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XapkiBchknuil Hamona bHuH yHiBepcuTeT iMeni B.H.Kapa3zina

HESIBHE JIIHITHE HEOJHOPIJJHE ®YHKIIIOHAJIbHE PIBHSIHHSI 3
OIIEPATOPOM IIOMM’E B KIJIBIII Z[[z]]

Ti JI7Is1 JTOBLIBHOTO IIJIOTO YHCJI HaiigeHo KpuATepiil icHyBaHHSA B’A3KY PiB-
Y pobori OBlIbHOTO Hijoro umcesa b # +1 3maiineno epiit icuyBa, 03B’43 i

y(x)—y(0) _ . . . ..
usaang b= + f(x) = y(r) 3 xinpna Z[[z]] dopMambHIX CTENeHeBUX PAAIB 3 HiTHMMI Kc?ed)un—
€HTAMH T& OTPUMAHO ABHY (DOPMYIy Al HOrO €AMHOrO PO3B’A3Ky, IO HAJIEKUTH LBOMY KiJIBILO.
PesynbraTu poboTy ocHOBaHI HA 3aCTOCYBAHHI P-aIUYHOI TOMOJIOTIT HA KiJbIl Z.

For an arbitrary integer b # £1 an existence criterion of a solution of the equation

p@)=y(0)

x

+ f(x) = y(z) from the ring Z[[z]] of formal power series with integers coefficients is

found in the paper. Moreover, an explicit formula for its unique solution from this ring is obtain.
The results of paper are based of using the p-adic topology on the ring Z.

1. Bctyn

Hexaii b - dikcoBane mijge qucao, Z[[z]] -
KiIbIie pOpMAIbHIX CTEIeHEeBUX PHAJIIB 3 MiIU-
mu Koedinientamu i f € Z[[z]]. Posrianemo
HacTynHe (pyHKIIOHAIbHE PIBHIHHA

) o) = y(0)

xz

+ /() =ylx). (1)

JIiBa yacTHHA MHOTO PIBHAHHA MICTHTH Olepa-
top IlomMm'e

y(z) —y(0)
Aly)(z) =
x
(muB., manmpukaazx, [1]), mo € xope-
KTHO BU3HAYEHHM Yy Kuibli Z[[z]]: daxmo

y(z) = co+cx + cex? + ..., Tomi Ay)(z) =
c1 + cox + c3x? 4+ ... Oneparop A me Ha-
3UBAIOTH OMEpaTOpoM JiiBoro 3cyBy (aGo the
bachward shift operator). Oueparop ITomm’e
3HAXOJUTh BaKJIMBI 3aCTOCYBaHHSA Y TEO-
pii dyuxmiit (|2]-[4]), Teopii omeparopis y
npocropax rosomopduux  dyHKmiii  (aus.,
nanpukiaaz, [1], [5]-[7]) Ta B 3aramabniii Teopii
miniiinux oneparopis [8|). Pisusuna (1) Gyze-
MO HasziBaru piBHgHHAM [loMmMm’e. fximo b = 1,
TOJ, 9K JIETKO OAYUTH, /1 Oy/Ib-AKOTO0 Yo € Z
MOYATKOBA 3a7a9a

{ b- y(w);y(O) + fz) = y(z)
y(0) = yo

(2)

Ma€ HACTYUHUN €JIUHUN PO3B 30K, 110 HaJie-

Kuthb Z[[x]]:

y(z)

[Tpu b # +1 piBusanng (1) € HesTBHUM HAJT KiTb-
neM mimx duces. Y pobori jijisi JOBLIBHOIO
mijioro b # +1 3Haiijeno kpirepiii icHyBaH-
Hsl PO3B’SI3KY MOYATKOBOI 3a7a4u (2) 3 Kijib-
us Z[[z]] ( mmB. Teopemy 3.3 Ta HacaiIOK
3.6) Ta oTpuMaHO ABHY (DOPMYITY JIJIsl €JUHOTO
po3B’si3Ky piBHsHHA (1), 1m0 Hame:kuTh Z[[x]]
(macaigox 3.5). BazkauBy posib mpH IbOMY Bi-
JITpa€ 3acTOCYBAaHHA P-aIMIHOI TOIMOJIOTI Ha
KiJbIi 1iinx yucen (auB., Hanpuk/iai, |9, 10]).

3a OCHOBHMMH  pe3y/jbraTtaMu  PodOTH
Oysa 3pobJieHa JIONOBib Ha MiXKHAPOIHI
HaykoBiit  koudepenmnii  ”/Indepeniiaibno-
dyHKITIOHATLHI PIBHAHHS Ta 1X 3aCTOCYBaHHS
npucBgdeHiit 80-piadio Bi JHA HAPOIKEHHSI
B.I.®oxuyka [11].

