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ÓÌÎÂÈ IÑÍÓÂÀÍÍß ÐÎÇÂ'ßÇÊIÂ ÍÅËIÍIÉÍÈÕ ÐIÂÍßÍÜ Ó
ÑÊIÍ×ÅÍÍÎÂÈÌIÐÍÈÕ ÏÐÎÑÒÎÐÀÕ

Îòðèìàíî óìîâè iñíóâàííÿ ðîçâ'ÿçêiâ íåëiíiéíîãî ðiâíÿííÿ

Fx = y,

äå F : X → Y � íåïåðåðâíèé îïåðàòîð, X i Y � ñêií÷åííîâèìiðíi áàíàõîâi ïðîñòîðè i y ∈ Y .

We obtain conditions for the existence of solutions of the nonlinear equation

Fx = y,

where F : X → Y is a continuous map, X and Y are �nite dimensional Banach spaces and y ∈ Y .

Ñòàòòÿ ïðèñâÿ÷åíà ç'ÿñóâàííþ óìîâ iñíó-
âàííÿ ðîçâ'ÿçêiâ íåëiíiéíèõ ðiâíÿíü ó ïðîñ-
òîðàõ ñêií÷åííî¨ ðîçìiðíîñòi. Â îñíîâi äî-
ñëiäæåíü òàêèõ ðiâíÿíü ëåæèòü ìåòîä ëî-
êàëüíî¨ ëiíiéíî¨ àïðîêñèìàöi¨ íåëiíiéíèõ âi-
äîáðàæåíü, ùî âiäïîâiäàþòü öèì ðiâíÿí-
íÿì.
1. Îñíîâíi ðiâíÿííÿ i çàäà÷à. Íåõàé

X i Y � ñêií÷åííîâèìiðíi áàíàõîâi ïðîñòîðè,
ðîçìiðíîñòi ÿêèõ îäíàêîâi. Ðîçãëÿíåìî íå-
ëiíiéíèé îïåðàòîð F : X → Y i âiäïîâiäíå
ðiâíÿííÿ

Fx = y, (1)

äå y � çàäàíèé åëåìåíò ïðîñòîðó Y , à x � åëå-
ìåíò ïðîñòîðó X, ùî çàäîâîëüíÿ¹ (1). Çàäà-
÷i ïðî iñíóâàííÿ òàêîãî åëåìåíòà áóäå ïðè-
äiëåíà îñíîâíà óâàãà â ñòàòòi.

Íàâåäåìî óìîâè, êîëè ðiâíÿííÿ (1) äëÿ
êîæíîãî y ∈ Y ìà¹ õî÷à á îäèí ðîçâ'ÿçîê
x ∈ X, òîáòî ùîá äëÿ ìíîæèíè R(F) çíà-
÷åíü îïåðàòîðà F âèêîíóâàëîñÿ ñïiââiäíî-
øåííÿ

R(F) = Y. (2)

Çíàõîäæåííÿ òàêèõ óìîâ ¹ ñêëàäíîþ çà-
äà÷åþ, îñêiëüêè îïåðàòîð ¹ íåëiíiéíèì. Ìè
íàâåäåìî äîñòàòíi óìîâè âèêîíàííÿ ñïiââiä-
íîøåííÿ (2), ùî äëÿ øèðîêîãî êëàñó îïåðà-
òîðiâ áóäóòü i íåîáõiäíèìè.

2. Óìîâè ðîçâ'ÿçíîñòi îñíîâíî¨ çàäà-
÷i. Íåõàé L(X,Y ) � áàíàõîâèé ïðîñòið ëi-

íiéíèõ íåïåðåðâíèõ îïåðàòîðiâ A : X → Y ç
íîðìîþ

∥A∥L(X,Y ) = sup
∥x∥X=1

∥Ax∥Y .

Ïîçíà÷èìî ÷åðåç E ìíîæèíó âñiõ îïåðàòîðiâ
A ∈ L(X, Y ), äëÿ êîæíîãî ç ÿêèõ iñíó¹ îáåð-
íåíèé íåïåðåðâíèé îïåðàòîð A−1. Îñêiëüêè
dim X = dim Y <∞, òî îïåðàòîð A ¹ åëå-
ìåíòîì ìíîæèíè E òîäi i òiëüêè òîäi, êîëè
ÿäðî ker A öüîãî îïåðàòîðà, òîáòî ìíîæèíà
{x ∈ X : Ax = 0}, ìiñòèòü ëèøå íóëüîâèé
åëåìåíò ïðîñòîðó X, àáî R(A) = Y [1].

