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ÊÅÐÓÂÀÍÍß ÍÀÏIÂËIÍIÉÍÎÞ ÃIÏÅÐÁÎËI×ÍÎÞ ÑÈÑÒÅÌÎÞ Ç
ÍÅËÎÊÀËÜÍÈÌÈ ÊÐÀÉÎÂÈÌÈ ÓÌÎÂÀÌÈ I ÍÅÑÊIÍ×ÅÍÍÈÌ

ÃÎÐÈÇÎÍÒÎÌ ÏËÀÍÓÂÀÍÍß

Øëÿõîì âèêîðèñòàííÿ ðåçóëüòàòiâ àáñòðàêòíî¨ òåîði¨ îïòèìàëüíîãî êåðóâàííÿ òà òåîði¨
ãiïåðáîëi÷íèõ ñèñòåì íàïiâëiíiéíèõ ðiâíÿíü, âèâåäåíî íåîáõiäíi óìîâè îïòèìàëüíîñòi çàäà÷i
îïòèìàëüíîãî êåðóâàííÿ íàïiâëiíiéíîþ ãiïåðáîëi÷íîþ ñèñòåìîþ ç íåëîêàëüíèìè êðàéîâèìè
óìîâàìè i íåñêií÷åííèì ãîðèçîíòîì ïëàíóâàííÿ.

By using the results of the abstract optimal control theory and the theory of semilinear
hyperbolic equations we establish necessary conditions for optimality in the problem of optimal
control of semilinear hyperbolic system with nonlocal boundary conditions and in�nite planning
horizon.

1. Âñòóï. Ñåðåä âñi¹¨ ðiçíîìàíiòíîñòi ìî-
äåëåé áiîëîãi÷íèõ ïîïóëÿöié âàæëèâå ìi-
ñöå çàéìàþòü ìîäåëi, ñòðóêòóðîâàíi çà âi-
êîì àáî ðîçìiðîì ñâî¨õ iíäèâiäóóìiâ. Òà-
êèì ìîäåëÿì ïðèòàìàííi âèêîðèñòàííÿ òå-
îði¨ äèôåðåíöiàëüíèõ ðiâíÿíü ç ÷àñòèííèìè
ïîõiäíèìè ïåðøîãî ïîðÿäêó òà iíòåãðàëü-
íèõ ðiâíÿíü, ÿêi âèêîðèñòîâóþòüñÿ äëÿ âiä-
îáðàæåííÿ çàëåæíîñòi ìiæ ïàðàìåòðàìè ïî-
ïóëÿöi¨, òàêèìè ÿê íàðîäæóâàíiñòü i ñìåð-
òíiñòü, âiê, ÷èñåëüíiñòü, ñòàäiÿ ðîçâèòêó ií-
äèâiäóóìiâ. Îäíi¹þ ç òàêèõ ìîäåëåé ¹ ëi-
íiéíà ìîäåëü Ìàê Êåíäðiêà àáî âiêîâà ìî-
äåëü Ëîòêà-Ôîåðñòåðà, åâîëþöiéíå ðiâíÿííÿ
ÿêèõ ìà¹ âèãëÿä [1,2]

∂x(t, τ)

∂t
+
∂x(t, τ)

∂τ
= −µ(t, τ)x(t, τ),

t ∈ [0,+∞), τ ∈ [0, A],

äå x(t, τ) � ùiëüíiñòü ïîïóëÿöi¨, ðîçïîäiëåíî¨
çà âiêîì, ùî ïðåäñòàâëÿ¹ êiëüêiñòü iíäèâiäó-
óìiâ ïîïóëÿöi¨ âiêó τ â ìîìåíò ÷àñó t, µ(t, τ)
� ðiâåíü ñìåðòíîñòi îñiá âiêó τ â ìîìåíò ÷àñó
t, A � ìàêñèìàëüíî ìîæëèâèé âiê iíäèâiäó-
óìà. Ïî÷àòêîâèé ðîçïîäië îñiá ïîïóëÿöi¨ çà
âiêîì ââàæà¹òüñÿ âiäîìèì

x(0, τ) = ϕ(τ), τ ∈ [0, A].

à çàãàëüíà êiëüêiñòü íîâîíàðîäæåíèõ â ìî-

ìåíò ÷àñó t âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿìè

x(t, 0) =

A∫
0

m(t, τ)x(t, τ)dτ, t ∈ [A,+∞),

x(t, 0) =

0∫
t−A

m(t, t− τ)ϕ(t− τ)dτ+

+

t∫
0

m(t, τ)x(t, τ)dτ, t ∈ [0, A],

äå ÷åðåç m(t, τ) ïîçíà÷åíî êîåôiöi¹íò íàðî-
äæóâàíîñòi, ÿêèé âiäîáðàæà¹ ñåðåäíþ êiëü-
êiñòü íîâîíàðîäæåíèõ âiä îäíîãî iíäèâiäóó-
ìà âiêó τ â ìîìåíò ÷àñó t. Îñîáè, ÿêi äàþòü
ïîòîìñòâî â ìîìåíò ÷àñó t ðîçáèâàþòüñÿ íà
äâi ãðóïè: îñîáè, ÿêi ïðèõîäÿòü â ïîïóëÿöiþ
ç �äîiñòîðè÷íîãî ïåðiîäó� [t − A, 0] ç ñâî¨ì
ðîçïîäiëîì ϕ(τ) i òèõ îñiá, ÿêi íàðîäæóþ-
òüñÿ â ïåðiîä ÷àñó [0, t].

Âàðòî çàçíà÷èòè, ùî óñi ïàðàìåòðè â àíà-
ëîãi÷íèõ äî âèùå îïèñàíèõ ìîäåëåé ¹ íåëi-
íiéíèìè, à çàëåæíîñòi ñêëàäíèìè. Äëÿ ïðè-
êëàäó, íàâåäåìî âèãëÿä åâîëþöiéíîãî ðiâíÿ-
ííÿ ó âèïàäêó ìîäåëi ç âiêîâîþ ñòðóêòóðîþ
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i âíóòðiøíüîâèäîâîþ êîíêóðåíöi¹þ

∂x(t, τ)

∂t
+
∂x(t, τ)

∂τ
=

= −

µ(t, τ) + A∫
0

b(τ, s)x(t, s)ds

x(t, τ),
t ∈ [0,+∞), τ ∈ [0, A],

òóò b(τ, s) � ñìåðòíiñòü îñîáèí âiêó τ , ÿêà
ñïðè÷èíåíà îñîáàìè âiêó ξ (iíòåíñèâíiñòü
âíóòðiøíüîâèäîâî¨ êîíêóðåíöi¨).

