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Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà

ÂÈÇÍÀ×ÅÍÍß ÍÅÂIÄÎÌÈÕ ÏÀÐÀÌÅÒÐIÂ Ó ÏÀÐÀÁÎËI×ÍÎÌÓ
ÐIÂÍßÍÍI Ç ÄÎÂIËÜÍÈÌ ÑËÀÁÊÈÌ ÂÈÐÎÄÆÅÍÍßÌ

Ðîçãëÿäà¹òüñÿ îáåðíåíà çàäà÷à îäíî÷àñíîãî âèçíà÷åííÿ äâîõ çàëåæíèõ âiä ÷àñó êîåôi-
öi¹íòiâ ó ïàðàáîëi÷íîìó ðiâíÿííi ç âèðîäæåííÿì. Âñòàíîâëåíî óìîâè iñíóâàííÿ òà ¹äèíîñòi
êëàñè÷íîãî ðîçâ'ÿçêó âêàçàíî¨ çàäà÷i. Äîñëiäæåííÿ ïðîâåäåíî ó âèïàäêó ñëàáêîãî âèðîäæå-
ííÿ.

We consider an inverse problem for simultaneous determination of the two time-dependent
coe�cients in a degenerate parabolic equation. The conditions of the existence and uniqueness
of the classical solution to the above problem are established. We investigate the case of weak
degeneration.

Êîåôiöi¹íòíi îáåðíåíi çàäà÷i äëÿ ïàðà-
áîëi÷íèõ ðiâíÿíü â ðiçíèõ ôîðìóëþâàííÿõ
âèâ÷àëèñü ó áàãàòüîõ ðîáîòàõ. Óìîâè êî-
ðåêòíî¨ ðîçâ'ÿçíîñòi îáåðíåíèõ çàäà÷ âèçíà-
÷åííÿ çàëåæíèõ âiä ÷àñó ñòàðøèõ êîåôiöi¹í-
òiâ ó ïàðàáîëi÷íîìó ðiâíÿííi çíàéäåíî ó [1]-
[5]. Ó ðîáîòàõ [6]-[9] äîñëiäæóâàëèñü îáåð-
íåíi çàäà÷i iäåíòèôiêàöi¨ çàëåæíèõ âiä ÷à-
ñó êîåôiöi¹íòiâ ïðè ïåðøié ïîõiäíié íåâiäî-
ìî¨ ôóíêöi¨ ó ïàðàáîëi÷íîìó ðiâíÿííi. Äëÿ
âèçíà÷åííÿ íåâiäîìèõ ïàðàìåòðiâ ó çãàäà-
íèõ ïðàöÿõ çàäàâàëèñü ðiçíi íàáîðè êðàéî-
âèõ óìîâ òà óìîâ ïåðåâèçíà÷åííÿ (çíà÷åííÿ
òåïëîâîãî ïîòîêó, íåëîêàëüíi òà iíòåãðàëüíi
óìîâè òîùî).

Îáåðíåíi çàäà÷i äëÿ ïàðàáîëi÷íèõ ðiâ-
íÿíü ç âèðîäæåííÿì äîñëiäæåíi ìàëî. Âè-
â÷åííÿì îáåðíåíèõ çàäà÷ âèçíà÷åííÿ êîåôi-
öi¹íòà a = a(t), a(t) > 0, t ∈ [0, T ] ó ðiâíÿííi

ut = a(t)tβuxx + b(x, t)ux + c(x, t)u+ f(x, t)

iç çàäàíèìè ïî÷àòêîâîþ óìîâîþ, êðàéîâè-
ìè óìîâàìè Äiðiõëå òà çíà÷åííÿì òåïëîâîãî
ïîòîêó â ÿêîñòi óìîâè ïåðåâèçíà÷åííÿ çàé-
ìàëèñü Ì.I. Iâàí÷îâ, Í.Â. Ñàëäiíà. Âñòàíîâ-
ëåíî óìîâè iñíóâàííÿ òà ¹äèíîñòi êëàñè÷íèõ
ðîçâ'ÿçêiâ òàêèõ çàäà÷ ó âèïàäêó ñëàáêî-
ãî [10] òà ñèëüíîãî [11] âèðîäæåííÿ. Óìî-
âè êîðåêòíî¨ ðîçâ'ÿçíîñòi îáåðíåíèõ çàäà÷
ç íåâiäîìèì çàëåæíèì âiä ÷àñó ìîëîäøèì
êîåôiöi¹íòîì ó ïàðàáîëi÷íîìó ðiâíÿííi çi
ñëàáêèì ñòåïåíåâèì âèðîäæåííÿì çíàéäåíî

