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YepuiBenbKuii Hamionaabuuii yaiBepcuteT iMeni FOpiga @enpkoBuua

IIPO Y3ATAJIbHEHI JEPUBAILIIIHI ITAPII OIIEPATOPIB ¥V IIPOCTOPI
AHAJIITUNYHNX ®YHKIIIN

Ommcano Bei napu JiHIHHAX OMEpaTopiB, MO MIOTH ¥ MPOCTOPI AaHATITHYHUX B TOBLIBHIN 06macTi
dyHKIH i 3310BOMBHAIOTE MOAMG]IKOBaHE OmepaTopHe piBHAHH Pybesa.

We describe all pairs of linear operators that act in spaces of functions analytic in domains and

satisfy the modified Rubel operator equation.

Hexait G — noBlibHa 00/1aCTh KOMILIEKCHOL
mwrommuan 1 H(G) — npocrip ycix anamiTuaHIX
B G OyHKII, 1110 HAIIEHHIT TOMOIOTIEI0 KOM-
makTHOl 36ixku0CcTi. B [1] JI.A. Py6en nocrasus
1 po3B’sg3aB 33124y PO 3HAXOZKEHHS BCiX map
JIiHITHIX HenepepBHUX (yHKIioHATIB L Tan M
ua npoctopi H(G), gKi 3a10BOJBHAIOTE CIIiB-
BiTHOIITEHHSI

L(fg) = L(HM(g) + LOM(f) (1)
IS TOBLIbHUX (BYHKIINA f Ta g 3 IPOCTOPY
H(G). Miznime H.P. Hangakymap B 2] Ta JI.
Basbuman B 3] pisaumu cniocobamu po3B’si3a-
s 3aj1a4ay Pybesia B kjiaci Jjriniftnux ¢ynkiio-
Ha1iB Ha npocropi H(G). Y3arajibHene piBHsI-
ung Py6esa B kiraci jinifinux pyHKIionasais Ha
npocropi H(G) Gymno pocaimxkene B [4]. Joci-
JIZKEeHHsI CTOCOBHO OIHCY BCIiX TMap JIHIHAHUX Ha
npocropi H(G) dyukunionamis, ski 3a710BOJIb-
HSIIOTH CLIBBIJIHOLIEHHS

L(fg) = L(f)L(g) — M(g)M(f)

saiiicueni B [5]-[6]. Li pesyisraru Ta ix y3a-
rajbpHenus cucremaruzosani B |7]. Iogasbimi
JIOCJTII7KEHHST CTOCOBHO ONHUCY Tap JIHITHIX
dyHKITIOHAIB, Ki 33/I0BOJILHIIOTH CIIBBIIHO-
menHst, noaibui g0 (1), Ha iHmux QyHKIio-
HAJIBHUX [IPOCTOPaX, 3iiiicueni B [8]-[9].

B pisnux poborax po3risIaancs omepaTop-
i Mmopudikanii coisBigHomenus (1) B mes-
HAX KJIacaX OMepaTopiB, MO TIIOTHh Y MPOCTOPi
H(G). B npamgx [10]-[11] moBegeno, mo KoKHa
nepusanisi D : H(G) — H(G), Tobro ann-
runuil Ha H(G) oueparop, sKkuil 3a/10B0JIbHSIE

CIIBBIIHOIIEHH S

D(fg) = fD(g) + gD(f)

s josiibaux asox dymkuiii f,g € H(G),
mae suris: (Df)(z) = ¢(2)f(2), ne ¢ — n0-
BibHa dyukuis 3 npocropy H(G). Baznaun-
MO, IO JIHIWHUM JiepuBallisiM Ha, TPOCTOPI He-
nepepsuunx ¢yukiiii C[0, 1] npucssvena po6o-
Ta [12].

