå t0 > 0. Äëÿ öüîãî
ðîçãëÿíåìî ñóêóïíiñòü ôóíêöié

uh(t, x) :=
t−h∫
0

dτ
∫
Rn

G(t, x; τ, ξ)f(τ, ξ)dξ =

=

t−h∫
0

I(t, x; τ)dτ, (t, x)∈Π[t0,T ], 0<h<t0.

(34)
Îñêiëüêè ïiäiíòåãðàëüíà ôóíêöiÿ I íà

ïiäñòàâi îöiíêè (26) ¹ îáìåæåíîþ, òî iñíó¹
ïîõiäíà ∂tuh â Π[t0,T ], ïðè÷îìó

∂tuh(t, x) = I(t, x; t− h) +
t−h∫
0

∂tI(t, x; τ)dτ,

(t, x) ∈ Π[t0,T ]. (35)

Î÷åâèäíî, ùî iíòåãðàë I ìîæíà ïîäàòè ó âè-
ãëÿäi òàêî�� ñóìè:

I(t, x; τ) =
=
∫
Rn

G(t, x; τ, ξ)∆y3
ξ f(τ, ξ)|y3=X3(t−τ)dξ+

+
∫
Rn

G(t, x; τ, ξ)∆y2
y3
f(τ, y3)| y2=X2(t−τ)

y3=X3(t−τ)

dξ+

+
∫
Rn

G(t, x; τ, ξ)∆y1
y2
f(τ, y2)| y1=X1(t−τ)

y2=X2(t−τ)

dξ+

+
∫
Rn

G(t, x; τ, ξ)f(τ, y1)|y1=X1(t−τ)dξ =

=:
4∑
l=1

I ′′l (t, x; τ), 0 ≤ τ < t ≤ T, x ∈ Rn.

Òîìó

∂tI(t, x; τ) =
4∑
l=1

∂tI
′′
l (t, x; τ),

0 ≤ τ < t ≤ T, x ∈ Rn. (36)

Ïîêëàäåìî
K1(t, x; τ) :=

∫
Rn

∂tG(t, x; τ, ξ)∆
X3(t−τ)
ξ f(τ, ξ)dξ,

K2(t, x; τ) :=
∫

Rn1+n2

∂t
∫

Rn3

G(t, x; τ, ξ)dξ3×

×∆
X2(t−τ)
X3(t−τ)f(τ,X3(t− τ))dξ1dξ2,

K3(t, x; τ) :=
∫

Rn1

∂t
∫

Rn2+n3

G(t, x; τ, ξ)dξ2dξ3×

×∆
X1(t−τ)
X2(t−τ)f(τ,X2(t− τ))dξ1,

K4(t, x; τ) :=∂t
∫
Rn

G(t, x; τ, ξ)dξf(τ,X1(t− τ)),

i äîâåäåìî, ùî
∂tI

′′
l (t, x; τ) = Kl(t, x; τ), 0 ≤ τ < t ≤ T,

x ∈ Rn, l ∈ {1, 2, 3, 4}. (37)

Äëÿ öüîãî âñòàíîâèìî, ùî iíòåãðàëè
Kl(t, x; τ) çáiãàþòüñÿ ðiâíîìiðíî ñòîñîâíî
t ∈ [t1 −h/3,min(t1 +h/3, T )], äå t1 � äîâiëü-
íî ôiêñîâàíå ÷èñëî ç [t0, T ], äëÿ ôiêñîâàíèõ
x ∈ Rn i τ ∈ [0, t1 − 2h/3].

