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YCEPEJHEHHS B BATATOUYACTOTHUX CUCTEMAX I3 JIIHITHO
ITEPETBOPEHVMN APTYMEHTAMMU I TOYKOBIVIMU TA
IHTETPAJIbHIMNU YMOBAMMUI

PoarnsrnyTo 6aratoqacToTHy CHCTEMY DiBHSHB i3 JiHIHHO TIepeTBOPEHWMH apryMeHTaMW Ta 3
TOYKOBUMHU i iHTerpajgbauMu ymoBamu. JlocsimkeHo icHyBaHHS Ta €IMHICTh PO3B’sa3Ky 3amaqi. Ha
miICTaBl OMIHKY OCIUJISIIHHAX iHTErpaliB OOI'PYHTOBAHO METO/T YCePETHEHHST Ta, OJIEPAKAHO OIIHKY
MOXUOKM METOY yCEPeTHEHHS /sl MOBLIHbHUX 3MIHHUX.

The multifrequency system of equations with linearly transformed arguments and with point
and integral conditions is considered. The existence and uniqueness of solution of the problem are
investigated. The averaging method is justified based on evaluation of oscillating integrals and the
estimation error of averaging method for slow variables is obtained.

1. Bctyn
Mertojiom ycepeiHeHHst HaraTo4acTOTHI CHC-
TeMU 3BUYaiiHuX judepeHifiajbHuX PiBHSIHb

d

ﬁZX(T,CL,QO,é‘%

de _ w(r)

_r - _ 7 Y

P = | yira )

3 IHTerpaJbHUIMHI YMOBAMHU JIOC/I/IZKYBAJIUChH Y
npagx |1, 2| a in. 3okpema, y pobori [1] 3iii-
CHEHO yCepeJIHeHHS sK y cucremi jaudepeHii-
aJbHUX PIBHIHB, TaK 1 B IHTErpaJIbHUX yMO-
BaX i OflepzKaHO ACUMITOTHYHY OIIHKY TOXHO-
KI MeTOJIy ycepeIHeHHsI.

Amnasoriuna 3ajada g 6araroqacTOTHHX
CHCTeM 13 JIHIAHO MepeTBOPEHUMHU apryMeH-
TaMU y PE30HAHCHOMY BUIAJIKY PO3LJISIHYTA Y
npaigx [3-5|. AcuMuToTuKa OIIHKH Yy IIOMY
BUMAJIKY 3aJI€2KUTh BiJl PO3MIPHOCTI BEKTOpa
JaCTOT 1 KIJILKOCTI JIIHITHO TIepEeTBOPEHUX ap-
TYMEHTIB y TMBUJIKAX 3MIHHUX.

Y nmaHiit poOOTI BUBYAETLCA 3aja4a 3 TOU-
KOBUMU i iHTerpaabHUMHU yMoBamu. [Intanns
icHyBaHHS PO3B’S3KY s JudepeHiaTbHOro
PIBHAHHS 3 YMOBAMHU TAaKOTO THUIY PO3TJIsd/Ia-
Joch B poboti 6], a came st 3aa4i

"= flz,y,y),

x2

/@@szw,

1

a<x<b,

y(Il) = Y2,

e a<x <o <biyp,ys €R.

2. ITocranoBKa 3amadyi i cxema ycepea-
HeHHd. Posrisinemo cucremy judepeHiiajib-
HUX PIBHSHB BHTJISALY

da

& = X(r,ax,90), 0

d w

= - i D Yinange).  (2)
ae7T€[0,L],aeDCR" ¢eT™ m=>1,
0<e<egkl, A= ()\ C A,
@—(91,...,«9))\ ( 1], o
an = (a)\la" a)\'r) ), <T> ( ) 1 :_1,7",
906:<90917---79005) ( )I ( ) jIl,S.

Ba/JaM0 HACTYIIHI YMOBH I PO3B A3KY
cucremu piBusHb (1), (2):

0< <L

(3)

a(1y) = ao,

/ S () +

T1

Falr, () o] dr =d
e 0< <1 < L.

YMOBH TAKOTO THIY MOXKHA OJIep:KaTH, Ha-
OPUKJIAL, IPHA POl CHCTEMHE CJAaOKO 3B’s-
3aHUX OCIUJIATOPIB

Ui + WP (T)u; = e fi(T, u(t), u(At), a(t),
du

E7

u(At)),

nei=1mn, 0<A<1, u:=
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wi= (g, ..., uy), U:=(Uy,...,u,),
fi — 3anani yHKil.

