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ÇÁÓÐÅÍÍß ÊÐÀÉÎÂÎ� ÓÌÎÂÈ

Çíàéäåíî êîíñòðóêòèâíi óìîâè ðåãóëÿðèçàöi¨ ìàòðè÷íî¨ êðàéîâî¨ çàäà÷i çà äîïîìîãîþ çáóðå-
ííÿ êðàéîâî¨ óìîâè. Ïîáóäîâàíî óçàãàëüíåíèé îïåðàòîð Ãðiíà òà çíàéäåíî âèãëÿä çáóðåííÿ
êðàéîâî¨ óìîâè ìàòðè÷íî¨ êðàéîâî¨ çàäà÷i.

We establish conditions of regularization of a linear boundary-value problem for a system of matrix
di�erential equations. We also construct generalized Green's operator and determine the form of
linear perturbation of the regularized linear boundary conditions.

1. Ïîñòàíîâêà çàäà÷i. Ïðèïóñòèìî çà-
äà÷ó ïðî çíàõîäæåííÿ ðîçâ'ÿçêiâ ìàòðè÷íî-
ãî äèôôåðåíöèàëüíîãî ðiâíÿííÿ

Z ′(t) = AZ(t) + Z(t)B + F (t), (1)

ïiäïîðÿäêîâàíèõ êðàéîâié óìîâi

LZ(·) = A, (2)

íåêîðåêòíî ïîñòàâëåíîþ [1�3], à ñàìå: ïðè-
ïóñòèìî, ùî ìàòðè÷íà êðàéîâà çàäà÷à (1),
(2) íå ìà¹ ðîçâ'ÿçêiâ [4, 5]

Z(t) ∈ C1
α×β[a; b]

äëÿ äîâiëüíèõ íåîäíîðiäíîñòåé

F (t) ∈ Cα×β[a, b], A ∈ Rδ×γ.

Òóò A ∈ Rm×m è B ∈ Rn×n � ñòàëi ìàòðè-
öi; LZ(·) � ëiíiéíèé îáìåæåíèé ìàòðè÷íèé
ôóíêöiîíàë:

LZ(·) : C1
α×β[a; b] → Rδ×γ.

Íàìè äîñëiäæåíî óìîâè ðåãóëÿðèçàöi¨ [1�3]
ìàòðè÷íî¨ êðàéîâî¨ çàäà÷i (1), (2) çà äîïî-
ìîãîþ ìàëîãî 0 < ε≪ 1 çáóðåííÿ

ĽZ(·, ε) := LZ(·, ε) + εUZ(a, ε)V

êðàéîâî¨ óìîâè (2):

ĽZ(·, ε) = A, U ∈ Rδ×α, V ∈ Rβ×γ. (3)

Íà âiäìiíó âiä ñòàòåé [6, 7] ðåãóëÿðèçàöiÿ
ìàòðè÷íî¨ êðàéîâî¨ çàäà÷i (1), (2) âiäáóâà-
¹òüñÿ íå çà ðàõóíîê iìïóëüñíîãî çáóðåííÿ,

à çà ðàõóíîê çáóðåííÿ êðàéîâî¨ óìîâè (2) ó
ïðîñòîði [8�10]

Z(t, ε) : Z(·, ε) ∈ C1
α×β[a; b],

Z(t, ·) ∈ Cα×β[0, ε0].

