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IncturyT Texniunoi remnodizukun HAH Ykpainn

PO3PVBHI I XAOTNYHI ABTOKOJINBAJIbHI PO3B’A3KU
XBMNJIBOBOTI'O PIBHAHHHA

OiepkaHO YMOBH iCHYBaHHSI PO3PUBHUX MEPIOIUIHUX 1 XAOTUYHUX ABTOKOJMBAIBHUX PO3B’s3-
KiB 1 HeJTIHIHHOT KpaifoBoi 3a1adi 171 XBUIHOBOrO piBHAHHA. [IoKa3aHO, 110 BUHHKHEHHS JAHIX

PO3B’A3KiB €KBIBAJIEHTHO HASABHOCTI IUKJIB a00 XAaOTHIHUX ATPAKTOPIB y BiAMOBIIHOMY OITHOBH-

MIpHOMY PEKypPPEHTHOMY BiJOOparkeHHi.

The obtained conditions for the existence of discontinuous periodic and chaotic self-oscillatory
solutions for a nonlinear boundary value problem for the wave equation. It is shown that the
appearance of the data, the solution is equivalent to the existence of cycles or chaotic attractors
in the corresponding one-dimensional recurrence map.

Bceryn. BunukHeHHs] pO3pUBHEX (pesiakca-
MIHHUX ) ABTOKOJIMBATBHUX PO3B’S3KIB JTUCHIIA-
TUBHUX JTUHAMIYHUX CHCTEM 3a3BHYail acoIliio-
€THCS 3 BUBUEHHIM 1X aCUMITOTUK Tipu € — 0,
Jie MaJinit napamerp € > () 3HAXOAUTHCS MHO-
JKHUKOM HpHU TOJIOBHIN moxijniit. Kiracuanum
TaKUM IPUKJIAJIOM € CUHTY/ISAPHO 30ypeHa cu-
crema piBHsIHB ocipuisitopa Ban jgep Tlosst [1]

dx
ar —Y,

Oprak 30y/KeHHSI PO3PUBHUX ABTOKOJIU-
BaHb B JUCHUIIATUBHIA auHAMidHIl cucTeMi MO-
JKe BiIOyBaTHCs 1 NP BiJICYTHOCTI MOCTIHO-
ro Majoro napamerpa € > 0. B [2| posrusna-
JINCS YMOBU BUHUKHEHHSI PO3PUBHUX IIepPiojiu-
YHUX ABTOKOJINBAHD B HESIBHO CUHTYJISIPHO 30Y-
PeHUX JUHAMIYHUX CHCTeMaxX

dx dy

dt _f(x>y)7 % —g(l',Z),

e y = ¢ (z) — nenepepsHo judepeniiiioBana
dyHKIIIS, 0 He Mae OAHO3HAYHOI 0OepHEeHOT
dyHKIIIT.

Ma6yrs Buepine, O. A. Birr [3] npu moci-
JIZKEHHI PO3PUBHUX (peJaKCAIHHNX) aBTOKO-
JINBAHb B cuctemi Tejierpadgpuux piBHIHb 32 J10-
IIOMOI'0I0 aBTOMO/IEJIbHBIX PO3B’43KiB 3BiB Pi-
MIeHHS JAHOT 33/1a49i 10 PO3IVISLY TEBHUX OJTHO-
BUMIDHHUX PEKYPEHTHHUX BimoOpazkeHb. OmgHAK
y ToOi wac Teopis gmHamiuHOro xaocy [4] e
He Oy/ia BiJIKpUTA, 1 TAKUM YUHOM, XaOTHU4UHI

PO3B’I3KU KpaloBUX 33024 JIJIs rinepOoTiaHIX
PIBHSHDB, AKi MOPOIKYIOTHCS HeperyJspHUMA
aTTpaKTOPaMU BiIIOBIIHUX OJHOBUMIPHUX pe-
KYPEHTHHUX Bi0OpazkeHb He OY/I1 3HAM IeHUMH.