Bukopucrasim 3aminy Kpujosa — BoroJio-
6osa 7|, omep:kumo cucremy audepenriaib-
HUX PIBHSHDb JJIs aMILITY] a; 1 (a3 ¢; Bur-
Ty

dai 1
dr = _m (gi(T’ a, ax, ¢, 90/\) +

Wi
+a;w;(T) sin wi) sin 1);,
do;  wi(T) 1 "
dr ¢ a;w;(T)

X <gi(7-7 a, ay, Y, 90)\) +
+a;w;(T) cos %’) oS ;.

YM0BOIO (3) 33a€ThCsT 3HAYCHHST BEKTOPA
aAMILTITY/1 B Jleskiii Touri 7o €[0, L].

YCepeJHUBIIY 32 IIBUIKAME 3MIHHUME Qg
npasi yactuau piBasab (1), (2) i dyHKIioO ¢ B
yMOBI (4), 0JIepKUMO yCepeIHeHy 3a1a9y

da _

d_z = Xo(1,an), (5)
(Cil_f = @ +Yb( aa/\)a (6)
a(1o) = ao, (7)

(8)

Osepzkana 3a/1ada 3HAYHO MPOCTIIIa MOPiB-
HaHO 3 (1)—(4), OCKiNbKE TpaBi YacTHHU DiB-
HsHBb He 3aJ1e2KaTh BiJ . KommonenTa po3B’s3-
Ky a(7) smaxomurhea i3 (5), (7), micag woro
3HAXO/I2KEHHS KOMIIOHEHTU PO3B’ 43Ky P 3BOJI1-
ThCs JIO IHTErPYBaHHS 3 IOYaTKOBOIO YMOBOIO,
IO 3HAXOINTHLCS 13 CHCTEMH JIHIHHUX aJareo-
paldHUX PIBHAHbD.

3. IcayBanHg pO3B’d93Ky ycCepeIHEeHOT
3amaqi

Jlema 1. Hexait ¢ynkmia X, HemepepBHA
3a CYKYIHICTIO 3MiHHUX B 00J1aCTi
[0,L]x xS§, ne Sg = {a :|la — a] < R}

i0 = max || Xo(r,aa)|, oL < R. Toui na
[0,L]xS%

+go(T, EA(T))} dr =d.

npomixkky [0, L] icaye xoua 6 ouH po3B 30K
sazadi (5), (7).
osengeumna. Beegemo omeparop

Fa:=ag+ /Xo(z,aA(z))dz,

70

susnauennii y npocropi C[0, L] na kyai Sk.
I3 mHenepepsHOCTI Ta 0OMexkenocTi pyHkii X
BUTLJIMBAE PIBHOCTENEHEBA HEMIEPEPBHICTH MHO-
xkunan Fa mpu a € Sg. Ockinbkn

T

I(Fa) (D < llaol|+ /Ao(% ax(9)z|| < |lad + Lo,

70

TO MHOKHMHA 3Ha4YeHb F'a piBHOMIpHO oOMezKe-
HA.

Ha miyicrasi reopemu Aprena [8] maemo, 1o
omepaTop F' € IMiJIKOM HelepepBHIM.

I3 Toro, mo

T

|(Fa)(r) —al| = / Ao(z ar(2))dz|| < R

70

BuILIuBae, mo I : Sg — Skg.

Takum gunoMm, omepatop F 3a10BoJbHSIE
ymoBHu Teopemu [llaymepa, 1o rapanTye icHy-
BaHHS pO3B’a3Ky 3a1a4i (5), (7).

Jlema 2. Hexaii BUKOHYIOTHCA yMOBH Jie-
Mu 1, BeKTop-hyHKIIA X 3310BOTBHIE YMOBY
Jlimmnung 3a 3MiHEUME ay, 13 crasgon o > 01

(9)

Toxi po3s’sa30k 3axadi (5), (7) icHye i exunmii.

HoBenenns. I3 smemn 1 ta ymosu (9)
BHIUTHBAE, IO omeparop F — CTHCKAOYMIi.
Cupaai, a1d OyIb-IKUX aq,as € D

arl < 1.

|Fay — Faq|| <
<o [ o) - i)l <
=1 -

< arLllas — aq].