Âçàãàëi êàæó÷è, ïðèïóñêà¹ìî α ̸= β ̸= γ ̸=
δ. Òóò Rm×n � ïðîñòið äiéñíèõ (m × n) �
ìàòðèöü ç íîðìîþ

||A||Rm×n := max
1≤i≤m

n∑
k=1

|aik|, A := {aij} ∈ Rm×n,

óçãîäæåíîþ ç "êóái÷íîþ" íîðìîþ ó ïðîñòî-
ði Rn; â ñâîþ ÷åðãó, Rn � ïðîñòið äiéñíèõ
âåêòîðiâ ñ "êóái÷íîþ" íîðìîþ [1,2]

||a||Rn := max
1≤i≤n

|ai|, a ∈ Rn,

à òàêîæ Cm×n[a, b] � ëiíiéíèé íîðìîâàíèé
ïðîñòið äiéñíèõ (m× n) � ìàòðèöü A(t), íå-
ïåðåðâíèõ íà âiäðiçêó [a, b] ç íîðìîþ

||A(t)||Cm×n := max
[a;b]

||A(t)||Rm×n ,

à òàêîæ ïðîñòið C1
m×n[a, b] � ëiíiéíèé íîð-

ìîâàíèé ïðîñòið äiéñíèõ (m× n) � ìàòðèöü
A(t), íåïåðåðâíî-äèôåðåíöiéîâíèõ íà âiä-
ðiçêó [a, b] ç íîðìîþ

||A(t)||C1
m×n

:= max
[a;b]

1∑
k=0

||A(k)(t)||Rm×n .

Íèæíié iíäåêñ ïðè ïîçíà÷åííi ïðîñòîðó íå-
ïåðåðâíèõ ñêàëÿðíèõ ôóíêöié C1[a; b] äîìî-
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âèìîñü ïðîïóñêàòè: C[a; b]. Óìîâè ðîçâ'ÿçíî-
ñòi òà ñòðóêòóðà ðîçâ'ÿçêiâ ñèñòåìè (1) áó-
ëè íàâåäåíi â ìîíîãðàôi¨ [4]. Êîíñòðóêòèâ-
íi óìîâè ðîçâ'ÿçíîñòi òà ñòðóêòóðà ïåðiîäè-
÷íîãî ðîçâ'ÿçêó ñèñòåìè (1) çà óìîâ α = β =
γ = δ áóëè îòðèìàíi ó ñòàòòi [5]. ßê âiäî-
ìî [4, c. 211], çàãàëüíèé ðîçâ'ÿçîê çàäà÷i Êî-
øi

Z ′(t) = AZ(t) + Z(t)B, Z(a) = Θ

ìà¹ çîáðàæåííÿ

Z(t,Θ) = W (t,Θ) := U(t)·Θ·V (t), Θ ∈ Rα×β,

äå U(t) òà V (t)� íîðìàëüíi ôóíäàìåíòàëüíi
ìàòðèöi:

U ′(t) = AU(t), U(a) = Iα

òà
V ′(t) = BV (t), V (a) = Iβ.

2. Óìîâè ðåãóëÿðèçàöi¨ ìàòðè÷íî¨
çàäà÷i. Çàãàëüíèé ðîçâ'ÿçîê Z(t) ∈
C1
α×β[a, b] çàäà÷i Êîøi

Z ′(t) = AZ(t) + Z(t)B + F (t), Z(a) = Θ

ìà¹ çîáðàæåííÿ [5]

Z(t,Θ) = W (t,Θ) +K[F (s)](t), Θ ∈ Rα×β,

äå

K[F (s)](t) :=

∫ t

a

U(t)U−1(s)F (s)V (t)V −1(s) ds

� îïåðàòîð Ãðiíà çàäà÷i Êîøi äëÿ ìàòðè-
÷íîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ (1). Ìàò-
ðè÷íà êðàéîâà çàäà÷à (1), (2) ðîçâ'ÿçíà òîäi
é òiëüêè òîäi, êîëè

LW (·,Θ) = A− LK[F (s)](·).

Ïîçíà÷èìî Ξ(j) ∈ Rα×β � ïðèðîäíèé áàçèñ
[11] ïðîñòîðó Rα×β è cj, j = 1, 2, ... α · β �
êîíñòàíòè, ÿêi âèçíà÷àþòü ðîçâèíåííÿ ìà-
òðèöi

Θ =

α·β∑
j=1

Ξ(j)cj, cj ∈ R1, j = 1, 2, ... α · β

ïî âåêòîðàì Ξ(j) ∈ Rα×β áàçèñà ïðîñòîðó
Rα×β, ïðè öüîìó

LW (·,Θ) =

α·β∑
j=1

LU(·)Ξ(j)V (·)cj.