Ïðè l ∈ {1, 2, 3} öå äîâîäèòüñÿ àíàëîãi÷íî
äî äîâåäåííÿ çáiæíîñòi iíòåãðàëiâK ′

ml
, òiëü-

êè äëÿ îöiíþâàííÿ ïiäiíòåãðàëüíèõ ôóí-
êöié ç Kl âèêîðèñòîâóþòüñÿ íå áåçïîñåðå-
äíüî îöiíêè (10), à îöiíêè

|∂tG(t, x; τ, ξ)| ≤ C(t− τ)−N−2−1/(2b)×
×Ec(t, x; τ, ξ)(|x1|+ |x2|),

|∂t
∫

Rn3

G(t, x; τ, ξ)dξ3| ≤ C(t− τ)−N2−1−1/(2b)×

× exp{−cρ2(t− τ, x, ξ)}|x1|,
|∂t

∫
Rn2+n3

G(t, x; τ, ξ)dξ2dξ3| ≤ C(t− τ)−N1−1×

× exp{−cρ1(t− τ, x, ξ)},

0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn. (38)
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Ùîá îòðèìàòè ïåðøó ç îöiíîê (38), ïîòði-
áíî ïiäñòàâèòè G â îäíîðiäíå ðiâíÿííÿ (1),
ñêîðèñòàòèñÿ òèì, ùî G ¹ ðîçâ'ÿçêîì öüîãî
ðiâíÿííÿ, îöiíêàìè (10) òà îáìåæåíiñòþ êî-
åôiöi¹íòiâ. Äâi íàñòóïíi îöiíêè ç (38) îòðè-
ìóþòüñÿ ïîäiáíèì ÷èíîì, òiëüêè ç óðàõóâà-
ííÿì çàóâàæåííÿ 1.

Çàçíà÷èìî, ùî ïðè äîâåäåííi (37) ïðè l ∈
{1, 2, 3} îòðèìó¹ìî òàêi îöiíêè:

|∂tI ′′1 (t, x; τ)| = |K1(t, x; τ)| ≤
≤ C((t− τ)−2−1/(2b)+α3/(2b)×

×(|x1|+ |x2|) + exp{[s(t), x]}||f ||k(·)),
|∂tI ′′2 (t, x; τ)| = |K2(t, x; τ)| ≤ C(|x1|×

×(t−τ)−1−1/(2b)+α2/(2b)+exp{[s(t), x]}||f ||k(·)),
|∂tI ′′3 (t, x; τ)|= |K3(t, x; τ)|≤C((t− τ)−1+

α1
2b +

+exp{[s(t), x]}||f ||k(·)),

0 ≤ τ < t ≤ T, x ∈ Rn. (39)

Íà ïiäñòàâi ðiâíîñòi (12), íàëåæíîñòi f äî
ïðîñòîðó Ck(·), à òàêîæ íåðiâíîñòåé (4) i (7)
ìà¹ìî
|K4(t, x; τ)|≤ Cexp{[k(τ), X1(t− τ)]}||f ||k(·)≤

≤ C exp{[k(t), X1(t− τ)]}||f ||k(·) ≤
≤ C exp{[s(t), x]}||f ||k(·),
0 ≤ τ < t ≤ T, x ∈ Rn.

Çâiäñè âèïëèâà¹, ùî K4(t, x; τ) òàêîæ ðiâ-
íîìiðíî çáiãà¹òüñÿ ñòîñîâíî t ∈ [t1 −
h/3,min(t1 + h/3, T )], ñïðàâäæóþòüñÿ ðiâ-
íiñòü (37) ç l = 4 òà îöiíêà
|∂tI ′′4 (t, x; τ)|= |K4(t, x; τ)|≤C exp{[s(t), x]}×

×||f ||k(·), 0 ≤ τ < t ≤ T, x ∈ Rn. (40)

Îá'¹äíàâøè ðiâíîñòi (35), (36) i (37),
îòðèìà¹ìî

∂tuh(t, x) = I(t, x; t− h)+

+
t−h∫
0

4∑
l=1

Kl(t, x; τ)dτ =

= I(t, x; t− h) +
4∑
l=1

t−h∫
0

Kl(t, x; τ)dτ,

(t, x) ∈ Π[t0,T ], h ∈ (0, t0). (41)

Îñêiëüêè äëÿ äîâiëüíèõ R̄ > 0 i t0 ∈ (0, T )
ðiâíîìiðíî ñòîñîâíî (t, x) ∈ [t0, T ] × BR̄ ¹
ïðàâèëüíèìè òàêi ãðàíè÷íi ñïiââiäíîøåííÿ:

uh(t, x)−→
h→0

u(t, x); (42)

I(t, x; t− h)−→
h→0

f(t, x); (43)

t−h∫
0

Kl(t, x; τ)dτ −→
h→0

t∫
0

Kl(t, x; τ)dτ,

l ∈ {1, 2, 3, 4}, (44)

òî ïðè ïðÿìóâàííi â ðiâíîñòi (41) äî ãðàíèöi
ïðè h→ 0 îòðèìà¹ìî ôîðìóëó (21).

