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Teopemu npo nmpomikHy adinny QYyHKIIIIO aJd OMYyKJOol i BTHyTOl (byHKIILiii

Ja omykoi maoskrHE F C R oTprMaHo pi3Hi yMOBHM, TpW BUKOHAHHL AKUX 15 OMYKJIUX BTOPY
i Bam3 dyukniii g, h : E — R, Taknx, mo g(x) < h(x) va E, icnye adinna qyssuia f : E — R,

st akoi g(x) < f(x) < h(z) na E.

Given a convex set £ C R, we obtain different conditions that imply the existence of an such

affine function f : E — R such that g(z) < f(z) <

h(z) for all € E and for every convex upward

and convex downward functions g, h : E — R possessing the inequality g(z) < h(z) for all x € E.

1. Bemyn.

Hobpe Bigowmo [1, ¢. 105], o aist Hopmaib-
HOTO IpocTopy X, HemepepBHOI 3BepXxy yH-
kiii g : X — R i HenepepBHOi 30HU3Y DyHKITIT
h : X — R, rakux, mo ¢g(z) < h(z) na X,
icuye Taka HemepepBHa ¢yHKmig f @ X — R,
wo g(z) < f(x) < h(z) na X. e rBepzxen-
Hsl, siKe JIJIsi METPUYHKUX IIPOCTOPIB JOBIB 11ie [
[an [2|, HA3WBAIOTH TEOPEMOIO PO MPOMiKHY
dyuxuimo. . Tonr [3] i M. Kareros [4] y3arans-
HIJIH pe3yJibTaT ['aHa Ha BUIIAI0K HOPMAaJIbHUX
IIPOCTOPIB 1 MOKa3aJIu, M0 TeopeMa Ipo MPOMi-
JKHY (DYHKINIO € XapaKTepUCTUIHOIO /I HOP-
MaJbHOCTI y Kaci Ti-mpoctopiB. Ilicaa 1mpo-
ro 3‘sBujocs Oararo Mojudikalniii i ysaraJib-
Henb 1iel Teopemu (nuB. |5] i BKasamy Tam Ji-
teparypy). Henasro B |6] OyB 3naiinennii Ho-
BHil aHAJIOT TEOPEMHU TTPO TPOMiKHY (DYHKIIIIO:
JIJISE 3pOCTAIOY0l HelepepBHOI 3BepXy (BYHKIIT
g : [a,b] — R i 3pocrarouoi HemepepBHOI 3HU3Y
dbyukmii b : [a,b] — R, rakux, mo g(z) < h(z)
Ha [a,b], icHye Taka 3pocTarua HelepepBHA
dbyukmig f : [a,b] - R, mo g(x) < f(z) <
h(x) wa [a,b]. ¥V 3B'43Ky 3 MM LOCTAJIO LDU-
pO/iHE THUTAHHS: /Il SKUX 1€ BIACTHBOCTE
dyHKIII, KpIM 3pOCTaHHs, MOYXKHA BCTAHOBUTH
1o/1i0HI aHAJIOTH TEOPEeMU PO MPOMiXKHY (DyH-
Kiifo. TyT Mu 00roBoproeMo pi3Hi aHAJIOIH Te-
OpeMH IPO MPOMiKHY (DYHKIUIO I OIIYKJIUX
dyuxkiiit. [lonepeani BapiaHTH OTPUMAaHUX TYT
pesysbraTiB Oysu anoHcoBaui B [10].

2. Onyxar ma e2nymi ymruli, niod-
epagixu ma Hadzpadiru.

Harajgaemo, mo ¢yukiia f : F — R, ska
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BU3HAUYEHA HA OMYKJIiil miaMHOXKWHI F medako-
ro JiiCHOI0 BEKTOPHOI'O IPOCTOPY X, HA3HBa-
€ThCSI ONYKA010 aDO ONYKA0N 6HU3, AKIIO JIJIsi
JIOBIJIBHUX €JIEMEHTIB X1 1 To 3 I 1 Oyab-sikux
cKaJIApiB A\ 1 Adp > 0, Takux, mo A; + Ay = 1,
BUKOHYETHCS HEPIBHICTH

Fzy 4+ Aexe) < Arf(z1) + Ao f (22).