Îñíîâíèì òâåðäæåííÿì öüîãî ïóíêòó ¹
íàñòóïíà òåîðåìà.
Òåîðåìà 1. Íåõàé îïåðàòîð F : X → Y

íåïåðåðâíèé i äëÿ êîæíîãî ÷èñëà H > 0 iñ-
íóþòü òàêi ÷èñëî r > 0 i îïåðàòîð A ∈ E,
ùî âèêîíó¹òüñÿ ñïiââiäíîøåííÿ

sup
∥x∥X≤r

∥Fx−Ax∥Y ≤ r

∥A−1∥L(Y,X)

−H. (3)

Òîäi äëÿ êîæíîãî y ∈ Y ðiâíÿííÿ (1) ìà¹
õî÷à á îäèí ðîçâ'ÿçîê x ∈ X.
Äîâåäåííÿ. Çàôiêñó¹ìî äîâiëüíèé âåê-

òîð y ∈ Y i ðîçãëÿíåìî òàêå ÷èñëî H > 0,
ùîá

∥y∥Y ≤ H. (4)

Çà òåîðåìîþ iñíóþòü ÷èñëî r > 0 i îïåðàòîð
A ∈ E , äëÿ ÿêèõ âèêîíó¹òüñÿ ñïiââiäíîøåí-
íÿ (3). Çàâäÿêè âêëþ÷åííþ A ∈ E ðiâíÿííÿ
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(1) ðiâíîñèëüíå ðiâíÿííþ

x = A−1(Ax−Fx+ y). (5)

Ïîêàæåìî, ùî öå ðiâíÿííÿ ìà¹ ðîçâ'ÿçîê,
ÿêèé ¹ åëåìåíòîì çàìêíåíî¨ êóëi

BX [0, r] = {x ∈ X : ∥x∥X ≤ r}.

Âèêîðèñòà¹ìî îïåðàòîð A : X → X, ùî âè-
çíà÷à¹òüñÿ ôîðìóëîþ

Ax = A−1(Ax−Fx+ y).

Öåé îïåðàòîð íà ïiäñòàâi íåïåðåðâíîñòi A−1,
A i F ¹ íåïåðåðâíèì. Äëÿ íüîãî òàêîæ
ñïðàâäæó¹òüñÿ ñïiââiäíîøåííÿ

ABX [0, r] ⊂ BX [0, r].

Äiéñíî, ÿêùî ∥x∥X ≤ r, òî çàâäÿêè (3) i (4)

∥Ax∥X = ∥A−1(Ax−Fx+ y)∥X ≤

≤ ∥A−1∥L(Y,X) (∥Ax−Fx∥Y + ∥y∥Y ) ≤

≤ ∥A−1∥L(Y,X)

(
r

∥A−1∥L(Y,X)

−H + ∥y∥Y
)

≤

≤ r.

Îñêiëüêè òàêîæ áàíàõiâ ïðîñòið X ñêií÷åí-
íîâèìiðíèé, òî çà òåîðåìîþ Áîëÿ�Áðàóåðà
ïðî íåðóõîìó òî÷êó [2] îïåðàòîð A ìà¹ íå-
ðóõîìó òî÷êó x∗ ∈ BX [0, r]. Öÿ òî÷êà ¹ ðîç-
â'ÿçêîì ðiâíÿííÿ (5).

Îòæå, ðiâíÿííÿ (1) äëÿ êîæíîãî y ∈ Y
ìà¹ õî÷à á îäèí ðîçâ'ÿçîê x ∈ X.

Òåîðåìó 1 äîâåäåíî.
Íàñëiäîê 1. Íåõàé îïåðàòîð F : X → Y

íåïåðåðâíèé, y ∈ Y i äëÿ äåÿêèõ ÷èñëà r > 0
i îïåðàòîðà A ∈ E âèêîíó¹òüñÿ íåðiâíiñòü

sup
∥x∥X≤r

∥Fx− y −Ax∥Y ≤ r

∥A−1∥L(Y,X)

.

Òîäi ðiâíÿííÿ (1) ìà¹ õî÷à á îäèí ðîçâ'ÿ-
çîê x ∈ X.

Öå òâåðäæåííÿ äîâîäèòüñÿ àíàëîãi÷íî,
ÿê i òåîðåìà 1.
Çàóâàæåííÿ 1. Ó âèïàäêó âèêîíàííÿ

óìîâ òåîðåìè 1 ¹äèíiñòü ðîçâ'ÿçêiâ ðiâíÿííÿ
(1) ìîæå ïîðóøóâàòèñÿ. Öå ïiäòâåðäæó¹òü-
ñÿ íàñòóïíèì ïðèêëàäîì.

