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IÍÒÅÃÐÀËÜÍI ÌÍÎÃÎÂÈÄÈ I ÏÐÈÍÖÈÏ ÇÂÅÄÅÍÍß ÄËß
ÄÈÔÅÐÅÍÖIÀËÜÍÎ-ÔÓÍÊÖIÎÍÀËÜÍÈÕ ÐIÂÍßÍÜ ÍÅÉÒÐÀËÜÍÎÃÎ

ÒÈÏÓ

Äîâåäåíî ïðèíöèï çâåäåííÿ äëÿ äîñëiäæåííÿ ñòiéêîñòi íóëüîâîãî ðîçâ'ÿçêó íåëiíiéíîãî
äèôåðåíöiàëüíîãî ðiâíÿííÿ íåéòðàëüíîãî òèïó â êðèòè÷íîìó âèïàäêó. Çàäà÷à çâîäèòüñÿ äî
äîñëiäæåííÿ íóëüîâîãî ðîçâ'ÿçêó ñèñòåìè çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü, ïîáóäîâàíî¨
çà äîïîìîãîþ ìåòîäó iíòåãðàëüíèõ ìíîãîâèäiâ.

We prove the reduction principle for investigating the stability of the zero solution of a nonlinear
di�erential equation of neutral type in the critical case. The problem is reduced to the investigation
of the zero solution of an ordinary di�erential equation constructed by the method of integral
manifolds.

Äëÿ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâ-
íÿíü ïèòàííÿ iñíóâàííÿ i ñòiéêîñòi iíòå-
ãðàëüíèõ ìíîãîâèäiâ ðîçãëÿäàëèñÿ, çîêðå-
ìà, â ïðàöÿõ [1, 2], à äëÿ äèôåðåíöiàëüíî-
ôóíêöiîíàëüíèõ ðiâíÿíü � â [3 � 5]. Ïðèí-
öèï çâåäåííÿ äëÿ äîñëiäæåííÿ ñòiéêîñòi àâ-
òîíîìíèõ ñèñòåì áóëî ðîçâèíóòî â [4 � 11],
ïðè÷îìó äîâåäåííÿ öüîãî ïðèíöèïó äëÿ àâ-
òîíîìíèõ ðiâíÿíü íåéòðàëüíîãî òèïó â [5,
11] áàçó¹òüñÿ íà âèâ÷åííi iíòåãðàëüíèõ ìíî-
ãîâèäiâ. Ó öié ñòàòòi äîñëiäæó¹òüñÿ ñòié-
êiñòü òðèâiàëüíîãî ðîçâ'ÿçêó íåàâòîíîìíî¨
ñèñòåìè ðiâíÿíü íåéòðàëüíîãî òèïó â êðè-
òè÷íîìó âèïàäêó. Íà âiäìiíó âiä ñòàòòi [3]
òóò óìîâà Ëiïøèöÿ äëÿ îïåðàòîðà F çàïè-
ñó¹òüñÿ â iíøié ôîðìi.
1. Ïåðåòâîðåííÿ âèõiäíî¨ çàäà÷i. Íå-

õàé Rn � n-âèìiðíèé ïðîñòið ç íîðìîþ |x| =√
x21 + ...+ x2n, C = C[−∆, 0] � ïðîñòið íåïå-

ðåðâíèõ íà [−∆, 0] ôóíêöié iç çíà÷åííÿìè â
Rn i íîðìîþ |φ| = sup

−∆≤θ≤0
|φ(θ)|.

Ðîçãëÿíåìî äèôåðåíöiàëüíî-
ôóíêöiîíàëüíå ðiâíÿííÿ íåéòðàëüíîãî
òèïó

d

dt
[D(xt)−G(t, xt)] = L(xt) + F (t, xt), (1)

äå xt � åëåìåíò ïðîñòîðó C, çàäàíèé ôóíêöi-
¹þ xt(θ) = x(t+θ), −∆ ≤ θ ≤ 0; D : C → Rn;
L : C → Rn;D i L � ëiíiéíi íåïåðåðâíi îïåðà-
òîðè; G : R×C → Rn; F : R×C → Rn; îïåðà-

òîðè G i F íåïåðåðâíi âiäíîñíî t. Îïåðàòîð
G(t, φ) íåïåðåðâíî äèôåðåíöiéîâíèé âiäíî-
ñíî t i φ. Çãiäíî ç òåîðåìîþ Ðiññà îïåðàòîðè
D(φ) i L(φ) ìîæíà çîáðàçèòè çà äîïîìîãîþ
iíòåãðàëà Ñòiëòü¹ñà:

D(φ) = φ(0)−
0∫

−∆

[dµ(θ)]φ(θ),

L(φ) =

0∫
−∆

[dη(θ)]φ(θ),

äå µ(θ), η(θ) � ìàòðèöi-ôóíêöi¨ îáìåæåíî¨
âàðiàöi¨.

