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KwuiBchkuit Hamionabanit yHiBepcuteT imeni Tapaca [1leBuenka,
Iacruryr maremarukun HAH Vkpainn

IHTETPAJIBHI PIBHAHHA ®PE/ITI'OJIbMA 3 KEPYBAHHAM

Suaiieno HeoOXigHI Ta JOCTATHI YyMOBH PO3B’SIBHOCTI Ta 3arajbHUM BUTJISI PO3B’A3KY iHTEr-

panpHOro piBHaHHA PpEAroabMa 3 KEPYBAHHAM.

We obtain necessary and sufficient conditions for the solvability and the general form of the
solution of a Fredholm integral equation with control.

PiznomaniTHIM 3a1a9aM OINTUMAJIb-
HOrO  KepyBaHHS  JJjisi  (DYHKI[OHAJIHHO-
nuepeniiaabHIX Ta iHTErpO-

nudpepenniaIbHUX PIBHAHL Ta 1X CHCTEM
HpUCBAYeHO OaraTo myoOJikamniit. OaHuM i3 Ha-
IPAMKIB JOCJIIXKeHHs TaKuX 3aJad € IIiIXin,
IO TPYHTYETHCA Ha 3a/Jy9eHHI amapaTy Teopil
nceB1000epHeHnx omneparopis [1-3]. YV namiii
pobOTi, B MeKaxX IHOr0 MiJIX01y, BCTAHOBIECHO
HeOOXijiHI 1 JlocTaTHi yMOBHU PO3B S3HOCTI
inrerpaJibHoro pisusguusg @pegarosibma 3 Kepy-
BAHHAM Ta 3HAWIEHO 3araJbHUN BUTJISAA HOTO
PO3B’S3KY.

1. IlocranoBka 3agaui. Posrisgnemo y
riibbeproBoMy mpocTopi Le[a,b] inTerpanbhe
PIBHSIHHS 3 K€pYBaHHAM

b
x(t) — /K(t,s)x(s)ds =
", (1)
= f(t) +/K1(t, s)u(s)ds.

Tyr K(t,s), Ki(t,s) — aapa, cyMOBHI 3 KBa/I-
parom B obaacri [a,b] X [a,b], f € Lsla,b],
x € Lofa,b], u € La[a,b]. Anpa K(t,s), Ki(t, s)
ta GyHKIig f — Bigomi, a GyHKIIT & Ta © — I0T-
piOHO BU3HAYHUTH.

Bynemo BBazkatm, mo mopo/Kylode iHTer-
paJibHe pIBHSIHHS 0e3 KepyBaHHs

x@—/K@W$W=ﬂ® (2)

nupu Jedakux Heognopignocrsx f € Lola,b] ne

Ma€ pO3B’HA3KY.

CraBuThCd 3aJa4a 3HAXOJKEHHS HEO0Xil-
HUX Ta JOCTATHIX yMOB, NPHU SKHUX, BBOJIS-
M B MpaBy YacTUHY DiBHsIHHS (2) KepyBaHHS

b
[ Ki(t, s)u(s)ds, pisusuus (1) crae poss’ss-
HIM.

2. 3B’430K iHTerpajbHOro piBHAH-
Ha (1) 3i 371iYeHHOBUMIPHOIO CHCTEMOIO
ayireOpaiyHUX piBHAHB 3 KEPYBAaHHAM. 1K
i B poboti [4], piBusiuns (1) mMoxkHa 3BecTH 110
3JIIYeHHOBUMIPHOI CHCTEMU ajrebpaldHux pis-
Hsaub. Hexaii {¢;(t)}52, - noBHa oproHOpMaJIb-
Ha cucrema byHKIiA B Lso|a,b]. Beememo mo
POBIJISITY BEJTUINHH

%zijwwm%@wm
e @)
= [ [ Katts)aitthos )i

a
Toni Bix piBusinHg (1) npuxoxumo Jo 3ii-
YEeHHOBUMIPHOT cucTeMu aJjrebpaldnux pis-
HSIHb 3 KepyBaHHIM

o0 o
Ti— E aijr; = fi+ E aijuj, i=1,00, (5)
j=1 j=1
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o0 o
Z |z;]* < +o0, Z | ]? < +o0.
j=1 j=1

Banumnremo cucremy (5) y BEKTODHOMY BH-
LUIsLId

AZ =g + A1U, (6)
e
A=1-A4 (7)
z = col (xl, To, ..., @ ) € Uy,
g:COl (fl; f27 ceey fz', ) 6627 (8)
v = col (ul, U, ooy Uj, ) € ls,
ailp aig Qa5
a21 Qa22 Q2
A= ) (9)
ai1  Aq2 Qi;
ain Q2 ai;
a1 Q2 a2;
A = (10)
i1 Qg2 @

