
ÓÄÊ 517.929

c⃝2015 ð. À.Á. Äîðîø, I.Ì. ×åðåâêî

×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

IÑÍÓÂÀÍÍß ÐÎÇÂ'ßÇÊÓ ÊÐÀÉÎÂÎ� ÇÀÄÀ×I ÄËß
IÍÒÅÃÐÎ-ÄÈÔÅÐÅÍÖIÀËÜÍÈÕ ÐIÂÍßÍÜ ÍÅÉÒÐÀËÜÍÎÃÎ ÒÈÏÓ

Ìåòîäîì ñòèñêàþ÷èõ âiäîáðàæåíü âñòàíîâëåíî äîñòàòíi óìîâè iñíóâàííÿ ðîçâ'ÿçêó êðàéî-
âî¨ çàäà÷i äëÿ iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü íåéòðàëüíîãî òèïó.

Su�cient conditions for boundary value problem solution existence for neutral integral-
di�erential equations are obtained using the contraction mapping principle.

1. Âñòóï

Äèôåðåíöiàëüíi òà iíòåãðî-äèôåðåíöiàëüíi
ðiâíÿííÿ ç àðãóìåíòîì, ùî âiäõèëÿ¹òüñÿ,
îïèñóþòü áàãàòî ïðèêëàäíèõ çàäà÷ â åëå-
êòðîäèíàìiöi, òåîði¨ àâòîìàòè÷íîãî êåðóâà-
ííÿ, õiìiêî-òåõíîëîãi÷íèõ ïðîöåñàõ òà ií.
Çíà÷íèé iíòåðåñ ïðåäñòàâëÿþòü êðàéîâi çà-
äà÷i äëÿ òàêèõ ðiâíÿíü, ùî âèíèêàþòü ó çà-
äà÷àõ îïòèìàëüíîãî êåðóâàííÿ ñèñòåìàìè iç
çàïiçíåííÿì, ó çàäà÷àõ áàëiñòèêè, åêîëîãi¨
òîùî.

Iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêiâ êðàéî-
âèõ çàäà÷ äëÿ ðiâíÿíü iç çàïiçíåííÿì âè-
â÷àëèñü ó ðîáîòàõ [1-3]. Êðàéîâi çàäà÷i äëÿ
äèôåðåíöiàëüíèõ ðiâíÿíü íåéòðàëüíîãî òè-
ïó äîñëiäæóâàëèñü ó ïðàöÿõ [4-5] iç âèêîðè-
ñòàííÿì ìåòîäó ñòèñêàþ÷èõ âiäîáðàæåíü òà
òîïîëîãi÷íèõ ìåòîäiâ.

Ó äàíié ðîáîòi âñòàíîâëåíî äîñòàòíi óìî-
âè iñíóâàííÿ ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i äëÿ
iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü íåéòðàëü-
íîãî òèïó, ÿêi ïðîäîâæóþòü äîñëiäæåííÿ
ðîáîòè [6].

2. Ïîçíà÷åííÿ òà ïîñòàíîâêà çàäà÷i

Ðîçãëÿíåìî êðàéîâó çàäà÷ó

y′′ (x) = f
(
x, y (x) , y (x− τ0 (x)) , y

′ (x) ,

y′ (x− τ1 (x)) , y
′′ (x− τ2 (x))

)
+ (1)

+

b∫
a

g
(
x, s, y (s) , y (s− τ0 (s)) , y

′ (s) ,

y′ (s− τ1 (s)) , y
′′ (s− τ2 (s))

)
ds,

y(i) (x) = φ(i) (x) , i = 0, 1, 2, (2)

x ∈ [a∗; a] , y (b) = β,

äå çàïiçíåííÿ τ0 (x) , τ1 (x) , τ2 (x) � íåïå-
ðåðâíi íåâiä'¹ìíi ôóíêöi¨, âèçíà÷åíi íà
[a, b], φ (x) � çàäàíà äâi÷i íåïåðåðâíî-
äèôåðåíöiéîâíà ôóíêöiÿ íà [a∗; a], β ∈ R,

a∗ = max

{
min
x∈[a;b]

(x− τ0 (x)) , min
x∈[a;b]

(x− τ1 (x)) ,

min
x∈[a;b]

(x− τ2 (x))

}
.