2. PiBugunga ITomm’e B npocropi Q|[x]]
Ta B Kiibni Z|x]

B 1mpomy po3zjiijii Mu pO3IJISIHEMO HHTAHHS
1po po3B’si3ku piHsHHs [Tomm’e (1) y BekTOp-
nomy mnpocropi Q[[z]] dopmasbaux crenene-
BHX Ps/IiB 3 paIllOHATLHUMHE KOedilieHTaMu Ta
B KiIbIi Z[x| nominomiB 3 mignvn KoedimieH-
TaMH.

Bunaok npocropy Q[[z]] € myzxe mpoctum.

Teopema 2.1. Hezai b € Q i f € Q[[z]].
Todi daa 6ydv-axoi nowamrosoi ymosu y(0) =
Yo € Q 3adaua (2) mae edunuti po3s’asork, wo

_ Yo —zf(x)

——— = (o= f (@) (I+a+a’+...).
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nanaescums npocmopy Q[[z]].
HoBenenns. MoxHa BaxKaru, mo b # 0.

Ockinbku y(0) = yo, 10 3 piBHgHHs (1) Mu
OTPUMYEMO
byo — x f(x)

o0
Taxkum umaoMm, axio f(z) = > a,z", T0-
n=0

Ji euHui PO3B’A30K MOYATKOBOT 3a/1a4i (2) y
BUIJIsIII (DOPMAJILHOT'O CTEIIEHEBOIO PsILy 3 pa-
MIOHAJILHUME KoOeillieHTaMu Ma€ HaCTYIHUI
SABHANW BUTJISIL;

y<x>=<2§—2)yo—z<

n=1 \k=0

ag

bnk) z".

Posrasinemo renep BUNAA0K, Kom f — 110-
JIHOM 3 IJINME KoedimienTaMu.

Teopema 2.2. Hexati b € Z, [ € Z[x] i
deg f = m. Todi pienanna (1) mae edunui no-
AtHoMiarorul pose’azok y(T) 3 yirumu Koedi-
ytenmamu i degy = m.

Hosenenns. Hexaii f(z) = ag+az+...+
amx™. Tomi A(f)(x) = w = a1 + axx +
oo+ @™t Takum wnnom, A(f) € Z[z] i
deg A(f) =m — 1.

Pozrignemo Ternep mosiHoM

y = fHOA(f)+V L2 (f)+...+b"A™(f). (3)

g

Mu maemo, mo y € Zx], degy = m i
bA(y) + f =bA(f) + A% () + ...+

ockisibku  A™FH(f) = 0. Takum uunOM,
bA(y) + f =y, T06TO Yy € PO3B’'A3KOM DPiBHSH-
us (1). loBeaemo €auHicTh PO3B’A3KY 3 KiJIbIIs
Z[z|. Hexaii bA(y) = y. Toni

y="bA(y) =AM y)=...=
— AT () = (.

Teopemy moBeneno.

3 piBuocti (3) Temep BUIIMBAE Take TBEP-
JIKEHHS.

Hacainok 2.3. Hexati [ € Zx], f(z) =
aotarx+...+a,x" 1 yy € Z. Todi nowamxosa
3adava (2) mae pose’aszox 3 wiavus Z[x] modi
1 MIALKY MO0L, KOAU

a0+ba1+62a2+...+bm&m:y0a

To6T0 Yo = f(b).

3. Piusinug ITomm’e B Kinbui Z[[x]]

B npomy posmgii Mu OyjemMo po3risiaru
OCHOBHUII BUNAIOK, Koyu f(x) — dopmasib-
HU cTeneHeBuil psijl 3 NINME KoedimieHTaMu.
fkmo f He € MOJIHOMOM, TO CHTYaIlisd OLIBII
ckjaagHa i mikasa. [lo-mepie, Big3HAYMMO, IO
piBusiHHg (1) B3araji MoXKe He MaTH PO3B’s3-
Ky V BHT/III (pOPMATBHOTO CTEIIEHEBOTO PSILY
3 miauMu KoeimieHTaMuI.

Teopema 3.1. Hexati b = 2 i f(z) =

(4)

1+ 22+ 2t + ... Todi pienanna (1), mobmo
PIBHAHHSA
—y(0

HE MAE PO36°A3KI6 Y 6U2AA0T HOPMANDHO20
CMENEHEB020 PAAY 3 ULAUMU KOCPHIUIEHMAMU.

