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Generalization of the Weierstrass o, ( and o functions

ITobynoBano ananoru p, ¢ i o dyskniit Beliepmrpacca aja noasifino p-eninTuyHux (QyHKIGH,

10610 Mepomopduux B C dyHKUiH ¢, MO 3310BOABHAITL YMOBY ¢(u + mwy + nws) = p

m—+n

g(u)

JUTST TESTKUX W1, W, AEIKOT0 p i A BCiX m,n € Z.

For double p-elliptic functions,
g(u+ mwy + nws)
Weierstrass functions are constructed.

Denote C* = (C\{O} Let w1, ws be complex
numbers such that Im%2 2> 0. A meromorphic
in C function g is called elliptic [1] if for every
ueC

= g(u).

Elliptic functions were first discovered by Ni-
els Henrik Abel as inverse functions of ellip-
tic integrals, and their theory was improved
by Carl Gustav Jacobi. A more complete
investigation of elliptic functions was later
undertaken by Karl Theodor Wilhelm Wei-
erstrass, who found a simple elliptic function
(p) in terms of which all the others could be
expressed.

Definition 1. Let wi,wy be complex
numbers such that Im?* > 0. A meromorphic
in C function g is called double p-elliptic, if
there exists p € C*, such that for every u € C

glu+wi) =g(u), glu+ws)

g(u+wi) = pg(u), glu+wz) = pg(u).

Denote the class of double p-elliptic functions
by DE,.

Let w = mwy +nwy, m,n € Z. If f € DE,
then Definition 1 implies

m-+n

glu+w)=p""g(u).

Remark. If p = 1 in Definition 1, we obtain
classic elliptic function.

The classic Weierstrass p-function has the
form ([1], [2])

s S z) o

w#0
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i. e. meromorphic in C functions g satisfying the condition
= p™*tg(u) for some wy,ws and p and for all m,n € Z, analogues of , ¢ and o

The Weierstrass p-function is elliptic [1| of
periods w1, ws. Representations of classic Wei-
erstrass ( and o functions are also well known

(1], [2]:
C(u):%+z(uiw+£+%)’ 2)

w#0
_ IR
u)—uH(l w)e 207 (3)
w#0
It should be noted, next equalities are valid
/
_ o' (u)
o) = (), ) =7,

Let us remark that each elliptic function
can be represented using (1), (2), (3). So,
these functions play an important role for
representation of elliptic functions.

The purpose of this article is to construct
double p-elliptic function @,(u), which is an
analogue of p(u), as well as corresponding
analogues of ¢ and o functions.

Let p = €, o # 27l, | € Z. Consider the

function
1 1 1 .
- - i(m+n)a
u2+2((u_w)2 wz)e 7

w#0
(4)
where wi,wp € C, Im2 > 0, w = mw; + nws,
m,n € 2.
Since the double series Y P is convergent

w0
(1], [2]), then the series in the right hand

Ga(u) =
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side of (4) is uniformly convergent on every
compact subset of C.

Let us note, that if a« = 2nl, [ € Z, then
Go(u) coincides with o(u).

We will show that there exists a unique
constant C,, such that (G, + C,) € DE,, i. e.

Go(u+wj) + Co = " (Gy(u) + Cy), j = 1,2.

The last property is called multi p-periodicity
of wy.
Let us consider the derivative of G,

6i(m+n)

G (u) = —2Zﬁ.

Hence, we have

G (u+w) =
i(min)a
B _QW%Z (u+ wle— mw; — nws)? -
=2 mzngz (u— (mel—(i;:jj— nws)3 -
R e <m(:n1>:f)— non)?
=G (u)

Thus, we obtain
Gl (u+wy) — G (u) = 0. (5)

Note that a function (G, + C) for any C' € C
satisfies (5). Put

e )l

We also define here Cy = 0. Then the relation
(5) implies

Go(u+wr) + Co — €¥(Ga(u) + C) = 4,

where A is a constant. If we set u = —%}, it is
easy to obtain
Ga () —€"Ga (=) + (1= e"Ca= 4

Taking into account the choice of C\, by equali-
ty (6), we deduce that A = 0. Therefore, we
have

Golu+wy) +C, =™ (Ga(u) + C’a), (7)
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that is we have shown that the function
(Ga + C’a) is multi p-periodic of w;.