Hactynaum etanmom 0cCTizKeHb CTaB PO3-
IJI TMEeBHUX MYJbTUILTIKATUBHUX CITIBBIIHO-
IIeHb JII PI3HUX KJIACIB OIIepaTopiB, IO JII0Th
y upocropi H(G). B [13]| ouncano Bci agurnsni
oneparopu T : H(G1) — H(G3), aki pus je-
siKOl BiiMiHHOT B, crasiol dyskiii ¢ € H(G2)
38,10BOJIbHAIOTH CIIBB1IHOIIEHHS

T(zf) = ¢T(f)

Jutst oBiabHOl byHKIil f € H(Gy). B [14] onu-
cano Bci agutusHi oneparopu M : H(G) —
H(G), gxi 3a10BOTBHATH CIiBBIIHOMICHHS

M(fg) = M(f)M(g).

[Ipu nboMy T0BeJIEHO, IO KOYKEeH 3 TaKUX Olle-
paTopiB HEOOXITHO € JIHIHUM 1 HellepepBHUM.
B [15] mpoioBKeHO JOCTiIXKEHHsT MY TBTHILTI-
KATHBHUX CITiBBITHOIIEHD Y BUTAIKY, KOTH M :

VY 3B’43Ky 3 IUMH 33/[a4aMU [IPUPOJIHUM K-
HOM BWHWKJIO TTUTAHHS PO 3HAXO/?KEHHS BCiX
nap JiiHiiiHUX oneparopis A ta B, siki Iil0Th y
npocropi H(G) 1 3310BOJILHSAIOTH ONEPATOPHE
piBusgHHsa Pybesa

(A(f9))(2) =
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= (AN)(2)(Bg)(2) + (A9)(2)(Bf)(2)  (2)

JUTst JIOBUTRHUX (hYHKINH f Ta g 3 mpocTopy
H(G) npu z € G. Bnepme ne pisasgaus 6ym0
nocrigkene B [16]. A came, B [16] Gys10 oneprxa-
HO PO3B’d3aHHA Ii€l 3a/1a4i B JIeIKUX CIIeIia b
HUX KJjacaX JiHIIHEX omepaTopiB Ha IPOCTO-
pi H(G). dk Bigzmaummm asropu B [16], B 3a-
raJibHOMY BUIAJIKY 3aJ/iada PO OIKC BCIX map
niniitanx oneparopis, axi na H(G) 3a10B0/b-
HAI0Th (2), HUMHU He Oyja poss’sizana. [Tos-
HiCTIO Tis1 3a/ava po3w’sizana B [17] mas Bu-
najky npocropy nianx dyukiii H(C) i B [1§]
JUIS JTIOBLIBHOTO IIPOCTOPY aHAJITHIHUX (DyH-
kiiii H(G). 3a3HaqanMo TaKoXK, M0 BCi pO3B’a3-
Ku piBHgAHHS (2) B KJaci JiHIHUX Hemepeps-
HUX OIEpaTopiB Ha mpocTopax (PYHKIIH, aHA-
JITUYHUX B JOBLIBHUX OJHO3B I3HUX 00/1aCTIAX
Oynu ommcani y [19]. ¥V [20] onncano Bci na-
pu JiHITHAUX omepaTopiB, SKi MIIOTH 3 TPOCTO-
py H(G1) y mpocrip H(G3) 1 3a10B0IBHAIOTH
oneparopue piBusHHd Py6ena (2).

JLng BUTIAIKY JTOBLIBHOT OHO3B’ I3HOT 0012~
cri G B |21] onucano Bei napu JiHifiHAX HA TIPO-
cropi H(G) oneparopis A ta B, siki 3a10B0J1b-
HSIFOTh OllepATOPHE PIBHSIHHSA, sIKe € OllepaTOp-
HUM aHAJIOMOM TEOPEMHU KOCHHYCA

(A(f9))(2) =
= (Af)(2)(Ag)(2) = (Bg)(2)(Bf)(2)

IS TOBLIbHUX (BYHKIINA f Ta g 3 IPOCTOPY
H(G) npu z € G. Basmaunmo, mo BCi Je-
pusauiitai B H(G) oneparopu BiHOCHO 3rOp-
TKH y3araJbHeHOro iHTerpyBanns [eabdonia-
JleouThena i 3ropTku [lroamesst Oyan omucani
B (22|, |23] BigmosigHo.