Ïðèêëàä 1. Íåõàé X = Y = R. Ðîçãëÿ-
íåìî íåïåðåðâíó ôóíêöiþ

F (x) =

 x, ÿêùî x ≤ 0,
0, ÿêùî x ∈ (0, 1],
x− 1, ÿêùî x > 1,

i ðiâíÿííÿ
F (x) = y. (6)

Â ÿêîñòi åëåìåíòà ìíîæèíè E âiçüìåìî ôóí-
êöiþ I : R → R, äëÿ ÿêî¨ I(x) ≡ x. Çàôiê-
ñó¹ìî äîâiëüíå ÷èñëî H > 0. Îñêiëüêè äëÿ
êîæíîãî ÷èñëà r ≥ 1

max
|x|≤r

|F (x)− I(x)| = 1,

I−1 = I i ∥I−1∥L(R,R) = 1, òî äëÿ êîæíîãî
r ≥ H + 1

max
|x|≤r

|F (x)− I(x)| ≤ r

∥I−1∥L(R,R)
−H = r−H,

òîáòî âèêîíóþòüñÿ óìîâè òåîðåìè 1 i, îòæå,
R(F ) = R.

Î÷åâèäíî, ùî äëÿ y = 0 ðiâíÿííÿ (6) ìà¹
ðîçâ'ÿçêè x = c, c ∈ [0, 1].

3. Ìíîæèíà ðiâíÿíü, äî ÿêèõ çàñòî-
ñîâíà òåîðåìà 1. Ïîêàæåìî, ùî ìíîæè-
íà íåëiíiéíèõ ðiâíÿíü ó ñêií÷åííîâèìiðíèõ
ïðîñòîðàõ, iñíóâàííÿ ðîçâ'ÿçêiâ ÿêèõ ìîæíà
ç'ÿñîâóâàòè çà äîïîìîãîþ òåîðåìè 1, ¹ äî-
ñòàòíüî øèðîêîþ.
Òåîðåìà 2. Äëÿ äîâiëüíèõ ïîñëiäîâíîñòi

äîäàòíèõ ÷èñåë Hn, n ≥ 1, äëÿ ÿêî¨

lim
n→∞

Hn = +∞,

i ïîñëiäîâíîñòi åëåìåíòiâ An ∈ E, n ≥ 1,
iñíóþòü íåïåðåâíèé îïåðàòîð F : X → Y i
ïîñëiäîâíiñòü äîäàòíèõ ÷èñåë rn, n ≥ 1, ùî
âèêîíó¹òüñÿ ñïiââiäíîøåííÿ

sup
∥x∥X≤rn

∥Fx−Anx∥Y ≤ rn
∥A−1

n ∥L(X,Y )

−Hn

(7)
äëÿ êîæíîãî n ≥ 1.
Äîâåäåííÿ. Ðîçãëÿíåìî äîâiëüíó ïîñëi-

äîâíiñòü äîäàòíèõ ÷èñåë rn, n ≥ 1, äëÿ ÿêî¨
r1 ≥ 1 i rn+1 > rn + 3, n ≥ 1 (çíà÷åííÿ rn
óòî÷íèìî ïiçíiøå). Äëÿ êîæíîãî n ≥ 1 âè-
çíà÷èìî âiäîáðàæåííÿ

ω1,n : {x ∈ X : rn ≤ ∥x∥X ≤ rn + 1} → [0, 1]
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i

ω2,n : {x ∈ X : rn+1 ≤ ∥x∥X ≤ rn+2} → [0, 1]

çà äîïîìîãîþ ðiâíîñòåé

ω1,n(x) = ∥rn + 1− ∥x∥X∥X
i

ω2,n(x) = ∥rn + 1− ∥x∥X∥X .
Î÷åâèäíî, ùî âiäîáðàæåííÿ ω1,n i ω2,n íåïå-
ðåðâíi,

ω1,n(x) = 1, (8)

ÿêùî ∥x∥X = rn,

ω2,n(x) = 1, (9)

ÿêùî ∥x∥X = rn + 2,

ω1,n(x) = ω2,n(x) = 0, (10)

ÿêùî ∥x∥X = rn + 1, i

R(ω1,n) = R(ω2,n) = [0, 1]. (11)

Îïåðàòîð F : X → Y i ÷èñëà rn, n ≥ 1,
âèçíà÷èìî íàñòóïíèì ÷èíîì.

Ñïî÷àòêó ðîçãëÿíåìî ëiíiéíèé îïåðàòîð
F1 : X → Y , ùî âèçíà÷à¹òüñÿ ðiâíiñòþ

F1 = A1.

Î÷åâèäíî, ùî äëÿ êîæíîãî ÷èñëà r > 0

sup
∥x∥X≤r

∥F1x−A1x∥Y = 0.

Âèáåðåìî ÷èñëî r1 ≥ 1 òàê, ùîá

r1∥∥A1
−1
∥∥
L(Y,X)

−H1 ≥ 0.

Äàëi ðîçãëÿíåìî îïåðàòîð F2 : X → Y , ùî
âèçíà÷à¹òüñÿ ðiâíiñòþ

F2x =


F1x, ÿêùî x ∈M2,1,
ω1,1(x)F1x, ÿêùî x ∈M2,2,
ω2,1(x)A2x, ÿêùî x ∈M2,3,
A2x, ÿêùî x ∈M2,4,

äå
M2,1 = {x ∈ X : ∥x∥X ≤ r1},

M2,2 = {x ∈ X : r1 < ∥x∥X ≤ r1 + 1},
M2,3 = {x ∈ X : r1 + 1 < ∥x∥X ≤ r1 + 2}

i
M2,4 = {x ∈ X : ∥x∥X > r1 + 2}.