Íåõàé ôóíêöi¨ f (x, u0, u1, v0, v1, w),
g (x, s, u0, u1, v0, v1, w) íåïåðåðâíi çà ñóêóïíi-
ñòþ çìiííèõ â îáëàñòiG = [a, b]×G2

1×G2
2×G3

òàQ = [a, b]×G, äå G1 = {u ∈ R : |u| < P1},
G2 = {v ∈ R : |v| < P2}, G3 =
{w ∈ R : |w| < P3}, P1, P2, P3 � äîäàòíi
ñòàëi.

Ââåäåìî ìíîæèíè òî÷îê, ùî âèçíà÷àþ-
òüñÿ çàïiçíåííÿìè τ1 (x) , τ2 (x):

E1 =
{
xi ∈ [a, b] : xi−τ1 (xi) = a, i = 1, 2, ...

}
,

E2 =
{
xj ∈ [a, b] : x0 = a,

xj+1 − τ2 (xj+1) = xj, j = 1, 2, ...
}
,

E = E1 ∪ E2.

Íåõàé ôóíêöi¨ τ1 (x) , τ2 (x) òàêi, ùî ìíî-
æèíè E1, E2 ¹ ñêií÷åííèìè. Òî÷êè ìíîæèíè
E çàíóìåðó¹ìî â ïîðÿäêó ¨õíüîãî çðîñòàííÿ:

a = x0 < x1 < ... < xk < b.
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Ââåäåìî òàêi ïîçíà÷åííÿ:

P = sup

{∣∣∣f (x, u, u1, v, v1, w)∣∣∣+∣∣∣∣∣
b∫

a

g(x, s, u, u1, v, v1, w)ds

∣∣∣∣∣ : |ui| < P1,

|vi| < P2, i = 0, 1, |w| < P3, x, s ∈ [a, b]

}
,

J = [a∗, a], I = [a, b], I1 = [a, x1], I2 = [x1, x2],

. . . , Ik = [xk−1, xk] , Ik+1 = [xk, b] .

Îçíà÷èìî ìíîæèíó ôóíêöié

B (J ∪ I) =
{
y (x) : (3)

y(x) ∈
(
C(J ∪ I) ∩

(
C1(I)

)
∩
( k+1∪
j=1

C2(Ij)
))
,

|y (x)| ≤ P1, |y′ (x)| ≤ P2, |y′′ (x)| ≤ P3

}
.

Ôóíêöiþ y = y (x) iç ïðîñòîðó B (J ∪ I)
íàçèâàòèìåìî ðîçâ'ÿçêîì çàäà÷i (1)-(2),
ÿêùî âîíà çàäîâîëüíÿ¹ ðiâíÿííÿ (1) íà [a; b]
(çà ìîæëèâèì âèíÿòêîì òî÷îê ìíîæèíè E)
i êðàéîâi óìîâè (2).

3. Iñíóâàííÿ ðîçâ'ÿçêó
Ââåäåìî ó ïðîñòîði B (J ∪ I) íîðìó

∥y∥B = max

{
8

(b− a)2
max
x∈J ∪ I

|y (x)| , (4)

2

b− a
max

(
max
x∈J

|y′ (x)| ,max
x∈I

|y′ (x)|
)

max
(
max
x∈J

|y′′ (x)| ,max
x∈I1

|y′′ (x)| , . . . ,

max
x∈Ik+1

|y′′ (x)|
)}

.

Ïðîñòið B (J ∪ I) iç öi¹þ íîðìîþ ¹ áàíàõî-
âèì ïðîñòîðîì.

Êðàéîâà çàäà÷à (1)-(2) åêâiâàëåíòíà òà-
êîìó iíòåãðàëüíîìó ðiâíÿííþ [1, 5]:

y (x) =

b∫
a∗

[
f
(
s, y (s) , y (s− τ0 (s)) , y

′ (s) ,

y′ (s− τ1 (s)) , y
′′ (s− τ2 (s))

)
+ (5)

+

b∫
a

g
(
s, ξ, y (ξ) , y (ξ − τ0 (ξ)) , y

′ (ξ) ,

y′ (ξ − τ1 (ξ)) , y
′′ (ξ − τ2 (ξ))

)
dξ

]
Ḡ (x, s) ds+

l (x) , x ∈ J ∪ I,

äå Ḡ (x, s) =

{
G (x, s) , x, s ∈ I,

0, x, s /∈ I,

l(x) =

{
φ (x) , x ∈ J,

β−φ(a)
b−a (x− a) + φ (a) , x ∈ I,

à G (x, s) � ôóíêöiÿ Ãðiíà äëÿ òàêî¨ êðàéîâî¨
çàäà÷i:

y′′ (x) = 0, x ∈ I, y (a) = y (b) = 0.