Âèçíà÷èìî îïåðàòîð M[A] : Rm×n → Rm·n,
ÿê îïåðàòîð [12�14], ÿêèé ñòàâèòü ó âiäïîâiä-
íiñòü ìàòðèöi A ∈ Rm×n âåêòîð B := M[A] ∈
Rm·n, ñêëàäåíèé ç n ñòîâïöiâ ìàòðèöiA, à òà-
êîæ îáåðíåíèé îïåðàòîð M−1[B] : Rm·n →
Rm×n. Òàêèì ÷èíîì, îòðèìó¹ìî ëiíiéíå àë-
ãåáðà¨÷íå ðiâíÿííÿ

α·β∑
j=1

LU(·)Ξ(j)V (·)cj = A− LK[F (s)](·)

âiäíîñíî α·β êîíñòàíò cj ∈ R1, j = 1, 2, ... α·
β, ðiâíîçíà÷íå ëiíiéíîìó àëãåáðà¨÷íîìó ðiâ-
íÿííþ

Qc = M[A]−M{LK[F (s)](·)} (4)

âiäíîñíî âåêòîðà c ∈ Rα·β; òóò

Q := [M[Q(1)] M[Q(2)] ...M[Q(α·β)] ] ∈ Rδ·γ×α·β,

äå

Q(j) := LU(·)Ξ(j)V (·) ∈ Rδ×γ, j = 1, 2, ... α·β.

Ëiíiéíå àëãåáðà¨÷íå ðiâíÿííÿ (4) ðîçâ'ÿçíå
òîäi é òiëüêè òîäi, êîëè [1,12�14]

PQ∗M{A−LK[F (s)](·)} = 0.

Òóò PQ∗ � îðòîïðîåêòîð : Rγ·δ×γ·δ →
N(Q∗). Îñêiëüêè, çà ïðèïóùåííÿì, ìàòðè-
÷íà êðàéîâà çàäà÷à (1), (2) íå ìà¹ ðîçâ'ÿç-
êiâ Z(t) ∈ C1

α×β[a; b] äëÿ äîâiëüíèõ F (t) ∈
Cα×β[a, b], A ∈ Rδ×γ, äëÿ öi¹¨ çàäà÷i ìà¹ ìi-
ñöå êðèòè÷íèé âèïàäîê [1], à ñàìå: äëÿ ìà-
òðè÷íî¨ êðàéîâî¨ çàäà÷i (1), (2) ìà¹ ìiñöå íå-
ðiâíiñòü PQ∗ ̸= 0. Îòæå, ìàòðè÷íà êðàéîâà
çàäà÷à (1), (3) ìàòèìå ðîçâ'ÿçêè

Z(t, ε) : Z(·, ε) ∈ C1
α×β[a; b],

Z(t, ·) ∈ Cα×β[0, ε0]

äëÿ äîâiëüíèõ F (t) ∈ Cα×β[a, b], A ∈ Rδ×γ ó
âèïàäêó PQ∗ = 0; òóò

Q := [M[Q(1)] M[Q(2)] ...M[Q(α·β)] ] ∈ Rδ·γ×α·β,
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äå

Q(j) := ĽU(·)Ξ(j)V (·) ∈ Rδ×γ, j = 1, 2, ... α·β.

ßê âiäîìî [15], êîæíà (m × n)− ìàòðèöÿ Q
ó ïåâíîìó áàçèñi ìîæå áóòè çîáðàæåíà ó âè-
ãëÿäi

Q =M · J ·N, rank Q := ρ; (5)

òóò M ∈ Rm×m òà N ∈ Rn×n � íåâèðîäæåíi
ìàòðèöi,

J :=

(
Iρ O
O O

)
.