Ïðèïóñòèìî, ùî ôóíêöiÿ µ(θ) íå ìiñòèòü
ñèíãóëÿðíî¨ êîìïîíåíòè i ïîâíà âàðiàöiÿ
V 0
−s[µ] → 0 ïðè s → 0. Íåõàé iñíó¹ ñòàëà
ν > 0 òàêà, ùî

G(t, 0) = 0, F (t, 0) = 0, |G(t, φ)−

−G(t, φ′)| ≤ ν|φ− φ′|, |F (t, φ)− F (t, φ′)| ≤

≤ p(t)|φ− φ′|, sup
t∈R

t+τ0∫
t

p(τ)dτ ≤ ντ0, (2)

äå τ0 > 0, t ∈ R, φ ∈ C, φ′ ∈ C.
Ïîðÿä ç (1) ðîçãëÿíåìî ëiíiéíå ðiâíÿííÿ

d

dt
D(x̄t) = L(x̄t), (3)
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ïîçíà÷èìî ÷åðåç x̄t(φ) éîãî ðîçâ'ÿçîê ç ïî÷à-
òêîâîþ ôóíêöi¹þ φ ∈ C. Âèçíà÷èìî îïåðà-
òîð çñóâó çà ðîçâ'ÿçêàìè ðiâíÿííÿ (3) ñïiâ-
âiäíîøåííÿì T (t)φ = x̄t(φ). Ñiì'ÿ {T (t), t ≥
0} óòâîðþ¹ ñèëüíî íåïåðåðâíó ïiâãðóïó.
Òâiðíèé îïåðàòîð ïiâãðóïè ¹ îïåðàòîðîì äè-
ôåðåíöiþâàííÿ Aφ(θ) = φ̇(θ), −∆ ≤ θ ≤ 0,
iç îáëàñòþ âèçíà÷åííÿ

D(A) =

{
φ ∈ C : φ̇ ∈ C, φ̇(0) =

=

0∫
−∆

[dµ(θ)]φ̇(θ) +

0∫
−∆

[dη(θ)]φ(θ)

}
.

Õàðàêòåðèñòè÷íå ðiâíÿííÿ äëÿ ðiâíÿííÿ
(3) íàáåðå âèãëÿäó

det Λ(λ) = 0, Λ(λ) = λ

[
E−

−
0∫

−∆

eλθdµ(θ)

]
−

0∫
−∆

eλθdη(θ). (4)

Ïîçíà÷èìî

b = sup

{
Reλ :

det

E −
0∫

−∆

eλθdµ(θ)

 = 0

}
.

Íåõàé b < 0. Òîäi â ïiâïëîùèíi Reλ ≥
−α = b/2 ìiñòèòüñÿ ñêií÷åííà êiëüêiñòü êî-
ðåíiâ ðiâíÿííÿ (4). Ïðèïóñòèìî, ùî ðiâíÿí-
íÿ (4) ìà¹ l êîðåíiâ íà óÿâíié îñi (iç âðàõóâà-
ííÿì ¨õ êðàòíîñòi), à ðåøòà êîðåíiâ ëåæàòü
ó ïiâïëîùèíi Reλ < −α− β1, äå 0 < β1 < α.
Ïîçíà÷èìî ÷åðåç P âëàñíèé ïiäïðîñòið â C,
ïîðîäæåíèé ðîçâ'ÿçêàìè ðiâíÿííÿ (3), ùî
âiäïîâiäàþòü êîðåíÿì íà óÿâíié îñi. Íåõàé
Φ = Φ(θ) = (φ1(θ), ..., φl(θ)) � n×l �ìàòðèöÿ,
ñòîâáöi ÿêî¨ ¹ ëiíiéíî íåçàëåæíèìè ðîçâ'ÿç-
êàìè ðiâíÿííÿ (3), ùî íàëåæàòü P.