It remains to prove the uniqueness of C,.
Suppose that there exists a constant C dif-
ferent from C, such that a function (Ga + C)
is multi p-periodic of wy too. So we get

Go(u+wr) + C = e (Galu) + ).

Subtracting this equality from (7), we obtain
Co — C =¢(Cy — C). Since o # 27l, | € Z,
then C' = C,,.

Similarly, for period wy we have

Gol(u+ws) +Co =€ (Galu) +Co) + B, (8)

where B is some constant. Let us find B. Using
equalities (7) and (8), we obtain
Go(u+wy +wy) +C, =
=e"(Go(u+w) +Co)+ B =
= e?(Gy(u) + C,) + B,

and

Go(u 4wy +wy) +Cy =
= " (Go(u+ws) + Cy) =
= e?Y(Gy(u) + C,) + Be™.
Equating the right hand sides of these relati-

ons, we get .
B = Be™.

Since « # 2ml, | € Z, then the previous equali-
ty implies that B = 0. Therefore,

Golu+ ws) + Cy = €(Go(u) + Cu).
Thus, function G, + C\, is multi p-periodic of
wj, j=1,2.

Hence, we can write the obtained results as

the following theorem.
Theorem 1. A function of the form

Pa(u) = Go(u) + C,

where

belongs to DE, with p = ™.
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Remark. It is easy to see that C, can be Let us consider entire functions
also expressed in the form

wWa Wo —u H (1 B _> 6%+21;72’ m’+n? # 0,
Ga <_> - ZQG ( ) m~+n=0
C. — 2 2
a — el _ 1 ’ U w_ u?
or(u) = 1——) T2 ke 7Z\{0}.
Now counsider the function 7r(u) H < w € € Z\{0}

m+n=~k

W=t e (g

+ ) . Using these functions, we can rewrite (10) and
kEZ m+n=~k

(11) in the form

where wy,wy € C, ImZ >0, w = mw + nwy,

m? +n? # 0, m,n € Z. The remainders of /(%0(75) - 1) dt = log Tolu )
the series converge uniformly on the compact ¢ u
subsets of C [2]. Differentiating (,, we obtain

u

Ga(u) = (4 (u). / N(t)dt = log 54 (u).
Hence, 0
Gu(t) = Ga) + Co = Coy — g, (w). If we differentiate these relations, we obtain
-~/ -~/
For k € Z\{0} denote Xo(u) = M, Xe(u) = Sk(u)
. L oo(u) or(u)
Xk(u) = Z (u iy + w + E) : Taking into account such representations of

mtn=k Xk(w), k € Z, we can rewrite (9) as follows

Also for k=0 and m?> +n? #0 & (u)

= ika T\ U

J(u) = et o2

1 (1 +1+u). Calu) = %, ()
m-+n=0

Xo(u) = " + keZ

~ Hence, @, can be rewritten in the next form
Then (, can be rewritten as follows

. - ke 01 (1) — 03 (u)ay,(u)
— Z elka)zk(u). 9) Pa(u) = Co + Z e ~2(u) :

kez kez Ok
Denote the complex plane C with radial slits Remark. If we consider a product
N 1 ~ . . .

from w to 0o by A*. Integrating (Xo(t) B ;) k];[ZUk(u), we obtain the classic Weierstmss

and Xx(t) along a path in A* which connects -function. If a = 2nl,l € Z, then Gy is the
points 0 and u, we obtain classic Weierstrass ¢-function.
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m+n=0

where m? +n? # 0 and

! (1 u>+u+u
0 — — — 4 —.
& W w  2w?

u

/)’Zk(t)dt = >

0 m+n=~k
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