Äîâåäåìî ñïiââiäíîøåííÿ (42)�(44). Çà
äîïîìîãîþ îöiíêè (26) ìà¹ìî

|u(t, x)− uh(t, x)| =

= |
t∫

t−h
dτ
∫
Rn

G(t, x; τ, ξ)f(τ, ξ)dξ| ≤

≤ |
t∫

t−h
|I(t, x; τ)|dτ ≤

≤
t∫

t−h
C exp{[s(t), x]}||f ||k(·)dτ =

= C exp{[s(t), x]}||f ||k(·)h,
(t, x) ∈ Π[t0,T ], 0 < h < t0,

çâiäêè âèïëèâà¹ (42).
Ðîçïèøåìî
I(t, x; t− h) =

∫
Rn

G(t, x; t− h, ξ)f(t, ξ)dξ+

+

∫
Rn

G(t, x; t− h, ξ)∆t
t−hf(t− h, ξ)dξ. (45)

Íà ïiäñòàâi ãðàíè÷íî�� âëàñòèâîñòi iíòå-
ãðàëà Ïóàññîíà çàäà÷i Êîøi [1]∫
Rn

G(t, x; t− h, ξ)f(t, ξ)dξ−→
h→0

f(t, x) (46)

ðiâíîìiðíî ñòîñîâíî (t, x) ∈ [t0, T ]×BR̄.
Óíàñëiäîê îöiíîê (10) i (17), íàëåæíîñòi

f äî Ck(·) òà íåïåðåðâíîñòi ôóíêöi�� f çà t â
[t0, T ]×BR îòðèìà¹ìî

|
∫
Rn

G(t, x; t− h, ξ)∆t
t−hf(t− h, ξ)dξ| ≤

≤
∫
B2R

|G(t, x; t− h, ξ)∆t
t−hf(t− h, ξ)|dξ+

+
∫

Rn\B2R

|G(t, x; t− h, ξ)∆t
t−hf(t− h, ξ)|dξ ≤

≤
∫
B2R

Ch−NEc(t, x; t− h, ξ)ω(h,R)dξ+

+
∫

Rn\B2R

Ch−NEc(t, x; t− h, ξ)×

×(exp{[k(t− h), ξ)]}+ exp{[k(t), ξ)]})×
×||f ||k(·)dξ =: J4(t, x;h) + J5(t, x;h),

äå R = R̄(1 + T + T 2/2), ω(h,R) → 0 ïðè
h→ 0.

Âèêîðèñòîâóþ÷è ðiâíiñòü (14), ìà¹ìî
J4(t, x;h) ≤
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≤
∫
Rn

Ch−NEc(t, x; t− h, ξ)ω(h,R)dξ =

= Cω(h,R), (t, x) ∈ [t0, T ]×BR̄,
à íà ïiäñòàâi (7), (14) i (17)
J5(t, x;h)=

∫
Rn\B2R

Ch−Nexp{−cρ(h, x, ξ)}||f ||k(·)×

×(exp{[k(t− h), ξ)]}+ exp{[k(t), ξ)]})dξ ≤
≤ C

∫
Rn\B2R

h−N exp{−(c− c0)ρ(h, x, ξ)}×

×(exp{[k(t), X1(h)]}+
+exp{[k(t+ h), X1(h))]})dξ||f ||k(·) ≤
≤ C

∫
Rn\B2R

h−N exp{− c−c0
2
h−λRq}×

×E(c−c)/2(h, x; 0, ξ)dξ(exp{[k(t), X1(h)]}+
+exp{[k(t+ h), X1(h)]})||f ||k(·) ≤
≤ C exp{− c−c0

2
h−λRq}||f ||k(·)×

×(exp{[k(t), X1(h)]}+exp{[k(t+h), X1(h)]}),
(t, x) ∈ [t0, T ]×BR̄.