Ñïðÿæåíå äî (3) ðiâíÿííÿ íàáåðå âèãëÿäó

d

ds

[
v(s)−

0∫
−∆

v(s− θ)dµ(θ)

]
=

= −
0∫

−∆

v(s− θ)dη(θ). (5)

Íåõàé φ ∈ C[−∆, 0], ψ ∈ C[0,∆], ψ̇ ∈
C[0,∆].

Ðîçãëÿíåìî áiëiíiéíèé ôóíêöiîíàë [4, 5]

(ψ, φ) = ψ(0)D(φ) +

0∫
−∆

θ∫
0

ψ̇(ξ − θ)[dµ(θ)]×

×φ(ξ)dξ −
0∫

−∆

θ∫
0

ψ(ξ − θ)[dη(θ)]φ(ξ)dξ.

Ïîçíà÷èìî ÷åðåç P∗ ïiäïðîñòið ðîçâ'ÿçêiâ
ðiâíÿííÿ (5), ñïðÿæåíèé äî P, à ÷åðåç
Ψ(θ), 0 ≤ θ ≤ ∆, � áàçèñ â P∗. Òîäi ìà-
òðèöÿ (Ψ,Φ) íåâèðîäæåíà i ¨¨ ìîæíà âèáðà-
òè îäèíè÷íîþ. Êîæíèé åëåìåíò xt ∈ C ìî-
æíà çîáðàçèòè ó âèãëÿäi xt = Φu(t) + wt,
u(t) = (Ψ, xt), wt = xt − Φu(t), u(t) ∈ Rl,
wt ∈ Q. Ðiâíÿííÿ (1) åêâiâàëåíòíå ñèñòåìi
ðiâíÿíü

d

dt
[u(t)−Ψ(0)G(t, xt)] = Bu(t) + Ψ(0)×

×F (t, xt), wt = T (t− σ)[wσ −XQ
0 G(σ, xσ)]+

+XQ
0 G(t, xt)+

t∫
σ

T (t−s)XQ
0 F (s, xs)ds− (6)

−
t∫

σ

ds

[
T (t− s)XQ

0

]
G(s, xs),

äå XQ
0 � ïðîåêöiÿ íà ïiäïðîñòið Q ôóíêöi¨

X0(θ) = 0, −∆ ≤ θ < 0, X0(0) = E; B � l × l
� ìàòðèöÿ, âëàñíi çíà÷åííÿ ÿêî¨ çáiãàþòüñÿ
iç çãàäàíèìè âèùå óÿâíèìè êîðåíÿìè.

Ïðàâèëüíi íåðiâíîñòi [4, 5, 12]

|T (t)φ| ≤ K1 exp[−(α+ β1)t]|φ|, φ ∈ Q,

|T (t)XQ
0 |+

1∫
0

|dsT (t− s)XQ
0 | ≤ (7)

≤ K1 exp[−(α + β1)t],

äå t ≥ 0, K1 > 0.
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Çãiäíî ç ïðèïóùåííÿì âiäíîñíî âëàñíèõ
çíà÷åíü ìàòðèöi B ïðàâèëüíà òàêîæ îöiíêà

| exp(Bt)| ≤ K exp[(−α + β)t], (8)

äå t ≤ 0, K > 0, 0 < β < α.

2. Iñíóâàííÿ iíòåãðàëüíèõ ìíîãîâè-
äiâ.
Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè

(2). Òîäi çíàéäåòüñÿ òàêå ν0 > 0, ùî ïðè
ν < ν0 iñíó¹ ôóíêöiÿ h(t, u) ∈ Q, ùî âèçíà-
÷åíà íà R× Rl, çàäîâîëüíÿ¹ óìîâè

h(t, 0) = 0, |h(t, u)−h(t, u′)| ≤ 0, 5|u−u′| (9)

i òàêà, ùî ìíîæèíà

S− = {(t, φ) : t ∈ R, φ = Φu+ ζ, u ∈ Rl,

ζ = h(t, u), ζ ∈ Q}
¹ iíòåãðàëüíèì ìíîãîâèäîì ðiâíÿííÿ (1).