B miit ctarTi mocaiKyeThesa y3araabHene
piBHsaHHg Py06ena Bumry

(A(f9))(z) =
= a(Af)(2)(Bg)(2) + B(Ag)(2)(Bf)(2) (3)

B KJIaci Jiniitaux oneparopis A ta B, ski Ji0ThH
y npoctopi H(G). Tyt « Ta 5 poBinabhi dikco-
BaHI KOMILTeKCHI uucia. s po3s’s3anus miel
3aJ1a4i HaM OyIyTh MOTPiIOHI /TedKi JTOmoMizKHI
TBePIKEeHH, IKi MAlOTh TaKOXK i caMOCTifiHuit
iHTEpEC.

HaBememo cmouarky OmmC y3araJibHEHUX
MYJIbTUILUIIKATUBHUX JIHIHHUX OneparopiB Ha
upocropi H(G).

Teopema 1. Hexati G — dosinvha obracms
KOMNAEKCHOT naouuny 1 h — dosinvra GynKryia
3 npocmopy H(G). Tas mozo, w00 ichysas He-
HyAvosut Ainitinut na npocmopi H(G) onepa-
mop A, wo 3a0060AvHAE CNIGBIOHOWECHHA

(A(f9))(2) = h(2)(Af)(2)(Ag)(z)  (4)

s dosinvrur Gynruitd f ma g 3 mpocmopy
H(G) npu z € G, neobriono i docmamnwo,

w06
h(z) #0, Vz € G (5)

IIpu sukonanni ymosu (5) saeanrvruld pose’s-
30K pisHanHA (4) 6 KAACT HEHYALOSUT NTHIT-
nux onepamopie na npocmopi H(G) daemuvca
Popmy.noo

Af=1fou, (

de ) — deaxa Pynruyis 3 npocmopy H(G), daa
axoi Y(G) C G.

JoBenenns. Hexaii icHye HeHYIbOBUI JTi-
uiitauit omeparop A ma npocropi H(G), mns
SIKOTO BUKOHYEThCH piBHICTH (4). [Tokazkemo,
o 1ol BukoHyerbcs ymona (5). losenenus
nposegemo Big cynporusnoro. Hexait (5) me
BukonyeThest. Ockinbku A # 0, 1o h(z) # 0
B (G. Tomy icuye Touka zy € (G, mast sKoi
h(zo) = 0. ITozuaunmo Al = a. Toxi 3 (4) upnm
g = 1 ogepyemMo, 110

(Af)(2)(1 = h(z)a(z)) = 0 (7)

upu z € G. Ockinbku A # 0, 10 3 (7) BuiLu-
Bag, mo 1 — h(z)a(z) = 0 upn z € G. Tlpu
Z = 2y 3Biacum orpuMyeMo cynepedicTb. Ot-
ke, (D) BUKOHYETHCSI.

Ornummemo Ternep Bel HeHYJIBOBI JiHIHI One-
paropu A na upocropi H(G), saxi 3a10B0/1bHS-
101b (4). [Ipunycrumo, 1mo HeHyJIboBuUii JiiHiii-
uuit Ha npocropi H(G) oneparop A 3a10B0JIb-
usie (4). Yepes A; mo3Haunmo onepartop, sikuit
qie B H(G) 3a npasuiom Ay f = hAf. Toni

(A1(f9))(2) = (A1 f)(2)(Ar9)(2)

nisg goBitbHEX BYHKINNE f Ta g 3 mpocTopy

H(G) npu z € G.
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Hanani uepes e(z) mosnadatumemo hyH-
Kiio e(z) = z, z € G. lnst n10BLIbHOT TOUKK
z € G dopmynow L.(f) = (A1f)(z) Busnaua-
€ThC JIHIHHUI MYJIbTUILIIKATUBHUN (DYHKITIO-
wasn L, wa H(G). Bukopucrosytouu omnuc Ji-
HINHUX MYJbTHILTIKATHBHUX (PYHKIIOHAJIIB Ha
npocropi H(G), (nuB., nanpukiaz, [2|) oxep-
xKyemo, mo L, = 0, abo L,(f) = f(20), ne
2o = L,(e), mpudomy 2y € G. Hexaii L, # 0 i
Aj(e) = . Tomi zg = ¢(2), mpudaomy ¥ (2) € G
i romy L:(f) = f(i(2)), o010 (Aif)(z) =
f(¥(2)) ana nosinbuoi dyukuii f € H(G).