Ha mizgcrasi reopemn Banaxa [8] icuye enn-
HA HEPyXOMa TOUKa oneparopa F, orke icHye
euHui po3B’sa30K 3amadi (5), (7).
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JIema 3. Hexaii a(7) = a(7,7),
— po3B’a30k 3aja4i (5), (7), B obsracti BusHa-
yeHHs HOpMU w, Xg, Yy 1 gg 0OMezKeHi cTaJjI00
o, HopMH b; cTtamuMu 35, a MaTpHII

S(my,72) = Z/b](T ax(7))dr

HEBUPOJIZKEHA.

Toxi icHye eauuuii po3B’s30K piBHgAHHS (6),
AKUii 3aJ0BOJIbHSE IHTErpaTbHy yMOBY (8).
[Tpu upomy s 7 € [0, L]

— — Co
H@(Tay,wﬁ)H Sa+ ;7 (10)

e c1,¢o — nomarui cram, B(0;7,4,8) =1.
Hosenenns. 13 pipusiansg (6) 3HAX0AUMO

(1,7, ¢,e) =¥ +9(7,9,0,¢).

[licig migcranosku @ B ymoBy (8) omep:Kumo
JUTsT Y PIBHSIHHSI

OckinbpKu

[@(7,7,0,8)[| < o7

(+3)

14—
3

[TAES IIS‘I(ﬁ,Tz)II(IIdH +

S T2
=y f ||¢<T,y,o,e>||ds),
=17

10 a7 HOPME B(T, 7,1, €) ONePXKIMO OINHKY
(10), ne

o = 157 (m. )] (HdH+ o(ra—11) X

X (0.5(7’2—’-7’1) Z ﬁzgz‘i‘l) ‘|—O'L> ,

=1

a0,9) =y

Cy = O'(O.5HS_1(T1,7'2)H(7'22 - 7_12) X

=1

4. Ilo3nauenns it ymoBu. Hexait
G:=[0,L|xD", Gy :=GxT™, f:=(X,Y,9).
[TpunycTuMmo, 1Mo BUKOHYIOTHCSA HACTYITHI yYMO-
BU:

1°0 f e C2 (Gy,0), f € CL(G1,0), ne cra-
JI0I0 0 oOMezKeHI HOpMHE [ Ta HOXiTHHX.

20 f eCmr—H(Gl’ )

3% b € CQ(G Bi), j=1,s.

4w e Cm 1([0 L], o) i BU3HAYHMK
Bpoucbkoro V(7), mobyaoBanuii 3a CHCTEMOIO
ynxuiit {w(6:7), w(0,7)}, Bigminaui sig
uys npu 7 € [0, L].

5°. Ienye enunuii poss’ 30k 3agaui (5), (7),
AKHI JIEXKUTH B o0sacTi [ pa3oMm i3 AesaKuM
P-OKOJTOM.

Bukonanust ymosu 3° rapanTtye HesacTps-
raHfst po3B’si3Ky cucremn pisusinb (1), (2) B
OKOJII PE30HaHCY, YMOBOIO {KOTO B TOYIL T €
€ [0, L] ¢ Bukonanus piBHOCTI

ZekweT =0,

ae kj e 2™, 21 &5 # 0.
=

6°. Ilpumycrumo, Mo MaTpuIi

GXOTa Ty))aa,\( )
Z/ . ay

i S(71,72) — HEBUPOZKEH].
Ymosa 4° no3BosIsie onepKATH IS OCIIAIS-
IiffHOrO iHTEerpaJa

Tu(r, )= / f(z,e) exp(é / %(t)dt)dz

PIBHOMIPHY OIIHKY

)

Il <ea (sup (e s |

ne ¢z > 01 "He 3aiexursb Bijg €1 k.

32 ISSN 2309-4001. Byxosuncokul mememamuunul ocyprans. 2016. — T. 4, N 3—4.



Ha mincrasi OIIHKH OCHMIAIINHOIO iHTEr-
paJjia OJIepPXKYEThCs OIIHKA I[TOXUOKH METO/Ly
ycepeHeHHs Juisi po3B’si3kiB cucrem (1), (2) i
(5), (6), moyaTKOBI 3HAYEHHSI IKUX 30IrAIOTHCSI
npu 7 = 0, i mae Buraz [4, 5|

la(r) —a(T)|| + [le(7) *(11)

5. O6rpyHTYyBaHHA METOLY yCEpeaHEe-
HHA

Teopema. Hexait Bukonytorsess ymosn 19—
6°. Tomi ama gocuTb Mamoro £y > 0 icmye
equnnii po3s’a30k 3amadi (1)—(4) i ans Beix
7€ [0,L] i€ € (0,e0] BUKOHYETHCS OIIHKA