Äëÿ êîæíîãî ðîçâ'ÿçêó xt = Φu(t) +
h(t, u(t)) ðiâíÿííÿ (1), ùî íàëåæèòü S−,
ïðàâèëüíà îöiíêà

|xt| ≤ 2K|Φ||u(σ)| exp[−α(t− σ)], t ≤ σ.
(10)

Äîâåäåííÿ. Ïîðÿä iç ñèñòåìîþ (6) ðîç-
ãëÿíåìî ñèñòåìó iíòåãðàëüíèõ ðiâíÿíü

u(t) = eB(t−σ)[c−Ψ(0)G(σ, xσ)]+

+Ψ(0)G(t, xt)−
σ∫
t

eB(t−s)Ψ(0)F (s, xs)ds−

−B
σ∫
t

eB(t−s)Ψ(0)G(s, xs)ds, wt = (11)

= XQ
0 G(t, xt) +

t∫
−∞

T (t− s)XQ
0 F (s, xs)ds−

−
t∫

−∞

ds

[
T (t− s)XQ

0

]
G(s, xs), t ≤ σ.

Ïîìíîæèâøè ïåðøå ðiâíÿííÿ ñèñòåìè (11)
íà Φ è äîäàþ÷è öi ðiâíîñòi, îäåðæèìî

xt = ΦeB(t−σ)[c−Ψ(0)G(σ, xσ)] +X0G(t, xt)+

+

t∫
−∞

T (t− s)XQ
0 F (s, xs)ds−

t∫
−∞

ds[T (t− s)×

×XQ
0 ]G(s, xs)− Φ

σ∫
t

eB(t−s)Ψ(0)F (s, xs)ds−

−ΦB

σ∫
t

eB(t−s)Ψ(0)G(s, xs)ds. (12)

Íàâïàêè, iç ðiâíÿííÿ (12) ìîæíà îäåðæàòè
ñèñòåìó ðiâíÿíü (11).

Iñíóâàííÿ ðîçâ'ÿçêó ðiâíÿííÿ (12) äîâå-
äåìî çà äîïîìîãîþ ìåòîäó ïîñëiäîâíèõ íà-
áëèæåíü

x
(0)
t = 0, x

(n+1)
t = ΦeB(t−σ)[c−Ψ(0)G(σ, x(n)σ )]+

+X0G(t, x
(n)
t )− Φ

σ∫
t

eB(t−s)Ψ(0)F (s, x(n)s )ds−

(13)

−ΦB

σ∫
t

eB(t−s)Ψ(0)G(s, x(n)s )ds+

t∫
−∞

T (t−s)×

×XQ
0 F (s, x

(n)
s )ds−

t∫
−∞

ds

[
T (t− s)XQ

0

]
×

×G(s, x(n)s ), n ∈ {0, 1, 2, ...}.
Iíäóêöi¹þ äîâåäåìî, ùî ïðàâèëüíà íåðiâ-

íiñòü

|x(m)
t − x

(m−1)
t | ≤ K|Φ|(νγ)m−1|c|e−α(t−σ),

(14)
äå γ = |Φ||Ψ(0)|K + 1 + |Φ||Ψ(0)|Kτ0/(1 −
exp(−βτ0)) + |Φ||Ψ(0)||B|K/β + K1τ0/(1 −
exp(−β1τ0))+K1/(exp(β1)−1),m ∈ {1, 2, ...},
t ≤ σ.

Ïðèm = 1 íåðiâíiñòü (14) âèïëèâà¹ iç (8).
Íåõàé íåðiâíiñòü (14) âiðíà ïðè m = n.

Òîäi, âðàõîâóþ÷è (2), (7), (8), îäåðæèìî

|x(n+1)
t − x

(n)
t | ≤ |eB(t−σ)||Φ||Ψ(0)|ν|x(n)σ −

−x(n−1)
σ |+ ν|x(n)t − x

(n−1)
t |+ |Φ|

σ∫
t

|eB(t−s)|×

×|Ψ(0)|(p(s) + ν|B|)|x(n)s − x(n−1)
s |ds+
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+

t∫
−∞

|T (t− s)XQ
0 |p(s)|x(n)s − x(n−1)

s |ds+

+

t∫
−∞

|dsT (t− s)XQ
0 |ν|x(n)s − x(n−1)

s | ≤

≤ K|Φ|(νγ)n|c| exp[−α(t− σ)].

Òîìó íåðiâíiñòü (14) ïðàâèëüíà ïðèm = n+
1, îòæå, âîíà âiðíà ïðè âñiõ íàòóðàëüíèõ m.