Öåé îïåðàòîð íåïåðåðâíèé íà ïiäñòàâi íåïå-
ðåðâíîñòi ω1,1 i ω2,1, ñïiââiäíîøåíü (8) � (11)
òà íåïåðåðâíîñòi ëiíiéíèõ îïåðàòîðiâ F1 i
A2. Ëåãêî ïåðåâiðèòè, ùî íà ïiäñòàâi íåïå-
ðåðâíîñòi F1 i A2 òà ñêií÷åííî¨ ðîçìiðíîñòi
ïðîñòîðó X

sup
x∈X

∥F2x−A2x∥Y =

= max
∥x∥X≤r1+2

∥F2x−A2x∥Y < +∞.

Òîìó iñíó¹ òàêå ÷èñëî r2 > r1 + 3, ùî âèêî-
íó¹òüñÿ íåðiâíiñòü

sup
∥x∥X≤r2

∥F2x−A2x∥Y ≤ r2∥∥A−1
2

∥∥
L(Y,X)

−H2.

Äàëi âèçíà÷èìî îïåðàòîð F3 : X → Y çà äî-
ïîìîãîþ ðiâíîñòi

F3x =


F2x, ÿêùî x ∈M3,1,
ω1,2(x)F2x, ÿêùî x ∈M3,2,
ω2,2(x)A3x, ÿêùî x ∈M3,3,
A3x, ÿêùî x ∈M3,4,

äå
M3,1 = {x ∈ X : ∥x∥X ≤ r2},

M3,2 = {x ∈ X : r1 < ∥x∥X ≤ r2 + 1},
M3,3 = {x ∈ X : r1 + 1 < ∥x∥X ≤ r2 + 2}

i
M3,4 = {x ∈ X : ∥x∥X > r2 + 2}.

Öåé îïåðàòîð íåïåðåðâíèé íà ïiäñòàâi íåïå-
ðåðâíîñòi ω1,2 i ω2,2, ñïiââiäíîøåíü (8) � (11),
íåïåðåðâíîñòi íåëiíiéíîãî îïåðàòîðà F2 òà
íåïåðåðâíîñòi ëiíiéíîãî îïåðàòîðà A3. Î÷å-
âèäíî, ùî íà ïiäñòàâi íåïåðåðâíîñòi F2 i A3

òà ñêií÷åííî¨ ðîçìiðíîñòi ïðîñòîðó X

sup
x∈X

∥F3x−A3x∥Y =

= max
∥x∥X≤r2+2

∥F3x−A3x∥Y < +∞.

Òîìó iñíó¹ òàêå ÷èñëî r3 > r2 + 3, ùî âèêî-
íó¹òüñÿ íåðiâíiñòü

sup
∥x∥X≤r3

∥F3x−A3x∥Y ≤ r3∥∥A−1
3

∥∥
L(Y,X)

−H3.
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Àíàëîãi÷íèì ÷èíîì âèçíà÷à¹ìî íåïå-
ðåðâíi îïåðàòîðè Fn : X → Y , n ≥ 4, i ÷èñëà
rn > rn−1 + 3, n ≥ 4.

Çàçíà÷èìî, ùî îïåðàòîð Fn : X → Y âè-
çíà÷à¹òüñÿ çà äîïîìîãîþ ðiâíîñòi

Fnx =


Fn−1x, ÿêùî x ∈Mn,1,
ω1,n−1(x)Fn−1x, ÿêùî x ∈Mn,2,
ω2,n−1(x)Anx, ÿêùî x ∈Mn,2,
Anx, ÿêùî x ∈Mn,4,

äå
Mn,1 = {x ∈ X : ∥x∥X ≤ rn−1},

Mn,2 = {x ∈ X : r1 < ∥x∥X ≤ rn−1 + 1},

Mn,3 = {x ∈ X : r1 + 1 < ∥x∥X ≤ rn−1 + 2}

i
Mn,4 = {x ∈ X : ∥x∥X > rn−1 + 2}.

Çàâäÿêè ñïiââiäíîøåííþ

sup
x∈X

∥Fnx−Anx∥Y =

= max
∥x∥X≤rn−1+2

∥Fnx−Anx∥Y < +∞

iñíó¹ òàêå ÷èñëî rn > rn−1 + 3, ùî âèêîíó-
¹òüñÿ íåðiâíiñòü

sup
∥x∥X≤rn

∥Fnx−Anx∥Y ≤ rn
∥A−1

n ∥L(Y,X)

−Hn.

