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Îäåðæàíî óìîâè iñíóâàííÿ ðîçðèâíèõ ïåðiîäè÷íèõ i õàîòè÷íèõ àâòîêîëèâàëüíèõ ðîçâ'ÿç-
êiâ äëÿ íåëiíiéíî¨ êðàéîâî¨ çàäà÷i äëÿ õâèëüîâîãî ðiâíÿííÿ. Ïîêàçàíî, ùî âèíèêíåííÿ äàíèõ
ðîçâ'ÿçêiâ åêâiâàëåíòíî íàÿâíîñòi öèêëiâ àáî õàîòè÷íèõ àòðàêòîðiâ ó âiäïîâiäíîìó îäíîâè-
ìiðíîìó ðåêóððåíòíîìó âiäîáðàæåííi.

The obtained conditions for the existence of discontinuous periodic and chaotic self-oscillatory
solutions for a nonlinear boundary value problem for the wave equation. It is shown that the
appearance of the data, the solution is equivalent to the existence of cycles or chaotic attractors
in the corresponding one-dimensional recurrence map.

Âñòóï. Âèíèêíåííÿ ðîçðèâíèõ (ðåëàêñà-
öiéíèõ) àâòîêîëèâàëüíèõ ðîçâ'ÿçêiâ äèñèïà-
òèâíèõ äèíàìi÷íèõ ñèñòåì çàçâè÷àé àñîöiþ-
¹òüñÿ ç âèâ÷åííÿì ¨õ àñèìïòîòèê ïðè ε→ 0,
äå ìàëèé ïàðàìåòð ε > 0 çíàõîäèòüñÿ ìíî-
æíèêîì ïðè ãîëîâíié ïîõiäíié. Êëàñè÷íèì
òàêèì ïðèêëàäîì ¹ ñèíãóëÿðíî çáóðåíà ñè-
ñòåìà ðiâíÿíü îñöèëÿòîðà Âàí äåð Ïîëÿ [1]

dx

dt
= −y, εdy

dt
= x− y3

3
+ y.

Îäíàê çáóäæåííÿ ðîçðèâíèõ àâòîêîëè-
âàíü â äèñèïàòèâíié äèíàìi÷íié ñèñòåìi ìî-
æå âiäáóâàòèñÿ i ïðè âiäñóòíîñòi ïîñòiéíî-
ãî ìàëîãî ïàðàìåòðà ε > 0. Â [2] ðîçãëÿäà-
ëèñÿ óìîâè âèíèêíåííÿ ðîçðèâíèõ ïåðiîäè-
÷íèõ àâòîêîëèâàíü â íåÿâíî ñèíãóëÿðíî çáó-
ðåíèõ äèíàìi÷íèõ ñèñòåìàõ

dx

dt
= f (x, y) ,

dy

dt
= g (x, z) ,

äå y = φ (z) � íåïåðåðâíî äèôåðåíöiéîâàíà
ôóíêöiÿ, ùî íå ìà¹ îäíîçíà÷íî¨ îáåðíåíî¨
ôóíêöi¨.

Ìàáóòü âïåðøå, Î. À. Âiòò [3] ïðè äîñëi-
äæåííi ðîçðèâíèõ (ðåëàêñàöiéíèõ) àâòîêî-
ëèâàíü â ñèñòåìi òåëåãðàôíèõ ðiâíÿíü çà äî-
ïîìîãîþ àâòîìîäåëüíûõ ðîçâ'ÿçêiâ çâiâ ði-
øåííÿ äàíî¨ çàäà÷i äî ðîçãëÿäó ïåâíèõ îäíî-
âèìiðíèõ ðåêóðåíòíèõ âiäîáðàæåíü. Îäíàê
ó òîé ÷àñ òåîðiÿ äèíàìi÷íîãî õàîñó [4] ùå
íå áóëà âiäêðèòà, i òàêèì ÷èíîì, õàîòè÷íi

ðîçâ'ÿçêè êðàéîâèõ çàäà÷ äëÿ ãiïåðáîëi÷íèõ
ðiâíÿíü, ÿêi ïîðîäæóþòüñÿ íåðåãóëÿðíèìè
àòòðàêòîðàìè âiäïîâiäíèõ îäíîâèìiðíèõ ðå-
êóðåíòíèõ âiäîáðàæåíü íå áóëè çíàéäåíèìè.