Iç (14) âèïëèâà¹, ùî ïðè νγ < 1 ïîñëiäîâ-
íiñòü ôóíêöié x(n)t çáiãà¹òüñÿ äî äåÿêî¨ ôóí-
êöi¨ xt(σ, c), ÿêà ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (12).
Âèáèðàþ÷è â ðiâíÿííi (12) çàìiñòü c iíøó
ñòàëó c′, îäåðæèìî ðîçâ'ÿçîê xt(σ, c

′). Àíà-
ëîãi÷íî íåðiâíîñòi (14) ìîæíà äîâåñòè, ùî
ïðè νγ < 0, 5 ïðàâèëüíà íåðiâíiñòü

|x(m)
t (σ, c)− x

(m)
t (σ, c′)| ≤ 2K|Φ||c− c′|×

× exp[−α(t− σ)], m ∈ {1, 2, ...}, t ≤ σ.

Îòæå,

|xt(σ, c)− xt(σ, c
′)| ≤ 2K|Φ||c− c′|×

× exp[−α(t− σ)], t ≤ σ. (15)

Ïiäñòàâëÿþ÷è â (11) t = σ, ïîçíà÷èìî

h(σ, c) = xσ(σ, c)− Φc = XQ
0 G(σ, xσ(σ, c))+

+

σ∫
−∞

T (σ − s)XQ
0 F (s, xs(σ, c))ds−

−
σ∫

−∞

ds

[
T (σ − s)XQ

0

]
G(s, xs(σ, c)).

Äîâåäåìî îöiíêó (9):

|h(σ, c)− h(σ, c′)| ≤ |XQ
0 |ν|xσ(σ, c)−

−xσ(σ, c′)|+
σ∫

−∞

K1e
−(α+β1)(σ−s)p(s)|xs(σ, c)−

−xs(σ, c′)|ds+
σ∫

−∞

|dsT (σ − s)XQ
0 |ν|xs(σ, c)−

−xs(σ, c′)| ≤ γ1|c− c′|, γ1 = 2ν|XQ
0 |K|Φ|+

+2νK1K|Φ|τ0/(1− exp(−β1τ0))+
+2νK1K|Φ|/(exp(β1)− 1).

Ïðè äîñèòü ìàëîìó ν ìà¹ìî γ1 ≤ 0, 5,
çâiäêè âèïëèâà¹ íåðiâíiñòü (9). Îöiíêà (10)
âèïëèâà¹ iç (15), ÿêùî ïiäñòàâèòè c′ = 0. Òå-
îðåìà äîâåäåíà.
Òåîðåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè

(2). Òîäi çíàéäåòüñÿ òàêå ν1 > 0, ùî ïðè
ν < ν1 iñíó¹ ôóíêöiÿ r(t, ζ) ∈ Rl, ùî âèçíà-
÷åíà íà R×Q, çàäîâîëüíÿ¹ óìîâè

r(t, 0) = 0, |r(t, ζ)− r(t, ζ ′)| ≤ 0, 5|ζ − ζ ′|

i òàêà, ùî ìíîæèíà

S+ = {(t, φ) : t ∈ R, φ = Φu+ ζ, ζ ∈ Q,

u = r(t, ζ), u ∈ Rl}
¹ iíòåãðàëüíèì ìíîãîâèäîì ðiâíÿííÿ (1).
Äëÿ êîæíîãî ðîçâ'ÿçêó xt = Φr(t, wt) + wt
ðiâíÿííÿ (1), ùî íàëåæèòü S+, ïðàâèëüíà
îöiíêà

|xt| ≤ 2K1 exp[−α(t− σ)]|wσ|, t ≥ σ.

Òåîðåìà 2 äîâîäèòüñÿ àíàëîãi÷íî òåîðåìi
1.

3. Ïðèíöèï çâåäåííÿ. Ïåðåéäåìî äî
âñòàíîâëåííÿ ïðèíöèïó çâåäåííÿ äëÿ äèôå-
ðåíöiàëüíî � ôóíêöiîíàëüíîãî ðiâíÿííÿ (1).
Äëÿ öüîãî, àíàëîãi÷íî [2], âèêîðèñòà¹ìî ïî-
áóäîâàíi iíòåãðàëüíi ìíîãîâèäè i äîâåäåìî,
ùî ñòiéêiñòü ðiâíÿííÿ (1) ðiâíîñèëüíà ñòié-
êîñòi äåÿêî¨ ñêií÷åííîâèìiðíî¨ ñèñòåìè çâè-
÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü.