Hexait U = {z € G : L, = 0}. Ockinbkn
A #0, 10 Ay # 01 Tomy U # G. Tlokaxemo,
mo U = @. [Ipunycrumo, mo U # &. Bukopu-
CTOBYIOUH ONUC MY/IbTHILTIKATUBHUX (DYHKIIIO-
HaiiB Ha npocropi H(G), omepKumMo, 1o

0, akmo z € U;

(A1f)(2) = { f(W(2)), akmo z € G\ U

it nosiibHOl dyukil f € H(G). Orxe, byn-
kg A;(1) 3 npocropy H(G) naGysae Jiuie
nBa 3HaveHHd: 0 Ta 1, M0 HEMOXKIUBO.

Tomy U = &, i mMu orpumMaemo, M0
(A1f)(2) = (fot)(z) upu z € G st 1OBLIB-
noi byuxuii f € H(G), ne ¥ — neaxa dynknis
3 npocropy H(G), upuaomy ¥(G) C G. Toxi
oneparop A 300pazkaerbcs (opmy.iorn (6).

[Ipu BukoHaHHI ymMOBH (D) IS JOBLIBHOIL
byukmii ¥ € H(G), nua akoi Y(G) C G dbop-
My1010 (6) BU3HAYAETHCS HOHYThOBHIA JIHIfTHII
na upocropi H(G) oneparop A, sxuii 3a10-
BosibHsie criBBignomenns (4). Teopema 1 mo-
BeJICHA.

Saysaxkenns 1. Ilpu h(z) = 1 3 meope-
MU 1 00epIAHCYEMO ONUC MYABMUNATKATMUSHUL
AHitHruz onepamopie wa npocmopi H(G). In-
wum memodom uetd onuc odepocano 6 [14].

Teopema 2. Hexati G — dosinvha obaacmo
KOMNAEKCHOT NAOWUHY, O, [ — 006IAbHT KOM-
nAeKCHI Yucaa. s mozo, w06 napa AHIGHUT
onepamopie A ma B na npocmopi H(G) 3ado-
60AbHANG cNicsidHowerHA (3) HeobTioHo 1 do-
CAMmHb0, U006

1° npu o = —f onepamop A 6ys6 Hyavosum,
a B — dosiavrum;

2° npu o = B # 0 napa yuzx onepamopis
BUSHAYAAACA OOHIEI 3 HACMYNHUT YMOG:

1) A =0, B - dosinvrutl aimitinui onepa-
mop na H(G);

2) A(f) =@ (fov); B(f) = 5= 00, de
w0, € H(G), npunomy Y(G) C G;

3) A(f) = ¢ - (f'ou), B(f) = £fou, de
o, u € H(G), npuuwomy u(G) C G;

4) onepamopu A ma B susnauatomocs op-

MYAAGMU
(Af)(2) =
() F(u(2)44/0(2)) =1 (u(z)~/0(2))

_ B zeV,
p(2) [ (u(z)), npuz e G\V;
ma
(Bf)(2) =
1 () +4/0@)) +£ (w()—/0(2)) = €V

Lf(u(2)), npuzeG\V,

6 arxuxr @,u,v € H(G), npuvomy v £ 0, a
mroocuna G\'V 30i2aemves 3 MHONCUHONW HY-
a6 Pynruii v(z); kpim mozo, Pynryii u(z)
ma v(z) e makumu, wo o dynkyitd x1(z) =
u(z) + /v(2), x2(2) = u(z) — Vv(z) sukony-
romoea ymosu: X1(G) C G, x2(G) C G.

3° npu o # 8% napa yuz onepamopie 6u-
3HAANACA 0OHIEI0 3 HACTYNHUL YMOG:

1) A =0, B - dogiavrut sinitinud onepa-
mop na H(G);

a 1
2) Af = ———— Bf=——

) Af = s o Bf = 0w,
de a,b, € H(G), npunomy b(z) # 0 npu z €
G iY(G) CG.