Òåîðiÿ îïòèìàëüíîãî êåðóâàííÿ i îïòèìi-
çàöi¨ òiñíî ïîâ'ÿçàíà ç ìîäåëþâàííÿì áiî-
ëîãi÷íèõ ïîïóëÿöié. Ôóíêöi¨ êåðóâàííÿ ââî-
äÿòüñÿ â ïîïóëÿöiéíèõ ìîäåëÿõ äëÿ âèði-
øåííÿ äåÿêèõ ïðèêëàäíèõ çàäà÷, òàêèõ, ÿê
ðàöiîíàëüíå âèêîðèñòàííÿ ðåñóðñiâ, ïiäáið
âèäiâ, çáîðó, ìîäèôiêàöiÿ ñiëüñüêîãîñïîäàð-
ñüêèõ êóëüòóð, çàõèñò âèäiâ òîùî. Åëåìåí-
òè êåðóâàííÿ ìîæóòü áóòè ñòðóêòóðîâàíi çà
âiêîì àáî ðîçìiðîì, çàëåæàòè âiä ÷àñó, áó-
òè îäíî- àáî áàãàòîâèìiðíèìè. Ïðèêëàäîì
çàäà÷i îïòèìàëüíîãî êåðóâàííÿ äëÿ çãàäà-
íèõ âèùå ìîäåëåé ñòðóêòóðîâàíèõ çà âiêîì
¹ íàñòóïíà çàäà÷à îïòèìàëüíîãî êåðóâàííÿ
ç êåðîâàíîþ ñìåðòíiñòþ

max
u,p,x

+∞∫
0

e−rt

 A∫
0

c(t, τ)u(t, τ)dτ − k(t)p(t)

dt,
∂x(t, τ)

∂t
+
∂x(t, τ)

∂τ
= −µ(t, τ)x(t, τ)− u(t, τ),

0 6u(t, τ) 6umax, 0 6p(t) 6pmax, x(t, τ) > 0,

x(0, τ) = x0(τ), τ ∈ [0, A],

x(t, 0) = p(t), t ∈ [0,+∞),

äå r � ðiâåíü äèñêîíòóâàííÿ, c(t, τ) � ðèíêî-
âà âàðòiñòü îäíi¹¨ îäèíèöi âïëèâó íà ñìåð-
òíiñòü, p(t) � âàðòiñòü ââåäåííÿ â ïîïóëÿ-
öiþ îäíîãî íîâîãî iíäèâiäóóìà. Âiäçíà÷èìî,
êðàéîâîi óìîâè â çàäà÷àõ îïòèìàëüíîãî êå-
ðóâàííÿ ìîæå áóòè áiëüø ñêëàäíèìè, íà-
ïðèêëàä, êðàéîâà óìîâà ìîæå áóòè íå ëî-
êàëüíîþ (iíòåãðàëüíîþ), ÿê ó ìîäåëi Ìàê
Êåíäðiêà. Äîñëiäæåííÿ çàäà÷ îïòèìàëüíî-
ãî êåðóâàííÿ äëÿ ïîïóëÿöiéíèõ ìîäåëåé íå
çâîäèòüñÿ äî ëiíiéíèõ çàäà÷ îïòèìàëüíîãî

êåðóâàííÿ. Ïðèêëàäîì öüîãî ¹ ñòðóêòóðî-
âàíà çà ðîçìiðîì óçàãàëüíåíà íåëiíiéíà ìî-
äåëü Ãàðòiíà � Ìàê Êàìi

max
w,p,x,E

+∞∫
0

e−rt

 lm∫
l0

c(t, l)w(t, l)x(t, l)dl − k(t)p(t)

dt,
∂x(t, l)

∂t
+
∂[g(E(t), l)x(t, l)]

∂l
=

= −µ(E(t), l)x(t, l)− w(t, l),

E(t) =

lm∫
l0

χ(l)x(t, l)dl,

0 6 w(t, τ) 6 wmax, 0 6 p(t) 6 pmax,

x(0, l) = x0(l), τ ∈ [l0, lm],

g(E(t), l0)x(t, l0) = p(t), t ∈ [0,+∞).

Íåëiíiéíiñòü ïàðàìåòðiâ áiîëîãi÷íèõ ïî-
ïóëÿöié òà ñêëàäíiñòü íåëiíiéíèõ çâ'ÿçêiâ íå
äîçâîëÿ¹ ïîáóäóâàòè çàãàëüíó ìîäåëü äëÿ
äîñëiäæåííÿ ïèòàííÿ êåðîâàíîñòi ïîïóëÿ-
öi¹þ ç âiêîâîþ ñòðóêòóðîþ ÷è ïîïóëÿöi¹þ
ñòðóêòóðîâàíîþ çà ðîçìiðîì ¨¨ iíäèâiäóó-
ìiâ.

Îá'¹êòîì äîñëiäæåííÿ öi¹¨ ðîáîòè ¹ çà-
äà÷i îïòèìàëüíîãî êåðóâàííÿ äëÿ íàïiâëi-
íiéíèõ ãiïåðáîëi÷íèõ ñèñòåì ïåðøîãî ïîðÿä-
êó ç íåëîêàëüíèìè êðàéîâèìè óìîâàìè, ùî
ïåâíèì ÷èíîì óçàãàëüíþ¹ âèùåíàâåäåíi ìî-
äåëi. Êåðóâàííÿ åâîëþöiéíèì ïðîöåñîì, ùî
îïèñó¹òüñÿ íàïiâëiíiéíîþ ñèñòåìîþ ãiïåðáî-
ëi÷íèõ ðiâíÿíü âiäáóâà¹òüñÿ â êðàéîâèõ i ïî-
÷àòêîâèõ óìîâàõ, ùî öiëêîì âiäïîâiäà¹ ìî-
æëèâîñòi êåðóâàòè ðiâíåì íàðîäæóâàíîñòi
÷è ïî÷àòêîâèì ðîçïîäiëîì çà âiêîì iíäèâi-
äóóìiâ â ìîäåëi Ìàê Êåíäðiêà.

Ó ðîáîòi âèêîðèñòàíî íåñòàíäàðòíó ñëàá-
êó âàðiàöiþ, ÿêà äîçâîëÿ¹ óíèêíóòè íà-
êëàäàííÿ äîäàòêîâèõ íåëiíiéíèõ àëãåáðà¨-
÷íèõ îáìåæåíü íà êåðóâàííÿ i ñòàí ñèñòåìè.
Øëÿõîì âèêîðèñòàííÿ ðåçóëüòàòiâ àáñòðà-
êòíî¨ òåîði¨ îïòèìàëüíîãî êåðóâàííÿ îäåð-
æàíî íåîáõiäíi óìîâè îïòèìàëüíîñòi. Äëÿ
ÿêèõ ìîæíà âèêîðèñòàòè ÷èñåëüíi ìåòîäè
íàâåäåíi â ðîáîòi [1].
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2. Ôîðìóëþâàííÿ çàäà÷i. Åâîëþöiÿ
äåÿêîãî n-âèìiðíîãî ïðîöåñó y = y(x, t) â
íåîáìåæåíié ïiâñìóçi (x, t) ∈ Π = (0, l) ×
(0,+∞) îïèñó¹òüñÿ âèðîäæåíîþ íàïiâëiíié-
íîþ ñèñòåìîþ ãiïåðáîëi÷íèõ ðiâíÿíü ïåðøî-
ãî ïîðÿäêó

∂yi(x, t)

∂t
+ λi(x, t)

∂yi(x, t)

∂x
= (1)

= fi(y(x, t), z(x, t), x, t), i ∈ Im1 ,

∂yi(x, t)

∂t
=fi(y(x, t), z(x, t), x, t), i ∈ Im2 , (2)

∂yi(x, t)

∂x
=fi(y(x, t), z(x, t), x, t), i ∈ Im3 , (3)

zi(x, t; y) =

s2i (t)∫
s1i (t)

gi(y(s, t), x, t, s)ds, (4)

i ∈ Im1 ∪ Im2 ∪ Im3 ,

äå card(Imj) = mj (j = 1, 2, 3), y : Π → Rn

� âåêòîð-ôóíêöiÿ ðîçâ'ÿçêó, λi : Π → R, fi :
R2n × Π → R, gi : Rn × Π → R, zi : Rn ×
Π → R � íåëiíiéíi ôóíêöi¨. Áåç îáìåæåííÿ
çàãàëüíîñòi, ïðèïóñòèìî, ùî äëÿ âñiõ i ∈ Im1

ôóíêöi¨ λi = λi(x, t) ïðèéìàþòü äîäàòíi àáî
âiä'¹ìíi çíà÷åííÿ.