ó [12], [13].
Îäíàê íà ñüîãîäíi àêòóàëüíèìè ¹ çàäà÷i

îäíî÷àñíîãî âèçíà÷åííÿ äåêiëüêîõ ïàðàìåò-
ðiâ ó ïàðàáîëi÷íîìó ðiâíÿííi. Äëÿ ïàðàáî-
ëi÷íèõ ðiâíÿíü áåç âèðîäæåííÿ òàêi çàäà÷i
âèâ÷àëèñü ó [14]-[16].

Ó äàíié ðîáîòi ðîçãëÿäà¹òüñÿ îáåðíåíà
çàäà÷à îäíî÷àñíîãî âèçíà÷åííÿ çàëåæíèõ
âiä ÷àñó ñòàðøîãî òà ìîëîäøîãî êîåôiöi¹í-
òiâ ó ïàðàáîëi÷íîìó ðiâíÿííi ç âèðîäæåí-
íÿì. Äîñëiäæåííÿ ïðîâåäåíî ó âèïàäêó äî-
âiëüíîãî ñëàáêîãî âèðîäæåííÿ.
1. Ôîðìóëþâàííÿ çàäà÷i. Â îáëàñòi

QT = {(x, t) : 0 < x < h, 0 < t < T} ðîçãëÿ-
íåìî îáåðíåíó çàäà÷ó âèçíà÷åííÿ çàëåæíèõ
âiä ÷àñó êîåôiöi¹íòiâ a = a(t) òà b = b(t)
ó îäíîâèìiðíîìó ïàðàáîëi÷íîìó ðiâíÿííi ç
âèðîäæåííÿì

ut = a(t)ψ(t)uxx + b(t)ux + c(x, t)u+ f(x, t)
(1)

ç ïî÷àòêîâîþ óìîâîþ

u(x, 0) = φ(x), x ∈ [0, h], (2)

êðàéîâèìè óìîâàìè Äiðiõëå

u(0, t) = µ1(t), u(h, t) = µ2(t), t ∈ [0, T ] (3)

òà óìîâàìè ïåðåâèçíà÷åííÿ

a(t)ψ(t)ux(0, t) = µ3(t), t ∈ [0, T ], (4)

h∫
0

u(x, t)dx = µ4(t), t ∈ [0, T ]. (5)
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Âiäîìî, ùî ψ = ψ(t) � ìîíîòîííî
çðîñòàþ÷à ôóíêöiÿ, òàêà, ùî ψ(t) > 0,
t ∈ (0, T ], ψ(0) = 0. Äîñëiäæåííÿ ïðîâîäèòü-
ñÿ ó âèïàäêó ñëàáêîãî âèðîäæåííÿ, êîëè
t∫
0

(
t∫
τ

ψ(σ)dσ

)− 1
2

dτ → 0, êîëè t→ 0.

Îçíà÷åííÿ. Òðiéêó ôóíêöié
(a, b, u) ∈ (C[0, T ])2 × C2,1(QT ) ∩ C1,0(QT ),
a(t) > 0, t ∈ [0, T ] íàçâåìî ðîçâ'ÿçêîì çàäà÷i
(1)-(5), ÿêùî âîíà çàäîâîëüíÿ¹ ðiâíÿííÿ (1)
i óìîâè (2)-(5).

2. Iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i (1)-
(5).

Òåîðåìà 1. Ïðèïóñòèìî, ùî âèêî-
íóþòüñÿ óìîâè:

A1) φ ∈ C2[0, h], µ3(t) = µ3,0(t)ψ(t),
µ3,0 ∈ C[0, T ], µi ∈ C1[0, T ], i = 1, 2, 4, c, f ∈
C(QT ) òà çàäîâîëüíÿþòü óìîâó Ãåëüäåðà çà
çìiííîþ x ç ïîêàçíèêîì α, 0 < α < 1 ðiâíî-
ìiðíî âiäíîñíî t;

A2) φ′(x) > 0, x ∈ [0, h], µ3,0(t) > 0,
µ2(t)− µ1(t) ̸= 0, t ∈ [0, T ];

A3) φ(0) = µ1(0), φ(h) = µ2(0),
h∫
0

φ(x)dx = µ4(0).

Òîäi çàäà÷à (1)-(5) ìà¹ ðîçâ'ÿçîê (a, b, u)
ïðè x ∈ [0, h] òà t ∈ [0, T0], äå ÷èñëî T0,
0 < T0 ≤ T âèçíà÷à¹òüñÿ âèõiäíèìè äàíè-
ìè öi¹¨ çàäà÷i.

Äîâåäåííÿ. Çâåäåìî çàäà÷ó (1)-(5) äî
ñèñòåìè ðiâíÿíü. Ïðèïóñòèìî òèì÷àñîâî,
ùî ôóíêöi¨ a = a(t) òà b = b(t) âiäîìi.

Ó ïðÿìié çàäà÷i (1)-(3) ïðîâåäåìî çàìiíó
çìiííèõ

u(x, t) = ũ(x, t) + φ(x) + µ1(t)− µ1(0)+

+
x

h

(
µ2(t)− µ1(t)− µ2(0) + µ1(0)

)
. (6)

Òîäi âiäíîñíî ôóíêöi¨ ũ = ũ(x, t) îòðèìà¹ìî
çàäà÷ó ç îäíîðiäíîþ ïî÷àòêîâîþ òà êðàéî-

âèìè óìîâàìè:

ũt = a(t)ψ(t)ũxx + b(t)ũx + c(x, t)ũ+

+ f(x, t)− µ′
1(t)−

x

h
(µ′

2(t)− µ′
1(t))+

+ a(t)ψ(t)φ′′(x) + b(t)

(
φ′(x) +

1

h
(µ2(t)−

− µ1(t)− µ2(0) + µ1(0))

)
+ c(x, t)

(
φ(x)+

+ (µ1(t)− µ1(0)) +
x

h
(µ2(t)− µ1(t)−

− µ2(0) + µ1(0))

)
, (7)

ũ(x, 0) = 0, x ∈ [0, h], (8)

ũ(0, t) = ũ(h, t) = 0, t ∈ [0, T ]. (9)

Çà äîïîìîãîþ ôóíêöi¨ Ãðiíà
G1 = G1(x, t, ξ, τ) ïåðøî¨ êðàéîâî¨ çàäà-
÷i äëÿ ðiâíÿííÿ

ũt = a(t)ψ(t)ũxx (10)

çàäà÷ó (7)-(9) çàìiíèìî åêâiâàëåíòíèì
iíòåãðî-äèôåðåíöiàëüíèì ðiâíÿííÿì

ũ(x, t) =

t∫
0

h∫
0

G1(x, t, ξ, τ)

(
b(τ)ũξ+

+ c(ξ, τ)ũ+ f(ξ, τ)− µ′
1(τ)−

ξ

h
(µ′

2(τ)−

− µ′
1(τ)) + a(τ)ψ(τ)φ′′(ξ) + b(τ)

(
φ′(ξ)+

+
1

h

(
µ2(τ)− µ1(τ)− µ2(0) + µ1(0)

))
+

+ c(ξ, τ)

(
φ(ξ) + µ1(τ)− µ1(0) +

ξ

h
×

×
(
µ2(τ)− µ1(τ)− µ2(0)+

+ µ1(0)

)))
dξdτ, (x, t) ∈ QT . (11)