Â ìîíîãðàôi¨ [5] ðîçãëÿíóòî êðàéîâi çà-
äà÷i äëÿ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíè-
ìè, ÿêi ìîæíà çâåñòè äî ðiçíèöåâèõ àáî
äèôåðåíöiàëüíî-ðiçíèöåâèõ ðiâíÿíü.
Ïîñòàíîâêà çàäà÷i òà ôîðìàëiçàöiÿ

îäåðæàíèõ ðåçóëüòàòiâ. Â äàíié ðîáîòi
ðîçãëÿäàþòüñÿ óìîâè âèíèêíåííÿ ðîçðèâ-
íèõ ïåðiîäè÷íèõ àáî õàîòè÷íèõ àâòîêîëè-
âàíü â õâèëüîâîìó ðiâíÿííi

uxx (x, t) = a2utt ∀ (x, t) ∈ Ω = (0; ℓ)×R, (1)

ÿêå äîïîâíþ¹òüñÿ ãðàíè÷íèìè óìîâàìè:

u (0, t) = 0;

ℓ∫
0

ut (x, t) dx = Ψ [u (ℓ, t)] , (2)

äå a = const, Ψ : R → R � äîâiëüíà íåïå-
ðåðâíà ôóíêöiÿ.

Äîáðå âiäîìî, ùî àâòîêîëèâàííÿ âiä ïî-
÷àòêîâèõ óìîâ íå çàëåæàòü (ïðèíàéìíi â äî-
ñèòü ìàëî¨ îêîëèöi âiäïîâiäíîãî ãðàíè÷íî-
ãî öèêëó). Òîìó íàäàëi ìè ¨õ ÿâíî íå êîí-
êðåòèçó¹ìî. Òàêîæ çàçíà÷èìî, ùî õâèëüîâå
ðiâíÿííÿ ç íóëüîâèìè ãðàíè÷íèìè óìîâàìè
¹ êîíñåðâàòèâíîþ ñèñòåìîþ. Çàâäÿêè ñàìå
ãðàíè÷íié óìîâi ïðè x = ℓ äàíà äèíàìi÷íà
ñèñòåìà (1)�(2) ¹ äèñèïàòèâíîþ.

40 ISSN 2309-4001. Áóêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë. 2016. � Ò. 4, � 3�4.



Íàäàëi ðîçâ'ÿçêè çàäà÷i (1)�(2) ðîçóìiþ-
òüñÿ â ñëàáêîìó ñåíñi ÿê åëåìåíòè ïðîñòîðó
L∞ (Ω).
Îçíà÷åííÿ. Ôóíêöiþ u ∈ L∞ (Ω) áóäå-

ìî íàçèâàòè ñëàáêèì ðîçâ'ÿçêîì çàäà÷i (1)
� (2), ÿêùî âèêîíóþòüñÿ âàðiàöiéíi ðiâíîñòi:

∀φ ∈ C∞
0 (Ω) , ∀ψ ∈ C∞

0 (R)∫∫
Ω

u (x, t)
[
a2φxx (x, t)− φtt (x, t)

]
dxdt = 0,

∫∫
Ω

u (x, t)ψ′ (t)dxdt = −
∞∫

−∞

Ψ [u (ℓ, t)]ψ (t) dt.

Òåîðåìà. Ââåäåìî äî ðîçãëÿäó âiäîáðà-
æåííÿ

Y = F [X] : R → R, (3)

ÿêå çàäà¹òüñÿ ïàðàìåòðè÷íî

Y =
a−1Ψ [u]− u

2
, X =

a−1Ψ [u] + u

2
∀u ∈ R.