Hosenenns. Hexait y(z) = co+cix+cox’+
... — PO3B’4I30K HAIIOIO PiBHAHHA 3 IPOCTOPY
Q[[z]] (muB. Teopemy 2.1). Toxi st Koediri-
€HTIB ¢, MA€MO peKyppeHTHEe CIIiBBiTHOIIEHHS
Cni1 = 5(Co — @), 1€ agp = 1, ag—1 = 0 a1z
BCix £k =0,1,2,... 3Biacn

1
\cn+1!§§(\cn|+1)§
_1 1| |+1 +1<
— | =lcn_ - -<...,
=9\ 2™t Ty 9

1
ensi] < o (ol +1) +

3BLAKHT

2n+1 +

< soprlleol +1) + 1

Tomy icuye take ng € N, mo |c,q1| < 2 mna
n > ng. ZKIO OPUOYCTUTH, IO Cpyq € 2,
oTpumyemo: ¢, = 0 abo ¢, = +£1 mra Bcix
n > ng— 1. dkmo ¢, = 0 jjis jgesskoro n, Toji

ISSN 2309-4001. Byxosuncokut momemamuunul ocyprans. 2016. — T. 4, N 3—4. 37



Cnil = —%an, TOOTO N € HemapHuM i ¢,1 = 0.
3Bigcu ¢,19 = —%anﬂ = —%, 110 HEMOKJIN-
Bo. Hexait renep |c,| = 1 must BCix n > ng — 1.
Toxai A7 HETAPHOTO N MU TAKOYK MaEMO HEBip-
. . _ 1 .
HY PiBHICTB [Cpq1| = 5|cn|. Takum umnOM, BCi
KoeIIE€HTH ¢, He MOXKYTb OyTH Tiuvu. L]
3ayBakeHHd 3.2. V3a2a.4bH1010MU MIPKY-
sanHA 3 dosedenns meopemu 3.1, moscHa no-
Ka3amu, wo pieHAHHA

y(x) —y(0)

2. +ag+air +ayr® + ... =y(x)
He Mae po3s’askie 3 Kiavus ZL[[x]] das 6ydv-
axozo pady f(x) = ag + a1z + ax® + ..., de
a, =0, abo a, = 1, 1 0 ma 1 3ycmpiuaromovcas
ceped KoediuieHmis a, HecKiHueHHy KiAbKIiCmb
pa31e.

PiBustnug (1) Moxke He MaTH PO3B’3KiB
3 Klibug Z[[z]], ase, skmo Takuii po3s’sa30k
iCHy€, TO, sIK MPaBUJIO, BiH € €IMHUM.

Teopema 3.2 Hexat b # +£1. Todi odnopi-
oHe PIBHAHHA

MGE MIABKY HYAbOBUT PO36°A30% Y 6u2aAdi
popmanvrozo cmenernesozo pady 3 YLAUMU KO-
ediuienmamal.

Hosenenns. Hexaii y(x) = ¢y + a1z +
Cox? + ... — PO3B’S30K OJHOPITHOrO PiBHAHHS

b- M =y, mo Hamexxkuth Z[[x]]. Toxi

y(z) —y(0)

T

2
=C+cr+cyr”+ ...

i Mmu maemo: bcy = ¢y, bes = ¢q, bes = o, . ..
3Biacu BimmBae, 1mo ¢y = b"¢,, 11 Oyab TKOTO
n. Tomy co =c; =co = ... =0, o610 3y = 0.0J

Jlmga  oTpuMaHHSA KPUTEPIIO ICHYBaHHS
po3B’s3Ky piBHgnHs (1) 3 Kinbug Z[[x]] mu Gy-
JIEMO BHKOPHCTOBYBATH P-aUYHY TOIOJIOTIIO
Ha, KB Z.

Hexait p-mipocte qucio i Z, — Kiible miaunx
p-anmuanx ncen. Ha 7, mu OyzeMo posrasma-
TH CTaHJAPTHY TOMOJIOTIO i HOpMY || - ||, (muB.
[10], [11]). dns mac 6yae BazkausuMm, 1o 36i-

(0.)
JKHICTH B Kbl Z, psijly Y, Q; € eKBiBajeH-

n=0
THOIO TOMY, 110 (t, — 0 B Zp.

Hactymaa teopema € OCHOBHUM pe3y/IbTa-
TOM POOOTH.