Âiäîìî [17, ñ. 12], ùî ôóíêöi¨ Ãðiíà
Gk = Gk(x, t, ξ, τ), k = 1, 2 ïåðøî¨ (k = 1)
òà äðóãî¨ (k = 2) êðàéîâèõ çàäà÷ äëÿ ðiâíÿ-
ííÿ (10) çàäàþòüñÿ ôîðìóëàìè

Gk(x, t, ξ, τ) =
1

2
√
π(θ(t)− θ(τ))

×
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×
+∞∑

n=−∞

(
exp

(
−(x− ξ + 2nh)2

4(θ(t)− θ(τ))

)
(12)

+ (−1)k exp

(
−(x+ ξ + 2nh)2

4(θ(t)− θ(τ))

))
, k = 1, 2,

äå θ(t) =

t∫
0

a(τ)ψ(τ)dτ . Âèõîäÿ÷è ç (12),

ëåãêî ïåðåâiðèòè, ùî âîíè âîëîäiþòü òàêè-
ìè âëàñòèâîñòÿìè:

G2x(x, t, ξ, τ) = −G1ξ(x, t, ξ, τ),

G2xx(x, t, ξ, τ) = G2ξξ(x, t, ξ, τ),

h∫
0

G2(x, t, ξ, τ)dξ = 1,

h∫
0

|G1x(x, t, ξ, τ)|dξ ≤
C1√

θ(t)− θ(τ)
. (13)

Ïîêëàäåìî v(x, t) ≡ ux(x, t). Âèêîðèñòî-
âóþ÷è (6), (11), ïðÿìó çàäà÷ó (1)-(3) çàìiíè-
ìî ñèñòåìîþ iíòåãðàëüíèõ ðiâíÿíü âiäíîñíî
ôóíêöié u = u(x, t), v = v(x, t) :

u(x, t) = φ(x) + µ1(t)− µ1(0)+

+
x

h
(µ2(t)− µ1(t)− µ2(0) + µ1(0))+

+

t∫
0

h∫
0

G1(x, t, ξ, τ)

(
b(τ)v(ξ, τ)+

+ c(ξ, τ)u(ξ, τ) + f(ξ, τ)− µ′
1(τ)−

− ξ

h

(
µ′
2(τ)− µ′

1(τ)

)
+ a(τ)ψ(τ)×

× φ′′(ξ)

)
dξdτ, (x, t) ∈ QT , (14)

v(x, t) = φ′(x) +
1

h
(µ2(t)− µ1(t)− µ2(0)+

+ µ1(0)) +

t∫
0

h∫
0

G1x(x, t, ξ, τ)×

×
(
b(τ)v(ξ, τ) + c(ξ, τ)u(ξ, τ) + f(ξ, τ)−

− ξ

h

(
µ′
2(τ)− µ′

1(τ)

)
− µ′

1(τ) + a(τ)ψ(τ)×

× φ′′(ξ)

)
dξdτ, (x, t) ∈ QT . (15)

Çàóâàæèìî, ùî äëÿ òîãî ùîá çíàéòè
v = v(x, t) ìè çäèôåðåíöiþâàëè (14) çà çìií-
íîþ x. Çíàéäåìî ïîâåäiíêó ïðàâèõ ÷àñòèí
ôîðìóë (14), (15). Âèêîðèñòîâóþ÷è (13) òà
îçíà÷åííÿ ôóíêöi¨ θ = θ(t), îòðèìà¹ìî

I1 ≡
∣∣∣∣

t∫
0

h∫
0

G1(x, t, ξ, τ)

(
b(τ)v(ξ, τ)+

+ c(ξ, τ)u(ξ, τ) + f(ξ, τ) + a(τ)ψ(τ)φ′′(ξ)−

− ξ

h

(
µ′
2(τ)− µ′

1(τ)

)
− µ′

1(τ)

)
dξdτ

∣∣∣∣ ≤ C2t,

I2 ≡
∣∣∣∣

t∫
0

h∫
0

G1x(x, t, ξ, τ)

(
b(τ)v(ξ, τ)+

+ c(ξ, τ)u(ξ, τ) + f(ξ, τ)− µ′
1(τ)−

− ξ

h

(
µ′
2(τ)− µ′

1(τ)

)
+ a(τ)ψ(τ)×

× φ′′(ξ)

)
dξdτ

∣∣∣∣ ≤ C3

t∫
0

dτ√
θ(t)− θ(τ)

≤

≤ C4

t∫
0

( t∫
τ

ψ(σ)dσ

)− 1
2

dτ.