Òîäi áóäü ÿêèé ñòiéêèé m � öèêë (m > 1)
äàíîãî âiäîáðàæåííÿ

Cm {F∞
1 , F∞

2 = F (F∞
1 ) , . . . , F∞

m = F (F∞
1 )}

ïîðîäæó¹ îðáiòàëüíî àñèìïòîòè÷íî ñòiéêèé
ïåðiîäè÷íèé ðîçâ'ÿçîê çàäà÷i (1)�(2), ÿêèé
âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿì

u (x, t) = F
(
t− x

a

)
− F

(
t+

x

a

)
, (4)

äå ôóíêöiÿ F ÿâëÿ¹òüñÿ mT � ïåðiîäè÷íîþ
i ïðè 0 ≤ t < mT (T = 2aℓ) çàäà¹òüñÿ ðiâíi-
ñòþ

F (t) =
m−1∑
k=0

F∞
k+1χ[kT ;(k+1)T ) (t) . (5)

Ó âèïàäêó, êîëè âiäîáðàæåííÿ (3) ìà¹ õà-
îòè÷íèé àòðàêòîð

C∞ =
{
F∞
k : F∞

k+1 = F [F∞
k ]∀k ≥ 1

}
,

íàïðèêëàä àòðàêòîð Ôåéãåíáàóìà, òî âií ïî-
ðîäæó¹ õàîòè÷íèé àâòîêîëèâàëüíèé ðîçâ'ÿ-
çîê çàäà÷i (1)�(2), ÿêèé çàäà¹òüñÿ ôîðìóëîþ
(4), äå ôóíêöiÿ F (t) çàäà¹òüñÿ ðiâíiñòþ

F (t) =
k=∞∑
k=−∞

F∞
k+1χ[kT ;(k+1)T ) (t) , (6)

òà ïðè k ≤ 1 ïîêëàäåíî F∞
k−1 = F [F∞

k ].
Äîâåäåííÿ. Ââåäåìî äî ðîçãëÿäó íîâó

çìiííó i (x, t) =
x∫
0

ut (x, t) dx çà äîïîìîãîþ

ÿêî¨ õâèëüîâå ðiâíÿííÿ (1) ìîæå áóòè ïðåä-
ñòàâëåíî ó âèãëÿäi ñèñòåìè òåëåãðàôíèõ ðiâ-
íÿíü ïåðøîãî ïîðÿäêó

ix − ut = 0, ux +
1

a2
it = 0. (7)

Âiäïîâiäíî ãðàíè÷íi óìîâè (2) çàïèøóòüñÿ
ó íàñòóïíîìó âèãëÿäi

u (0, t) = 0, i (ℓ, t) = Ψ [u (ℓ, t)] . (8)

Íåâàæêî ïåðåâiðèòè, ùî ñèñòåìà ðiâíÿíü
(7) äîïóñêà¹ àâòîìîäåëüíèé ðîçâ'ÿçîê

u (x, t) = F
(
t− x

a

)
− F

(
t+

x

a

)
, (9)

i (x, t) = a
[
F
(
t− x

a

)
+ F

(
t+

x

a

)]
, (10)

äå F � äîâiëüíà êóñêîâî - íåïåðåðâíà ôóí-
êöiÿ. Çàçíà÷èìî òàêîæ, ùî ïðè öüîìó ïåð-
øà ãðàíè÷íà óìîâà ç (8) àâòîìàòè÷íî âèêî-
íó¹òüñÿ. Ïiäñòàâëÿþ÷è ñïiââiäíîøåííÿ (9) �
(10) â äðóãó ãðàíè÷íó óìîâó (7), îäåðæó¹-
òüñÿ íàñòóïíå ðiâíÿííÿ

α + β = a−1Ψ [α− β] , (11)

äå α = F (t− ℓ/a), β = F (t+ ℓ/a). Çà òåî-
ðåìîþ ïðî íåÿâíó ôóíêöiþ ñïiââiäíîøåííÿ
(11) äîïóñêà¹ ÿâíå ïîäàííÿ β = F [α].