Omneparopua cucrema 0e3 KepyBaHHS JIJIsI
cucremn (6) mae BUIIsAL

(11)
Basznauumo, 1o oueparop A : ly — fy -
e KOMIAKTHUN omnepaTop 1, 9K BioMmo, s
omeparopa A cupaBeIMBOIO € ajbTepHATH-
Ba @pearosbma |5, c. 188|. fmpo ta Kosii-
po omeparopa A € CKIHYeHHOBHMIDHHMHI Ta
MAarTh OJHAKOBY po3MipHicTh (dimkerA =
= dimker\* = r < o0), orxke oneparop A €
dpearosbyosum. st cucremu (11) cupasej-
JIMBUM € HACTyIHe TBep/zKenHs |1, c. 69).

Az=g.

Teopema 1. Odnopidna cucmema (11) (g = 0)
MAE T-NAPAMEMPUYHY Cim 10 P036°A3Ki6 z € Uy

z=Pyc, VeeR". (12)

Heoownopidna cucmema (11) € po3s’asnoro
modi © MiIALKY To0di, KOAU GUKOHYEMLCA T
NIHITHO-HE3ANEHCHUT YMOS

Pr;g=0 (13)

ma Mae T-napamempuuHy Cim’to pose’Askie
z € Uy uzasdy

z=Py\c+Atg, VceR. (14)

Tyt P,, - Marpung, gKa CKIQJacTbCsd i3
MOBHOI CHCTEMH 7" JIHIHHO He3aIe2KHUX CTOBII-
4uKiB MaTpuii Py, Pj: - MaTpund, gKa cK/a-
JIAETHCS 13 IIOBHOT CUCTEMM 7 JIHIAHO He3aJ1€2K-
HUX psakiB marpuii Pa«, Py T1a Py —
upoekropu Ha N(A) Ta N(A*) Bianosiguo,
At — nceBnoobepuena (3a Mypowm-Tlenpoysom)
10 A marpuis.

Bunukae nuraHHg: UM MOXKHA 3a JIOIOMO-
rOf0 BBEJIeHHs Y TpaBy vactuhy cucremn (11)
kepyBauus Ajv, 3poburu cucremy (6), a, or-
ke i Buxigne pisaguns (1), po3s’s3unvu? 3Ha-
itjiemo HeoOXi/iHI Ta JIoCTaTHI YMOBH ICHY BAHHSI
pO3B’s13Ky HeojHOpigHOrO piBHsiHHs (1), npH
YMOBI, 1110 TIOPOJIZKYI0Ue PiBHSHHS (2), a, OTKe
i omeparopua cucrema (11), He MarOTh PO3B’sI3-
KiB.

3. 3HaxomKeHHS PO3B’d3Ky IHTer-
paJbHOrO PiBHAHHA 3 KepyBaHHAM. lIpu-
myctumo, mo Pr-g # 0, To6To ymoBa (13) me
BHKOHY€ETbhCsI. 3IiIHO HaBeaeHol Teopemu 1 He-
oztHOpiHA cucTeMa (6) € po3B’ 3100 T/ 1 J11-
nIe TOJi, KOJIM BUKOHYEThCS yMOBa

Py-(g+ Av) = 0. (15)
3Bicu,
PA:Aﬂ) = —PA:g.
BriBmu mosunatuenss
D := Py:Ay4, (16)
OTPUMAEMO
Dv = —Py:.g (17)
3a ymoBHI
Pp: Pr.g=0, m <r (18)

asrebpaiuna cucrema (17) Oyle po3B’si3HOIO
BLIHOCHO v, Ta 11 PO3B’'s130K MaTuMe BUTIsA [1]

v = PDC — D+PA:g, Ve € EQ. (19)

Tyr Pp - wmarpunsg-npoekrop ua N (D),
Pp; - MaTpung, fKa CKIaJaeThes i3 MOB-
HOI CHUCTeMM 71 JIHIHO He3aJ/Ie;KHUX PsJIKIB
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marpuii Pp«, mo € mpoektropom ua N(D*),
D7 - nceBnoobepuena (3a Mypom-ITenpoysom)
J10 D marpuiis.