SIKIMo 3aBK/IM BUKOHYETHCS ITPOTUICZKHA, He-
PiBHICTH >, TO (PYHKINS HA3UBAETHCA G2HY-
moto abo onyr.aoro ezopy. Jlerko mepesBipuTH,
mo ¢byukiisa f: £ — R Gyae onykiow /Bray-
1010/ TOAL 1 TLIbKK TOAI, KOJM 11 cmpozud Ha-
depadhir

Gri(f)={(z.y):z€E i y> f(z)}

/empoeuti nidepadix

Gr(f)={(z,y):z€E i y< f(z)}

OyJ/ie OIyKJ/I0I0 MHOXKWHOIO B J100yTKY X X R.

3. BidokpemaerHsa onykauTr MHONCUH
y TBII.

Hexait X — piiicHuit BeKTOpHHII MIPOCTIp
(BII), f — menyboBuii fificuuii iniiinuii dbyH-
kujonan Ha X i o € R. Toni H, = {z € X :
f(z) = a} — ue rineprutomuna B X . MHOXUHK

Go={zeX: f(zx)<a}

G*={zreX: f(zx)>a}

Ha3WBAIOTh BIIKPUTUMU IBIIPOCTOPAMHU TPO-
cropy X, a MHOKHHH

F,={reX: f(z)<a}
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Y={reX: f(x)>a}

3aMKHEHUMH IiBIPOCTOPAMH.

dxmo X — me TomnosorivuHuit BeKTOpHUIt
npoctip (TBII) i dynknionan f g0 Toro x
HellepepBHUii, TO BiIKPHUTI /3aMKHeHi/ miBIpo-
CTOPU € BIIKPUTUMHU /3aMKHEHUMH,/ MHOKHHA~
Mu B X, a rinepmiomuaa H, 3amMkHeHa B X.

Kaxyrp, mo mamuoxkunu A 1 B upocro-
py X sidoxpemaroromovea rinepiuionuuoo H,
abo dpyukmionansom f, akmo A C F, i B C F¢
ab0 HABIIAKH, 1 cmpo20 6i100KPEMAIOIOMBCA TTi-
€10 rinmepmomnuao, gakmo A C G, 1 B C G*
ab0 Hapnaku. [ligmuoxunun A i B upocropy X
HANIBCMPO20 6LJ0KPEMAIIOMBCA TiTePILIONTU-
now H,, askmo A C F,i B C G* abo A C G,
iBCF-.

Jlobpe BijloMa HaACTyIIHA Teopema PO Bij-
OKPEeMJIeHHS ONYKJIMX MHOXKHUH |7, ¢. 32|

Teopema 1. Hexait A i B — HenmopoKHi
onyksi muoxuuu B TBII X, npuuomy muo-
xkuna A Binkpura i AN B = &. Toxi icuy-
I0Th HEHYJIbOBUN JIiHIIHUI HenepepBHUil (DyH-
kmioran f : X — R i umcao a € R, raxi,
mo A C G,, B C F“, 30kpema, A 1 B na-
IiBCTPOro BiTOKPEMJIIOIOTHCS TillepPILIONTHHOIO
H, = f~Ya).

4. Aprnmr pynruii.

Oyuxkiis [ : X — R na giticaomy BIT X na-
3UBAETHCSA ahIHHO010, TKIIO ICHYIOTH JIHIAHMI
dyuxkiionan ¢ : X — R i guciao v € R, Taxi,
110

f(@) = o)+

Ha X. Adinna yuknis va MHOKWHI £ — 11e
3ByzKeHHs Ha I jesikol acdinnol pyakiii Ha X.
Jlema 1. Hexait X — ngiicuuit TBII, £ —
MHOXKHMHA B X 3 HEIOPOXKHBOIO BHY TPIITHICTIO,
fo : E — R — nenepepsua acdinna QyHKIIidA,
npudomy fo = flg, ne f — adinna dynkiis
Ha X. Toxi i dysknis f #HemepepsHa.
Hosenenns. Ockinbku dynkmis [ adin-
Ha, TO icHye JiHiliHui dyHKIioHag ¢ Ha X,
takuii, mo f(z) = ¢(x) +v na X ana aeaxo-
ro uucaa v € R. fcuo, mo fy = @o + v, 1e
¢o = | lpn upomy dymxmia po = fo —
€ HeImepepBHOIO, OCKLIbKH fy HemepepBHA. 3a
yMoBoIo icuye zo € intE. Tomi icuye Taxwmii
okt uynss U, mo U,, = 290+ U C FE i
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lo(z) — p(zo)] < 1, ax tinbku = € U,,. He-
xait w € U. Toui ¢ = 29 +u € U,,, a 3Ha4UTH:

o(2) — (o) < 1.