Îòðèìàíå ôóíêöiîíàëüíå ðiâíÿííÿ äà¹
ìîæëèâiñòü âèçíà÷àòè çíà÷åííÿ ôóíêöi¨ F
â ìîìåíò ÷àñó t+ T , ÿêùî âiäîìî ¨¨ çíà÷åí-
íÿ â ìîìåíò ÷àñó t:

F (t+ T ) = F [F (t)] , T = 2ℓ/a. (12)

Ïîçíà÷èìî ÷åðåç K (R, T ) êëàñ âñiõ ôóí-
êöié F : R → R êóñêîâî - ïîñòiéíèõ íà êî-
æíîìó iíòåðâàëi Ik = (kT ; (k + 1)T ) , k ∈
Z äiéñíî¨ âiñi R. Çâóæåííÿ ôóíêöiîíàëü-
íîãî ðiâíÿííÿ (12) íà äàíèé êëàñ ôóíêöié
K (R, T ) ïðèçâîäèòü äî ðîçãëÿäó îäíîâèìið-
íîãî ðåêóðåíòíîãî âiäîáðàæåííÿ:

Fn+1 = F [Fn] , n ∈ Z. (13)
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Ïðèïóñòèìî, ùî âiäîáðàæåííÿ (13) ìà¹
ñòiéêèé m � öèêë Cm {F∞

1 , F∞
2 , . . . , F∞

m }. Ïå-
ðåâiðåìî, ùî â äàíîìó âèïàäêó ôîðìóëè (4)
� (5) çàäàþòü îðáiòàëüíî ñòiéêèé, â ñåíñi
íàâåäåíîãî âèùå îçíà÷åííÿ, ðîçâ'ÿçîê çàäà-
÷i (1) � (2). Äiéñíî, â äàíîìó âèïàäêó êó-
ñêîâî - ïîñòiéíà ïåðiîäè÷íà ôóíêöiÿ (5) ¹
ðîçâ'ÿçêîì ôóíêöiîíàëüíîãî ðiâíÿííÿ (12).
Îòæå ïiäñòàâëÿþ÷è (5) â ôîðìóëè (9) �
(10), îäåðæó¹òüñÿ òîòîæí¹ âèêîíàííÿ ðiâíî-
ñòi i (ℓ, t) = Ψ [u (ℓ, t)] ∀t ∈ R. Ðîçãëÿäàþ÷è
ïîõiäíó ut(x, t) â ñåíñi ðîçïîäiëiâ, äðóãà âà-
ðiàöiéíà ðiâíiñòü ç îçíà÷åííÿ ìîæå áóòè çà-
ïèñàíà ó âèãëÿäi

∞∫
−∞

 ℓ∫
0

utdx

−Ψ [u (ℓ, t)]

ψ (t) dt = 0.

Îäíàê ïiäèíòèãðàëüíèé âèðàç â äóæêàõ,
â íîâèõ ïîçíà÷åííÿõ, ñïiâïàäà¹ ç âèðàçîì
i (ℓ, t)−Ψ [u (ℓ, t)], ÿêèé òîòîæíî äîðiâíþ¹
íóëþ. Äàëi, äëÿ áóäü- ÿêî¨ êóñêîâî - íåïå-
ðåðâíî¨ ôóíêöi¨ F ìàþòü ìiñöå ðiâíîñòi∫∫

Ω

F
(
t− x

a

)
[a2φxx − φtt] dxdt =

= a
∞∫

−∞

∞∫
−∞

F (z) [φzz − φtt] dzdt,

∫
F
(
t+ x

a

)
[a2φxx − φtt] dxdt =

= −a
∞∫

−∞

∞∫
−∞

F (z) [φzz − φtt] dzdt,

ÿêi îäåðæóþòüñÿ øëÿõîì çàìiíè çìiííèõ{
z = t− x

a
, t = t

}
âiäïîâiäíî â ïåðøîìó, òà{

z = t+ x
a
, t = t

}
äðóãîìó iíòåãðàëàõ. Òà-

êèì ÷èíîì, ïåðøà ðiâíiñòü ç îçíà÷åííÿ
ðîçâ'ÿçêó òàêîæ âèêîíó¹òüñÿ.