Îñêiëüêè J4 òà J5 ïðÿìóþòü äî íóëÿ ïðè
h → 0 ðiâíîìiðíî ùîäî (t, x) ∈ [t0, T ] × BR̄,
òî äðóãèé äîäàíîê ïðàâî�� ÷àñòèíè (45) ðiâ-
íîìiðíî â öié îáëàñòi ïðÿìó¹ äî íóëÿ ïðè
h→ 0, à ç óðàõóâàííÿì (46) îòðèìó¹ìî (43).

Ñïiââiäíîøåííÿ (44) âèïëèâà¹ ç
îöiíîê (39) i (40), íà ïiäñòàâi ÿêèõ∣∣∣∣∣ t∫
t−h

Kl(t, x; τ)dτ

∣∣∣∣∣−→h→0
0 ðiâíîìiðíî ùîäî

(t, x) ∈ [t0, T ]×BR̄, l ∈ {1, 2, 3, 4}.
Îòæå, äîâåäåíà ïðàâèëüíiñòü ôîðìóë

(19)�(21). Ïðàâèëüíiñòü (22) áåçïîñåðåäíüî
âèïëèâà¹ ç îöiíîê (27) i (33). ◃
Çàóâàæåííÿ 2. Ç âèâåäåíèõ ôîðìóë

(19)�(21) íà ïiäñòàâi òîãî, ùî ôóíêöiÿ
G(t, x; τ, ξ) ÿê ôóíêöiÿ t i x ïðè äîâiëüíî
ôiêñîâàíèõ τ ∈ [0, t) i ξ ∈ Rn ¹ ðîçâ'ÿçêîì
ðiâíÿííÿ (1) ç f = 0, âèïëèâà¹, ùî ôóíêöiÿ
(3) ¹ ðåãóëÿðíèì ðîçâ'ÿçêîì íåîäíîðiäíîãî
ðiâíÿííÿ (1).
4. Âëàñòèâîñòi îá'¹ìíîãî ïîòåíöià-

ëó. Êðiì íàâåäåíèõ ó òåîðåìi 1 i çàóâàæåííi
2 âëàñòèâîñòåé îá'¹ìíîãî ïîòåíöiàëó, íàñòó-
ïíà òåîðåìà ìiñòèòü íîâi éîãî âëàñòèâîñòi.
Òåîðåìà 2. ßêùî f ∈ Cα

k(·), äå α :=

(β, β + 1, β + 2b + 1) ç äåÿêèì β ∈ (0, 1], òî
u ∈ Cr,α′

s(·) , äå α
′ := (β, β, β), r := (r1, r2, r3),

ñïðàâäæóþòüñÿ îöiíêà

||u||r,α
′

s(·) ≤ C||f ||αk(·) (47)

i ðiâíîñòi

lim
t→0

(
sup
x∈Rn

(|∂ml
xl
u(t, x)| exp{−[s(t), x]})

)
= 0,

|ml| ≤ rl, l ∈M. (48)

Äîâåäåííÿ. Ïåðø çà âñå çàóâàæèìî, ùî
îñêiëüêè f ∈ Cα

k(·), α = (β, β+1, β+2b+1) ç
äåÿêèì β ∈ (0, 1], òî ôóíêöiÿ f çàäîâîëüíÿ¹
óìîâè òåîðåìè 1, çîêðåìà óìîâó (18) ç α1 =
β, α2 = β + 1, α3 = β + 2b + 1. Òîìó äëÿ u
ïðàâèëüíi âñi òâåðäæåííÿ òåîðåìè 1.