Aste p(z)—p(x) = g)o(xo+u)—90($o) = p(w0)+

o(u) — @(xg) = p(u). Takum unHOM,
lp(u)] <1 ma U.

A otke, ¢ — HenepepBHHIT hyHKIIOHAT. A TO-
Jii HemepepBHUM Oyte i pyHKIioHAT f = ¢+ 1.

5. Jlinitine pynxyionaau Ha dobymxy
X x R.

Hexait X — piiicuuii BeKTOpHHUH TPOCTIp.
Toni mobyrok X x R = {p = (z,)\) : = €
X, A € R} — ne rex aiiicanii BekTopHUil 1po-
CTip BIJIHOCHO MOKOMITIOHEHTHOTO JIOJlaBaHHS 1
MHOKeHHs Ha ckajasp. fkmo X — TBII, to i
nooyTok X X R 3 Tomosoriero 106yTKy — 11e
texx TBII.

Mu ©OymemMo BHKOPHUCTOBYBATH HACTYITHU
omnuc cupsizkeHux 3 mpocropom X X R.

Jlema 2. a) st 4ificHOro BEKTOPHOTO 11PO-
cropy X ¢dynkmionan ¢ : X x R — R 0yze
JUHIRHUM TOAI 1 TIIBKU TO/I, KON ICHYIOTH JIi-
Hiitauit pyskmionan ¢ : X — Riuucno v € R,
Takli, 1o

p(z,A) = ¢(x) +7A

Ha X x R.

6) Hns aiiicasoro TBIT X Bigobpazkennst
¢ : X xR — R Oyue jiniiinuM Henepeps-
HUM (DYHKIIOHAJIOM TOJI 1 TLIBKH TOJ, KOJIH
icHYIOTD JIiHIfiHII HemepepBHU (QYHKITIOHAJ
Y : X = Rigncno v € R, raxi, mo

p(z,A) = (@) +7A

Ha X x R.

HoBenenns. —>) Hexaii ¢ : X xR — R —
miniitanit  dysxmionan. Iokmamemo ¥(z) =
©(x,0) mng koxkuoro x € X iy = ¥(0,1).
deno, mo ¥ @ X — R — niniiitanit pyHKITIO-
HAJ, aKWii OyJae HemepepBHUM, AKIIO (0 Helle-
pepsuuit. [Ipu npomy.

p(,A) = @((2,0) +(0,A)) =
= ¢(,0) + (A0, 1)) = ¥(x) + Ay

Jyist J1oBlabHOT Toukn (2, A) € X x R.
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<=). IepeBipka oueBHIHA.

6. 38’°a30k Mmioc 81doKpeEMHICTMIO 2pa-
Pixie ma 1CHYBAHHAM NPOMIAHCHOT apim-
Hot Pynrui.

Teopema 2. Hexait X — jiiicauii BeKTOp-
Huii mpoctip, FF — omnykisia MHOXKHHA B X,
g: E — R —pBrayraih: EF — R — onykna
dbyukmii, raxi, mo g(z) < h(x) na E, ta MHO-
xuun A = Gr~(g) i B = Gr*(h) maniscrporo
BiIOKPEMIIOIOTHCA JIeIKOIO TillepILIOININHOK B
mobyTky X X R. Tozui icuye raka adinna ¢yn-
kg f: E — R, mo g(z) < f(z) < h(z) na E.
Axkmo :x X — TBII, a muoxkunan A i B Hamnib-
CTPOrO BiJOKPEMJIIOIOTHCSI 3aMKHEHOIO Tirep-
ILJTONIMHOIO, TO icHY€E Taka adiHHa HelepepBHA
byukmig f: E — R, mo g(z) < f(z) < h(z)
Ha F.

Hosenenns. [Ipunycrumo, mo E # O, 60
ko F = (), reepaxkennd Tpusianbue. Hexaii
icayrorh Jjriniftauit pyskmionan ¢ : X xR — R
i ancio a € R, raki, mo ¢(p) < a na A i
©(p) > a na B. Bubepemo xy € E i po3ris-
HeMo unciaa A; = g(zg) — 11 Ay = h(zg) + 1.
dcuo, mo Ay < g(xo), a Ay > h(zg). Tomy T0-
aku p; = (T, A1) 1 p2 = (Zo, Ag) HAIEKATH JI0
MHOXKHMH A i B Binmosigno. B Takomy pasi

()

3a jieMo10 2 iCHYOTh Takuii JTiHiHHTNE PYHKITIO-
Has ¥ : X — R ignciao v € R, mo

o(x,\) = () + My

g Koxkaoro ¥ € X 1 goBinbHOro A € R.
Ao X — TBII i dyunknionas ¢ nenepeps-
Huii, T0 i ¢ Oy/e HenepepsHuM. HepiBricTs (%)
MEePENUCYETHCI B €KBIBAJIEHTHOMY BUTJIS/I TaK:

o(p1) < a < o(pa).