Ðîçâèíåííÿì (5) ìîæíà ñêîðèñòàòèñÿ äëÿ
çíàõîäæåííÿ óìîâ ðåãóëÿðèçàöi¨ ìàòðè÷íî¨
êðàéîâî¨ çàäà÷i (1), (2). Çáóðåííÿ ìàòðèöi Q
øóêàòèìåìî ó âèãëÿäi

Q := Q+ εR ∈ Rγ·δ×α·β, 0 < ε≪ 1.

Íåðiâíiñòü PQ∗ ̸= 0 ðiâíîçíà÷íà ðiâíÿííþ

[Q+ εR] · [Q+ εR]+ = Iγ·δ (6)

âiäíîñíî (γ · δ× γ · δ)− ìàòðèöi R. Çàçíà÷è-
ìî, ùî ðiâíÿííÿ (6) ðîçâ'ÿçíå ëèøå çà óìîâè
γδ ≤ αβ [16]. Äiéñíî, ïðèïóñòèìî ðiâíÿííÿ
(6) ïåðåâèçíà÷åíèì: γδ > αβ, ïðè öüîìó

rank (Q+ εR)(Q+ εR)+ ≤ rank (Q+ εR) =

= rank (Q+ εR)+ ≤ αβ < γδ,

ùî ñóïåðå÷èòü ðiâíîñòi ðàíãiâ ëiâî¨ òà ïðà-
âî¨ ÷àñòèí ðiâíÿííÿ (6). Ó âèïàäêó γδ ≤ αβ
ðiâíÿííÿ (6) ìà¹ ïðèíàéìíi îäèí ðîçâ'ÿçîê

R :=M · ΠJ ·N ∈ Rγδ×αβ,

äå ΠJ ∈ Rγδ×αβ � ìàòðèöÿ ïîâíîãî ðàíãó.
Òàêèì ÷èíîì, ïîñòàâëåíà çàäà÷à ïðî ðåãó-
ëÿðèçàöiþ ìàòðè÷íî¨ êðàéîâî¨ çàäà÷i (1), (2)
ðiâíîçíà÷íà çàäà÷i ïðî ðåãóëÿðèçàöiþ ìà-
òðè÷íîãî ðiâíÿííÿ

Q(ε)c = M[A]−M{LK[F (s)](·)} (7)

ç (γδ×αβ)− ìàòðèöåþQ(ε). Îñòàííÿ çàäà÷à
ðîçâ'ÿçíà çà óìîâè γδ ≤ αβ ó âèãëÿäi

Q(ε) := Q+ εR, R :=M · ΠJ ·N.

Äiéñíî, ìàòðèöi M òà N íåâèðîäæåíi, òîìó
ìà¹ ìiñöå ðiâíiñòü [11, 4.48]

rank Q = rank (J + εΠJ) = µν,

ïðè öüîìó PQ∗ = 0, îòæå ñèñòåìà (7) ç ìà-
òðèöåþ Q(ε) ðîçâ'ÿçíà äëÿ äîâiëüíèõ íåî-
äíîðiäíîñòåé

F (t) ∈ Cα×β[a, b], A ∈ Rδ×γ.

Ïðèïóñòèìî, äëÿ âèçíà÷åíîñòi, ìàòðèöþ
U ∈ Rγ×α � ôiêñîâàíîþ, à V ∈ Rβ×δ � íåâi-
äîìîþ ìàòðèöåþ; çàçíà÷èìî, ùî

UZ(a, ε)V = UW (a, c)V =

α·β∑
j=1

U Ξ(j)Vcj,

c ∈ Rα·β.