Ñïî÷àòêó ðîçãëÿíåìî âèïàäîê, êîëè
|m1| < 2b. Íà ïiäñòàâi (27) ïðè d(x, x′) ≥
t1/(2b) äëÿ äîâiëüíîãî γ ∈ (0, 1] îäåðæó¹ìî

|∆x′
x ∂

m1
x1
u(t, x)| ≤ |∂m1

x1
u(t, x)|+

+|∂m1
x1
u(t, x)|x=x′ | ≤ Ct1−|m1|/(2b)×

×(exp{[s(t), x]}+ exp{[s(t), x′]})||f ||k(·) ≤
≤ C(d(x, x′))γt1−(|m1|+γ)/(2b)(exp{[s(t), x]}+

+exp{[s(t), x′]})||f ||k(·).
ßêùî d(x, x′) < t1/(2b), òî çà äîïîìîãîþ

(7), (11), (14), (19) i íàëåæíîñòi f äî Cα
k(·)

ìà¹ìî
|∆x′

x ∂
m1
x1
u(t, x)| ≤

≤
t∫
0

dτ
∫
Rn

|∆x′
x ∂

m1
x1
G(t, x; τ, ξ)||f(τ, ξ)|dξ ≤

≤ C(d(x, x′))γ
t∫
0

dτ
∫
Rn

(t− τ)−N−(|m1|+γ)/(2b)×

×Ec(t, x; τ, ξ) exp{[k(τ), ξ]}dξ||f ||k(·) ≤

≤ C(d(x, x′))γ
t∫
0

(t− τ)−(|m1|+γ)/(2b)dτ×

× exp{[s(t), x]}||f ||k(·) =
= C(d(x, x′))γt1−(|m1|+γ)/(2b)×

× exp{[s(t), x]}||f ||k(·).
Ç öèõ îöiíîê òà (27) âèïëèâà¹, ùî u ∈ Cp,α′′

s(·) ,
äå p = (p1, 0, 0), p1 < 2b, α′′ = (γ, γ, γ), γ ∈
(0, 1], i

||u||p,α
′′

s(·) ≤ C||f ||k(·). (49)

Íåõàé òåïåð |ml| = rl, l ∈M . Îöiíêè (33)
çà óìîâ òåîðåìè íà f íå ¹ òî÷íèìè. Òîìó
îöiíèìî ∂ml

xl
u çà äîïîìîãîþ ôîðìóëè (20),

íàëåæíîñòi f äî Cα
k(·), íåðiâíîñòåé (7), (8),

(10) i (15) òà ðiâíîñòi (14). Ìà¹ìî

|∂ml
xl
u(t, x)|≤Cm

t∫
0

dτ

∫
Rn

(t− τ)−N−(l− 1
q
)|ml|×
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×Ec(t, x; τ, ξ)d(ξ,Xl(t−τ); β, β+1, β+2b+1)×

×(exp{[k(τ), ξ]}+exp{[k(τ), Xl(t−τ)]})dξ×

×[f ]αk(·) ≤ C

t∫
0

dτ

∫
Rn

(t− τ)−N−(l− 1
q
)|ml|×

×Ec−c0(t, x; τ, ξ)×

×d(ξ,Xl(t− τ); β, β + 1, β + 2b+ 1)dξ×

× exp{[s(t), x]}[f ]αk(·) ≤

≤ C

t∫
0

dτ

∫
Rn

(t− τ)−N−(l− 1
q
)|ml|+αl/(2b)×

×Ec̄1(t, x; τ, ξ)dξ exp{[s(t), x]}[f ]αk(·) =

= C

t∫
0

(t− τ)−(l− 1
q
)|ml|+αl/(2b)dτ×

× exp{[s(t), x]}[f ]αk(·) =

= Ct1−(l− 1
q
)|ml|+αl/(2b) exp{[s(t), x]}[f ]αk(·).

Îñêiëüêè |ml| = rl, l ∈ M , i α1 = β, α2 =
β+1, α3 = β+2b+1, òî−(l− 1

q
)|ml|+αl/(2b) =

−1+β/(2b), l ∈M , i îòðèìó¹ìî òàêó îöiíêó:

|∂ml
xl
u(t, x)| ≤ Ctβ/(2b) exp{[s(t), x]}[f ]αk(·),

(t, x) ∈ Π(0,T ], |ml| = rl, l ∈M. (50)

ßêùî d(x, x′) ≥ t1/(2b), òî ç (50) âiäðàçó
ìà¹ìî

|∆x′

x ∂
ml
xl
u(t, x)|≤C(d(x, x′))β(exp{[s(t), x]}+

+exp{[s(t), x′]})[f ]αk(·), {(t, x), (t, x′)}⊂Π(0,T ].
(51)