Âðàõîâóþ÷è îçíà÷åííÿ ñëàáêîãî âèðîäæåí-
íÿ, ðîáèìî âèñíîâîê, ùî iíòåãðàëè â ïðàâèõ
÷àñòèíàõ ôîðìóë (14), (15) ïðÿìóþòü äî íó-
ëÿ, êîëè t ïðÿìó¹ ïðè íóëÿ.

Äëÿ âiäøóêàííÿ ðiâíÿíü ñòîñîâíî íåâiäî-
ìèõ a = a(t), b = b(t) ïðîiíòåãðó¹ìî ðiâíÿí-
íÿ (1) òà âèêîðèñòà¹ìî (2)-(5). Îòðèìà¹ìî
ñèñòåìó ðiâíÿíü:

a(t) =
µ3(t)

ψ(t)v(0, t)
, t ∈ [0, T ], (16)

b(t) =
1

µ2(t)− µ1(t)

(
µ′
4(t) + µ3(t)−

− a(t)ψ(t)v(h, t)−
h∫

0

(c(x, t)u(x, t)+

+ f(x, t))dx

)
, t ∈ [0, T ]. (17)
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Ðîçãëÿíåìî ðiâíÿííÿ (14)-(15).
Âðàõîâóþ÷è ïîâåäiíêó iíòåãðàëiâ
I1, I2 ìîæåìî ñòâåðäæóâàòè, ùî iñíó¹
òàêå ÷èñëî t1, 0 < t1 ≤ T, ùî âèêîíóþòüñÿ
íåðiâíîñòi∣∣∣∣µ1(t)− µ1(0) +

x

h
(µ2(t)− µ1(t)− µ2(0)+

+ µ1(0)) +

t∫
0

h∫
0

G1(x, t, ξ, τ)

(
b(τ)v(ξ, τ)+

+ c(ξ, τ)u(ξ, τ) + f(ξ, τ)− µ′
1(τ)−

− ξ

h

(
µ′
2(τ)− µ′

1(τ)

)
+ a(τ)ψ(τ)φ′′(ξ)

)
dξdτ

∣∣∣∣
≤ 1

2
min
x∈[0,h]

|φ(x)|, (x, t) ∈ [0, h]× [0, t1], (18)

1

2
φ′(x) +

1

h
(µ2(t)− µ1(t)− µ2(0) + µ1(0))+

+

t∫
0

h∫
0

G1x(x, t, ξ, τ)

(
b(τ)v(ξ, τ) + f(ξ, τ)+

+ c(ξ, τ)u(ξ, τ)− ξ

h

(
µ′
2(τ)− µ′

1(τ)

)
−

− µ′
1(τ) + a(τ)ψ(τ)φ′′(ξ)

)
dξdτ ≥ 0,

(x, t) ∈ [0, h]× [0, t1]. (19)

Òîäi ç ðiâíÿíü (14), (15) âèïëèâà¹, ùî

0 < M0 ≡
1

2
min
x∈[0,h]

|φ(x)| ≤ u(x, t)

≤ max
x∈[0,h]

|φ(x)|+ 1

2
min
x∈[0,h]

|φ(x)| ≡M1,

(x, t) ∈ [0, h]× [0, t1], (20)

v(x, t) ≥ 1

2
min
x∈[0,h]

φ′(x) ≡M2 > 0,

(x, t) ∈ [0, h]× [0, t1]. (21)

Öå îçíà÷à¹, ùî çíàìåííèêè â ôîðìóëàõ (16),
(17) âiäìiííi âiä íóëÿ íà âiäðiçêó [0, t1].