Ïîçíà÷èìî Λj, j = 1, 2, ... β ·γ � ïðèðîäíèé
áàçèñ [11] ïðîñòîðó Rβ×γ. Íåâiäîìó ìàòðèöþ
V ∈ Rβ×γ øóêàòèìåìî ó âèãëÿäi

V =

β·γ∑
j=1

Λjζj ∈ Rβ×γ, ζj ∈ R1, j = 1, 2, ... β·γ.

Äëÿ öüîãî âèêîðèñòîâó¹ìî ðiâíÿííÿ

{M[U Ξ(1)V ] , ... , M[U Ξ(αβ)V ] } =M ·ΠJ ·N.

Ïîçíà÷èìî ìàòðèöi

Πi := { M[U Ξ(i)Λ1] , ... , M[U Ξ(i)Λβγ ] },

äå
Πi ∈ Rδγ×βγ , i = 1, 2, ... α · β.

Íåâiäîìó ìàòðèöþ V âèçíà÷à¹ âåêòîð ζ ∈
Rβγ , äëÿ çíàõîäæåííÿ ÿêîãî âèêîðèñòîâó¹ìî
ñèñòåìó

Dζ = M[M · ΠJ ·N ]; (8)

òóò

D :=


Π1MΛ1 Π1MΛ2 · · · Π1MΛβγ
Π2MΛ1 Π2MΛ2 · · · Π2MΛβγ

...
...

. . .
...

ΠαβMΛ1 ΠαβMΛ2 · · · ΠαβMΛβγ


� (αβγδ×βγ) � âèìiðíà ñòàëà ìàòðèöÿ. Ñè-
ñòåìà (8) ðîçâ'ÿçíà çà óìîâè

PD∗M[MΠJN ] = 0. (9)

ßêùî âèìîãà (9) âèêîíó¹òüñÿ (i òiëüêè ó öüî-
ìó âèïàäêó) ñèñòåìà (8) ìà¹ ïðèíàéìíi îäèí
ðîçâ'ÿçîê

ζ = D+M[MΠJN ];
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òóò D+ � (βγ × αβγδ) � âèìiðíà ïñåâ-
äîîáåðíåíà (çà Ìóðîì-Ïåíðîóçîì) ìàòðèöÿ
[1], êðiì òîãî, PD∗ � ìàòðèöÿ-îðòîïðîåêòîð:

PD∗ : Rα·β·γ·δ → N(D∗).

Òàêèì ÷èíîì, ïîñòàâëåíó çàäà÷ó ïðî ðåãó-
ëÿðèçàöiþ ìàòðè÷íî¨ êðàéîâî¨ çàäà÷i (1), (2)
ðîçâ'ÿçó¹ ïðèíàéìíi îäíà ìàòðèöÿ

V = M−1[D+M(MΠJN)],

ÿêà âèçíà÷à¹ çáóðåííÿ ìàòðèöi Q âèãëÿäó

Q(ε) := Q+ εR, R =M · ΠJ ·N,

ïðè öüîìó PQ∗(ε) = 0, îòæå ñèñòåìà (7) ç
ìàòðèöåþ Q(ε) ðîçâ'ÿçíà äëÿ äîâiëüíèõ íå-
îäíîðiäíîñòåé. Çà óìîâè

Q+(ε)M{A− ĽK[F (s)](·, ε)} ∈ Cαβ[0, ε0]
(10)

ñèñòåìà (7) ìà¹ ðîçâ'ÿçîê

c = Q+(ε)M{A− ĽK[F (s)](·, ε)}+ PQr(ε)cr,

cr ∈ Rr.