Ja(r 7+ 13+ €2 —a(n D)l +
+||¢<T7y+uaw+€7 ) @( 7?,¢75>_
—n(e)|| < ese”,

ae a = (rm)~!
€ThCA OIIHKA

— Pl < cug

(12)

, a Jiuist GyHKIHT 7(€) cupaBKy-

In(e)]l < e
P(7) =

Hosenenns. Hexait (a(7),
= ( (7,7), (7,7, 9, )) PO3B’430K 3aJa4l

(5), (8) mpu 7 € [0,L], a(r) = a(r,5 + p) i
y+u € D. Toni i3 plBHHHHH( ) MaeMo

a(r) —a(r)
+ {Xo(z, an(z,7+n))—Xo(z,aa(z, y))] dz.

3Biacn ogep:KuMo

la(r) = a(m)ll < llull +
+aZ/ lan,(2) = @y, (2)1dz.

Ha uigcrasi inrerpasabnol mepiBhocri [4], ska
€ ysarajibHeHHsIM HepiBHocTi ['ponyosia —
Bennvana, maemo

Ja(r) = a()l < Il exo (9300 )
i=1
Takum annoM, 1s Beix 7 € [0, L]

la(r) —a(7)] (13)

< erllull;

'
JIe ¢7 = exp (JL > )\i).
i=1
Heckiiano ojiepKyeThest 1 Taka OIiHKa

1B(T, g+, p+&,6)—o(1, 5,9, ¢)|| <

< I€lF+ erra L[| (14)

[TokazkeMmo, 110 MOKHa 3HalTH Take [ € R™,
10 po3B’st30k a(T) = a(7, Y+ i, Y, €) BusHaue-
uuit Ha [0, L] mpu ¢ € (0,0, ¥» € R™ i mpu
npoMmy a(71y) = a(7p). Hexait

crllpll < 0.5p, cqe® < 0.5p.

Toxi, sik nokazauo B 4], icnye equnuii po3s’s-
30k cucremu (1), (2) 3 mo9aTKOBUMH yMOBaMH
U+ p, Y+ £ Jani maemo,

||Cl(7', Y+, % 5) - a(Ta y) || <
< HCL(T,@ + My ¢7 6) - 6(7—7y + M)H +
+Ha(7_7 Y+ ﬂ) - G(Ta g)” <
< cae® + |-
I3 Bukonanus ymoB (3) i (5) na migcrasi pis-
usub (1) i (4) omeprumo

70

n=— [ (Xolran(r) -

0

[

— Xo (7, an(, y)))dT _

ap (7,7 + p)—

— Xo(r, @a(r, y)))dT _

T(IA

), po(T))dr =

0/
+ Ry + Rs.

TyT

ZXk T, an(T gilk:ve)

E£0

7’ CLANP@

Ha mincrasi oniakn (13) maemo

[74]]

< oTprese”.
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[IeperBopuBiu Bupas Rs, 01ep:KIMO

Ry = —=S(m0)p + Ra(p),

ne st Ry cripaBKyeThest OIIHKA,

Ry(p) < csllp)®.

Ha migcraBi OMIHKK OCIHUJISIIINHOIO IHTET-
paJia MaEMO

[1Rs(e, | <

Je cg > 0 1 He 3a71€XKUATH BiJT € 1 [4.
Omke, /11 3HAXO/KEHHS (i MAEMO PiBHSIH-
HA

C9€

p=Py(p,€),

ae By (p,e) = S~ (1) (Rule, ) +
+Ry(1) + Rs(e, p)-

I3 ominok ansg Ry, Ry 1 R3 omep:Kumo

191 (11, )| < c108® + cun|pl|?,
ne cio = ||S7H(70)||(oTores + c7)e®,
cin = [|S™H(7o0)llce.

Hexaii ;1 € R™ Take, 1o

]l < 126, (15)

Clo =2Ciple ey = (4010611>71/2. Tomi

[@1(p, €)] <

i ®; BimoOparkae Kysi0 pajiyca cj2e® B cebe
upu ¢ € (0, &5].