(12)
Îïåðàòîð F : X → Y âèçíà÷èìî çà äîïî-

ìîãîþ ôîðìóëè

Fx =



F1x, ÿêùî ∥x∥X ≤ r1,
F2x, ÿêùî r1 < ∥x∥X ≤ r2,
F3x, ÿêùî r2 < ∥x∥X ≤ r3,

...
Fnx, ÿêùî rn−1 < ∥x∥X ≤ rn,

....

Î÷åâèäíî, ùî çâóæåííÿ F|BX [0,rn] i
Fn|BX [0,rn] îïåðàòîðiâ F i Fn íà êóëþ
BX [0, rn] çáiãàþòüñÿ, òîáòî

F|BX [0,rn] = Fn|BX [0,rn]. (13)

Òàêîæ î÷åâèäíî, ùî äëÿ êîæíîãî n ≥ 1

Fnx = Fn+1x,

ÿêùî ∥x∥X = rn. Çàâäÿêè öüîìó ñïiââiä-
íîøåííþ, ñïiââiäíîøåííþ (13) òà íåïåðåðâ-
íîñòi îïåðàòîðiâ Fn :X→Y , n≥1, îïåðàòîð
F : X → Y òàêîæ ¹ íåïåðåðâíèì.

Ñïiââiäíîøåííÿ (7) âèïëèâà¹ iç ñïiââiä-
íîøåíü (12) i (13).

Òåîðåìó 2 äîâåäåíî.

4. Çàñòîñóâàííÿ òåîðåìè 1. Î÷åâèäíî,
ùî òåîðåìà 1 äà¹ äîñòàòíi óìîâè âèêîíàí-
íÿ ñïiââiäíîøåííÿ (2). Ïîêàæåìî, ùî äëÿ
äåÿêèõ êëàñiâ ðiâíÿíü óìîâè öi¹¨ òåîðåìè ¹
íåîáõiäíèìè äëÿ âèêîíàííÿ (2).
4.1. Âèïàäîê, êîëè ðiâíÿííÿ (1) ëi-

íiéíå. Äîñëiäèìî ðiâíÿííÿ (1) ó âèïàäêó ëi-
íiéíîãî îïåðàòîðà F .

Êîðèñíèì ¹ íàñòóïíå òâåðäæåííÿ.
Ëåìà 1. Íåõàé F ∈ L(X, Y ). ßêùî äëÿ

äåÿêèõ îïåðàòîðà A ∈ E i äîäàòíèõ ÷èñåë
H i r âèêîíó¹òüñÿ íåðiâíiñòü

sup
∥x∥X≤r

∥Fx−Ax∥Y ≤ r

∥A−1∥L(Y,X)

−H, (14)

òî

∥F −A∥L(X,Y ) <
1

∥A−1∥L(Y,X)

. (15)

Íàâïàêè, ÿêùî äëÿ îïåðàòîðà A ∈ E âèêî-
íó¹òüñÿ íåðiâíiñòü (15), òî äëÿ äåÿêèõ äî-
äàòíèõ ÷èñåë H i r áóäå âèêîíóâàòèñÿ íå-
ðiâíiñòü (14).
Äîâåäåííÿ. Ç ëiíiéíîñòi îïåðàòîðiâ F i

A i âèçíà÷åííÿ íîðìè åëåìåíòiâ ïðîñòîðó
L(X,Y ) âèïëèâà¹, ùî

sup
∥x∥X≤r

∥Fx−Ax∥Y = r∥F −A∥L(X,Y ). (16)

Çâiäñè i (14) îòðèìó¹ìî ñïiââiäíîøåííÿ

∥F −A∥L(X,Y ) ≤
1

∥A−1∥L(Y,X)

− H

r
, (17)

ç ÿêîãî âèïëèâà¹ íåðiâíiñòü (15), îñêiëüêè
H

r
> 0.

Íàâïàêè, ÿêùî âèêîíó¹òüñÿ íåðiâíiñòü
(15), òî äëÿ êîæíîãî äîäàòíîãî ÷èñëà H iñ-
íó¹ òàêå äîäàòíå ÷èñëî r, ùî áóäå âèêîíó-
âàòèñÿ íåðiâíiñòü (17). Iç öi¹¨ íåðiâíîñòi íà
ïiäñòàâi (16) âèïëèâà¹ íåðiâíiñòü (14).
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Ëåìó 1 äîâåäåíî.
Òåîðåìà 3. Ëiíiéíèé íåïåðåðâíèé îïåðà-

òîð F : X → Y ìà¹ îáåðíåíèé íåïåðåðâíèé
îïåðàòîð F−1 òîäi i òiëüêè òîäi, êîëè äëÿ
êîæíîãî ÷èñëà H > 0 iñíóþòü òàêi ÷èñëî
r > 0 i îïåðàòîð A ∈ E , ùî âèêîíó¹òüñÿ
ñïiââiäíîøåííÿ (14).
Äîâåäåííÿ. Íåõàé äëÿ êîæíîãî ÷èñëà