Òàêèì ÷èíîì, îòðèìó¹ìî ðîçâ'ÿçîê ìàòðè-
÷íî¨ êðàéîâî¨ çàäà÷i (1), (3) âèãëÿäó

Z(t, ε) = W (t, cr) +G[F (s);A](t, ε), cr ∈ Rr,

äå
W (t, cr) := M−1[X(t)PQr(ε)cr]

� çàãàëüíèé ðîçâ'ÿçîê îäíîðiäíî¨ ÷àñòèíè
ìàòðè÷íî¨ êðàéîâî¨ çàäà÷i (1), (3),

G[F (s);A](t, ε) := K[F (s)](t)+ (11)

+M−1

{
Q+(ε)M

{
A− ĽK[F (s)](·, ε)

}}
� óçàãàëüíåíèé îïåðàòîð Ãðiíà çàäà÷i ïðî
ðåãóëÿðèçàöiþ ìàòðè÷íî¨ êðàéîâî¨ çàäà-
÷i (1), (3), PQr(ε) � ìàòðèöÿ, ñêëàäåíà
ç r ëiíiéíî-íåçàëåæíèõ ñòîâïöiâ ìàòðèöi-
îðòîïðîåêòîðà

PQ(ε) : Rαβ → N(Q(ε)).

Òàêèì ÷èíîì, äîâåäåíî íàñòóïíå òâåðäæåí-
íÿ.

Òåîðåìà. Ïðèïóñòèìî, ùî ìàòðè÷íà
êðàéîâà çàäà÷à (1), (2) íå ìà¹ ðîçâ'ÿçêiâ

Z(t) ∈ C1
α×β[a; b]

äëÿ äîâiëüíèõ íåîäíîðiäíîñòåé

F (t) ∈ Cα×β[a, b], A ∈ Rδ×γ.

Çà óìîâè γδ ≤ αβ òà çà âèìîã (9), (10) çà
äîïîìîãîþ ìàëîãî ε ∈ [0, ε0] çáóðåííÿ

ĽZ(·, ε) := LZ(·, ε) + εUZ(a, ε)V

êðàéîâî¨ óìîâè (2):

ĽZ(·, ε) = A, U ∈ Rδ×α, V ∈ Rβ×γ

ìàòðè÷íà êðàéîâà çàäà÷à (1), (3) îòðèìó¹
ðîçâ'ÿçêè âèãëÿäó

Z(t, ε) = W (t, cr) +G[F (s);A](t, ε), cr ∈ Rr

ó ïðîñòîði

Z(t, ε) : Z(·, ε) ∈ C1
α×β[a; b],

Z(t, ·) ∈ Cα×β[0, ε0].

Òóò G[F (s);A](t, ε) � óçàãàëüíåíèé îïåðà-
òîð Ãðiíà (11) çàäà÷i ïðî ðåãóëÿðèçàöiþ ìà-
òðè÷íî¨ êðàéîâî¨ çàäà÷i (1), (3),

W (t, cr) := M−1[X(t)PQr(ε)cr]

� çàãàëüíèé ðîçâ'ÿçîê îäíîðiäíî¨ ÷àñòèíè
ìàòðè÷íî¨ êðàéîâî¨ çàäà÷i (1), (3).

Çàçíà÷èìî, ùî ðåãóëÿðèçàöiÿ ìàòðè÷íî¨
êðàéîâî¨ çàäà÷i (1), (2) ìîæå áóòè çäiéñíåíà
àíàëîãi÷íî äî ñòàòåé [6,7] çà ðàõóíîê iìïóëü-
ñíîãî çáóðåííÿ ðîçâ'ÿçêiâ.

3. Ïðèêëàä. Óìîâè äîâåäåíî¨ òåîðåìè
âèêîíóþòüñÿ ó âèïàäêó ìàòðè÷íî¨ çàäà÷i

Z ′(t) = AZ(t) + Z(t)B + F (t), LZ(·) = A,
(12)

ÿêà äëÿ äîâiëüíèõ íåîäíîðiäíîñòåé

F (t) ∈ C2×3[0; 2π], A ∈ R2×3

íå ìà¹ ðîçâ'ÿçêiâ ó êëàñi Z(t) ∈ C2×3[0; 2π];
â òîé æå ÷àñ ó êëàñi ôóíêöié

Z(t, ε) : Z(·, ε) ∈ C2×3[0; 2π],
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Z(t, ·) ∈ C2×3[0, ε0]