Çàçíà÷èìî, ùî, íå çìåíøóþ÷è çàãàëüíîñòi,
ìîæíà ââàæàòè êðàéîâi óìîâè (2) íóëüîâè-
ìè. Ó ïðîòèëåæíîìó âèïàäêó, ëiíiéíà çàìi-
íà

z (x) = y (x)− ψ (x) ,

äå ψ (x) =

{
φ (x) , x ∈ [a∗, a] ,

φ(a)(b−x)+β(x−a)
b−a , x ∈ [a, b] ,

ïðèâîäèòü äî êðàéîâî¨ çàäà÷i òèïó (1)-(2) ç
íóëüîâèìè êðàéîâèìè óìîâàìè

y(i) = 0, x ∈ [a∗, a] , i = 0, 1, 2, y (b) = 0. (6)

Âèçíà÷èìî îïåðàòîð T , ùî äi¹ â ïðîñòîði
B (J ∪ I), ôîðìóëîþ

(Ty) (x) =

b∫
a∗

[
f
(
s, y (s) , y (s− τ0 (s)) , y

′ (s) ,

y′ (s− τ1 (s)) , y
′′ (s− τ2 (s))

)
+ (7)

+

b∫
a

g
(
s, ξ, y (ξ) , y (ξ − τ0 (ξ)) , y

′ (ξ) ,

y′ (ξ − τ1 (ξ)) , y
′′ (ξ − τ2 (ξ))

)
dξ

]
Ḡ (x, s) ds+

+l (x) , x ∈ J ∪ I.
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Òîäi

(Ty)′ (x) =

b∫
a∗

[
f
(
s, y (s) , y (s− τ0 (s)) , y

′ (s) ,

y′ (s− τ1 (s)) , y
′′ (s− τ2 (s))

)
+ (8)

+

b∫
a

g
(
s, ξ, y (ξ) , y (ξ − τ0 (ξ)) , y

′ (ξ) ,

y′ (ξ − τ1 (ξ)) , y
′′ (ξ − τ2 (ξ))

)
dξ

]
Ḡ′
x (x, s) ds+

+l′ (x) , x ∈ J ∪ I,

(Ty)′′ (x) = f
(
s, y (s) , y (s− τ0 (s)) , y

′ (s) ,

y′ (s− τ1 (s)) , y
′′ (s− τ2 (s))

)
+ (9)

+

b∫
a

g
(
s, ξ, y (ξ) , y (ξ − τ0 (ξ)) , y

′ (ξ) ,

y′ (ξ − τ1 (ξ)) , y
′′ (ξ − τ2 (ξ))

)
dξ+

+l′′ (x) , x ∈ J ∪ I.

Òåîðåìà 1. Íåõàé ñïðàâäæóþòüñÿ òàêi
ïðèïóùåííÿ:

1) max

{
max
x∈J

|φ (x)| , (b−a)2
8

P +

max (|φ (a)| , |γ|)
}

≤ P1,

2) max

{
max
x∈J

|φ′ (x)| , b−a
2
P +

∣∣∣γ−φ(a)b−a

∣∣∣} ≤

P2,

3) max

{
max
x∈J

|φ′′ (x)| , P
}

≤ P3,

4) ôóíêöi¨ f (x, u0, u1, v0, v1, w) ,
g (x, s, u0, u1, v0, v1, w) çàäîâîëüíÿ-
þòü óìîâó Ëiïøèöÿ ïî çìií-
íèõ ui, vi, i = 0, 1, w çi ñòàëèìè
Lj,Mj, j = 1, 5 â G òà Q,

5) (b−a)2
8

2∑
j=1

(
Lj+(b− a)Mj

)
+ b−a

2

4∑
j=3

(
Lj+

(b− a)Mj

)
+ L5 + (b− a)M5 < 1.

Òîäi iñíó¹ ¹äèíèé ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i
(1)-(2) â B (J ∪ I).
Äîâåäåííÿ. Äëÿ ôóíêöi¨ Ãðiíà ìà¹ ìi-

ñöå ñïiââiäíîøåííÿ [5]

G (x, s) =

{
(s−a)(x−b)

b−a , a ≤ s ≤ x ≤ b,
(x−a)(s−b)

b−a , a ≤ x ≤ s ≤ b,

i ïðàâèëüíi òàêi îöiíêè

b∫
a

|G (x, s)| ds ≤ (b− a)2

8
, (10)

b∫
a

∣∣∣G′

x (x, s)
∣∣∣ ds ≤ b− a

2
.