Ðîçãëÿíåìî ìíîæèíè: I = Im1 ∪ Im2 ∪ Im3 ,
I0 = {i ∈ Im1 |λi(x, t) > 0, (x, t) ∈ Π},
Il = {i ∈ Im1 |λi(x, t) < 0, (x, t) ∈ Π},
äå card(I) = n, card(I0) = m0, card(Il) =
m1 −m0. Òîáòî, áåç îáìåæåííÿ çàãàëüíîñòi,
äëÿ (1) áóäåìî ââàæàòè, ùî ïåðøi m0 ôóí-
êöié λi(x, t) ¹ äîäàòíiìè, à iíøi (m1 −m0) �
âiä'¹ìíi.

Ïîçíà÷èìî ÷åðåç U � ïðîñòið êåðó-
âàíü, ÿêèé ñêëàäà¹òüñÿ ç íåïåðåðâíî-
äèôåðåíöiéîâíèõ íà [0, l] âåêòîð-ôóíêöié
u = (u(0)(x), u(1)(t), u(2)(t), u(3)(t)), òàêèõ, ùî
äëÿ êîìïàêòiâ Uk (k ∈ {1, 2, 3}): u(k) : R+ →
Uk, Uk ⊂ Rrk , rk ∈ N, u(0) : [0, l] → U0, U0 ⊂
Rr0 , r0 ∈ N.

Äëÿ ñèñòåìè (1)�(3) çàäàìî íåëiíiéíi ïî-
÷àòêîâi òà íåëîêàëüíi êðàéîâi óìîâè:

yi(x, 0)=y
0
i (u

(0)(x), x), x ∈ [0, l], i /∈ Im3 , (5)

yi(0, t) =

s2i (t)∫
s1i (t)

γ0i (yj(s, t)j /∈Im3
, u(1)(s), s, t)ds, (6)

t ∈ R+, i ∈ I0,

yi(l, t) =

s2i (t)∫
s1i (t)

γli(yj(s, t)j /∈Im3
, u(2)(s), s, t)ds, (7)

t ∈ R+, i ∈ Il,

yi(0, t) =

s2i (t)∫
s1i (t)

γ0i (yj(s, t)j /∈Im3
, u(3)(s), s, t)ds, (8)

t ∈ R+, i ∈ Im3 .

Òóò u ∈ U ; y0i : U (0)× [0, l] → Rn(i /∈ Im3), γ
0
i :

Rn−m3 × U1 × Π → R (i ∈ I0), γli : Rn−m3 ×
U2 × Π → R (i ∈ Il), γ0i : Rn−m3 × U3 × Π →
R (i ∈ Im3); s

1
i , s

2
i ∈ C[0; +∞) � ôóíêöi¨, ùî

çàäîâîëüíÿþòü óìîâó: ∀t ∈ R+ 0 ≤ s1i (t) <
s2i (t) ≤ l ∀i ∈ I.

Íåõàé öiëüîâèé ôóíêöiîíàë ìà¹ âèãëÿä

J(u) =

∫∫
Π

G(y(x, t), x, t)dxdt, (9)

äå G : Rn × Π → Π, ïðè÷îìó öÿ ôóíêöiÿ ¹
âèìiðíîþ íà [0,+∞) äëÿ äîâiëüíî¨ ôóíêöi¨
y ç ïðîñòîðó Q, ÿêèé ââåäåíî íèæ÷å. Îòæå,
ïîòðiáíî äîñëiäèòè çàäà÷ó

min
u∈U

J(u), (10)

äå ìiíiìóì áåðåòüñÿ ïî òèõ u ∈ U , äëÿ ÿêèõ
iñíó¹ ¹äèíèé óçãîäæåíèé ðîçâ'ÿçîê çàäà÷i
(1)�(5) â ñåíñi íàâåäåíîãî íèæ÷å îçíà÷åííÿ.
3. Iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêó

çàäà÷i (1) � (5). Íåõàé âèêîíóþòüñÿ óìî-
âè:

A1) λi ∈ C(Π) ∩ Lipx(Π) ∀i ∈ Im1 ,
sup
i∈Im1 ,

(x,t)∈Π

|λi(x, t)| < +∞;

A2) fi ∈ C(R2n×Π)∩Lipy,z(R2n×Π) ∀i ∈ I,
sup
i∈I,

(y,z,x,t)∈R2n×Π

|fi(y, z, x, t)| e−at < +∞;
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A3) y0i ∈ C(U0 × [0, l]) ∀i /∈ Im3 ;

A4) γ0i ∈ C(Rn−m3 ×U1 ×Π)∩Lipy(Rn−m3 ×
U1 × Π) i ∈ I0,

sup
i∈I0,

(y,u(1),x,t)∈Rn−m3×U1×Π

∣∣γ0i (y, u(1), t)∣∣ e−at < +∞,

γli ∈ C(Rn−m3 × U2 ×Π) ∩ Lipy(Rn−m3 ×
U2 × Π) i ∈ Il,

sup
i∈Il,

(y,u(2),x,t)∈Rn−m3×U2×Π

∣∣γli(y, u(2), t)∣∣ e−at < +∞;

γ0i ∈ C(Rn−m3 ×U3 ×Π)∩Lipy(Rn−m3 ×
U3 × Π) i ∈ Im3 ,

sup
i∈Im3 ,

(y,u(3),x,t)∈Rn×U3×Π

∣∣γ0i (y, u(3), t)∣∣ e−at < +∞;

A5) u(k) ∈ (C(R+))
rk , k ∈ {1, 2, 3},

u(0) ∈ (C[0, l])r0 .

Ðîçãëÿíåìî ïðîñòið Uad ⊂ U , åëåìåíòàìè
ÿêîãî ¹ íàáîðè êåðóâàíü u ∈ U , ùî çàäî-
âîëüíÿþòü óìîâè:

u(k) ∈ (C(R+))
rk (k ∈ {1, 2, 3}),

u(0) ∈ (C[0, l])r0 ;

∀i ∈ I0 : y
0
i (u

(0)(0), 0) =

=

s2i (0)∫
s1i (0)

γ0i (y
0
j (u

(0)(s), s)j /∈Im3 , u
(1)(s), s, 0)ds;

∀i ∈ Il : y
0
i (u

(0)(l), l) =

=

s2i (0)∫
s1i (0)

γ0i (y
0
j (u

(0)(s), s)j /∈Im3 , u
(2)(s), s, 0)ds;

∀t ∈ R+ : u(k)(t) ∈ Uk (k ∈ {1, 2, 3}),
∀x ∈ [0, l] : u(0)(x) ∈ U0

äå y0 = (y01, y
0
2, ..., y

0
n).