çà äîïîìîãîþ ìàëîãî çáóðåííÿ

ĽZ(·, ε) := LZ(·, ε) + εUZ(0, ε)V

êðàéîâî¨ óìîâè (12) ðåãóëÿðèçîâàíà êðàéî-
âà çàäà÷à äëÿ ñèñòåìè (12) ñòà¹ ðîçâ'ÿ-
çíîþ äëÿ äîâiëüíèõ íåîäíîðiäíîñòåé; òóò
τ1 := 0, τ2 := π, τ3 := 2π,

A :=

(
1 −2
1 −1

)
, B :=

 0 0 −2
−1 1 −2
2 0 0

 ,

LZ(·) :=
3∑
i=1

MiZ(τi)Ni, M1 :=

(
0 1
0 0

)
,

M2 :=

(
1 0
0 0

)
, M3 :=

(
0 0
0 1

)
,

N1 :=

 0 1 0
0 0 0
0 0 1

 , N2 :=

 0 0 0
1 0 0
0 0 1

 ,

N3 :=

 0 1 0
0 0 0
1 0 0

 .

Çàãàëüíèé ðîçâ'ÿçîê çàäà÷i Êîøi

Z ′(t) = AZ(t) + Z(t)B, Z(a) = Θ

äëÿ ñèñòåìè (12) ìà¹ çîáðàæåííÿ

W (t,Θ) = U(t) ·Θ · V (t), Θ ∈ R2×3,

äå U(t) è V (t) � íîðìàëüíi

U(0) = I2, V (0) = I3

ôóíäàìåíòàëüíi ìàòðèöi:

U(t) =

(
cos t+ sin t −2 sin t

sin t cos t− sin t

)
,

V (t) =

 cos 2t 0 − sin 2t
−et + cos 2t et − sin 2t

sin 2t 0 cos 2t

 .

Ïîçíà÷èìî

Ξ(1)

(
1 0 0
0 0 0

)
, Ξ(2) =

(
0 0 0
1 0 0

)
, ... ,

Ξ(6) :=

(
0 0 0
0 0 1

)

ïðèðîäíèé áàçèñ ïðîñòîðó R2×3. Çàãàëüíèé
ðîçâ'ÿçîê çàäà÷i (12) âèçíà÷à¹ ìàòðèöÿ

Q =


0 0 −eπ 0 0 0
0 0 0 0 0 1
0 1 0 0 0 0
0 1 0 1− e2π 0 0
0 0 0 0 −1 1
0 0 0 0 0 0


òà ¨¨ îðòîïðîåêòîð

PQ∗ =


0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 1

 .

Îñêiëüêè PQ∗ ̸= 0, òî ìàòðè÷íà çàäà÷à (12)
íå ìà¹ ðîçâ'ÿçêiâ ó êëàñi Z(t) ∈ C2×3[0; 2π]
äëÿ äîâiëüíèõ íåîäíîðiäíîñòåé

F (t) ∈ C2×3[0; 2π], A ∈ R2×3.

Ìàòðèöþ Q ìîæíà ïîäàòè ó âèãëÿäi Q =
MJN ; òóò

M :=


0 −eπ 0 0 0 0
0 0 0 0 1 0
1 0 0 0 0 0
1 0 1− e2π 0 0 0
0 0 0 −1 1 0
0 0 0 0 0 1


òà

N =


0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
1 0 0 0 0 0


� íåâèðîäæåíi ìàòðèöi,

J :=


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 0

 .