Teopema 3.3. Hexati b # 0, b # +1 4
f(z) = ap + arx + azx® + azx® + ... — pop-
Manvruti cmenenesutl pad 3 ULAUMYU KoePivi-
enmamu. Prenanms

p PO | ) = yo)

MGE PO38°A30% Y 6U2AADL HOPMANLHO20 CME-
neneso20 PAdyY 3 YIAUMU KoePiuieHmamu modi
T MINLKU MO0dL, KOAU ICHYE MAKE UIAE YUCAO
Co, ULO ONA BCIT MPOCUT “UCEA P, HG AKL Oi-
AUMBCA YUCA0 b, BUKOHYEMDBCA HACMYNHA Pi6-
HICMb 6 KIAbUl Lyy:
a0+a1b+a2b2+a363+... = Cp.

(5)

IIpu yvomy pose’sazor 3 wiavus Z[[x]] € edu-
HUM & MAE MAKUl 6U2AAD:

y(z) = co + c1x + cox® + ez’ 4.,

de
coza0+a1b+a2b2—|—...,
01:a1+a2b+a362+...,
02:a2+a3b+a4b2+...,

(6)

i BCi paam y mpaBux dacTuHax piBHOCTER (6)
30iraforbcs B Zy, AJ1d THX P, MO € JLTbHAKAMH
quca b.

Hosenenuns. Heooxionicme. Hexaii y(z) =
co+ 1w + cox® +e3x® + ..., ¢, € Z — po3p’a-
30K piBusHus (1). Toxi ayst koedinienTis ¢, mu
Ma€EMO HACTYIIHE PeKyPEHTHE CITIBBIIHOIIEHHS:

(7)

Posrnganemo Temep psa y JiiBiif 9acTuHi piB-
HocTi (5). fKmo b mimuThCa HA MPOCTE THCIO
p, To b" — 0 B Kimeni Z,. Tomy a,b” — 0 B

behi1+a,=c,, n=0,1,2 ..

oo
Ly, TOOTO psaft Y apb™ 36iraeThes y KinbIi Zy,.
n=0
Buaiigemo iforo cymy. 3 piBrocti (7) orpuMye-
MO:

ap + a1h + ash® + azb® + ...+ anb’ =
= co — bey + b(cy — beg) + b (cy — beg) + ...+

+0N (ey — benyr) = cg — bV ey
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Ockimprn bt leyy — 0 B Kimbmi 2y, TO MU
oziepzKy€emo pisaicrsb (5).

Hosenemo renep docmammicmo ymosu (5).
Ao b ginThes HA TPOCTE YUCTIO P, TO BCI Psi-
JIM Y TIPaBUX dacTuHaX piBHOCTI (6) 36iratoThest
y Kinbmi Z,. Ockinbku ¢y € Z i psaz (5) 36ira-
€TBhCS /I BCIX p, HA Kl JIIATbCA YHCI0 b, TO
MOKHA MOKa3aTH, IO CYMHU BCIX pAJIiB 3 piB-
Hocti (6) € mimumu unciaamu. Temep Jierko me-
peBipuTH, 110 MOCAIIOBHICTS { ¢\, } 33/10BOTBHSIE
pekypentre cuispignomnenns (7). Tomy crene-
nepnit psig y(z) = ¢ + 1 + cow? + 323 + . .
€ poss’s3koM piBustabs (1). €aunicTs MBOTO
PO3B’sI3KYy BHILINBAE 3 Teopemn 3.2. []

SayBaxkenuss 3.4. fxwo [ € Zlx]],

flz) = > apa™ i b diaumvcs na p, mo pao
n=0

[e.e]

> apnb™ s6icaemoca 6 winvui Ly, i Goeo cymy
n=0

MOJHCHA po3easdamu Ak snauenna [y mowyi
b.

Hacaimok 3.5. Hexati b # +1 i das b # 0
suronana ymosa (5). Todi edunuli poss’asok
pienanns (1) 3 xiavus Z[[x]] moorcna sanuca-
mu 6 nacmynit gopmi

y(@) = f(b)+ D A (f)(b)a".

3 Teopemu 3.3 BUILIUBAE TBEPJKEHH, IO
€ aHaJIOTOM HAacJiaKa 2.3 g BHIOAJIKY (hop-
MAaJIbHUX CTeIeHEeBUX PSIIB 3 MLIHMH Koedilri-
€HTAMHU.

Hacainok 3.6. Hexati f € Z[z]], f(x) =
ao+ a1z +asx®+ ... i yo € Z. Todi novamkosa
sadaua (2) mae po3e’sasox 3 Kinvus Z[[x]] modi
I MIALKU MOJL, KOAU ONA BCIT NPOCTUL YUCEN
D, Ha AKL daumsbea wucao b, sukonyemves Ha-
CMYNHA PIEHICTIG 6 KIALUL Lup:

ao—l—alb+a2b2+a3b3+... = Yo,
mobmo yo = f(b).

(8)
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