3acTocyBaBII METOIUKY OIIHOK, 3aIPOIIO-
HOBaHy y mpari [2] i peanizoBany mist ande-
pPeHIaTbHNX PIBHAHB 13 JIHIKHO TepeTBOpe-
HUM apryMeHTOM B [4], ofepKumo

H8<I>1

Clgéa

—_

< cpsl|pl] + cr1ae® < <,

[\

AKINO € < Eg9 = (2(612013 + 014))—1/04‘

Orxe, nias goBLIbHOTO € € (0, min(eg, &1, £2)]
icHye ennHe 3HAYeHHS [ = [1(€), TOOTO € TUHWI
po3B’s130K a(T) = a(7,y + (), v, €) piBHsIHHS
(1) rakwuii, mo a(1) = ao.

Hexait 3(7) = B(7, 7,1, €) — po3B’a30K 3a-
nadi (6), (8). Buaiizemo Take &(u, ) € R™, mo

J+u(e), v+&(u(e),

90<T) = @(T@ + M,E+ +¢&, 8) € PO3B’SI3KOM 3a-
Jadi (2), (4). I3 ymos (4) 1 (8) maemo
£=—-5"(n,m) x

{Z / [b(r.ar(1) x

X(S%(T,?Jruﬂyff) -
— 00, (T, T + 1,1, €)) +
+(bj(7_, ax(r)) — bi(r, EA(T))) X
XPo, (1,5 + 11,9, ) +
+b;(m,an (7)) (B, (1,7 + p, 0, €) —
~7(r,5,6,)) ] dr +

T2

_|_/ [(gO(T,aA(T))—QO(T:dA(T))) +

71

+90 (Tv aa (T)) — 90 (Tv [ (T)) +
+ilr,an. e 7 | =

= —S7! (71, 72)(Rs + Re).

Ha mizncrasi mepiBrocreii (10), (11), (13) i
(14) maemo

(71, 72) R5(&5 1, €)[| <
Anamoriuno gk i npu ominmi P4, omepxkuMo
1(7—17 T2)R6(M7 é.a 6)” <

Hexait ¢ < 3 = 016(615 -+ 017)_
< 2c16e®7 L. Toni npu 0 < € < &4

[@2(8, )|l <

IS~

6155 + 6165

15~

6176a.
LEl <
:min(62,€3)

20168 1.

o,
o¢’

Takum ke YWMHOM, $IK 1 NPH OIIHII

ozepzKuMo it Beix 0 < & < min(ey, €5)

H 0,(8(e), ule), €)
¢

1
\5-

Otxke, icHye €IuMHHII PO3B’A30K CHCTEMHU
piBHAnD (1), (2) 3 IOYAKOBEMHE yMOBaMH
£), AKHii 33 J0BOIHHSIE YMO-

Bu (3), (4).
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a—1

Hexait € <es, n(e) = cee® ', ¢ =2¢16. Tomi

maseix 0 <7< L

lo(m g+, +8,8)=B(r. 7., 2) — n(e)|l <
< lo(m, 4, 0 +E,6)—B(r, T+ 1, ¥ + & €) |+
+@(r, g+, 0 +E,€)—o(, 7,1, ) —n(e)|| <
< (¢4 + erepproL)e” (16)

Bpaxysasmm omiaku (15) i (16), ogepzxumo
ominky (12), me ¢5 = cq+ +ciac7(1 4+ rol).
6. IIpuknan. Posrignemo 3agaqy

da

o= 1+ cos(p — 2¢y), 6=0.5
dp 1+27

- 0,1

dr g e l0.1]

a(70) = ao, 0<m<1

0<1 <<l

0 Jocdraerbcd pe3OHaHC,
Ox xw(0T) = 7. ¥Y™Mo0-

Y Toumi T =
ockinbku Y(T) 1= w(T) —
Ba 4" BUKOHy€eTBCS:

20,

1427 1+7’
2

Vcepeanena 3a/1a4a JJis HOBLILHOI 3MIHHOT

HabyBae BUTJISITY

da
=
dr ’

3 iHTerpaJbHOI YMOBH 3HAXOIUMO

a(mo) = aop.

V=1 =d(rp—1)"
—(3(71 + 1) + 2(712—1—7172—1-722)/65.

Ockinbku a(m) = a(m), 10
T0 7_2

a(0) —a(0)=p=— /cos <2—5 +¢)d7'.
0

Ominka moxXuOKH JIJIsI MOBLILHOI 3MIHHOT

H-'/cos( +w)d7

OJIEPKYEThCA Ha MiJICTaBl ACHMIITOTHKA iHTET-
pasia @penedts [9)].

|a(T) <csV/e,
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