V(o) + My < a < P(xg) + Aoy
3BiJICH BHILTHBAE, IO
(A2 = A1)y > 0.

A,ne )\2—/\1 = h(IL‘O)—f—l—g(ZL‘o)—f—l = 2+h(l’0)—
g(xg) > 2 > 0. Tomy i v > 0. Posrusinemo
noBinbHe € > 0 1 g0BiABHY TOUKY = € E. Jlna
ancen A = g(x) — e i p = h(x) + &, oueBuHO,
Oymemo Maru, o (x, ) € Ai (x,u) € B. Tomy

oz, \) =¢(z) + My < «

112

oz, p) = P(x) + py > a,
TOOTO
M <a—1(x) < py

3BLJIKM, TOIIJIMBIIN HA JIOJATHE YUCJIO 7Y, OTPU-
MYEMO, 110

1
A< S-Sy <
Yo
Qopwmynoo f = % — %w BU3HAYAECTHCA ai-

Huil (PyHKIIOHAJT Ha mpocTopi X, ajizKe %@D —
e Jiniianit pynknionan va X. Bin Oyae Hene-
pepBHIM, SKINO v HemepepsBHuit. Ins f i ¢i-
KCOBAHOTO * € I/ BUKOHYETHCS HEPIBHICTD

g(x) —e < f(z) < h(x) +e.

[Tepexojisium B 11iit HEPIBHOCTI JI0 I'PAHUI LIPU
e — 0, orpumaemo, 110

g(x) < f(x) < h(x).

Takum gumaom [ — 1me TmIykaHa TPOMIXKHA
adinna dyHnkig, gxa Oy/ie HelepepBHOI KO-
Ju (byHKITIOHAT ¢ HemepepBHUI.

Teopema 3. Hexait X — xificauit BekTOp-
HUil npoctip, F/ — oOlykKjga MHOXXHUHA B X,
g: E — R — Brayra, a h: E — R — omykja
dbyukuii, Taki, mo g(x) < h(zr) na E, npuuo-
My icuye Taka adinna ¢ymkmig f : E — R,
mo ¢g(z) < f(z) < h(z) ma E. Toai MmHOXKH-
mu A = Gr=(g) i B = Gr*(h) crporo Biz-
OKPEMJTIOIOTHCS JIESTKOIO TilePIIONTINHOIO B /10~
oyrky X X R. dxmo »x X — TBII i Buy-
TPINIHICTh £ HENOpOXKHS, a npoMizKHa adiHHa
dyuknig f: £ — R menepepsHa, T0 MHOKHUHA
A =Gr=(g) i B = Gr*(h) crporo Bigokpem-
JIIOIOTHCST JIESTKOI0 3aMKHEHOIO TiePIIONHHOTO
B 106yTKYy X X IR,

HoBenenns. /Ina adinnol dyskmii f
E — R icuyrors ainiitanit ¢ysknionan 9 :
X — Riwuncno 8 € R, raki, mo f(z) =
Y(z)+p na X. dkmo x X — TBILi f x0 Toro
2K HENepepBHA, TO 3riHO 3 JemMoio 1 i (pynkiiio-
HaJ1 1 Oy/ie HellepepBHUM.

s poBitbaux (z,\) € Ai (z,u) € B Bu-
KOHYIOTHCS HEPIBHOCTI1

A <glx) < fz) < h(z) < p
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BayBazkuMo, mo HYHKIIiA

p(x,8) =& =) - f

e adinnoro Ha X X R i mHemepeppHOWO, gKIIO f
HenepepsHa. [Ipu mpomy dyHKITiSA

p(z,§) =& — f(z)
sanana Ha X R. Aune

olx,\) =A— f(r) <Oma A

e, p) = p— f(x) > 0mna B.

orxke, A i B cTporo BiJlOKpeMJIIOIOThCs Tirep-
wrommuon £ —(x) = 3, axka Oyae 3aMKHEHOO
JIUTst HerepepBHOI (byHKIIT f.