Íåõàé t = σ � äåÿêå ÷èñëî (ïî÷àòêî-
âèé ìîìåíò). Áóäåìî ðîçãëÿäàòè òåïåð ií-
òåãðàëüíèé ìíîãîâèä S− ïðè t ≥ σ i ïîêà-
æåìî, ùî S− ñòiéêèé â òîìó ðîçóìiííi, ùî
âií ïðèòÿãó¹ äî ñåáå âñi áëèçüêi ðîçâ'ÿçêè xt
(t ≥ σ) çà åêñïîíåíöiàëüíèì çàêîíîì.

Ïîâåäiíêà ðîçâ'ÿçêiâ ðiâíÿííÿ (1) íà ií-
òåãðàëüíîìó ìíîãîâèäi S− îïèñó¹òüñÿ ðiâ-
íÿííÿì

d

dt
[y −Ψ(0)G(t,Φy + h(t, y))] = By+

+Ψ(0)F (t,Φy + h(t, y)). (16)
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Òåîðåìà 3. Íåõàé âèêîíóþòüñÿ óìîâè
(2), äå ν < min(ν0, ν1). ßêùî xt = Φu(t) +
wt (t ≥ σ) � äîâiëüíèé ðîçâ'ÿçîê ðiâíÿííÿ
(1) ç ïî÷àòêîâîþ ôóíêöi¹þ xσ ïðè t = σ,
òî iñíó¹ ðîçâ'ÿçîê ξt = Φy(t) + h(t, y(t)), ùî
íàëåæèòü S− i òàêèé, ùî ïðàâèëüíà îöií-
êà

|xt−ξt| ≤ 2K1|wσ−h(σ, y(σ))| exp[−α(t−σ)],

t ≥ σ.

Òåîðåìà 3 äîâîäèòüñÿ àíàëîãi÷íî òåîðåìi
3 ñòàòòi [3].
Òåîðåìà 4. Íåõàé âèêîíóþòüñÿ óìî-

âè (2), äå ν < min(ν0, ν1). ßêùî íóëüîâèé
ðîçâ'ÿçîê ðiâíÿííÿ (16) ñòiéêèé, àñèìïòî-
òè÷íî ñòiéêèé àáî íåñòiéêèé, òî i íóëüî-
âèé ðîçâ'ÿçîê ðiâíÿííÿ (1) âiäïîâiäíî ñòié-
êèé, àñèìïòîòè÷íî ñòiéêèé àáî íåñòié-
êèé.

Òåîðåìà 4 äîâîäèòüñÿ àíàëîãi÷íî òåîðåìi
4 ñòàòòi [3].

4. Ïîáóäîâà iíòåãðàëüíèõ ìíîãîâè-
äiâ i äîñëiäæåííÿ ñòiéêîñòi ðîçâ'ÿçêiâ
ó êðèòè÷íîìó âèïàäêó. Â áàãàòüîõ âè-
ïàäêàõ äëÿ çàñòîñóâàííÿ òåîðåìè 4 äîñèòü
âèçíà÷èòè ôóíêöiþ h(σ, c) íàáëèæåíî. Íå-
õàé, íàïðèêëàä,

hn(σ, c) = x(n+1)
σ (σ, c)− Φc, n ∈ {0, 1, 2, ...},

äå x(n+1)
σ (σ, c) çíàõîäèòüñÿ çà äîïîìîãîþ ðå-

êóðåíòíî¨ ôîðìóëè (13). Â ÷àñòêîâîìó âè-
ïàäêó, íóëüîâå i ïåðøå íàáëèæåííÿ ìàþòü
âèãëÿä

h0(σ, c) = 0, h1(σ, c) =

σ∫
−∞

T (σ − s)XQ
0 ×

×F (s,ΦeB(s−σ)c)ds+

+

σ∫
−∞

T (σ − s)XQ
0

d

ds
G(s,ΦeB(s−σ)c)ds.

Òåîðåìà 5. Íåõàé âèêîíóþòüñÿ
óìîâè (2), ïðè÷îìó νγ < 1, γ =
|Φ||Ψ(0)|K + 1 + |Φ||Ψ(0)|Kτ0/(1 −
exp(−βτ0)) + |Φ||Ψ(0)||B|K/β + K1τ0/(1 −
exp(−β1τ0)) +K1/(exp(β1)− 1).

