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Hamionanpunit yaiepcuter “JIbBiBCchbKa moriTexHika™

KPATIOBA 3AJIAYA [1J11 ABCTPAKTHUX JU®EPEHIIIAJIbHUX
PIBHSIHBb 3 OIIEPATOPOM IHBOJIIOIII]

Bupuaerhcsa HemokanbHa 3a4a4a s AU(EPEHIIATILHO-OMEPATOPHUX PIBHAHBL 3 iHBOJIOIIETO.

Bceramosieno cnekTpasbHI BIACTHBOCTI T YMOBH iCHYBaHHS i € auHOCTI po3B’a3Ky. HaBeneno mocra-
THI YMOBHU TIPU SKUX CHCTEMa, KOPEHEBUX (DYHKIM CYTTEBO HECAMOCIPSIXKEHOTO OMEPaToOpa 3a,1a4i

yTBOp1oe 6azuc Picca.

We study a nonlocal problem for differential-operator equations of order 2 with involution. The
spectral properties of the operator of this problem are analyzed and the conditions for the existence
and uniqueness of its solution are established. It is also proved that the system of root functions
essentially a nonself-adjoint operator of the analyzed problem forms a Riesz basis.

Statement of the Problem.

Suppose that H is a separable Hilbert
space, A : H — H is a positive self-adjoint
operator with point spectrum o,(A) =
{zr € R:zp ~ Bk o, >0,k =1,2,..},
V(A) ={w € H:k=1,2,..} is a system of
eigenfunctions that form an orthonormali-
zed basis in the space H, H(A®) =
{veH :Ave H}, s >0, (u,v; H(A%) =
(Aou, A H), s H A% = A% A
H, = Ly((0,1),H) = {u(t):(0,1) = H,
|lu(t); H|| € L2 (0,1)}, D, : Hi — H; is
a strong derivative in the space H;, i.e.
u(z+ Az) —u(x) _paH| S0

Ax
(Az —0),I:Ly(0,1) — Ly(0,1) is operator
of involution:

Tu(z) = (1 —=),(u(z) € Lz (0,1)),
po = (E+D, p = %(E I),
Ly;(0,1) = {yeLl(0,1):y=pjy}
Hy; =A{y(x) € Hy:y(x) =pjy(x)}.j = 0,1,
Hy = {y(z)e H,:D?*yec H, A% € H,},
ly: Bol® = D2 H|® + || A% H
L(H(A™); H(A?)) is algebra of bounded
linear operators A : H(A™) — H(A?),
(mg>0), H(A") = H, L(H(A™) =
L(H(A™); H(A™), H' = H(A%)7

H? = H(A%), B € L(H),B(z) =
B, (o -

> %)QT 1; B, € L(H,), Byvy, =

%bnkﬂ{k, By, = b, B(x)v, = by(z) v,
brg,bl, € Ryr=1,2,..5¢, =0,1;k=1,2,....
Consider the following problem:

L(D,,A)y=—-Dy(x)+ A%+ B(z) (y (z) —
—y(1—2)) = f(2),
(1)
hy=y(0) —y (1) = h, (2)

lay=B°D,y (0) + B'D,y (1) = hy,  (3)

f(z) € H,h € H' hy € H*.

We interpret the solution [16,21] of problem
(1), (3) as a function y (x) € Hj satisfying the
equalities

IL(Dy, A)y — fi Hy|| =0, ||liy — by HY|| = 0,

\|lay — ho; H?|| = 0.

Differential equation (1) includes operator
of involution. First study the properties of
involution operator launched C.Babbage (see
[5]). In paper [13] T.Carleman introduced the
concept of operator shift — a generalization of
the concept of involution Iy (z) = y (1 — x),
x € Lo (0,1). Exploration partial differential
equations with involution are devoted [2, 3, 4,
7,11, 13, 22, 32, 37, 37 |.
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Properties spectral problems for ordinary
differential and functional- differential equati-
ons with involution investigated in the works
[1, 9- 10, 17- 20, 23- 25, 29- 31, 34- 36, 38| and
[5, 6, 8, 12, 27, 33, 39| respectively.

Solutions of spectral problem

L(Dy, A)y = Ay (z),
)\EC,lly:O,lgy:O,

consider as a product y(z) =
1,2, ..., u(zr) € Wi0,1).