7. Ienysarnsa npomiscrot aginHot He-
nepepeHoi Pynruyli.

Teopema 4. Hexait £ — BijikpuTa Hemopo-
JKHS ONMYyKJa MHOXKWHA B JIIICHOMY TOIOJIOTI-
YHOMY BeKTOpHOMY IipocTopi X, g: EF — R —
Bruyta dyukmig, h : F — R — onykia dyH-
Kiig, taki, mo g(z) < h(x) ma E, i onna 3
dyukIiit g un h HenepepBHa. Tomi icHye Taka
HenepepsHa adinna yukuist f @ F — R, mo
g(x) < f(x) < h(z) na E.

HoBenennsa. Hexait dpyukiiiga g nenepeps-
na. [ligrpadik G = {(z;\) € EXxR : A <
g(x)} BrayTol nenepepsuoi byHKIIT g — e Bij-
KPUTA HEMOPOYKHS OMyKJa MHOKHWHA B J100Y-
tky P = X X R, a maarpadik H = {(z;\) €
E xR :X> h(x)} — e HeMOPOXKHS OIyKJIA
ninvMuoxkuaa B P 1 GNH = Q.

3a Teopemoro 1 icaye Takuit TiHiiHTI HEHY-
JbOBHIT HemepepBHUil byHKIIOHAT ¢ @ P — R,
mo G C G, = {(z;A) @ p(z;N) < a} i
HCF*={(z;\) : p(z;\) > a} ana geskoro
a € R. A orxke, G ta H HamiBcTpOro BigoKpem-
JIIOIOThCS 3aMKHEHOIO IepILIONUHOI0 ¢ ().
Takum uynHOM, 32 TEOPEMOIO 2, ICHYE TaKa He-
mepepBHa adinna dyskmiga f : EF — R, mo
9(x) < f(z) < h(x) na .

8. Bacmocysanns C-eHympiwHiT mo-
YoK.

VY nepmromy Tomi Bijomoi npari H. Jlarndop-
na i JIxx. HIsapua [9, c. 446] momano Teope-
MY TIPO BiJOKpPEMJIEHHS OMyKJIUX MHOKIH, TKA
BUKOPUCTOBYE MOHATTsE C-BHYTPIIHBOT TOYKH.
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Mun ngamo TYT CBO€ JOBEJIeHHS IIi€l TEOpeMH,
noibue 110 gosejenust reopemu Masypa |7, c.
23).

Hexait X — BexkTopumii mpocrtip man R,
M C X ia € X. Toui a nasuBaerbca C-
BHYMPIUHBLOM Mokt Jjs M, ko st J1o-
BlaibHOTO * € X icHye Take € > (), 1110 3 yMOBH
|0] < e, BumuBae, mo a+ox € M. 3posymino,
o koxkaa C-BHYTpPimHg Touka a B M BXOgUTH
B M. Ilpu npomy a 6yme C-BHYTpIIIHBOIO TO-
4Koi0 B M Toji 1 TLIBKH TOI, KOJA MHOXKHHA,
M — a 6yne pagiaabHoio B X.

Jlema 3. Hexait X — BekTOpHHUii mMpocTip
mag R, A — onykia migvuokuna X, 0 ¢ A,
a — C-Buyrpimusg Touka B A. Toxi icuye i-
HiliHWiT HeHyMboBUi yHKIIOHAT © @ X — R,
raxuii, mo ¢(z) > 0 na A.

Hosenenns. Hexait U = A — a. Ockiib-
ku U — pajiajbHa MHOXKHUHA, TO (OPMYIO0
p(z) = inf{\ > 0 : 2 € AU} Busnauena ¢yH-
kiis p @ X — [0, 400). Ockinbku MuOKuHA U
OIyKJia, TO 3 Toro, mo * € AU, x € pU mis
A, > 0 BunuBae, mo * +y € AU + puU =
(A+p)U, a orxe, p(z+y) < p(z)+p(y). Oxpiv
TOr0, BUKOHYETbC piBHICTH p(Ax) = Ap(x) upn
A > 0.

OueBngno, mo {z : p(z) < 1} C U C {x:
p(x) < 1}, a ovwe, {z : plz —a) < 1} C
A={zr:2—-—aecU} C{r:plx—a) <1}
Ha niniifinomy mignpocropi Xo = {Aa: A € R}
npocTopy X BHU3HAYMMO JHHIHHKNE DYHKITIOHAT
f()()\&) = -\

Hosenemo, mo fo(x) < p(zr) ma Xo. Hexai
r € Xgix = Aa dxmo A > 0, to fo(z) =
—A <0, ap(x) >0, aorke, fo(xr) < p(x).
Hexait A < 0. Ockinbru 0 ¢ A, 10 p(—a) > 1
a orxke, fo(z) = —A < —Ap(—a) = p(Aa) =
p(x). Takum uaunom, fo(z) < p(z) BCrogu Ha
Xo.