ßêùî óìîâè 1)-3) òà íåðiâíîñòi (10)
ñïðàâäæóþòüñÿ, òîäi îïåðàòîð T âiäîáðàæà¹
ïðîñòið B (J ∪ I) ó ñåáå.

Íåõàé y1, y2 ∈ B(J ∪ I). Âðàõîâóþ÷è óìî-
âó 4) òà îöiíêè (10), îäåðæó¹ìî:∣∣∣(Ty1)(x)− (Ty2)(x)

∣∣∣ ≤
≤

b∫
a∗

[
(L1 + L2) max

x∈J ∪ I
|y1(x)− y2(x)|+

+(L3 + L4)max

{
max
x∈I

∣∣∣y′

1 (x)− y
′

2 (x)
∣∣∣ ,

max
x∈J

∣∣∣y′

1 (x)− y
′

2 (x)
∣∣∣}+

+L5 max

{
max
x∈J

∣∣∣y′′

1 (x)− y
′′

2 (x)
∣∣∣ ,

max
x∈I1

∣∣∣y′′

1 (x)− y
′′

2 (x)
∣∣∣ , . . . ,

max
x∈Ik+1

∣∣∣y′′

1 (x)− y
′′

2 (x)
∣∣∣}+

+(b− a) (M1 +M2) max
x∈J ∪ I

|y1 (x)− y2 (x)|+

+(b− a) (M3 +M4)max

{
max
x∈I

∣∣∣y′

1 (x)− y
′

2 (x)
∣∣∣ ,

max
x∈J

∣∣∣y′

1 (x)− y
′

2 (x)
∣∣∣}+

+M5 (b− a)max

{
max
x∈J

∣∣∣y′′

1 (x)− y
′′

2 (x)
∣∣∣ ,
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max
x∈I1

∣∣∣y′′

1 (x)− y
′′

2 (x)
∣∣∣ , . . . ,

max
x∈Ik+1

∣∣∣y′′

1 (x)− y
′′

2 (x)
∣∣∣}]

×Ḡ (x, s) ds ≤

≤ (b− a)2

8

[
(b− a)2

8

(
L1 + L2+

+(b− a) (M1 +M2)
)
+

+
b− a

2

(
L3 + L4 + (b− a) (M3 +M4)

)
+

+L5 + (b− a)M5

]
∥y1 − y2∥B,∣∣∣(Ty1)′ (x)− (Ty2)

′
(x)
∣∣∣ ≤

≤ b− a

2

[
(b− a)2

8

(
L1 + L2+

+(b− a)
(
M1 +M2

))
+

+
b− a

2

(
L3 + L4 + (b− a) (M3 +M4)

)
+

+L5 + (b− a)M5

]
∥y1 − y2∥B,

∣∣∣(Ty1)′′ (x)− (Ty2)
′′
(x)
∣∣∣ ≤

≤
[
(b− a)2

8

(
L1 + L2 + (b− a)

(
M1 +M2

))
+

+
b− a

2

(
L3 + L4 + (b− a) (M3 +M4)

)
+

+L5 + (b− a)M5

]
∥y1 − y2∥B.

Âèõîäÿ÷è iç îäåðæàíèõ îöiíîê òà îçíà÷å-
ííÿ íîðìè â ïðîñòîði B (J ∪ I), ìà¹ìî

∥(Ty1) (x)− (Ty2) (x)∥B ≤ (11)

≤

[
(b− a)2

8

2∑
j=1

(Lj + (b− a)Mj)+

+
b− a

2

4∑
j=3

(Lj + (b− a)Mj)+

+L5 + (b− a)M5

]
∥y1 − y2∥B.

Iç íåðiâíîñòi (11), ïðè âèêîíàííi óìîâè
5), äiñòà¹ìî, ùî îïåðàòîð T ¹ ñòèñêàþ÷èì ó
ïðîñòîði B (J ∪ I) i ìà¹ ¹äèíó íåðóõîìó òî-
÷êó â öüîìó ïðîñòîði. Îòæå, êðàéîâà çàäà÷à
(1)-(2) ìà¹ ¹äèíèé ðîçâ'ÿçîê ó B (J ∪ I). Òå-
îðåìó äîâåäåíî.
Çàóâàæåííÿ. Iòåðàöiéíà ñõåìà çíàõî-

äæåííÿ íàáëèæåíîãî ðîçâ'ÿçêó êðàéîâî¨ çà-
äà÷i (1)-(2) çà äîïîìîãîþ êóái÷íèõ ñïëàéíiâ
äåôåêòó 2 äîñëiäæåíà â ðîáîòi [7].
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