H > 0 iñíóþòü òàêi ÷èñëî r > 0 i îïåðàòîð
A ∈ E , ùî âèêîíó¹òüñÿ ñïiââiäíîøåííÿ (14).
Òîäi íà ïiäñòàâi ëåìè 1 âèêîíó¹òüñÿ íåðiâ-
íiñòü (15). Çàâäÿêè öié íåðiâíîñòi îïåðàòîð
F ìîæíà ïîäàòè ÿê äîáóòîê äâîõ îáîðîòíèõ
îïåðàòîðiâ. Ñïðàâäi,

F = A
(
I +A−1(F −A)

)
,

äå I � îäèíè÷íèé åëåìåíò ïðîñòîðó L(X,X).
Íà ïiäñòàâi (15)∥∥A−1(F −A)

∥∥
L(X,X)

< 1

i òîìó îïåðàòîð I + A−1(F − A) ìà¹ íå-
ïåðåðâíèé îáåðíåíèé (I +A−1(F −A))

−1 [3,
ñ. 212]. Çàâäÿêè âêëþ÷åííþ A ∈ E àíàëî-
ãi÷íó âëàñòèâiñòü ìà¹ é îïåðàòîð A. Òîìó
îïåðàòîð F ìà¹ íåïåðåðâíèé îáåðíåíèé

F−1 =
(
I +A−1(F −A)

)−1A−1.

Íàâïàêè, ÿêùî îïåðàòîð F ∈ L(X, Y ) ìà¹
íåïåðåðâíèé îáåðíåíèé F−1, òî òîäi ó âè-
ïàäêó A = F , áóäå âèêîíóâàòèñÿ ñïiââiäíî-
øåííÿ (14), â ÿêîìó äîäàòíi ÷èñëà H i r ¹
òàêèìè, ùîá

r

∥F−1∥L(Y,X)

−H > 0.

Òåîðåìó 3 äîâåäåíî.
Íàñëiäîê 2. Îïåðàòîð F ∈ L(X, Y ) ìà¹

íåïåðåðâíèé îáåðíåíèé F−1 òîäi i òiëüêè
òîäi, êîëè iñíó¹ òàêèé îïåðàòîð A ∈ E , äëÿ
ÿêîãî

∥F −A∥L(X,Y ) <
1

∥A−1∥L(Y,X)

.

4.2. Ìàëi íà íåñêií÷åííîñòi çáóðåí-
íÿ ëiíiéíèõ ðiâíÿíü. Ðîçãëÿíåìî ðiâíÿí-
íÿ

Ax+ Gx = y, (18)

äå A ∈ E , G : X → Y � íåïåðåðâíèé îïåðà-
òîð i y - çàäàíèé âåêòîð ïðîñòîðó Y .
Òåîðåìà 4. ßêùî

lim
r→∞

sup
∥x∥X≤r

∥Gx∥Y

r
<

1

∥A−1∥L(Y,X)

, (19)

òî äëÿ êîæíîãî âåêòîðà y ∈ Y ðiâíÿííÿ
(18) ìà¹ õî÷à á îäèí ðîçâ'ÿçîê x ∈ X.
Äîâåäåííÿ. Çàôiêñó¹ìî äîâiëüíèé âåê-

òîð y ∈ Y i ðîçãëÿíåìî ÷èñëî H > ∥y∥Y . Íà
ïiäñòàâi (19) iñíó¹ ÷èñëî r > 0, äëÿ ÿêîãî

sup
∥x∥X≤r

∥(Ax−G)−Ax∥Y ≤ r

∥A−1∥L(Y,X)

−H.

Òîäi íà ïiäñòàâi òåîðåìè 1 ðiâíÿííÿ (18) ìà¹
õî÷à á îäèí ðîçâ'ÿçîê x ∈ X.

Òåîðåìó 4 äîâåäåíî.
Ïîçíà÷èìî ÷åðåç O ìíîæèíó âñiõ âiäî-

áðàæåíü G : X → Y , äëÿ êîæíîãî ç ÿêèõ

lim
r→∞

sup
∥x∥X≤r

∥Gx∥Y

r
= 0.

Òåîðåìà 5. Äëÿ òîãî, ùîá

R(A+ G) = Y (20)

äëÿ êîæíîãî G ∈ O íåîáõiäíî i äîñòàòíüî,
ùîá A ∈ E .
Äîâåäåííÿ. ßêùî A ∈ E , òî äëÿ êîæíî-

ãî G ∈ O âèêîíó¹òüñÿ ðiâíiñòü (20) íà ïiä-
ñòàâi òåîðåìè 4.