B monorpadii |5 posrusinyro kpaiiosi 3a-
Jadil JUIs PiBHAHb 3 YaCTUHHUMH TTOX1JIHU-
MH, $KI MOXKHA 3BECTU /IO PI3HUIEBUX a00
JupepenIiaibHO-PI3HUTIEBUX PIBHSAHD.

ITocranoBka 3azaui Ta ¢dopmastizamis
o/lep>KaHuUX pe3yabtrariB. B janiii pobori
PO3IJISTAIOTHCA YMOBU BUHUKHEHHS PO3DUB-
HOX TepioguIHnX ab0 XAOTHUYHHUX ABTOKOJIH-
BaHb B XBUJILOBOMY PiBHSHHI

Uge (7,1) = aPuy ¥ (z,1) € Q= (0;4) xR, (1)

AKe JOIIOBHIOETHCA I'PAaHUYHHUMU YMOBaMMU:

u (0,t) = 0; /ut(m,t)dx:q/[u(f,t)], (2)

ne a = const, ¥ : R — R — goBirbHa Herre-
pepBHa (DYHKILIA.

Jlobpe BijoMO, 1110 aBTOKOJMBAHHS BiJI 110~
YaTKOBUX YMOB He 3aJiezkaTh (IpUHAiMHI B /10-
CATh MaJiol OKOJIWI BiJAMOBITHOTO TPAHUIHO-
ro nukiy). Tomy Hagami mu iX sIBHO He KOH-
KpeTu3yeMo. TakoxK 3a3HaYNMO, IO XBUJIHOBE
PIBHAHHS 3 HYJIHOBUMHU T'PAHUIHAMH YMOBAMH
€ KOHCEPBATHUBHOIO CHUCTEMOIO. 3aBJISKHU CaMe
rpaHuyHiil yMOBI mpn = { JaHa JIHHAMIYHA
cucrema (1)—(2) € pucunaruBHOIO.
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Hagami poss’s3ku 3aja4i (1)—(2) posymiro-
ThCsl B CJIAOKOMY CEHCI SIK eJIEMEHTH IIPOCTOPY
L™ (Q).

Oznauvennsa. Oynkuito u € L () Oyue-
MO HA3WBATH CJTAOKUM PO3B’si3koM 3ajadi (1)
—(2), AKII0 BUKOHYIOTHCS BapialiiiHi piBHOCTI:

Vo € G (), V¢ € G5 (R)
// u(z,t) [a*us (2, 1) — @y (x,t)] dudt =0,
0

o

—0o0

é/u(x,t) Y’ (t)dxdt = — / U u (0, )] (¢) dt.

Teopema. Bpegemo g0 posrisiay BimoOpa-
KEHHA
(3)

Y=F[X]:R—=R,
sIKe 3a/Ia€ThCd apaMeTPUIHO
-1
a "V lu| —u
DR
2 2
Toni Oynb sikuit criiikuiit m — nuka (m > 1)
JTAHOT'O BiTOOparKeHHs

Co (FF% B = F(F°) ... . Fyf = F(F*)}

a ' u] +

Y = Y vueR.

OPOJKY€E OpOiTa/IbHO ACUMIITOTUYHO CTIHKM
nepiopmunuit po3s’s30k 3aga4i (1)—(2), sxwit
BU3HAYAETHCS CIIBBlIHOIIEHHSIM

ule,t)=F(t-2) —F<t+§>, (4)

a
e dyukiig Foasigerbes m1 — nepiogudHoio
iopu 0 <t <mT (T = 2al) 3amaeTbest piBHi-
CTIO

(5)

FR X ikrievyr) (t) -

Y BHIAJIKY, KOJIU BioOparkeHHs (3) Mae Xa-
OTUYHUN aTPaAKTOP

Coo = {F°: B35, = F[F]VE > 1},

Hanpuk,jiaj arpakrop Peiirenbayma, TO BiH 10-
POIKYE XaOTUIHUN aBTOKOJIMBAJIBHUN PO3B’si-
30K 3aja4i (1)—(2), axwuii 3a1aeTbest HopMyYIOI0
(4), ne dbyukiis F(t) 3a1a€TbCs PIBHICTIO

k=00

F(t)= Y Fixwrgsnm (),

k=—o00

(6)

ta nipu k < 1 noknameno F°, = F [F°].
doBenenns. BeegemMo 10 po3rasgay HOBY
X

sminny i (x,t) = [ (z,t)dx 3a momomoromwo
0

SIKOT XBUJThOBE piBHsiHHS (1) Mozke OyTH Tpe/i-
CTaBJIEHO Y BUIJISI/II CHCTEMH TesierpadHuX piB-
HSHD MEPIIOro MOPSIIKY