Íåõàé òåïåð {(t, x), (t, x′)} ⊂ Π(0,T ] i d :=

d(x, x′) < t1/(2b). Òîäi

|∆x′

x ∂
ml
xl
u(t, x)| ≤

≤

∣∣∣∣∣∣
t−d2b∫
0

dτ

∫
Rn

∆x′

x ∂
ml
xl
G(t, x; τ, ξ)f(τ, ξ)dξ

∣∣∣∣∣∣+
+

∣∣∣∣∣∣
t∫

t−d2b

dτ

∫
Rn

∂ml
xl
G(t, x; τ, ξ)∆

Xl(t−τ)
ξ f(τ, ξ)dξ

∣∣∣∣∣∣+

+

∣∣∣∣∣∣
t∫

t−d2b

dτ

∫
Rn

∂ml
xl
G(t, x; τ, ξ)∆

X′
l(t−τ)

ξ f(τ, ξ)dξ

∣∣∣∣∣∣ =
=: P1 + P2 + P3,

äå X ′
l(t− τ) = Xl(t− τ)|x=x′ , l ∈M .

Çà äîïîìîãîþ (11), ïåðøî�� ðiâíîñòi ç (13)
i íàëåæíîñòi f äî Cα

k(·) ìà¹ìî

P1 ≤
t−d2b∫
0

dτ

∫
Rn

|∆x′

x ∂
ml
xl
G(t, x; τ, ξ)|×

×|∆Xl(t−τ)
ξ f(τ, ξ)|dξ ≤

≤ Cdγ
t−d2b∫
0

dτ

∫
Rn

(t− τ)−N−(l− 1
q
)|ml|−γ/(2b)×

×Ec(t, x; τ, ξ)d(ξ,Xl(t−τ); β, β+1, β+2b+1)×
×(exp{[k(τ), ξ]}+exp{[k(τ), Xl(t− τ)]})dξ)×

×[f ]αk(·).

Äàëi âèêîðèñòà¹ìî íåðiâíîñòi (7), (8) i
(15) òà ðiâíiñòü (14). Îäåðæó¹ìî

P1≤Cdγ
t−d2b∫
0

dτ

∫
Rn

(t− τ)−N−(l− 1
q
)|ml|−γ/(2b)×

×d(ξ,Xl(t− τ); β, β + 1, β + 2b+ 1)dξ×
×Ec−c0(t, x; τ, ξ) exp{[s(t), x]}[f ]αk(·) ≤

≤ Cdγ
t−d2b∫
0

(t− τ)−(l− 1
q
)|ml|+(αl−γ)/(2b)dτ×

× exp{[s(t), x]}[f ]αk(·) = Cdγ×

×
t−d2b∫
0

(t− τ)−1+(β−γ)/(2b)dτ exp{[s(t), x]}[f ]αk(·)

àáî ïðè γ ∈ (β, 1)

P1 ≤ Cdγ(t− τ)(β−γ)/(2b)
∣∣∣t−d2b
0

exp{[s(t), x]}×

×[f ]αk(·) = Cdγ(dβ−γ − t(β−γ)/(2b))×
× exp{[s(t), x]}[f ]αk(·) ≤

≤ C(d(x, x′))β exp{[s(t), x]}[f ]αk(·). (52)
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Íà ïiäñòàâi (7), (8), (10), (14) i (15) òà íà-
ëåæíîñòi f äî Cα

k(·) ìà¹ìî

P2 ≤ C

t∫
t−d2b

dτ

∫
Rn

(t− τ)−N−(l− 1
q
)|ml|×

×Ec(t, x; τ, ξ)d(ξ,Xl(t−τ); β, β+1, β+2b+1)×
×(exp{[k(τ), ξ]}+exp{[k(τ), Xl(t− τ)]})dξ×