ßêùî âèêîíó¹òüñÿ ðiâíiñòü (20) äëÿ êî-
æíîãî G ∈ O, òî

R(A) = Y, (21)

îñêiëüêè íóëüîâèé îïåðàòîð O : X → Y
¹ åëåìåíòîì ìíîæèíè O. Ç (21) i òîãî, ùî
dim X = dim Y < ∞, âèïëèâà¹ âêëþ÷åííÿ
A ∈ E .

Òåîðåìó 5 äîâåäåíî.
Çàóâàæåííÿ 2. Ó òåîðåìàõ 4 i 5 äëÿ îïå-

ðàòîðà G ìîæóòü îäíî÷àñíî âèêîíóâàòèñÿ
ñïiââiäíîøåííÿ

lim
r→∞

sup
∥x∥X≤r

∥Gx∥Y

r
= 0
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i

lim
r→∞

sup
∥x∥X≤r

∥Gx∥Y

r
= +∞.

Öå ïiäòâåðäæó¹òüñÿ íàñòóïíèì ïðèêëàäîì.
Ïðèêëàä 2. Íåõàé X = Y = R. Ðîçãëÿ-

íåìî ÷èñëîâi ïîñëiäîâíîñòi (αn)n≥1 i (βn)n≥1,
äå αn = n! i βn = αn + 1. Òàêîæ ðîçãëÿíåìî
íåïåðåðâíi ôóíêöi¨ φn : R → R, n ≥ 1, äëÿ
ÿêèõ:

1) íîñié suppφn ôóíêöi¨ φn çáiãà¹òüñÿ ç
âiäðiçêîì [αn, βn] äëÿ êîæíîãî n ≥ 1;

2) max
x∈[αn,βn]

|φn(x)| = n!
√
n, n ≥ 1.

Òàêèì óìîâàì çàäîâîëüíÿþòü, íàïðèêëàä,
ôóíêöi¨ ψn : R → R, n ≥ 1, ùî âèçíà÷àþ-
òüñÿ ôîðìóëàìè

ψn(x) = n!2
√
n

(
1

2
−
∣∣∣∣x− αn −

1

2

∣∣∣∣) ,
ÿêùî x ∈ [αn, βn], i

ψn(x) = 0,

ÿêùî x ∈ R \ [αn, βn].
Íàãàäà¹ìî, ùî íîñi¹ì suppφ ôóíêöi¨ φ

íàçèâà¹òüñÿ çàìèêàííÿ ìíîæèíè

{x : φ(x) ̸= 0}.

Âèçíà÷èìî ôóíêöiþ G : R → R çà äîïî-
ìîãîþ ðiâíîñòi

G(x) =
∞∑
k=1

φn(x).

Î÷åâèäíî, ùî öÿ ôóíêöiÿ íåïåðåðâíà,

max
|x|≤βn

|G(x)|

βn
=

n!
√
n

n! + 1
=

√
n− 1

n! + 1

i
max

|x|≤αn+1

|G(x)|

αn+1

=
n!
√
n

(n+ 1)!
=

√
n

n+ 1
.

Iç öèõ ñïiââiäíîøåíü âèïëèâà¹, ùî

lim
r→+∞

max
|x|≤r

|G(x)|

r
= 0

i

lim
r→+∞

max
|x|≤r

|G(x)|

r
= +∞.

4.3. Âèïàäîê, êîëè ðiâíÿííÿ (1) ñêà-
ëÿðíå. Áóäåìî ââàæàòè, ùî X = Y = R, à
âiäîáðàæåííÿ F ó ðiâíÿííi (1) ¹ åëåìåíòîì
ìíîæèíè Ω âñiõ íåïåðåðâíèõ íà R ôóíêöié
ω, äëÿ êîæíî¨ ç ÿêèõ

R(ω) = R

i
lim

|x|→+∞
|ω(x)| = +∞.

Êîæíà ôóíêöiÿ ω ∈ Ω çàäîâîëüíÿ¹ óìîâè
òåîðåìè 1 íà ïiäñòàâi íàñòóïíî¨ òåîðåìè.
Òåîðåìà 6 ([4],[5]). Íåõàé ω ∈ Ω. Òîäi

äëÿ êîæíîãî ÷èñëà H > 0 iñíóþòü òàêi ÷è-
ñëà k ̸= 0 i a > 0, ùî äëÿ âñiõ x ∈ [−a, a]

|ω(x)− kx| ≤ |k|a−H. (22)

Ñïðàâäi, ôóíêöiÿ g(x) = kx, ùî âè-
êîðèñòîâó¹òüñÿ â òåîðåìi 6, ìà¹ îáåðíåíó
ôóíêöiþ g−1(x) = k−1x. Òîìó ïðàâó ÷àñòè-
íó íåðiâíîñòi (22) ìîæíà ïîäàòè ó âèãëÿäi
a

|k|−1
−H, äå |k|−1 � íîðìà g−1. Çâiäñè âè-

ïëèâà¹, ùî êîæíà ôóíêöiÿ ω ∈ Ω çàäîâîëü-
íÿ¹ óìîâè òåîðåìè 1.