HoBenennsd. 1. Hexait « = —/[ i niniitni va

npocropi H(G) omneparopu A ta B 3a10B0JIb-
HAIOTD criBBiaHOmeHHs (3). MiHgoun micig-
vu B (3) f ta g i BpaxoByoun (3), 0JepzKuMO,
mo A(fg) =0 nna f,g € H(G). Tomy A = 0.
3po3ymiso, mo napa omeparopis A = 0 i mo-
BlIbHMI JinifiHMi Ha npocTopi H(G) oneparop
B 3a10B0/1bHAIOTH PiBHICTH (3).

2. Hexait « =  # 0. Toxi napa JiniitHux
ua npocropi H(G) oneparopis A ta B 3aj0-
BOJIbHSE CHiBBiHOMEHHs (3) TO/1 1 TIIBKHU TO-
J1i, KoJId napa oneparopis A Ta a3 3a/10B0JIb-
Hg€ Kiacuune piBugang Py6ena (2). Tomy npa-
BIJIBHICTD TBEPZKEHHS TEOPEMH 2 B IIbOMY BH-
NaJKy BUIUINBAE 3 OCHOBHOI TeOpeMH poGOTH

18]
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3. Hexait Temep o? # (2. 3posymino, 1mo
napa oneparopis A = 0, B — jioBiabHuii JiiHiii-
uuii oneparop ua npocropi H(G) 3am0B0abHsE
piBricts (3). Tomy Hajgasi BBazkKaTHMEMO, IO
A#01iB#0.

[Ipunycrumo, 1o napa HEHYJIbOBUX JIiHI-
Hux oneparopis A ta B na npocropi H(G) 3a-
NOBOJIbHsIE criBBigHOMeHHs (3). Mingoun wi-
cugvmu f ta g 3 (3) 07epKUMO, 110

(A(f9))(z) =
= a(Ag)(2)(Bf)(2) + B(Af)(2)(Bg)(z) (8)

it oslibaux Gyukuiit f, g 3 upocropy H(G).
3 (3) Ta (8) BumauBae, 1o

(Af)(2)(Bg)(z) = (Ag)(z)(Bf)(2)  (9)

upu z € G s poBinbaux QyHKIH f, g 3 mpo-
cropy H(G). Ockinbku B # 0, 10 icuye dyH-
kiist go € H(G) raka, mo (Bgy)(z) # 0 B G.
[Tozaaunmo Agy = agi Bgg = bg. [loknanaoun
B (9) g = go, OJIePKUMO, IO

bo(2)(Af)(2) = ao(2)(Bf)(2)

upu z € G 11 10BLIBHOI (PYHKIHT f 3 mpocTo-
py H(G). Ockinbku by(z) Z0 B G 1 A # 0, 10
3 (10) Bunsmsae, mo ag(z) Z 0 B G.

Hexaii S = {z € G : ap(2)bo(2) = 0}. Tonui
MHO(KHHA S € CKIHYeHHOI0 a00 3/1ivennoo. [To-
Oyyemo gomnomizkay ¢dyukiio m : .S — N.
Hexaii z € S. dxmo a(z) = 0, a b(z) # 0,
TO BBAXKATUMEMO, 110 M(2) JOPIBHIOE KPATHO-
cri Hyng z g Gysknii a. fdxmo b(z) = 0, a
a(z) # 0, To m(z) JOPiBHIOE KPATHOCTI HYyJIst
z pis dyukuii b. dxmo x a(z) = b(z) = 0,
TO BBayKATHMEMO, M0 M(z) JOPIBHIOE MAKCH-
MaJbHIl KpaTHOCTI Hy/Id 2z A YHKINH a Ta

b.