3 amasitnanoi Gopmu Teopemu [ana-
Banaxa |7, c. 11| BumuBae, 1o icHye Jiniinuii
dbynkmionan [ : X — R, raknii, mo f|x, = fo
i f(z) < p(x) Beroan va X. Hexait © € A. Toxi
p(r —a) < 1, a orxe, ockinbku f(x —a) <
plz—a), 10 f(z—a) = f(z) - f(a) < 1. Touy
flx) <1+ fla) =1+ fola) =1—-1=0. Ta-
kuM auHoM, f(z) < 0 Berogu Ha A. TToknasumu
o(x) = — f(x), orpuMyemo TyKaHuii JTiHifiHIIH
dyukmionan va X.
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BayBaxkumo, 1mo a € Xy i

f(a) = fo(a) = -1,

orxke, f # 0, a sHauuth, i p = —f # 0.
Teopema 5. Hexait A i B — au3’toHKTHI
omyKJIi mijmMuozKuHU Jificaoro BII X, mpuyo-
My A mae C-BHyTpimmHio TOUKy, a B # .
Toni icuye HeHyYIbOBHIT JMiHIHHUN DYHKITIOHAT
f: X = R, mo Bigokpemsroe A Bij B.
Hosenenns. [Tosnaunmo C = A — B. He-
xait a — C-uyrpimasa Touka B A. Tomi s
noBitbHoro © € X icaye € > 0 Take, Mo s
JOBLIBHOTO 0 3 TOrO, MO |d| < €, BUILTUBAE, MO
a+dx € A, a orKe, 11 10BiIbHOrO b € B Bij-
1oBijiHO a + 0x —b € A — B = C, romy TO4YKa
a — b= c e C-Bayrpimuboio st Muoxkuuu C'.
Ouesngno, mo 0 ¢ C, inakmie icuysaia 0
Taka TOYKa T, 1o Hajexkama 6 1 g0 A, i 10 B.
3riHo 3 1eMor0 3, iCHy€ HeHYIbOBUil JiHIHHTI
dbyukmionan ¢ : X — R, rakwuii, mo ¢(x) > 0
npu x € C.
Takum auHOM, JIJIst JIOBIIbHUX T € A Ta y €

B:
p(z) = o(y)

a orxke, uncaa y = inf{p(z) : = € A} i
g = sup{e(y) : y € B} naiiicui i ana Hux
v > [B. Moxua Bubpatu o € R, Take, mo
v > « > (. Takum 9wHOM, TiHEPILIONNHA
o () Bimokpemioe omykai muoxunu A Ta
B.

Teopema 6. Hexait X — aiiicauit BekTOp-
Huit npocrtip, ¢ : X — R — Brayra dynkiis,
h : X — R — onykna ¢yHkIis, Taki, 1o
g(x) < h(z) na X, ioana 3 muoxkun A = Grg
yu B = Grth mae C-BHyTPILIHIO TOYKY B JI0-
oyrky X xR. Toxi icuye Taka acdinna pyHKIIisg
f: X =R mog(x) < f(x) < h(x) na X.

Hosenennsa. Hexait A = Gr—g mae C-
BHYTpimuio TouKy. Ockinbku B # (), 10 3a Te-
OpeMoIo H, ICHYIOTh HeHY/IbOBU JTiHilHWI Dy H-
kmionan ¢ : X X R — R ma a € R, Taxi,
mo rinepmionuHa ¢ L(a) Bigoxpemmoe A i
B. 3a nemoro 2 icHy10Th JiHiitHTN dYHKIIOHAT
¥ : X = Rigncao v € R, raxi, mo

o(r,8) = () + ¢
Ha X X R.
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Hexait AN H, # ©® ta BN H, # 0. Bu-
Gepemo Bianosinno a = (r1,A) € AN H, ta
b = (zo,n) € BN H,. Toui g(xy) > A ra
h(zs) < pi

pla) = p(z1) + My = a = P(22) + py = @(b).