Bignosigno rpanudni ymMoBu (2) 3anuIryThCs
Y HACTYIHOMY BHIJISI/I]

uw(0,t) =0, i((,t) =V u(lt). (8)
HeBaxkko mepeBipuTu, M0 cuCTeMa PiBHIHD
(7) momyckae aBTOMOJIEIBHUI PO3B’ 30K

u(x,t)zF(t—§> —F<t+g), 9)

a

i(m,t):a[F<t—g)+F<t+§>], (10)

jne ' — noBinbHA KYCKOBO - HelepepBHA (yH-
KIlig. 3a3HAYMMO TAKOK, IO IIPH OLOMY Iep-
A TPAHUYIHA YMOBA 3 (8) ABTOMATHIHO BUKO-
uyerbest. [ligcrasisiioan cuissiguomenus (9) —
(10) B apyry rpanmdny ymoBy (7), oJepzKye-
ThCS HACTYIIHE PIBHAHHSA

a+pf=a'V[a-pl, (11)

ne o = F(t—1{/a), B = F(t+{/a). 3a reo-
pPeMOIO TIpO HesiBHY (DYHKIIIIO CITiBBIIHOIIEHHS
(11) nomyckae siBne nogauus 3 = F [a].

Orpumane ¢yHKIIOHATbHE DIBHSIHHS A€
MOXKJIUBICTh BU3HAYATH 3HAYEHHsT (DYHKIHT F
B MOMeHT 4acy t + 1', aK1io BijiloMo i1 3Ha4YeH-
HS B MOMEHT 4Yacy t:

F+T)=FI[F(t)], T =20 a. (12)

[Mosnauumo vepe3 K (R, T') kiac Beix ¢yH-
kmiit F': R — R KyckoBO - mOCTiiHHX Ha KO-
xkuomy iurepsam [, = (KT;(k+1)T), k €
Z niiicaoi Bici R. 3By:KeHHa GYHKIIOHAIb-
Horo piBugHHs (12) Ha nanuii kaac QyHKIH
K (R, T) npu3BoguTh 10 PO3LIASALY OJHOBUMID-
HOIO PEKYPEHTHOIO BigoOpazKeHHs:

Fon=F|E)], ne. (13)
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[Tpunycrumo, mo BimoGpaxkenus (13) mae
crifikuii m — uuki Cp, {F7°, F5°, ..., 0} Tle-
peBipemo, 1o B JlaHOMY BHIAAKY dopmyin (4)
— (5) 3amaroTh opbiTaTbHO CTIKHII, B CeHCI
HABEJIEHOTO BUINE O3HAYEHHS, PO3B 30K 3a/1a-
i (1) — (2). HiiicHo, B gaHOMY BHNAIKY Ky-
CKOBO - mocriiina nepiognuna bynknig (5) €
po3B’s13K0M (DYHKIOHAIBLHOTO piBHsHHS (12).
Orxke migcrasasioun (5) B dopmynmn (9) —
(10), 0/1epKYETHCS TOTOKHE BUKOHAHHST PIBHO-
crii(0,t) = Wlu(l,t)] Yt € R. Posruggaoun
noxigny uy(x,t) B cenci po3nomaiIiB, Apyra Ba-
piariiina piBHICTb 3 O3HAYEHHsS MOXKe OYyTH 3a-
nucaHa y BUTJISIL

7 /Eutdx = V(6] | ) dt = 0.