Äëÿ äîâiëüíîãî åëåìåíòà u ∈ Uad, ïîçíà-
÷èìî:

y0i (u
(0)(x), x) = ỹ0i (x), x ∈ [0, l], i /∈ Im3 ;

γ0i (yj(x, t)j /∈Im3 , u
(1)(x), x, t) =

= γ̃0i (yj(x, t)j /∈Im3 , x, t), i ∈ I0;

γli(yj(x, t)j /∈Im3 , u
(2)(x), x, t) =

= γ̃li(yj(x, t)j /∈Im3 , x, t), i ∈ Il;

γ0i (yj(x, t)j /∈Im3
, u(3)(x), x, t) =

= γ̃0i (yj(x, t)j /∈Im3
, x, t), i ∈ Im3 .

Íåõàé L óçàãàëüíåíà ñòàëà Ëiïøèöÿ äëÿ
óñiõ âèõiäíèõ äàíèõ çà çìiííîþ y, òîäi, íà-
ïðèêëàä, äëÿ ôóíêöi¨ fi = fi(y, x, t) � öå
îçíà÷àòèìå âèêîíàííÿ óìîâè

|fi(y1, x, t)− fi(y
2, x, t)| 6 Lmax

j∈I
|y1j − y2j |,

∀y1, y2 ∈ Rn ∀(x, t) ∈ Π,

à Λ ñòàëà, ùî îáìåæó¹ âëàñíi çíà÷åííÿ õà-
ðàêòåðèñòè÷íî¨ ìàòðèöi ñèñòåìè (1) çà àáñî-
ëþòíîþ âåëè÷èíîþ

Λ = sup
i/∈Im3 ,

(x,t)∈Π

|λi(x, t)| .

Íà ìíîæèíi Π äëÿ i ∈ I âèçíà÷èìî ôóí-
êöi¨

αi(x, t; a, p, ε) =

 e−px−at, i ∈ I0 ∪ Im2 ,
ep(l−x)−at, i ∈ Il,
εe−px−at, i ∈ Im3 ;

ç âèáðàíèìè ïàðàìåòðàìè a, p òà ε:

p = 16L;

ε =
1

L
min

{
1

4L+ 3
,

1

8lL(1 + 1
p
)
,

1

8Le2p

}
;

a = max

{
pΛ,

32e
pl2

2 L3

ε
,
32e

pl
2 L3

ε

}
.

Ïîçíà÷èìî ÷åðåç ξ = φi(τ ; x, t) ðîçâ'ÿ-
çîêè çàäà÷ Êîøi

dξ

dτ
= λi(ξ, τ), ξ

∣∣
τ=t

= x, i ∈ Im1

òà
dξ

dτ
= 0, ξ

∣∣
τ=t

= x, i ∈ Im2 ,
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ÿêi íàçèâàòèìåìî õàðàêòåðèñòèêàìè ñèñòå-
ìè (1)�(2).

Äëÿ (3) âiäïîâiäíà õàðàêòåðèñòèêà τ = t
¹ ðîçâ'ÿçêîì çàäà÷i Êîøi

dτ

ds
= 0, τ

∣∣
ξ=x

= t, i ∈ Im3 .

Íåõàé χi(x, t), νi(x, t) òî÷êè ïåðåòèíó õàðà-
êòåðèñòèê ñèñòåìè (1)�(3) ç ìåæåþ îáëàñòi
Π, ïðè÷îìó χi(x, t) 6 νi(x, t), i ∈ I. Çàçíà-
÷èìî, ùî νi(x, t) ≡ +∞ äëÿ i ∈ Im2 .

Äëÿ çðó÷íîñòi ââåäåìî ïîçíà÷åííÿ,
äëÿ çíà÷åííÿ ðîçâ'ÿçêó íà õàðàêòå-
ðèñòèöi y(φi(τ ;x, t), τ) i ôóíêöi¨ çàëå-
æíî¨ âiä ðîçâ'ÿçêó íà õàðàêòåðèñòèöi
f(y(φi(τ ; x, t), τ), φi(τ ;x, t), τ) íàñòóïíèì
÷èíîì y[φi(τ)] òà f [y[φi(τ)]], âiäïîâiäíî.

Óâåäåìî îáëàñòi:

Πi =
{
(x, t) ∈ Π| χi(x, t) = 0

}
, i /∈ Im3 ;

Πi
0 =

{
(x, t) ∈ Π| φi(χi(x, t); x, t) = 0

}
, i ∈ I0;

Πi
l =

{
(x, t) ∈ Π| φi(χi(x, t); x, t) = l

}
, i ∈ Il.

Ïðîiíòåãðóâàâøè (1)�(3) âçäîâæ õà-
ðàêòåðèñòèê, îäåðæèìî ñèñòåìó iíòåãðî-
îïåðàòîðíèõ ðiâíÿíü

yi(x, t) = R̃i[y](x, t)+ (11)

+

t∫
χi(x,t)

fi(yj[φi(τ)], z[φi(τ)], φi(τ), τ)dτ, i /∈ Im3 ,

yi(x, t) = γ̃0i (t)+ (12)

+

x∫
0

fi(y(s, t), z(s, t), s, t)ds, i ∈ Im3 ,

äå,Ri[y](x, t) = y0i (φ(0;x, t)), (x, t) ∈ Πi äëÿ
âñiõ i /∈ Im3 ; àíàëîãi÷íî Ri[y](x, t) =
s2i (χi(x,t))∫
s1i (χi(x,t))

γ0i (yj(s, χi(x, t))j /∈Im3 , s, χi(x, t))ds,

(x, t) ∈ Πi
0 äëÿ i ∈ I0; Ri[y](x, t) =

s2i (χi(x,t))∫
s1i (χi(x,t))

γli(yj(s, χi(x, t))j /∈Im3 , s, χi(x, t))ds,

(x, t) ∈ Πi
l äëÿ i ∈ Il.

Ðîçãëÿíåìî ìåòðè÷íèé ïðîñòið

Q =
{
y ∈

(
C(Π)

)n ∩ (B(Π)
)n |

yi(φi(·;x, t), ·) ∈ AC [χi(x, t), νi(x, t)] ,

i ∈ I, (x, t) ∈ Π
}
,

äå B(Π) � ïðîñòið îáìåæåíèõ ôóíêöié íà
ìíîæèíi Π çà íîðìîþ ïðîñòîðó Q, a ÷åðåç
AC [χi(x, t), νi(x, t)⟩ ïîçíà÷àòèìåìî ïðîñòið
àáñîëþòíî íåïåðåðâíèõ ôóíêöié íà ìíîæè-
íi [χi(x, t), νi(x, t)⟩ (òóò ïiä ⟩ ðîçóìiòèìåìî )
àáî ] âiäïîâiäíî äî òîãî, ïðèéìà¹ ÷è íå ïðè-
éìà¹ νi çíà÷åííÿ +∞).
Îçíà÷åííÿ. Ïiä óçàãàëüíåíèì ðîçâ'ÿç-

êîì çàäà÷i (1)�(5), ùî âiäïîâiäà¹ íàáîðó êå-
ðóâàíü u ∈ Uad, áóäåìî ðîçóìiòè âåêòîð-
ôóíêöiþ y = (y1, y2, . . . , yn) ∈ Q, êîìïîíåí-
òè ÿêî¨ çàäîâîëüíÿþòü ñèñòåìó iíòåãðî-
îïåðàòîðíèõ ðiâíÿíü (11)�(12) â Π.