To determine the functions wu(z) obtain
spectral problem

(4)

u(x)vg, k =

lopu = bYD,u (0) +bpD, (1) =0.  (7)
Auxiliary spectral problems.
Consider the particular case the problem (5)
— (7) if the specified conditions B (z) = 0,
W =—b=1
k k=L

—D2u (x) + zpu = du(z), (8)

w(0)—u (1) =0, D,u(0)—D,u(l)=0.(9)
Lemma 1. Let B' = -B' = F,

B (x) = 0. Then  problem  (8),

(9)  have  point  spectrum oy =

{)\k,n ER: Ny = (27n)* + 22,
and system of eigenfunctions

n:O,l,...,}

T={teLy(0,1):

t, (z) =
th (x) = V2sin2mna, n € N}

n

t8 (x) =1,

V2 cos 2mnx,

forms a ortonormalized basis in

Ly(0,1).
Property of spectral problem (6) — (8).

spaces

We now consider the operator Loy
Ly(0,1) — Lo (0,1) of the problem (6) — (8)

L(),ku = —Dgu —+ Z,%U, u € D (LO,k) s
D (Loy) ={ueWi(0,1):l4u=0,

lg,ku = 0} .
Let
vgg (x) =1, vgg (z) = V2cos2mnz,  (10)
v (2) = V2 (1 4 B, (2¢ — 1)) sin 2mnz, (11)

Be= (B —0b) " (M +bh) . (12)
You can check that
LO,I@U;:”( ) - Ak n’U + §kn kn’ (13)
5,2771 = —8mnf,n = 0, 1,2...
Hence
V(Loy) = {UZSL ();8=0,1,n=0,1,2, }

are the system of root functions of the operator
Ly in the sense of equality (13).

Lemma 2. Let V) £}, k=1,2,.... Then
the operator Loy of problem (8), (6), (7) have
point spectrum oy, and system V (Loy) of root
functions complete and minimal in Lo (0,1).

Proof. We now consider the adjoint
spectral problem

—D?w (z) + 22w = pw (z) ,pu € C,
biw (0) + vw (1) = 0, (14)
D,w (0) — D,w (1) = 0.

The operator of this adjoint problem (14)
have point spectrum o, and system of root
functions

%%)

=1-06 (22 —1),
HOE

\/§sin 2mnx, (15)

V2 (1 = By (22 — 1)) cos 2mn.
(16)

win (z) =

You can check that
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LO,kU]i:?L (RO) = /\k,n?} + é-k nvk n’ (17)
5,2771 =8mnfr,n=12...
Hence, the system of root functions

V (Lox) of the operator Lgj possesses a
unique biorthogonal system W (Log) =
{w,i”?l (z);s=0,1;n=1,2,..} are the system
of root functions of the problem (14) in the
sense of equality (17).

(’Ukn7wling2 (0 1)) = 57"35]“1,
(7" 071>qan_0 1.. )

Consider the operators Ro, Sok
L2 (07 1) - L2 (07 1) ’ RO,ktzm = UZS“
Ror=E+ Sor,p=0,1;n=0,1,....

From the definition of the operator Ry and
the completeness of system V (Lgy) in space
Lo (0,1) we get 5071.3 : L270 (0,1) — O,S(),k :
L2,1 (O, 1) — L270 (O, 1)

To prove that the system V (Lgy) forms a
Riesz basis (see [15, 26] ) in L (0, 1), it is suffi-
cient, according to formula Ry, = E + Sok,
to show that the operator Spx : L2 (0,1) —
L5 (0,1) is bounded.

Let w be an arbitrary element from the
space Lo (0,1)). We represent w as a Fourier
series in the system 7.

+w 141

m-m?

w—woto—i—Zw to

w!, = (w,t; Ly (0,1)).

According to the definition of the operator
So,k, we find

2 cos 2mmax.

Soxw = B (22 — 1) Zw

m=0

Using the ratio

[:So,kw; Lo (0, 1) =

Br 2z — 1), Z w® V2 cos 2mma; Ly (0, 1)

m=0

we estimate it

|So,kw; Lo (0, 1)|| < |Bi| |lw; L (0,1)]] .

Hence, Ry, = E+ Sor € L(L2(0,1)) and
(ROk) =E— S5, € L(L2(0,1)).

So using theorem N.K.Bary (see theorem 6.
2.1 [15]) we obtain the following statement.

Theorem 1. Let b} # by, k = 1,2,....
Then the operator Loy of problem (8), (6), (7)
have point spectrum oy, , and system V (Lgx)
of root functions in the sense of equality (12)
forms a Riesz basis in Lo (0,1).

Further, we introduce operator Lqg
Ly (0,1) — Lo (0,1) of the problem (5) — (7):

Lljku = Lk (Dx) u,u € D (L17k> y

D (L) = {ue W3 (0,1): lipu=0,lppu=0}.

By the direct substitution we can show that
the functions v} (z) = v/2cos2mnz, is ei-
genfunctions of operator L :

0,1

Uy (T) = V2cos2mnx € D (Lyy),

Ly ot () = Aenvis () k= 1,2...