Òîäi âèêîíó¹òüñÿ íåðiâíiñòü

|h(σ, c)− hn(σ, c)| ≤
K|Φ||c|
1− νγ

(νγ)n+1,

n ∈ {0, 1, 2, ...}.
Òåîðåìà 5 äîâîäèòüñÿ àíàëîãi÷íî òåîðåìi

5 ñòàòòi [3].
ßêùî ôóíêöi¨ F (t,Φy), G(t,Φy) àíàëiòè-

÷íi âiäíîñíî y â äåÿêîìó îêîëi òî÷êè y = 0
i êâàçiïåðiîäè÷íi âiäíîñíî t, òî ó äåÿêèõ âè-
ïàäêàõ ôóíêöiþ h1(σ, c) ìîæíà ÿâíî ïîáó-
äóâàòè [3].
Òåîðåìà 6. Íåõàé âëàñíi çíà÷åííÿ ìà-

òðèöi B ìàþòü ïðîñòi åëåìåíòàðíi äiëü-
íèêè. Ïðèïóñòèìî, ùî ïðè |u| ≤ ρ âèêîíó-
þòüñÿ óìîâè (2), à òàêîæ óìîâè

|F (t,Φu)| ≤ p(t)|u|m, |G(t,Φu)| ≤M |u|m,

m ≥ 2, sup
t∈R

t+τ0∫
t

p(τ)dτ ≤Mτ0,

äå τ0 > 0, t ∈ R, u ∈ Rl.
Òîäi çíàéäåòüñÿ ñòàëà M̄ > 0 òàêà, ùî

âèêîíó¹òüñÿ íåðiâíiñòü

|h(σ, c)| ≤ M̄ |c|m, |c| ≤ ρ.

Äîâåäåííÿ. Îñêiëüêè âëàñíi çíà÷åííÿ
ìàòðèöi B ìàþòü ïðîñòi åëåìåíòàðíi äiëü-
íèêè, òî íåðiâíiñòü (8) ìîæíà ïåðåïèñàòè ó
âèãëÿäi | exp(Bt)| ≤ K, t ≤ 0.

Âèêîðèñòîâóþ÷è (13), îäåðæèìî îöiíêó

|x(2)t − x
(1)
t | ≤ |Φ||Ψ(0)|MK|c|m +MKm|c|m+

+K|Φ||Ψ(0)|MKm|c|meα(σ−t)τ0/(1− (17)

− exp(−ατ0)) +K|Φ||B||Ψ(0)|MKm|c|m×
×eα(σ−t)/α+K1MKm|c|mτ0/(1− exp(−(α+

+β1)τ0)) +K1MKm|c|m/(eα+β1 − 1) ≤
≤M1|c|meα(σ−t),

äå

M1 = |Φ||Ψ(0)|MK+ |Φ||Ψ(0)|MKm+1τ0/(1−

− exp(−ατ0)) + |Φ||B||Ψ(0)|MKm+1/α+

+MKm +K1MKm/(eα+β1 − 1)+
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+K1MKmτ0/(1− exp(−(α + β1)τ0)).

Iíäóêöi¹þ äîâåäåìî íåðiâíiñòü

|x(k)t − x
(k−1)
t | ≤M12

2−k|c|meα(σ−t),

k ∈ {2, 3, ...}, t ≤ σ. (18)

Ïðè k = 2 íåðiâíiñòü (18) âèïëèâà¹ iç (17).
Íåõàé íåðiâíiñòü (18) âèêîíó¹òüñÿ ïðè

k = n. Òîäi, âðàõîâóþ÷è (2), (7), îäåðæèìî

|x(n+1)
t − x

(n)
t | ≤ |Φ|K|Ψ(0)|ν|x(n)σ − x(n−1)

σ |+

+ν|x(n)t − x
(n−1)
t |+ |Φ|

σ∫
t

(p(s) + ν|B|)K×

×|Ψ(0)||x(n)s − x(n−1)
s |ds+

t∫
−∞

K1e
(α+β1)(s−t)×

×p(s)|x(n)s − x(n−1)
s |ds+

t∫
−∞

|dsT (t− s)XQ
0 |ν×

×|x(n)s − x(n−1)
s | ≤ νM2M12

2−n|c|meα(σ−t),
äå

M2 = |Φ|K|Ψ(0)|+ 1 + |Φ|K|Ψ(0)|τ0/(1−

− exp(−ατ0)) + |Φ||B|K|Ψ(0)|/α+
+K1/(exp(β1)− 1) +K1τ0/(1− exp(−β1τ0)).
Ïðè äîñèòü ìàëîìó ν âèêîíó¹òüñÿ îöiíêà

νM2 < 0, 5, òîìó íåðiâíiñòü (18) ïðàâèëüíà
ïðè k = n + 1, îòæå, âîíà âèêîíó¹òüñÿ ïðè
k ∈ {2, 3, ...}.