Ùîá ïiäêðåñëèòè çàëåæíiñòü ðîçâ'ÿçêó
çàäà÷i âiä íåçàëåæíèõ çìiííèõ áóäåìî âæè-
âàòè ïîçíà÷åííÿ y = y(x, t;u), àáî y = y(u),
êîëè ïîòðiáíî ïiäêðåñëèòè çàëåæíiñòü òiëü-
êè âiä êåðóâàííÿ.
Òåîðåìà 1. ßêùî âèêîíóþòüñÿ óìîâè:

1) A1) - A5);

2) óìîâè ïîãîäæåííÿ íóëüîâîãî ïîðÿäêó

s2i (0)∫
s1i (0)

γ0i (y
0(u(0)(s), s), u(1)(s), s, 0)ds =

= y0i (u
(0)(0), 0) i ∈ I0,

s2i (0)∫
s1i (0)

γ0i (y
0(u(0)(s), s), u(1)(s), s, 0)ds =

= y0i (u
(0)(l), l) i ∈ Il.

Òîäi iñíó¹ ¹äèíèé óçàãàëüíåíèé ðîçâ'ÿçîê
çàäà÷i (1)�(5).
Äîâåäåííÿ. Íà åëåìåíòàõ ïðîñòîðó Q

âèçíà÷èìî ìåòðèêó ρα(y1, y2) = ∥y1 − y2∥α,
ÿêà ïîðîäæåíà íîðìîþ

∥y∥α = sup
i∈I,

(x,t)∈Π

|yi(x, t)|αi(x, t; a, p, ε)
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òà íåëiíiéíèé âåêòîð-îïåðàòîð
A = (A1,A2, . . . ,An) òàêèé, ùî

Ai[y](x, t) = R̃i[y](x, t)+

+

t∫
χi(x,t)

fi[y[φi(τ)], z[φi(τ)]]dτ, i /∈ Im3 ,

Ai[y](x, t) = γ̃0i (t)+

+

x∫
0

fi(y(s, t), z(s, t), s, t)ds, i ∈ Im3 .

Çàçíà÷èìî, ùî ââåäåíèé ïðîñòið Q ¹ ïîâ-
íèé, äîâåäåííÿ ïîâíîòè öüîãî ïðîñòîðó ç
íåçíà÷íèìè çìiíàìè ïîâòîðþ¹ äîâåäåííÿ
ïîâíîòè ïðîñòîðó íåïåðåðâíèõ i îáìåæåíèõ
ôóíêöié íà íåîáìåæåíié ìíîæèíi ç ðiâíî-
ìiðíîþ ìåòðèêîþ, ÿêå â ñâîþ ÷åðãó ¹ óçà-
ãàëüíåííÿì ïîâíîòè ïðîñòîðó íåïåðåðâíèõ
ôóíêöié íà îáìåæåíié ìíîæèíi ç ðiâíîìið-
íîþ ìåòðèêîþ.

Îòæå âiäøóêàííÿ óçàãàëüíåíîãî ðîçâ'ÿç-
êó çàäà÷i (1)�(5) çâîäèòüñÿ äî âiäøóêàííÿ
íåðóõîìî¨ òî÷êè îïåðàòîðà A â ïðîñòîði Q.
Âèêîðèñòîâóþ÷è òåîðåìó Áàíàõà ïðî ñòè-
ñêóþ÷å âiäîáðàæåííÿ, âñòàíîâèìî iñíóâàí-
íÿ òà ¹äèíiñòü íåðóõîìî¨ òî÷êè îïåðàòîðà
A.

Âiçüìåìî äîâiëüíi äâà ðiçíi åëåìåíòè
y1, y2 ç ïðîñòîðó Q. Òîäi â äàíîìó ïðîñòîði,
äëÿ âñiõ äîïóñòèìèõ i, x, t ñïðàâäæó¹òüñÿ∣∣y1i (x, t)− y2i (x, t)

∣∣6ρα(y1, y2)α−1
i (x, t; a, p, ε).

Ç âèçíà÷åííÿ χi(x, t), ëåãêî îòðèìàòè
îöiíêè [2]:

χi(x, t) 6 t− x/Λ, i ∈ I0;
χi(x, t) 6 t− (l − x)/Λ, i ∈ Il.

Äëÿ âñiõ i /∈ Im3 , ñïðàâåäëèâà îöiíêà:∣∣Ri[y
1](x, t)−Ri[y

2](x, t)
∣∣αi(x, t; a, p, ε) 6

6 Lmax
i/∈Im3 ,
j /∈Im3


s2i (χi(x,t))∫
s1i (χi(x,t))

αi(x, t; a, p, ε)

αj(s, χi(x, t); a, p, ε)
ds

×

×ρα(y1, y2);

Âðàõîâóþ÷è ïîïåðåäíþ îöiíêó, äëÿ êîìïî-
íåíò îïåðàòîðà A ìà¹ìî∣∣Ai[y

1](x, t)−Ai[y
2](x, t)

∣∣αi(x, t; a, p) 6
6 L

max
i/∈Im3 ,
j /∈Im3

s2i (χi(x,t))∫
s1i (χi(x,t))

αi(x, t; a, p, ε)

αj(s, χi(x, t); a, p, ε)
ds+

+ max
i∈Im3 ,
j /∈Im3

s2i (t)∫
s1i (t)

αi(x, t; a, p)

αj(s, t; a, p)
ds+

+

t∫
0

max
i/∈Im3 ,
j∈I,

s,x∈[0,l]

αi(x, t; a, p, ε)

αj(s, σ; a, p, ε)
dσ+

+

t∫
0

s2i (σ)∫
s1i (σ)

max
i/∈Im3 ,
j∈I,

s,x∈[0,l]

αi(x, t; a, p, ε)

αj(s, σ; a, p, ε)
dsdσ+

+

x∫
0

max
i∈Im3 ,
j∈I

αi(x, t; a, p, ε)

αj(s, χi(x, t); a, p, ε)
ds+

+

x∫
0

s2i (t)∫
s1i (t)

max
i∈Im3 ,
j∈I

αi(x, t; a, p, ε)

αj(s, t; a, p, ε)
dsds

 ρα(y
1, y2).

Äîñëiäèìî íà ìàêñèìóì ôóíêöi¨ â êîåôi-
öi¹íòi ñòèñêó îïåðàòîðà A. Ç âèáîðó ïàðà-
ìåòðiâ a òà p ñïðàâåäëèâà íåðiâíiñòü

pΛmax{1, l} < a,

ç ÿêî¨ äëÿ âñiõ (x, t) ∈ Π

max
i/∈Im3 ,
j /∈Im3

s2i (χi(x,t))∫
s1i (χi(x,t))

αi(x, t; a, p, ε)

αj(s, χi(x, t); a, p, ε)
ds <

1

p
,

òà

max
i∈Im3 ,
j /∈Im3

s2i (t)∫
s1i (t)

αi(x, t; a, p, ε)

αj(s, t; a, p, ε)
ds <

εepl

p
,

t∫
0

max
i/∈Im3 ,
j∈I

αi(x, t; a, p, ε)

αj(s, σ; a, p, ε)
dσ <

eplmax{1,l}/2

aε
,
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t∫
0

s2i (σ)∫
s1i (σ)

max
i/∈Im3 ,
j∈I

αi(x, t; a, p, ε)

αj(s, σ; a, p, ε)
dsdσ <

eplmax{1,l}/2

aε
,

x∫
0

max
i∈Im3 ,
j∈I

αi(x, t; a, p, ε)

αj(s, χi(x, t); a, p, ε)
ds < εe2p +

1

p
,

x∫
0

s2i (t)∫
s1i (t)

max
i∈Im3 ,
j∈I

αi(x, t; a, p, ε)

αj(s, t; a, p, ε)
dsds < εl(1 +

1

p
).