Root function of operator Ly, defined by
relation

Ve () = V2sin2mnz + 0, (z) +

ok, () + 03, (@), (18)

v, (1) = V28, (2x — 1) sin 27na, 19
=0 og e, Y

Vg () = \/ﬁﬁén (2z — 1)sin2mnx,  (20)
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g+1
=V2)_ojiniggim (0-
1\ 2541
)

q .
+\/§Z CQj,nJﬂﬁ (x — %)2] CoS 2TNn.
=0

sin 2mnx+ (21)

Support functions vy, (), v;, () so choose

(Li (D2) = M) i () = &k ptitn () = 0,
(22)
Lk (v,ﬁn (r) + vﬁ’n (:1:)) =0, (23)
Loy (Vpn (2) + 07, () = 0. (24)

Substitute equity (21) ratio (22) and equal
define parameters ¢, i

1
Cosn,k = ﬁ (bs 1kj: (47(’)7,) bs 1k+ £

+———b
(4mn)>am 2+ ot -
1 1
Cos+1nk = —W bs,k + Wbs+l7k + ==
1
+

(
Taking into account that vy , (z)+vy , (z

Ly (0,1), V2sin 2mrnz + Ug,n (x) = 011:2 (x)
D (Lo ) obtain equality

bty =l (U + U + 07,) = 0.
If
Dzv,i’n (0) + va,in 0) = 2\/§ﬁi,n+
q+1

+2\/§ZC2j+1,n,kﬁ (%)Qj =0,
j=1

+1 1 1
Bli,n == Z;Ll C2j+1,n,k [25)i (5) ' then

1,1 1,0 1 2\ _
l27kvk,n - l2akvk,n + l2:k (Uk,n + Uk,n) -
_ 1 2 _

- l2,k (Uk,n + vk,n) =0.

Hence, vy, () € D (L1x),

lekvli:’}l< >_)\knvkn( )+fkn

(@), (27)

here

S =80 (B4 BL) k=1,2,..,n=0,1,...
Consider the system functions
Vi = {v,m () ,vg”i (x) € Ly (0,1),
k=1,2,...,n=0,1,.},
here
Uy () = V2 cos 2mnx + Ui () + g, ()
vgi( ) =V2sin2mnz, k= 1,2, ...,
n=20,1,....
(28)
Lemma 3. Let b # 0., k=1,2,... Then

the system functions (28) forms a Riesz basis
in space L (0,1).
Lemma proved just as Theorem 1.
Lemma 4. Let b) # bj.k = 1,2,.... Then
the system functions Vi, and V (L1 ) a square
close in space Ly (0,1).
Proof. A formula (19),
follows.
So get inequality

o]
|| 7
/Uk,TL

f:u%,LQ 0,1)[? < oo.

Of the results [14] follows that the system
Vi is complete and minimal in space Ly (0,1).

Hence, the system of root functions V' (L4 x)
of the operator L;; possesses a unique bi-
orthogonal system W (L ;)

(25), (26) that

— v L2 (0,1)]° =

(vl?,n? qna L2 (0 1)) = 5r,35k,q,
(Tv = 07 1, q, k= 0, 1)
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So using theorem N.K.Bary (see theorem 6.
2.3 [15]) we obtain the following statement.

Theorem 2. Let b} # by, k = 1,2,....
Then the operator Ly of problem (5) — (7)
have point spectrum oy, and system V (Lyy)
of root functions in the sense of equality (27)
forms a Riesz basis in space Lo (0, 1).

The spectral problem (1), (2).

We now consider the operator L : Hy — H;
of problem (1), (2):

Ly=L(D;,A)y,y € D(L),
D(L)y={y € Hy: lyy =0,ly = 0}.

Let 0 # bl k=1,2,... . Then the operator
L of problem (1), (2) have point spectrum

o= {)\k,n ER: Ny = an’n? + z,?,

n=01.k=12.},

and system of root functions

V(L) = {vi, (L) € Hy 0}, (L) = v, (@) v,
s=0,1n=0,1,2,..;k=1,...},

Upo (L) = v, 0y, (L) = V2sin 2rnay,,

Vb (L) = 0ph () v, m k=12, ... .

System V(L) of  root  functi-
ons of the operator L  possesses
a unique biorthogonal system

W (L) = {ws,, € Hv:wi,, = wi, () Un,
p=12..:m=0,1,..;5s=
in the sense of equality

J . _
(Uk,rm w? Hl) = 6j,85k’,p5m,n-

p,n?

Hence, we obtain the following statement.

Lemma 5. Let b} # b, k = 1,2,....
Then the operator L of problem (1), (2) have
complete and minimal in Hy system of root
functions V (Lyg).

Then ||Ryxw; Lo (0,1)|] < Clw; L2 (0,1)],
[(Rr}) wi L2 (0, 1)]| < C'lw; L2 (0, 1)]|, € > 0.

Further, we introduce operator

B=(B"+BY)(B"—B)™".