Îñêiëüêè óìîâà γδ = αβ = 6 âèêîíó¹òüñÿ,
ðiâíÿííÿ (6) ìà¹ ùîíàéìåíøå îäèí ðîçâ'ÿ-
çîê

R :=M · ΠJ ·N ∈ R6×6,

ISSN 2309-4001.Áóêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë. 2016. � Ò. 4, � 1�2. 149



äå

ΠJ =


0 0 0 0 0 1
0 0 0 0 0 0
1

1−e2π 0 0 0 0 1
−1+e2π

0 1 0 0 0 0
0 0 0 0 0 0
0 0 −1 0 0 0


� ìàòðèöÿ, äëÿ ÿêî¨ det(J+εΠJ) = eπε2(1+
ε) ̸= 0. Ñòàëà ìàòðèöÿ

D =



1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0
0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0
0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1


çàäîâîëüíÿ¹ âèìîãó (9). Òàêèì ÷èíîì, ïî-
ñòàâëåíó çàäà÷ó ïðî ðåãóëÿðèçàöiþ ìàòðè-

÷íî¨ êðàéîâî¨ çàäà÷i (12) ðîçâ'ÿçó¹ ìàòðèöÿ

V =

 0 1 0
0 0 −1
0 0 0

 ,

ÿêà âèçíà÷à¹ çáóðåííÿ ìàòðèöi Q âèãëÿäó

Q(ε) :=


0 0 −eπ 0 0 0
0 0 0 0 0 1
ε 1 0 0 0 0
0 1 + ε 0 1− e2π 0 0
0 0 −ε 0 −1 1
0 0 0 −ε 0 0

 ,

ïðè öüîìó PQ∗ = 0, êðiì òîãî âèêîíó¹òüñÿ
óìîâà (10). Îòæå ìàòðè÷íà êðàéîâà çàäà÷à
(12) çà äîïîìîãîþ ìàëîãî çáóðåííÿ ĽZ(·, ε)
êðàéîâî¨ óìîâè ñòà¹ ðîçâ'ÿçíîþ äëÿ äîâiëü-
íèõ íåîäíîðiäíîñòåé. Çîêðåìà, ïîêëàäåìî

A :=

(
1 0 1
0 0 0

)
, F (t) :=

(
cos 5t 0 0
0 0 0

)
.

Ïîçíà÷èìî ôóíêöiþ φ(t) := −2 cos t −
9 sin 3t. Îñêiëüêè ìàòðèöÿ Q(ε) íåâèðîäæå-
íà, çàãàëüíèé ðîçâ'ÿçîê çáóðåíî¨ êðàéîâî¨
çàäà÷i äëÿ ñèñòåìè (12) ¹äèíèé:

G[F (s);A](t) = K[F (s)](t) =

=
(
K[F (s)](t)P1 K[F (s)](t)P2 K[F (s)](t)P3

)
;

òóò

P1 :=

 1
0
0

 , P2 :=

 0
1
0

 , P3 :=

 0
0
1

 ,

à òàêîæ

K

[
F (s)

]
(t)P1 =

1

96
×

×
(
φ(t) + 9 cos 3t− 7 cos 5t− 2 sin t+ 25 sin 5t

−2 cos t+ 9 cos 3t− 7 cos 5t

)
,

K

[
F (s)

]
(t)P2 = 0, K

[
F (s)

]
(t)P3 =

1

96
×

×
(
φ(t)− 9 cos 3t+ 11 cos 5t+ 2 sin t+ 5 sin 5t

2 sin t− 9 sin 3t+ 5 sin 5t

)
.

Çàçíà÷èìî, ùî çàïðîïîíîâàíà ó ñòàò-
òi òåõíiêà ðåãóëÿðèçàöi¨ ìàòðè÷íî¨ êðàéî-
âî¨ çàäà÷i çà äîïîìîãîþ çáóðåííÿ êðàéîâî¨
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óìîâè ìîæå áóòè ïåðåíåñåíà íà ìàòðè÷íi
äèôåðåíöiàëüíî-àëãåáðà¨÷íi êðàéîâi çàäà÷i
[9, 10], à òàêîæ íà ìàòðè÷íi êðàéîâi çàäà÷i
ç çàïiçíåííÿì [1,17].
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