5. Õèáíiñòü îñíîâíî¨ òåîðåìè ó âè-
ïàäêó dim X = ∞.ßêùî áàíàõiâ ïðîñòiðX
íåñêií÷åííîâèìiðíèé, òî äëÿ äåÿêèõ îïåðà-
òîðiâ F òâåðäæåííÿ òåîðåìè 1 íå ñïðàâäæó-
¹òüñÿ. Öå ïiäòâåðäæó¹òüñÿ íàñòóïíèì ïðè-
êëàäîì.
Ïðèêëàä 3. Áóäåìî ââàæàòè, ùî

X = Y = l1,

äå l1 � áàíàõiâ ïðîñòið ÷èñëîâèõ ïîñëiäîâ-
íîñòåé x = (x1, x2, . . . , xn, . . .), äëÿ êîæíî¨ ç

ÿêèõ
∞∑
n=1

|xn| < +∞, ç íîðìîþ

∥x∥l1 =
∞∑
n=1

|xn|.

Ðîçãëÿíåìî íåïåðåðâíèé îïåðàòîð G : l1→ l1,
ùî âèçíà÷à¹òüñÿ ðiâíiñòþ

Gx =

(
1− ∥x∥l1

ω(x)
,
x1
ω(x)

,
x2
ω(x)

, . . . ,
xn
ω(x)

, . . .

)
,

(23)
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äå

ω(x) =

{
1, ÿêùî ∥x∥l1 ≤ 1,
∥x∥l1 , ÿêùî ∥x∥l1 > 1.

(24)

Íåõàé I : l1 → l1 � îäèíè÷íèé îïåðàòîð i

F = I − G.

Ïîêàæåìî, ùî ðiâíÿííÿ

Fx = 0 (25)

íå ìà¹ â ïðîñòîði l1 æîäíîãî ðîçâ'ÿçêó i äëÿ
îïåðàòîðà F âèêîíóþòüñÿ óìîâè òåîðåìè 1.

Ñïðàâäi, ÿêùî x∗ = (x∗1, x
∗
2, . . . , x

∗
n, . . .) �

ðîçâ'ÿçîê ðiâíÿííÿ (25), òî çàâäÿêè (23) i
(24)

∥x∗∥l1 = 1. (26)

Òîäi
Fx∗ = (x∗1, x

∗
2, . . . , x

∗
n, . . .)−

−G(x∗1, x∗2, . . . , x∗n, . . .) =
= (x∗1, x

∗
2, . . . , x

∗
n, . . .)−(0, x∗1, x

∗
2, . . . , x

∗
n, . . .) =

= (0, 0, . . . , 0, . . .)

i òîìó
x∗ = (0, 0, . . . , 0, . . .),

ùî ñóïåðå÷èòü (26).
Îòæå, ìíîæèíà ðîçâ'ÿçêiâ ðiâíÿííÿ (25)

¹ ïîðîæíüîþ.
Äàëi çàôiêñó¹ìî äîâiëüíå ÷èñëî H > 0.

Â ÿêîñòi ÷èñëà r i åëåìåíòà A ìíîæèíè E
âiçüìåìî âiäïîâiäíî 1+H i I (çàçíà÷èìî, ùî
I−1 = I i ∥I−1∥L(l1,l1) = 1). Òîäi íà ïiäñòàâi
(23) i (24)

sup
∥x∥l1≤r

∥Fx− Ix∥l1 = sup
∥x∥l1≤1+H

∥Gx∥l1 =

= (1 +H)−H =
r

∥I−1∥L(l1,l1)
−H.

Îòæå, äëÿ îïåðàòîðà F óìîâè òåîðåìè 1
âèêîíóþòüñÿ.

Çàçíà÷èìî, ùî ó âèïàäêó êîíêðåòíèõ íå-
ñêií÷åííîâèìiðíèõ ïðîñòîðiâ X i Y ìíîæè-
íà ðîçâ'ÿçêiâ ðiâíÿííÿ (1) ìîæå áóòè íåïî-
ðîæíüîþ, ùî ïiäòâåðäæó¹òüñÿ äîñëiäæåííÿ-
ìè â [6]�[11]. Ó öèõ ðîáîòàõ ìåòîä ëîêàëü-
íî¨ ëiíiéíî¨ àïðîêñèìàöi¨ íåëiíiéíèõ îïåðà-
òîðiâ, ùî âèêîðèñòîâóâàâñÿ i â öié ñòàòòi,

çàñòîñîâàíî äî äîñëiäæåííÿ iñíóâàííÿ îáìå-
æåíèõ ðîçâ'ÿçêiâ íåëiíiéíèõ ðiçíèöåâèõ, äè-
ôåðåíöiàëüíèõ i äèôåðåíöiàëüíî-ôóíêöiî-
íàëüíèõ ðiâíÿíü.
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