Theorem 3. Let B € L(H?), B, €
L(Hy), r=1,2,....q. Then the operator L of
problem (1), (2), have system of root functions
V(L) forms a Riesz basis in H;.

Proof. Let , 4 '
Ty ={t;, € H :ti, =tuv,t, T,

weV(A),j=0,1,n=0,1,...k=1,2,...}.

Consider the operators Ry, S; : Hi — Hy,
thlsc,n = Ulf::7117 Rl =F+ Sl.

From the definition of the operator R; for
any g = Zs,k,m gz,mtz,m € H17

Gim = (953 3 H1) we get

—
Rig = Z GtV € Ha,

j7k7m

(BT)" D Ghnton = D Gl

j7k7m j7k7m

[Rig, Hyl| < max ||E + Syk, L (Hi)ll g, Hal| =

= Cl Hg7H1H )

|(Re)" g,

< max HE — (Sl,k)* , L (Hy)

lg, Hi|| = Cy ||g, Hi||, k=1,2,....

So using theorem N.K.Bary (see theorem 6.
2.1 [15]) we obtain the following statement of
the theorem 3.

3. Property of problem (1), (2).

Replaced condition (2) on equivalent terms

hy=y(0) —y(1) = h,

Here hs = 2(B° — BY) ™" hy.

Consider the particular case the problem
(1), (29) if the specified conditions B = 0,
B() — 0

(29)

—D2y(z) + A’y =g (), (30)

y(0)—y(1) =g,
D,y (0) — Dy (1) = go, g; € H?,j =1,2.
(31)
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Theorem 4. Let B =0, By = 0. Then for
any g € Hy,q1 € H',go € H?, there ewists a
unique solution of problem (30), (31).

Proof. We seek the solution of this problem
in the form y = u + v, there u is the solution
of the problem

—D2u(z) + A%u =g (x),y(0) —y(1) =0,
Doy (0) — Dy (1) =0
(32)

and v is the solution of the problem

—D%v (z) + A%v (z) = 0,0 (0) — v (1) = g1,
D,v (0) — D,v (1) = go.
(33)
Consider the problem (32). We expand
the functions w(z),g(x) in a series in the
orthonormalized T basis in the space H; :

— E s s s _ s .
U= uk,mtk,m7 Upm = (U, tk,m7 Hl) )
s,k,m
— S ts S _ tS . H
g = gk,m k,m> gk,m = \9; kmo £41) -
s,k,m

We estimate a number

—D*u = Z (27m)? ((27rm)2 + zi)fl Gt hms

s,k,m

| D2w; Hy|| < [|lg; Hall,

A%y = Z P ((27Tm)2 + 213)71 Grmthm
s,k,m
| A%u; Hy|| < llg; Hall -

Hence

HU;HQH < \/5“9; H1H . (34)

Consider the problem (33). Further, we
introduce operators, Y (z,A) = e +
(1) eA0=2) ¢ [ (H% H,), j = j = 0,1. The
solution of the differential equation (33) has
the form

v(x) = Yo(z, A)po + Yi(z, A)py (35)
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where g, 1 are unknown.

To determine the, @, € H' we substi-
tute expression (35) in the condition (33) and
obtain

Y1 = %Wl (0, A)_l g1, Po = %Wl (0, A)_l Al gs.

Hence,

v =Wy (z, A) Wy (0, A) " g1+

2

+%WQ ([L’, A) W1 (0, A)il A_IQQ,

los Hall* < © (g B + lges #2]°) - (36)

Therefore follows from inequalities (34),
(36) inequality

ly; Ha||* < € (llg; Hul* +
+llgus B+ flgos 22

We now return to the original problem (1),
(2). Consider in connection problem as the sum
Yy=vo+y1,y; € Hi;(Hzy, j=0,1

To determine the unknowns y; € H;; get

the problem

—D2y; (z) + A%yi(z) = f1 (2), fi (z) € Hig,
Y1 (0) —y1 (1) = hy, Dy (0) — Doy (1) =0,

—Diyo (z) + AQ?JO@) = fo(z) — 2B(z)y:(x),
fo(z) € Hyp,

Yo (0) =0 (1) = 0, Dyyo (0) — Dayo (1) =
lys Ho|l* < © (11 Hall” + | s Y| +

+[|as H2[*) L (C > 0).
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For unknown functions y; € H;; get that
problem is a particular case of the problem
(21), (22). Hence the statement is correct.

Theorem 5. Let B € L(H'), B(z) €
L (Hy). Then for any f € Hy,hy € H' hy €
H?, there exists a unique solution of problem
(1), (2) and fair inequality

s ol < C (1 FLll o+ [l 1+

o+ [[hes 2% L (C > 0).

Conclusion.

Investigated the spectral properties essenti-
ally a mnonself-adjoint operator nonlocal
problems for abstract differential equation
with involution.

Studied the problem solution is built on a
number of root functions
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