Baznaunmo, mo 3a ymosu Pp = 0, cucrema
(17) maTnme eauHUI PO3B’SI30K BUTIISILY

v =—D"Py.g. (20)
[TligcraBuBmn y cucremy (6) 3amicrts v Bupas
(20), orpumaemo

Az =g — A D" Py.g. (21)
3a reopemoro 1, cucrema (21) 6ye po3B’si3HOO
TOJIi 1 JIUTITEe TOJTi, KOJIM BUKOHYETHCS YMOBA

Py (9 — A1D+PA;:9) =0 (22)

i 11 pO3B’SI30K Ma€ BUTJIS
2 = PArc+A+(g—A1D+PA;g), Ve e R". (23)

3azuaunmo, mo 3a ymoBu Py = 0 po3B’ga30K
cucremu (21) € equuum. Mae wmicue nacrynna
TeopeMa.

Teopema 2. Hexatd onepamopna cucmema
(11) € neposs’asnoro. Todi, AKu0 BUKOHYIOMb-
CA YMOGU

PD:I PA::g =0, PA:(Q - A1D+PA:9> =0,
mo cucmema (6) 6yde mamu zowa 6 0dun
P036°A30K 2 eueandy (23), a Kepysanns v 6u-
anavaemovea npedemasaenmam (19). Sxugo 6u-
konyromoca ymosu Pp = 0, Py, = 0, mo
po36’a3ok z cucmemu (6) ma kepysanms v 0y-
dymo eduruM.

BukopucroByoun — orpuMani  pe3ysbTa-
TH I8 CHCTeMH aireOpaidauX piBHSHB 3
KepyBaHHaM (6), MH MOXKeMO 3pOOHTH BHC-
HOBKH IIPO iCHYBaHHsS PO3B'S3KY BHXIJTHOTO
inrerpanbaoro pisaguas (1), Jlas  mporo
BHKOPHCTAEMO TEepexij, OmHCaHuii y pobo-
1i |4]. fAxmo cucrema (6) mae xoda 6 oxun
PO3B’s130K 2 = col (xl, To, ..., X .), TO
3rigno teopemu Pica-Dimepa, icHye ejgemeHT
x € Lo[a,b] rakuii, mo mae micue 300parKeHHst

o(t) =Y mpit) =)z, (24)

ne
(1) = (e1(t), @2(t), ..., @ilt), ...),

{@i(1)}2, - moBHA OPTOHOPMAJIbHA CHCTEMA
dbynkuiii B La[a, b].

AHaJIOr Y HUM YMHOM BH3HAYAETHCSA KEPYBa-
uHst u(t)

u(t) = Z wipi(t) = ®(t)v.  (25)

[Mapa {z(t),u(t)}, mo BU3HAYAETHCH CriB-
Bimpomennamu (24), (25), i € mykaHuMm
po3B’s13K0M BuXigHOTO piBHgAHHS (1) [6, c. 266].

Teopema 3. Hexal inmezpasvhe pi8HAHHA
bes wepysanns (2) e nepose’asnum. Todi,
AKULO GUKOHYIOMBCA YMOGU

PD,’flijig =0, PA:(Q - A1D+PA:9) =0,
mo iHmezpasvhe PieHAHHA 3 Kepysanuam (1)
6yde mamu xowa 6 0dun posze’asok {x(t),u(t)}
(24), (25). Ba dodamxosuzr ymos Pp = 0,
Py, = 0 poss’azox {x(t),u(t)} pisnanns (1)
byde edunum.

4. llpumkmgan. Posrngremo iHTerpaJibHe
PIBHSIHHS 3 K€PYyBaHHAM

™

z(t) — 2 /cos(t + s)x(s)ds =

™

- (26)
= f(t) +/K1(t, s)u(s)ds
3a YMOBH, IO PIBHIHHS
x(t) — %/cos(t +s)x(s)ds = f(t)  (27)

0

HE MAa€ PO3B’gI3KY.

OpronopmoBani byHKIHT 1 (t) =

\/Ecost,
iy

pa(t) = \/g sint € BaacauMu (DYHKIIAME Ole-
paropa

™

(Kw)(t) = 2 / cos(t + s)w(s)ds,

™
0
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dKi BiAIIOBIIAIOTH XapaKTEePUCTUUHUM UYHUCJIAM
A1 =11 Ay = —1 Biguosiguo.