Çâiäñè, äëÿ âèáðàíèõ ïàðàìåòðiâ a, p, ε,
îòðèìà¹ìî

ρ(A[y1],A[y2]) 6 1

2
ρα(y

1, y2).

Îòæå îïåðàòîð A ¹ ñòèñêóþ÷èì íà åëå-
ìåíòàõ ïîâíîãî ìåòðè÷íîãî ïðîñòîðó Q ç
âèáðàíèìè ôóíêöiÿìè αi = αi(x, t; a, p, ε) òà
ïàðàìåòðàìè a, p.

Òîìó, çà òåîðåìîþ Áàíàõà, iñíó¹ ¹äèíà
íåðóõîìà òî÷êà îïåðàòîðà A â ìåòðè÷íîìó
ïðîñòîði Q. Öÿ íåðóõîìà òî÷êà i ¹ óçàãàëü-
íåíèì ðîçâ'ÿçêîì çàäà÷i (1)�(5) ïðè äîâiëüî-
ìó u ∈ Uad.
Çàóâàæåííÿ. Ñïðàâåäëèâîþ ¹ ôîðìó-

ëà iíòåãðóâàííÿ ÷àñòèíàìè äëÿ åëåìåíòiâ
ïðîñòîðó Q âçäîâæ âiäïîâiäíèõ ñiìåé õà-
ðàêòåðèñòèê. Äîâåäåííÿ öüîãî âèïëèâà¹ iç
ïîäiáíîãî ôàêòó â [5].
4. Çàäà÷à ëiíåðèçàöi¨. Äîäàòêîâî âè-

ìàãàòèìåìî, ùîá:

B1) λi ∈ C1,0
x,t (Π), i ∈ Im1 ;

B2) fi ∈ C1,1,0,0
y,z,x,t (R2n × Π);

B3) gi ∈ C1,0,0
y,x,t (Rn × Π), i ∈ I;

B4) y0i ∈ C1,0
u,x(U × [0, l]), i /∈ Im3 ;

B5) γ0i ∈ C1,1,0,0

y,u(1),x,t
(Rn−m3 × U1 × Π), i ∈ I0;

B6) γ0i ∈ C1,1,0,0

y,u(3),x,t
(Rn−m3 × U3 × Π), i ∈ I3;

B7) γli ∈ C1,1,0,0

y,u(2),x,t
(Rn−m3 × U2 × Π), i ∈ Il;

B8) G ∈ C1,0,0
y,x,t (Rn × Π).

Ðîçãëÿíåìî âèïàäîê êîëè êåðóâàííÿ ñè-
ñòåìîþ (1)�(3) çäiéñíþ¹ìî òiëüêè çà äîïî-
ìîãîþ êåðóþ÷îãî âïëèâó â ïî÷àòêîâèõ óìî-
âàõ.

Íåõàé ìà¹ìî äâà äîïóñòèìi ïðîöåñè
{y, u} òà {ỹ, ũ}, äå ỹ = y + ∆y, ũ = u + ∆u.
Òîäi ∆y = ỹ − y òà ∆u = ũ − u çàäîâîëüíÿ-
þòü òàêó êðàéîâó çàäà÷ó äëÿ ãiïåðáîëi÷íî¨
ñèñòåìè

∂∆yi(x, t)

∂t
+ λi(x, t)

∂∆yi(x, t)

∂x
= (13)

= ∆yf(y, z(y), x, t), i ∈ Im1 ,

∂∆yi(x, t)

∂t
= ∆yfi(y, z(y), x, t), i ∈ Im2 , (14)

∂∆yi(x, t)

∂x
= ∆yfi(y, z(y), x, t), i ∈ Im3 , (15)

∆yzi(x, t; y) =

s2i (t)∫
s1i (t)

∆ygi(y(s, t), x, t, s)ds, (16)

i ∈ Im1 ∪ Im2 ∪ Im3 ,

∆yi(x, 0) = ∆uỹ
0
i (u(x), x), (17)

x ∈ [0, l], i /∈ Im3 ,

∆yi(0, t) =

s2i (t)∫
s1i (t)

∆yγ̃
0
i (yj(s, t)j /∈Im3

, s, t)ds, (18)

i ∈ I0, t ∈ R+,

∆yi(l, t) =

s2i (t)∫
s1i (t)

∆yγ̃
l
i(yj(s, t)j /∈Im3

, s, t)ds, (19)

i ∈ Il, t ∈ R+,

∆yi(0, t) =

s2i (t)∫
s1i (t)

∆yγ̃
0
i (yj(s, t)j /∈Im3

, s, t)ds,

(20)

i ∈ Im3 , t ∈ R+,

äå, íàïðèêëàä, ∆yf(y, z(y), x, t) =
f(ỹ, z(ỹ), x, t)− f(y, z(y), x, t).
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Ïðèðiñò öiëüîâîãî ôóíêöiîíàëó (5) ìà¹
âèãëÿä

∆u(0)J(u) = J(ũ)− J(u) =

=

∫∫
Π

∆yG(y(x, t), x, t)dxdt,

ÿêèé, ç óðàõóâàííÿì (13)�(15), ìîæíà ïðåä-
ñòàâèòè ÿê

∆J(u) =

∫∫
Π

∆yG(y(x, t), x, t)dxdt+ (21)

+

∫∫
Π

∑
i∈Im1

ψi(x, t)

(
∂∆yi(x, t)

∂t
+

+λi(x, t)
∂∆yi(x, t)

∂x
−∆yfi(y, z(y), x, t)

)
dxdt+

+

∫∫
Π

∑
i∈Im2

ψi(x, t)
(∂∆yi(x, t)

∂t
−

−∆yfi(y, z(y), x, t)
)
dxdt+

+

∫∫
Π

∑
i∈Im3

ψi(x, t)
(∂∆yi(x, t)

∂x
−

−∆yfi(y, z(y), x, t)
)
dxdt,

äå ψ = ψ(x, t) � âåêòîð-ôóíêöiÿ ç ïðîñòîðó
Q.

Óâåäåìî ôóíêöi¨

H(ψ, y, z, x, t) =
∑
i∈I

ψi(x, t)fi(y, z, x, t)−

−G(y, x, t),

h(ψj(x, 0)j /∈Im3
, u(0)(x), x) =

=
∑
i/∈Im3

ψ(x, 0)y0(u(0)(x), x),

h1(ψj(0, t)j∈I0 , yj(s, t)j /∈Im3
, u(1)(t), s, t) =

=
∑
i∈I0

ψi(0, t)λi(0, t)γ
0
i (yj(s, t)j /∈Im3

, u(1)(t), t)Ii,

h2(ψj(l, t)j∈Il , yj(s, t)j /∈Im3
, u(2)(t), s, t) =

=
∑
i∈Il

ψi(l, t)λi(l, t)γ
l
i(yj(s, t)j /∈Im3

, u(2)(t), t)Ii.

h3(ψj(0, t)j∈Im3
, yj(s, t)j /∈Im3

, u(3)(t), s, t) =

=
∑
i∈Im3

ψi(0, t)γ
0
i (yj(s, t)j /∈Im3

, u(3)(t), s, t)Ii.

äå, ôóíêöiÿ Ii = Ii(x, t) ìà¹ âèãëÿä

Ii(x, t) =

{
1, x ∈ [s1i (t), s

2
i (t)];

0, x /∈ [s1i (t), s
2
i (t)].