(10)

Hexait d — noBinbHa (ikcoBana yHKII 3
upocropy H(G), MuoxkuHA HYJIIB sKOI 36irae-
ThCS 3 MHOXKHHOIO S, IIPUYOMY KPATHICTDH J10-
BUIBHOTO HYyJIst 2 € S st pyHKIT d HOPIBHIOE
m(z). IcayBanus yukuii d BumInBae 3 ysa-
rajapbHeHol Teopemu Beitepinrpacca (nus. [24],
crop. 301). ITpu z € G\S 3 (10) BumiuBae, 1o

bo(z) ~ap(2)

(Bf)(z) (1)

st poslibaOl dyuknii f 3 H(G). 3 piBrocTi
(11) i Busnauenns yunxuii d(z) Bummusae, o
JIJIsL TOBLIBHOT TOYKM 29 € S 1 JJ1sd JOBLILHOL
byukuii f € H(G) BukonyeThes piBHICTD

tim (22 a5)2)) = 1 (2 (5p)(2)
(i

Z—r20 Z—r20 d(Z)

IpUIOMY Tl TpaHUTII € cKindeHHuMu. Tomy Ko-
JKHA TOYKA 3 MHOXKUHE S € YCYBHOIO OCOOTNBI-
cTIO /I (PYHKIII, 9K BU3HAYAETHCA PiBHICTIO
(11). Ina f € H(G) nokmagemo (Cf)(z) =
12((;)) (Af)(2) mpu z € G\S 1a (Cf)(2) =
lim (bo(t) (Af)(t)) upu z € S. 3 10BeJEHOTO
t—z d(t)

BUIE BUILIUBaAE, 1o oneparop C' jie B mpo-

cropi H(G). OgeBnpno, mo C' € giniitnnm. [To-

dz) — 4=
e 1 0(2) = o5
a(z) Ta b(2) € ananitnanuMu Ha MEOKUHI G\S

i BCi TOYKH 3 MHOKHHI S € YCYBHUMHI OCOO.TH-
BoCTsMHE s 1ux dyHKIii. Tomy mi dpyHKii €
agamitnaauMu B G. 3 hopMyIn I BUSHAYEH-
Hst oneparopa C' BUILIMBAE, 110 Il JIOBLIBHOT
byukuii f € H(G) npu z € G\S BUKOHYIOTHCS
piBHOCTI

3HAYUMO a(2) = DOyuKil

(Af)(z) = a(2)(C])(2), (12)
(Bf)(2) = b(z)(Cf)(2). (13)

Ockinbku oneparop C' aie B npocropi H(G) i
dbyukuii @ Ta b Hasexkars npocropy H(G), To
piBrocti (12) i (13) 6yayTh OpaBUIBHUME MPH
BCiX 2 € G.

[Tigcrasasoun (12) i (13) B (3) omepxkumo
CIIBBIIHOIIEHH

(C(f9))(z) = (a+ 5)5(2)(Cf)(2)(09)(2()14)
st 3HaxokenHs omeparopa C. Ockiabku
A#0iB #0, 10 C # 0. Kpim TOro, ockiib-
ku o + 3 # 0, To 3 Teopemu 1 01epKyeEMO, IO
b(z) # 0 npu z € G i oneparop C 306pazkae-
ThCI y BUTJIS]

Cf = = fou,

(a+0)

Je ¢ — nesika byukiis 3 upocropy H(G), s
axoi Y(G) C G. Iigcrasnsroun (15) y (12) i
(13), omepxkumo, o oneparopu A ta B 306pa-
KAI0ThCst hbopMysiaMu 2) 3 IyHKTY 3° TeopeMu

(15)
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2. be3snocepeIHBOI0 TTEPEBIPKOIO MEPEKOHYEMO-
cd, o napa oneparopis A ra B, gxi BusHava-
I0ThCsl yMOBaMu 2) 3 IyHKTY 3° Teopemu 2, 3a-
JIOBOJIbHSIE y3arajibHeHe piBHsiHHsT PyGesa (3).
Teopema goBejieHA.

SayBakeunsa 1. IIpu dosedenni meopemu
2 odeporcaro onuc pPo3e’a3Kie PIBHAHHA 6UdY

AfBg = AgBf. (16)

A came, dra mozo, wob napa AHIGHUT Ha NPO-
cmopi H(G) onepamopie A ma B 3adosonvi-
aa enigsionowenns (16) das dosinvruz @iym-
kuiti f, g € H(G) neobriono i docmammwo, w00
Ul ONEPAMOPU 300PANCAAUCH Y 6UAADL

Af =a Cf, Bf =b CY,

de a,b — deaxi pynruyii 3 npocmopy H(G), a C
— Aitnitnud onepamop na npocmopi H(G).
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