Posragnemo Touku a; = (21, ’\J“"T(xl)) Ta b =
(o, %(M)) dlcno, mo a; € Aib; € B. Hexaii
~ > 0. Toxi

A+ g(x1)
2

Ockinbku , A—1 < XA < g(x1), 701 as = (21, A—
1) € A. Ane

plaz) = (@) + (A= 1)y <(x1) + Ay = o

Takum 9uHOM, MHOKHHA A HE MICTUTBCS B 2KO-

JTHOMY 3 3aMKHEHHWX TMIBIPOCTOPIB, MOPOJIKe-

HUX TiNeprIonuHoio ¢ (a), o HeMOKJIUBO.
Hexait Temep v < 0. Tomi

@(b1) = ¥ (x2) +%h(:c2)

Auste Touka by = (zg,u+ 1) € B i

p(b2) = ¥(x2) + (1 + 1)y < ¥(32) + py = a.

Tenep yke MHOKHHA B He MICTUTBCA B ZKO-
JTHOMY 3 3aMKHEHHX IIBIPOCTOPIB, MOPOJIZKe-
HUX TilepILIonmHoo ¢~ 1 (a), a 1e He Tax.

Posriisinemo tenep Bumnajiok, kosu v = 0.
Toui ans poBibaux © € X 1a £ € R mae-
Mo, mo p(z, &) = ¥(x). Ockinbku GynkIionas
¢ : X x R — R nenynvoBuii, To i ¢» # 0.
AJte rinepruonuna ¢~ (@) BiJOKpEMIIIOE MHO-
xuan A 1 B, orxke, p(xr) < o ma A abo
o(x) > o ma A. Pa3oM 3 TUM HeHYJIbOBHUIL JIi-
HiliHWiT pyHKIIOHAT 1) HAOyBa€ BCIX JIifCHUX
sgadenp. Y pumagky A C ¢ 1((—oo,a]) Bi-
3bMEMO TaKy TO4Ky Tg € X, mo ¥(zg) > .
Toui i p(xo,\) = ¥(xg) > « aIsi KOKHOrO
A€ R. Aue gy A\g = g(z) — 1 Mu Gyemo ma-
i, mo (zg, \g) € A, orke, p(To, \g) < @, 1O
HemozkamBo. SIkmo x A C ¢ '([a, +0)), TO
BUOMPAEMO TaKy TOUKY o € X, mo (o) < .
Toxi p(zo, o) = ¥(z0) < a pa Beix A € R.
Ane pis wmena Ao = g(zg) — 1 Gyaemo marw,
mo (o, Ag) € A, orxke, ¢(xg, N\g) > @, 1O 3HO-
BY IPUBOJIUTH JI0 CYIIEPEYHOCTI.

o(ar) = Y(z1)+ v > () + Ay = .

v > (a2)tpy =a.
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TakuMm YUHOM, BUXOIUTD, IO YKOJHUIA 3 BHU-
nagkis vy > 0, v > 01 v = 0 HemoxK/uBuUii,
ajie 1me He Tak. ToMy Halle TPUIYIIeHHST PO
Te, mo ANH, # @i BNH, # () xubne, orxe,
ANH, =0 abo BN H, = O. 3sigcu neraii-
HO BUILIUBAE, 1110 MHOKKUHKA A 1 B HaniBcTporo
BiIOKpeMII0I0ThCs rinepiionuaowo H,. Tomi
Ha OCHOBI Teopemu 2 icHye Taka adinna dyH-
kuig [ X — R, mo g(x) < f(z) < h(x) na
X.

9. Ymounenns meopemu 2 ma tHwe
dosedenna meopemu 6.

BayBaknuMo, 10 TeopeMy 2 MOYKHA yTOUHH-
TH.

Teopema 7. Hexait X — giiicHuii BeKTOp-
HUit mpoctip, F — omykiaa MHOXKHHa B X,
g: E— R —srayraih: F — R — ouykia
dbynkuii, Taxi, mo g(z) < h(z) na E, muoxn-
mu A = Gr=(g) i B = Gr*(h) Bigokpemio-
I0ThCS JIeSIKOIO rinepiionuuoio H B 1006yTKy
X x R, mpuaomy A ¢ H abo B ¢ H. To-
i icaye Taka adinna dyskmig f : E — R,
mo g(x) < f(z) < h(z) va E. dkmo x X —
TBII, a muoxkuau A i B BiIOKpeMJIIOIOTHCS 3a-
MKHeHOW rinepmromuuoro H, i A ¢ H abo
B ¢ H, 1o icuye rtaka abinna nHenepeppHa
dynxuis f: E — R, mo g(z) < f(z) < h(x)
Ha F.