Âèêîðèñòàâøè ôîðìóëó Òåéëîðà äëÿ
ôóíêöi¨ G, g òà f , iç çàñòîñóâàííÿì çàóâàæå-
ííÿ ðîçäiëó 3 äî îñòàííüîãî äîäàíêà â (21),
ëiíåàðèçóâàâøè êðàéîâi óìîâè (2)�(5), îäåð-
æèìî íàñòóïíå ïðåäñòàâëåííÿ ïðèðîñòó öi-
ëüîâîãî ôóíêöiîíàëó

∆u(0)J(u) =

∫∫
Π

[∑
i∈I

∂H(ψ, y, x, t)

∂yi
∆yi(x, t)+

+
∑
i∈Im1

(
∂ψi(x, t)

∂t
+
∂ψi(x, t)

∂x
λi(x, t)+

+
∂λi(x, t)

∂x
ψi(x, t)

)
∆yi(x, t)+

+
∑
i∈Im2

∂ψi(x, t)

∂x
∆yi(x, t)+

+
∑
i∈Im3

∂ψi(x, t)

∂t
∆yi(x, t)

]
+

+

l∫
0

∑
i/∈Im3

lim
t→+∞

ψi(x, t)∆yi(x, t)dx+

+

l∫
0

∑
i∈I0

ψi(l, t)λi(l, t)∆yi(l, t)dt−

−
l∫

0

∆uh(ψ(x, 0), u(x), x)dx+

+

∞∫
0

s2i (t)∫
s1i (t)

∑
k/∈Im3

∂(h2 − h1)

∂yk
∆yk(s, t)ds−

−
∞∫
0

s2i (t)∫
s1i (t)

∑
k/∈Im3

∂h3

∂yk
∆yk(s, t)ds+
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+

+∞∫
0

[∑
i∈I0

ψi(l, t)λi(l, t)∆yi(l, t)−

−
∑
i∈Il

ψi(0, t)λi(0, t)∆yi(0, t)+

+
∑
i∈Im3

ψi(l, t)∆yi(l, t)

]
dt+ η,

äå, íàïðèêëàä, ∥∆y(x, t)∥ =
max
i∈I

|yi(x, t)|αi(x, t; a, p, ε), ÷åðåç η ïî-

çíà÷åìî ñóìó
∫∫
Π

oH(∥∆y(x, t)∥)dxdt i

∞∫
0

s2i (t)∫
s1i (t)

oh2(||∆y(s, t)||) − oh1(||∆y(s, t)||) −

oh3(||∆y(s, t)||)dsdt.
Îäåðæàíi ïåðåòâîðåííÿ äîçâîëÿþòü

ñôîðìóëþâàòè ñïðÿæåíó çàäà÷ó äëÿ çàäà÷i
îïòèìàëüíîãî êåðóâàííÿ:

∂ψi(x, t)

∂t
+ λi(x, t)

∂ψi(x, t)

∂x
+ (22)

+
∂λi(x, t)

∂x
ψi(x, t) = −Hyi(ψ, y, x, t)+

+
∂(h2 − h1 − h3)

∂yi
, i ∈ Im1 ,

∂ψi(x, t)

∂t
= −Hyi(ψ, y, x, t)+ (23)

+
∂(h2 − h1 − h3)

∂yi
, i ∈ Im2 ,

∂ψi(x, t)

∂x
= −Hyi(ψ, y, x, t), i ∈ Im3 , (24)

lim
t→+∞

ψi(x, t)e
at = 0, x ∈ [0, 1], i /∈ Im3 (25)

i äëÿ âñiõ t ∈ R+

ψi(l, t) = 0, i ∈ (I0 ∪ Im3), (26)

ψi(0, t) = 0, i ∈ Il, (27)

äëÿ ÿêî¨ ïîâèíåí iñíóâàòè óçàãàëüíåíèé
ðîçâ'ÿçîê.

Ç óðàõóâàííÿì óìîâ (22)�(27) ïðèðiñò öi-
ëüîâîãî ôóíêöiîíàëó íàáóäå âèãëÿäó

∆u(0)J(u
(0)) = (28)

= −
l∫

0

∆u(0)h(ψj(x, 0)j /∈Im3
, u(0)(x), x)dx+ η =

= −
l∫

0

∆u(0)hdx+ η.

Çàäà÷à ëiíåàðèçàöi¨ ó âèïàäêó êðàéîâèõ
êåðóþ÷èõ âïëèâiâ, ç íåçíà÷íèìè çìiíàìè,
ïîâòîðþ¹ îïèñàíèé âèùå ïðîöåñ. Àíàëî-
ãi÷íî ìîæíà ïîêàçàòè, ùî êîëè ψi(x, t)−
ðîçâ'ÿçîê çàäà÷i (16)-(21), òî

∆u(i)J(u
(i)) = (29)

= −
+∞∫
0

s2i (t)∫
s1i (t)

∆u(i)h
idsdt+ ηi, i ∈ {1, 2, 3},

äå ηi ∼ o(||△u(i)||).
5. Ðîçâ'ÿçíiñòü ñïðÿæåíî¨ çàäà÷i. Íå-

õàé âèêîíóþòüñÿ óìîâè:

C1) λi ∈ C1
x(Π) i ∈ Im1 ,

sup
i∈Im1 ,

(x,t)∈Π

{
± |λi(x, t)| ,

∣∣∣∣∂λi(x, t)∂x

∣∣∣∣} < +∞;

C2) fi ∈ C1,1,0,0
y,z,x,t (R2n×Π) i ∈ I,

sup
i,j∈I,

(y,z,x,t)∈R2n×Π

∣∣∣∣∂fj(y, z, x, t)∂yi

∣∣∣∣<+∞,

sup
i,j∈I,

(y,z,x,t)∈R2n×Π

∣∣∣∣∂fj(y, z, x, t)∂zi

∣∣∣∣ < +∞ i ïî-

õiäíi ¹ âèìiðíèìè çà t;

C3) gi ∈ C1,0,0
y,x,t (Rn×Π) i ∈ I,

sup
i,j∈I,

(y,x,t)∈Rn×Π

∣∣∣∣∂gj(y, x, t)∂yi

∣∣∣∣<+∞ i ïîõiäíà ¹

âèìiðíîþ çà t;

C4) ∀ (w, u(1), t) ∈ Rn−m3 × U1 × R+,
∂γ0j (w, u

(1), ski (t), t)

∂wi
= 0 i /∈ Im3 ,

j ∈ I0, k = 1, 2;

∀ (w, u(2), t) ∈ Rn−m3 × U2 × R+,
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∂γlj(w, u
(2), ski (t), t)

∂wi
= 0 i /∈ Im3 ,

j ∈ Il, k = 1, 2;

∀ (w, u(3), t) ∈ Rn−m3 × U3 × R+,
∂γ0j (w, u

(3), ski (t), t)

∂wi
= 0 i /∈ Im3 ,

j ∈ Im3 , k = 1, 2;

C5) G ∈ C1
y (Rn × Π),

lim
t→+∞

∂G (y, x, t)

∂yi
eat = 0 ∀i ∈ I;

C6) γ0i ∈ C1,1,0,0

y,u(1),x,t
(Rn−m3 × U1 × Π), i ∈ I0,

sup
i/∈Im3 ,j∈I0,

(y,u(1),x,t)∈Rn−m3×U1×Π

∣∣∣∣∣∂γ0j (y,u(1),x,t)∂yi

∣∣∣∣∣<+∞,

γli ∈ C1,1,0,0

y,u(2),x,t
(Rn−m3 × U2 × Π), i ∈ Il,

sup
i/∈Im3 ,j∈Il,

(y,u(1),x,t)∈Rn−m3×U2×Π

∣∣∣∣∣∂γlj(y,u(2),x,t)∂yi

∣∣∣∣∣<+∞,

γ0i ∈ C1,1,0,0

y,u(3),x,t
(Rn−m3 × U3 × Π), i ∈ Im3 ,

sup
i/∈Im3 ,j∈I0,

(y,u(3),x,t)∈Rn−m3×U3×Π

∣∣∣∣∣∂γ0j (y,u(3),x,t)∂yi

∣∣∣∣∣<+∞.