3segemo pisusuns (26) Ta (27) mo piBHSHD
(6) Ta (11). Bukopucrasmu nosznadenus (3),
(4), orpuMaemo

Az =g+ A, (28)
A= <0 0) A= (C:Lu C}u) ’
0 2 Q21 A22
(30)
s — (Tt g= N !
x9 )’ f2)’ us )’
2 ™
xry = \/i/x(t) cos tdt,
T
0
20
Ty = \/j/x(t) sin tdt,
T
0
2 T
= \/j/f(t) cos tdt,
T
0
2
fo= \/j/f(t) sin tdt,
T
0
i 2 ™ ™
a;] = ;//Kl(t, s) cost cos sdtds,
0 0
2 |
19 = ;//Kl(t,s) cost sin sdtds,
(31)

2 s
Q9] = ;//Kl(t,s) sin t cos sdtds,
0

0
s

2 s
Q99 = ;//Kl(t, s) sin ¢ sin sdtds,

00
2 s
up = \/i/u(t) cos tdt,
s
0
2 [
Uy = \/j/u(t) sin tdt.
T
0

CxopucraBmuch Bigomumu  opMyTaMu
[1, c. 60], |2], |7, c. 501], orpumaemo

0 0 10
A+:(0 %)7PA:PA*:<O 0) (32)

BukopucroBytoun Teopemy 1, oTpumMaeMo
TBEpP/ZKEeHHS:
Odnopiona cucmema (29) (g = 0) mae

P038°A430%K
z = (8) , VeeR.

Heodnopidna cucmema (29) e poss’asnoro
modi © Miavku Modi, KoM BUKOHYEMBCH YMO-
6a

(33)

/f(t) costdt =0 (34)
0
ma Mae po3e’A3ok
c
=\ st YeER (9

0

Besnocepeinivmn o04unceHHAMI MOYKHA T1e-
pekonarucs, mo upu f(t) = sint ywmosa
po3B’si3HoCTi (34) BUKOHYETHCs, a, HATPHK-
nax, upu f(t) = cost + sint ymosa (34)
HE BUKOHYETHCSI, TOOTO HEOTHOPiHE PIBHAHHS
(29) e Mae po3B’a3Ky. 3HANIEMO KepyBaHHS

b
J Ki(t, s)u(s)ds, npu akomy pisnsnnsg (26) Oy-

Jie po3B’si3HuM. [LJ1st IIbOT0 CKOPUCTAEMOCST TEO-
peMoIo 2, ToOTO NepeBipuMO BUKOHAHHS YMOB
(18), (22). Brigno (16), (30), (32) maemo

D=(10) (‘:‘11 Z;i) _

oy (&11 C~112) .

OTKe, MATIMEMO
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MoK1uBi 1Ba BUNAJIKHT:

1) D = D% =0 (a}, + aj, = 0). Toxi kepy-
BaHH4 v He iCHyBaTHMe i ajqredpaiuna cucreMa
(28) ne Oyue maTu PO3B’SA3KY 2.

2) D # 0rta DV # 0 (a3, +a2, # 0). Ockinb-
xu Pp; = 0, To ymosa (18) BUKOHYETDCH 3aBK-
o, To6TO anrebpaiuna cucrema (28) 3aBKIAU
Oy1e po3B’sa3H00 BigHOCHO v. [lepeBipumo Bu-
KOHAHHSI yMOBH (22)

Py:(g — AyDF Py.g) = (1 0) ( @) N
(a2 Ga) e o (R)-

=~(1 0)x
0
X ~9 ~9 ~ ~ ~ ~ - O
fa(@fy + afy) — fi(agian + aoaaio)
Orxe, (22) BUKOHYETBHCsI JJisi Oy/ib-sKOT MaT-
puni A; Ta anrebpaiuna cucrema (28) 3aBxan
Oy/ie pO3B’SI3HOIO BiHOCHO Z.

BuaiigemMo  gBHUI  BUIJIS — KepPyBaHHS
v Ta po3p’s3Kky 2z cucremu (28). Hexaii
K (t,s) = 2costcoss. CkopucraBumch hop-
myaamu (31), (36), (32), maemo

e )= i) o0
o) 0 )

Ockinbku ymoBa (18) BUKOHYETBCsI, & yMO-
Ba Pp = (0 He BHKOHYETBCS, TO KepyBaHHA U
6yﬂe BHU3HA4YATUCA HE € JMHHUM YHUHOM 1 MaTume
BULJISAT

Y namowmy Bunanky Py # 0, Tomy cuctema
(28) Gyae maru ciM’10 po3B’sI3KiB

z=Pyc+ A (g+MNv) =
(o) (6 D (E0) 60
()= () eex

Ckopucrasmucy dopmynamu (24) Ta (25),
3HaliIeMO sIBHUiT BUDJIsL KepyBaHHs wu(t) Ta
po3B’a3ky x(t) inrerpaibuoro pisusiang (1)

1
u(t) = — (01\/27rsint = cost) , Ve €R,
7r
1
x(t) = NG (czx/gcost + \/7_Tsint> , Voo € R
T
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