JloBegeuHda. DByieM0o BHKOPHCTOBYBAaTHU
MO3HAYEHHd J0BeeHHsa Teopemu 2. [Ipumycru-
Mo, 10 ¢ : X X R — R — miniitanii pyHkItio-
Hal i @ — jiiicae uwmcno, taki, mo ¢(p) < «
ma A, p(p) > anma B, H=yp ' (a)i AZ H.
Toai icuye eaement p; = (rg, A1) € A\H. dna
niel Toukn A1 < g(zo) i ¢(p1) < a. Hokaaze-
MO Ao = h(xg) + 11 ps = (x, A2). fcno, mo
pe € B, romy (p2) > . Takum uurOM,

o(p1) < a < o(p2)

7K 1 B j0BejieHH] Teopemu 2 3BiJICH JIET'KO BU-
BOJIUTHCS 10 IHCJI0 7Y 3 300pazkenns p(r,§) =
W (x)+v€ 0bos’a3k0B0 mogaTHe. Ha 0cHOBI 1150~
ro, K i B Teopemi 2, oyayernes adinna dyH-
Kiig f = % — %, sgKa 1 € mykanon. Borna 0y-
Jle HellepepBHOIO, [KINO rinepiuionuia H € 3a-
MKHeHoo B TBIT X.

Tak caMo PO3LISIIAETHCSI BHIIAI0K, KOJIH

B¢ H.
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Temep MoxkKHA Ha OCHOBI TeopeMu 7 TOJTATH
KOpPOTIIIE JIOBEJIeHHs TeopeMu 6.

3a reopemoro 5 iCHYIOTH JTiHiiTHUIT HEHYJIBO-
Buit pyukiionana ¢ : X xR — R ta a € R, Ta-
ki, mo rinepmionuua H = ¢~ () Bigokpem-
moe Ai B, acame, p(p) < ana Aipp) >a
Ha B. 3a jieMo10 2 icHyIOTb JiiHiiiHI QYyHKITIO-
Hat ¢ : X — R i gucno v € R, Taki, 1mo

o(r,8) = P(w) +~¢€

na X x R.

Hosenemo , mo A ¢ H, 106ro, mo ANG, #
D, ne G, = {p € X xR : ¢(p) < a}. Hexai
ANG, = 0. Toni A C H. Bubepemo xg € X i
OKJIaIEMO Ao = g(xg)—1, \y = g(z0) —2, po =
(70, Xo), ip1 = (w0, A\1). fcno, mo {po,p1} C A,
orxe, {po,p1} C H, i Tomy

©(po) = (o) + Ao = o = P(x0) + VA1

3Bijicu Bummsae, mo v = Y(Ag — A;) = 0.
Toui s poBibHux © € X 1a € € R mae-
Mo, mo p(z, &) = ¥(x). Ockinbku GyHKIiona
¢ : X x R — R nenynavowuii, T0o i ¢ # 0. 3a
1106yoBo10 ¥ (x) < o ajist Beix x € X, mo He-
MOXKJINBO, 00 HEHy/JILOBHIl JHIKHUN DYHKITIO-
HaJI Y Ha JifiCHOMY BEKTOpHOMY IIpocTopi X
HaOyBa€ BCIiX JIiICHUX 3HAYEHb.

Takum umaom, A NG, # O. Toxi 3a Te-
opeMo0 7 OTPUMYEMO, IO iCHYE Taka adiHHA
dynxuia f: X — R, mo g(z) < f(z) < h(x)
Ha X.

10. Bidokpemaenus 008IALHUL ONY-
KAUL MHOHCUN.

Y "Maremaruuniii ennuksonemii"[8, cr.
797| Ge3 moBejieHHS i MOCHIAHD MOJAHO TaKWUii
pe3yJibTar.

Teopema 8. Hexait A1 B — noBilibHI j1u-
3’I0HKTHI OmyKJ/1i MuHOKuHE y Jificaomy BIT X.
Toui icuye Heny/bOBUil JiHITHUT DYyHKIIOHAJ
f: X — R, akuii Bijokpemitoe A Big B.

3 HHOrO TaK CaMoO sIK B JIOBEJIEHHI Teopemu
6 HeraifHO BUILJINBAE TaKe TBEP/YKEHHSI.

Teopema 9. Hexait X giiicanit BII X, ¢ :
X — R — Bruyra ¢yskmig, h @ X — R —
omykJa dbyukiis, Taki, mo g(zr) < h(z) na X.
Toni icuye Taka adinna dpyukmig [ : X — R,
wo g(z) < f(x) < h(z) na X.
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