Ïiäñòàâëÿþ÷è â íåðiâíîñòi (18) t = σ i
ñóìóþ÷è îäåðæàíi íåðiâíîñòi âiäíîñíî k âiä
2 äî p, îäåðæèìî îöiíêó

|x(p)σ − x(1)σ | ≤ 2M1|c|m.

Ïåðåõîäÿ÷è â îñòàííié íåðiâíîñòi äî ãðà-
íèöi ïðè p→ ∞, çíàõîäèìî

|h(σ, c)| = |xσ(σ, c)− Φc| ≤ 2M1|c|m.

Òåîðåìà äîâåäåíà.
Òåîðåìà 7. Íåõàé âëàñíi çíà÷åííÿ ìà-

òðèöi B ìàþòü ïðîñòi åëåìåíòàðíi äiëü-
íèêè. Ïðèïóñòèìî, ùî ïðè |u| ≤ ρ âèêîíó-
þòüñÿ óìîâè (2), à òàêîæ óìîâè

|F (t, x(2)t )− F (t, x
(1)
t )| ≤ p(t)|c|2m−1,

sup
t∈R

t+τ0∫
t

p(τ)dτ ≤Mτ0, |G(t, x(2)t )− (19)

−G(t, x(1)t )| ≤M |c|2m−1, m ≥ 2, |c| ≤ ρ,

äå τ0 > 0, t ∈ R.
Òîäi çíàéäåòüñÿ ñòàëà M̄ > 0 òàêà, ùî

âèêîíó¹òüñÿ îöiíêà

|h(σ, c)− h1(σ, c)| ≤ M̄ |c|2m−1, |c| ≤ ρ.

Äîâåäåííÿ. Âðàõîâóþ÷è (19), îäåðæèìî
íåðiâíiñòü

|x(3)t − x
(2)
t | ≤ |Φ|K|Ψ(0)||G(σ, x(2)σ )−

−G(σ, x(1)σ )|+ |G(t, x(2)t )−G(t, x
(1)
t )|+

+|Φ|
σ∫
t

K|Ψ(0)||F (s, x(2)s )− F (s, x(1)s )|ds+

+|B||Φ|
σ∫
t

K|Ψ(0)||G(s, x(2)s )−G(s, x(1)s )|ds+

+

t∫
−∞

K1e
−(α+β1)(t−s)|F (s, x(2)s )−F (s, x(1)s )|ds+

(20)

+

t∫
−∞

|dsT (t− s)XQ
0 ||G(s, x(2)s )−G(s, x(1)s )| ≤

≤M1|c|2m−1eα(σ−t),

äå

M1 = |Φ|K|Ψ(0)|M + |Φ|K|Ψ(0)|Mτ0/(1−

− exp(−ατ0)) + |Φ|K|Ψ(0)|M |B|/α+M+

+K1Mτ0/(1− exp(−(α+ β1)τ0))+

+K1M/(exp(α + β1)− 1).

Âèêîíó¹òüñÿ íåðiâíiñòü

|x(k)t − x
(k−1)
t | ≤M12

3−k|c|2m−1eα(σ−t),

k ∈ {3, 4, ...}, t ≤ σ. (21)

Ïðè k = 3 íåðiâíiñòü (21) âèïëèâà¹ iç
(20). Àíàëîãi÷íî ìîæíà ïåðåêîíàòèñÿ, ùî
íåðiâíiñòü (21) âèêîíó¹òüñÿ ïðè âñiõ k.
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ßêùî â (21) ïiäñòàâèòè t = σ i ïðîñóìó-
âàòè ïî k âiä 3 äî p, òî îäåðæèìî îöiíêó

|x(p)σ − x(2)σ | ≤ 2M1|c|2m−1.

Ïåðåõîäÿ÷è â öié íåðiâíîñòi äî ãðàíèöi ïðè
p→ ∞, çíàõîäèìî

|h(σ, c)− h1(σ, c)| = |xσ(σ, c)− x(2)σ | ≤
≤ 2M1|c|2m−1.

Òåîðåìà äîâåäåíà.
Òåîðåìè 5 � 7 äîçâîëÿþòü îá ðóíòóâàòè

àëãîðèòì äîñëiäæåííÿ ñòiéêîñòi íóëüîâîãî
ðîçâ'ÿçêó ðiâíÿííÿ (1) ó êðèòè÷íîìó âèïàä-
êó.
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