Âèêîðèñòîâóþ÷è ðåçóëüòàòè ðîáîòè [3],
ñôîðìóëþ¹ìî òåîðåìó
Òåîðåìà 2. ßêùî âèêîíóþòüñÿ óìîâè:

1) C1)-C6)

2) y ∈ Q;

Òîäi iñíó¹ ¹äèíèé óçàãàëüíåíèé ðîçâ'ÿçîê
çàäà÷i (22)-(25) (ÿê íåïåðåðâíèé ðîçâ'ÿ-
çîê âiäïîâiäíî¨ ñèñòåìè iíòåãðàëüíèõ ðiâ-
íÿíü).
Äîâåäåííÿ. Óìîâè 1) � 6) ãàðàíòóþòü

âèêîíàííÿ óìîâ [3, Òåîðåìà 2], òîìó äëÿ
ñïðÿæåíî¨ çàäà÷i (22)�(25) iñíó¹ i ¹äèíèé
óçàãàëüíåíèé ðîçâ'ÿçîê.
6. Íåîáõiäíi óìîâè îïòèìàëüíîñòi.

Âàðiàöiéíèé àíàëiç äîñëiäæóâàíî¨ çàäà÷i (8)
çàñíîâàíèé íà âèêîðèñòàííi íåêëàñè÷íèõ
âàðiàöié, ÿêi çàáåçïå÷óþòü ãëàäêiñòü äîïó-
ñòèìèõ êåðóâàíü [1]. Âàðiéîâàíå êåðóâàííÿ

ïîáóäîâàíî çà ïðàâèëîì

u
(0)
ε,δ(x) = u(0)(x+ εδ(0)(x)), x ∈ [0, l], (30)

δ(0)(0) = δ(0)(l) = 0,

äå ε ∈ [0, 1) - ïàðàìåòð, ÿêèé õàðàêòåðèçó¹
ìàëiñòü âàðiàöi¨, δ(0)(x) - íåïåðåðâíî-äèôå-
ðåíöiéîâíà ôóíêöiÿ, ÿêà çàäîâîëüíÿ¹ óìîâó

0 6 x+ δ(0)(x) 6 l, x ∈ [0, l].

Âiäïîâiäíà âàðiàöiÿ êåðóâàííÿ ìàòèìå âè-
ãëÿä ∆u

(0)

ε,δ(0)
(x) = u

(0)

ε,δ(0)
(x)− u(0)(x), äåòàëü-

íiøå âëàñòèâîñòi òàêîãî òèïó âàðiàöi¨ îïèñà-
íî â ðîáîòàõ [1, 2].

Âèáèðàþ÷è âàðiéîâàíå êåðóâàííÿ çà ïðà-
âèëîì (30) i âèêîðèñòîâóþ÷è ïðåäñòàâëåííÿ

∆u(0)(x) = u̇(0)(x)εδ(0)(x) + o(ε),

ïåðåïèøåìî ôîðìóëó ïðèðîñòó öiëüîâîãî
ôóíêöiîíàëó (8) òàê

∆J(u(0)) = −
l∫

0

hu(0)u̇
(0)(x)εδ(0)(x)dx+ (31)

+η.

Ðiâíÿííÿ (31) ìîæíâ ïîäàòè ó âèãëÿäi

lim
ε→0+

J(u(0) + εδ(0))− J(u(0))

ε
= (32)

= −
l∫

0

hu(0)u̇
(0)(x)δ(0)(x)dx,

îñêiëüêè ðåøòà äîäàíêiâ â (31) ïðåäñòàâëåíi
ó âèãëÿäi äîáóòêó âåëè÷èíè ïîðÿäêó o(ε) òà
çáiæíîãî iíòåãðàëó.

Àíàëîãi÷íî, ÿê äëÿ êåðóâàííÿ â ïî÷àòêî-
âèõ óìîâàõ, ïîáóäó¹ìî âàðiéîâàíi êðàéîâi
êåðóâàííÿ

∆u(k)(t) = u̇(k)(t)εδ(k)(t) + o(ε),

δ(k)(0) = 0, k ∈ {1, 2, 3}.
Òîäi äëÿ êðàéîâèõ êåðóþ÷èõ âïëèâiâ, ç

óðàõóâàííÿì óìîâè (29), îäåðæèìî

lim
ε→0+

J(u(j) + εδ(j))− J(u(j))

ε
=

= −
∫
R+

s2i (t)∫
s1i (t)

hj
u(j)
u̇(j)(t)δ(j)(t)dsdt, j ∈ {1, 2, 3}.
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Íåõàé âèêîíóþòüñÿ óñi çðîáëåíi âèùå
ïðèïóùåííÿ. Òîäi, îñêiëüêè, δ(0) = δ(0)(x),
δ(j) = δ(j)(t), j ∈ {1, 2, 3} � äîâiëüíi ôóí-
êöi¨, òî ìîæíà ñôîðìóëþâàòè íåîáõiäíi óìî-
âè îïòèìàëüíîñòi äëÿ çàäà÷i îïòèìàëüíîãî
êåðóâàííÿ (1.8) ó âèãëÿäi íàñòóïíî¨ òåîðå-
ìè.
Òåîðåìà 3. ßêùî ïðîöåñ

{y, u(0), u(1), u(2), u(3)} ¹ îïòèìàëüíèì â
çàäà÷i (8), òî âèêîíóþòüñÿ óìîâè

hu(0)
(
ψj(x, 0) j /∈Im3

, u(0)(x), x
)
u(0)x (x) = 0,

x ∈ [0, l],

s2i (t)∫
s1i (t)

h1u(1)
(
ψj(0, t)j∈I0 , yj(s, t)j /∈Im3

,u(1)(t), s, t
)
ds×

u
(1)
t (t) = 0, t ∈ R+,

s2i (t)∫
s1i (t)

h2u(2)
(
ψj(l, t)j∈Il , yj(s, t)j /∈Im3

,u(2)(t), s, t
)
ds×

u
(2)
t (t) = 0, t ∈ R+,

s2i (t)∫
s1i (t)

h3u(3)
(
ψj(0, t)j∈Im3

, y(s, t)j /∈Im3
,u(3)(t), s, t

)
ds×

u
(3)
t (t) = 0, t ∈ R+,

äå y = y(x, t) óçàãàëüíåíèé ðîçâ'ÿçîê çàäà÷i
(1)�(5), ψ = ψ(x, t) - óçàãàëüíåíèé ðîçâ'ÿ-
çîê ñïðÿæåíî¨ çàäà÷i ïðè y = y(x, t), u(0) =
u(0)(x), u(j) = u(j)(t), j ∈ {1, 2, 3}.
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