×[f ]αk(·) ≤ C

t∫
t−d2b

(t− τ)−(l− 1
q
)|ml|+αl/(2b)dτ×

×exp{[s(t), x]}[f ]αk(·)=C
t∫

t−d2b

(t−τ)−1+β/(2b)dτ×

× exp{[s(t), x]}[f ]αk(·)=C(t− τ)β/(2b)
∣∣∣t−d2b
t

×

× exp{[s(t), x]}[f ]αk(·) =

= C(d(x, x′))β exp{[s(t), x]}[f ]αk(·). (53)

Àíàëîãi÷íî

P3 ≤ C(d(x, x′))β exp{[s(t), x′]}[f ]αk(·). (54)

Ç îöiíîê (51)�(54) âèïëèâà¹, ùî u ∈ Cr,α′

s(·) ,
äå α′ = (β, β, β), r = (r1, r2, r3) = (2b, 1, 1) i
ïðàâèëüíà îöiíêà (47). Ç îöiíîê (27) i (50)
áåçïîñåðåäíüî âèïëèâà¹ (48). ◃
5. Êîðåêòíà ðîçâ'ÿçíiñòü çàäà÷i Êî-

øi (1), (2). Âèáåðåìî íåâiä'¹ìíi ÷èñëà al,
l ∈ M , ÿêi âõîäÿòü ó âèðàçè äëÿ ôóíêöié kl
i sl, l ∈M , òàê, ùîá âèêîíóâàëàñÿ óìîâà

T < min
l∈M

(c0/sl(T ))
(2b−1)/(2b(l−1)+1).

Íà ïiäñòàâi çàóâàæåííÿ 2 òà ðiâíîñòi
(48) çà óìîâ òåîðåìè 2 îá'¹ìíèé ïîòåíöi-
àë (3), ïîðîäæåíèé ÔÐÇÊ äëÿ ðiâíÿííÿ (1),
¹ ðîçâ'ÿçêîì íåîäíîðiäíîãî ðiâíÿííÿ (1) ç
îäíîðiäíîþ ïî÷àòêîâîþ óìîâîþ (2).

Ç ðåçóëüòàòiâ, îòðèìàíèõ â [1] (òåîðåìà
3.8), âèïëèâà¹, ùî íå iñíó¹ áiëüøå îäíîãî
ðîçâ'ÿçêó ðiâíÿííÿ (1), ÿêèé çàäîâîëüíÿ¹
òàêi óìîâè:

1) ∃C > 0 ∀t ∈ (0, T ]:

sup
x∈Rn

(|u(t, x)| exp{−[s(t), x]}) ≤ C;

2) lim
t→0

∫
Rn

u(t, x)ψ(x)dx = 0

äëÿ äîâiëüíî�� ôóíêöi�� ψ òàêî��, ùî∫
Rn

|ψ(x)| exp{[s(T ), x]}dx <∞.

Íàñëiäêîì öüîãî ¹ òàêèé ðåçóëüòàò.
Òâåðäæåííÿ. Ó ïðîñòîði Cr,α′

s(·) , äå r =

(2b, 1, 1), α′ = (β, β, β) ç äåÿêèì β ∈ (0, 1], íå
iñíó¹ áiëüøå îäíîãî ðîçâ'ÿçêó ðiâíÿííÿ (1),
äëÿ ÿêîãî âèêîíó¹òüñÿ óìîâà (48).

Ç òåîðåì 1 i 2 òà öüîãî òâåðäæåííÿ âèïëè-
âà¹ òàêà òåîðåìà ïðî êîðåêòíó ðîçâ'ÿçíiñòü
çàäà÷i Êîøi (1), (2).
Òåîðåìà 3. Íåõàé f ∈ Cα

k(·), äå α =

(β, β +1, β +2b+1) ç äåÿêèì β ∈ (0, 1]. Òîäi
ôîðìóëîþ (3) âèçíà÷à¹òüñÿ ¹äèíèé ðîçâ'ÿ-
çîê ðiâíÿííÿ (1), ÿêèé íàëåæèòü äî ïðî-
ñòîðó Cr,α′

s(·) , äå r = (2b, 1, 1), α′ = (β, β, β),
i äëÿ ÿêîãî ñïðàâäæóþòüñÿ îöiíêà (47) òà
ðiâíîñòi (48).
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