OnHak OANHTHTpATBHUN BUpa3 B JIyZKKaX,
B HOBUX [O3HAYEHHHX, CIIBIAIA€ 3 BUPA30M
i(0,t) — Wu(lt)], sxuii TOTOXKHO JOPIBHIOE
uyo. Jami, ama Oyab- kol KyCKOBO - Helle-
pepsHOl dyHKil F' MaloTh Miciie piBHOCTI

éf F (t - %) [G’QSOm: - Sott] dxdt =

—a [ [ F()lpes -l dzat,

—00 —0O0

f F (t + E) [a290xx - ‘Ptt] dxdt =

a

=—a f f F(2) [p22 — pul dzdt,
—0o0 =00
IKl OJIEpAKYIOThCI TNLISAXOM 3aMiHA 3MIHHUX
{z =t—2,t= t} BIJIIIOBIJIHO B IIEPIIOMY, Ta
{z =t+2,t= t} Jpyromy imTerpajax. Ta-
KHM 9HWHOM, I[€pIia PIBHICTh 3 O3HAYEHHS
PO3B’SI3KY TaKOK BUKOHYETHCSI.

OpbGirtanbHa aCHMITOTHYHA CTIHKICTH IO-
Oy/10BaHOT'O PO3B’SI3KY € HACJIiJIKOM CTIHKOCTI
Bignosignoro m — mukiay C,, BimodOpaskeHus JF.

Y Bunajky, Kojau Bigobpazxenusi (13) mae
xaoTnunnii arpakTop Coo, piBHICTE (6) BU3HA-
Ja€ KYCKOBO - TOCTiiiHy, oOMexKaHy (DyHKIIIIO
F : R — R, gka 3a 1mo0y/I0BOIO 3aJI0BOJIb-
usie GbyHKIionaabue pipHsauns (12). 3a moBHOO
AHAJIOTIEI0, SIK Y MOTIePeTHHOMY BUIAJIKY, Tepe-
BipsteThest, 1m0 (opmynu (4), (6) BusHAYAIOTDH
y3arajibHeHuil po3B’s#30k 3a1a4i (1) — (2).

IIpukaagu. Posrnanemo 3amaay (1) — (2),
Je Bigobpaxenus v — W [u] 3amaerbes napa-
merpuuno (t € R)

u=t(a+1—1),V[u=a't(a—1+1).

HeBarkko mepesipuTu, Mo B JAHOMY BUTIA]I-
Ky BijoOpazenns (3) fBAAETHCS JOTICTHIHIM
3 mapaMerpoM a '. TakuM dYmHOM, 3rigHO 3
reopemoro Peiireiinbayma [4], nane Bigobpazke-
aag npu a < a* ~ 0.2802 mae #HenmepiogudHi
TPAEKTOPIi, 10 BiAIOBIIAIOTH PEKUMY JleTep-
MiHOBAQHOI'O Xa0Ca, a MpU @ > a* Ma€ MUKJIH
nepiozis 2", e n — oo, nupu a — a* + 0.

Tenep posrisuemo Bijodpaxkenus W, mo 3a-
naerhest popmystavu (X < X7 < Xo)

u=X-Y, V[ju=a(X+Y),

|

Hecknagno mepeBipuTm, 1O B JJaHOMY BH-
najKy BigoOpazkenus (3) Mae UK Hepiory
tpu C3 = {Xo, X1, Xo}. Takum uusOM, 32 Te-
opemoro JIi ta Iopxe [4] mame Bimo6pasken-
H MA€ KOHTHMHYYM HENEePIOJAMYHUX TPAECKTO-
piil, sKi MOPO/ZKYIOTH XaOTUYHI PO3B’SA3KH 3a-
gaai (1) — (2). Takox 3a Teopemoro O. M.
[TapkoBcbkoro Bigobparkenust (3) mae Oe3mid
MUAKJIIB, IePioIu TKUX HiAMOPITKOBYIOThCS TaK
sBanoMy mnopsiiky I[lapkoBcbkoro [5], Ta gki
HOPO/IZKYIOTH PO3PHUBHI MEePionudHI pO3B’A3KH
sagadi (1) — (2).

e

Xo—Xy

T (X =Xo)+ X1, Xo<X <Xy

TR -X)+ X, Xy <X <X,
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