Îðáiòàëüíà àñèìïòîòè÷íà ñòiéêiñòü ïî-
áóäîâàíîãî ðîçâ'ÿçêó ¹ íàñëiäêîì ñòiéêîñòi
âiäïîâiäíîãî m � öèêëó Cm âiäîáðàæåííÿ F .

Ó âèïàäêó, êîëè âiäîáðàæåííÿ (13) ìà¹
õàîòè÷íèé àòðàêòîð C∞, ðiâíiñòü (6) âèçíà-
÷à¹ êóñêîâî - ïîñòiéíó, îáìåæàíó ôóíêöiþ
F : R → R, ÿêà çà ïîáóäîâîþ çàäîâîëü-
íÿ¹ ôóíêöiîíàëüíå ðiâíÿííÿ (12). Çà ïîâíîþ
àíàëîãi¹þ, ÿê ó ïîïåðåäíüîìó âèïàäêó, ïåðå-
âiðÿ¹òüñÿ, ùî ôîðìóëè (4), (6) âèçíà÷àþòü
óçàãàëüíåíèé ðîçâ'ÿçîê çàäà÷i (1) � (2).

Ïðèêëàäè. Ðîçãëÿíåìî çàäà÷ó (1) � (2),
äå âiäîáðàæåííÿ u → Ψ [u] çàäà¹òüñÿ ïàðà-
ìåòðè÷íî (t ∈ R)

u = t (a+ 1− t) ,Ψ [u] = a−1t (a− 1 + t) .

Íåâàæêî ïåðåâiðèòè, ùî â äàíîìó âèïàä-
êó âiäîáðàæåííÿ (3) ÿâëÿ¹òüñÿ ëîãiñòè÷íèì
ç ïàðàìåòðîì a−1. Òàêèì ÷èíîì, çãiäíî ç
òåîðåìîþ Ôåéãåéíáàóìà [4], äàíå âiäîáðàæå-
ííÿ ïðè a ≤ a∗ ≈ 0.2802 ìà¹ íåïåðiîäè÷íi
òðà¹êòîði¨, ùî âiäïîâiäàþòü ðåæèìó äåòåð-
ìiíîâàíîãî õàîñà, à ïðè a > a∗ ìà¹ öèêëè
ïåðiîäiâ 2n, äå n→ ∞, ïðè a→ a∗ + 0.

Òåïåð ðîçãëÿíåìî âiäîáðàæåííÿΨ, ùî çà-
äà¹òüñÿ ôîðìóëàìè (X0 < X1 < X2)

u = X − Y, Ψ [u] = a (X + Y ) , äå

Y =

{ X2−X1

X1−X0
(X −X0) +X1, X0 ≤ X ≤ X1

X2−X0

X2−X1
(X1 −X) +X2, X1 < X ≤ X2

Íåñêëàäíî ïåðåâiðèòè, ùî â äàíîìó âè-
ïàäêó âiäîáðàæåííÿ (3) ìà¹ öèêë ïåðiîäó
òðè C3 = {X0, X1, X2}. Òàêèì ÷èíîì, çà òå-
îðåìîþ Ëi òà Éîðêå [4] äàíå âiäîáðàæåí-
íÿ ìà¹ êîíòèíóóì íåïåðiîäè÷íèõ òðà¹êòî-
ðié, ÿêi ïîðîäæóþòü õàîòè÷íi ðîçâ'ÿçêè çà-
äà÷i (1) � (2). Òàêîæ çà òåîðåìîþ Î. Ì.
Øàðêîâñüêîãî âiäîáðàæåííÿ (3) ìà¹ áåçëi÷
öèêëiâ, ïåðiîäè ÿêèõ ïiäïîðÿäêîâóþòüñÿ òàê
çâàíîìó ïîðÿäêó Øàðêîâñüêîãî [5], òà ÿêi
ïîðîäæóþòü ðîçðèâíi ïåðiîäè÷íi ðîçâ'ÿçêè
çàäà÷i (1) � (2).
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