Òàêèì ÷èíîì çàäà÷à (1)-(5) çâåäåíà äî
åêâiâàëåíòíî¨ ñèñòåìè ðiâíÿíü (14)-(17) ïðè
(x, t) ∈ Qt1 , Qt1 ≡ (0, h) × (0, t1). Åêâi-
âàëåíòíiñòü ðîçóìi¹ìî òàê: ÿêùî òðiéêà
ôóíêöié (a, b, u) ¹ ðîçâ'ÿçêîì çàäà÷i (1)-(5)
ïðè (x, t) ∈ Qt1 , òî ôóíêöi¨ (u, v, a, b) ∈
(C(Qt1))

2 × (C[0, t1])
2 ¹ ðîçâ'ÿçêîì ñèñòåìè

(14)-(17), i, íàâïàêè, ÿêùî (u, v, a, b) � íå-
ïåðåðâíèé ðîçâ'ÿçîê ñèñòåìè (14)-(17) äëÿ
(x, t) ∈ Qt1 , òî (a, b, u) ∈ (C[0, t1])

2 ×
C2,1(Qt1) ∩ C1,0(Qt1) � ðîçâ'ÿçîê çàäà÷i (1)-
(5). Ïåðøà ÷àñòèíà òâåðäæåííÿ âèïëèâà¹
çi ñïîñîáó îòðèìàííÿ ñèñòåìè ðiâíÿíü (14)-
(17). Ïîêàæåìî, ùî ïðàâèëüíèì ¹ i çâîðîòí¹
òâåðäæåííÿ.

Ïðèïóñòèìî, ùî (u, v, a, b) � íåïåðåðâíèé
ðîçâ'ÿçîê ñèñòåìè (14)-(17) äëÿ (x, t) ∈ Qt1 .
Âðàõîâóþ÷è ïðèïóùåííÿ òåîðåìè, ìè ìî-
æåìî çäèôåðåíöiþâàòè ðiâíiñòü (14) çà x.
Îñêiëüêè ïðàâi ÷àñòèíè îòðèìàíî¨ ðiâíîñòi
òà ðiâíîñòi (15) ñïiâïàäàþòü, òî v(x, t) ≡
ux(x, t). Êðiì òîãî, ôóíêöiÿ u = u(x, t) íàëå-
æèòü äî êëàñó C1,0(Qt1), çàäîâîëüíÿ¹ óìîâè
(2), (3) òà ðiâíÿííÿ (1). Ïiñëÿ öüîãî óìîâà
(16) ñïiâïàäà¹ ç (4).

Òåïåð ðiâíÿííÿ (17) ìîæíà ïåðåïèñàòè ó
âèãëÿäi

a(t)ψ(t)(ux(h, t)− ux(0, t)) + b(t)(u(h, t)−

− u(0, t)) +

h∫
0

(f(x, t) + c(x, t)u(x, t))dx =

= µ′
4(t),

àáî

h∫
0

ut(x, t)dx = µ′
4(t), t ∈ [0, t1].

Âðàõîâóþ÷è óìîâó óçãîäæåííÿ
h∫
0

φ(x)dx = µ4(0), ïðèõîäèìî äî óìîâè

(5), ùî é çàâåðøó¹ äîâåäåííÿ åêâiâàëåíò-
íîñòi çàäà÷i (1)-(5) òà ñèñòåìè ðiâíÿíü
(14)-(17).

Íàäàëi äîñëiäæóâàòèìåìî ñèñòåìó ðiâ-
íÿíü (14)-(17). Äëÿ òîãî, ùîá äîâåñòè iñíó-
âàííÿ ¨¨ ðîçâ'ÿçêó âèêîðèñòà¹ìî òåîðåìó
Øàóäåðà ïðî íåðóõîìó òî÷êó öiëêîì íåïå-
ðåðâíîãî îïåðàòîðà. Ðîçïî÷íåìî çi âñòàíîâ-
ëåííÿ àïðiîðíèõ îöiíîê ðîçâ'ÿçêiâ ñèñòåìè
ðiâíÿíü (14)-(17).

Äëÿ ôóíêöi¨ u = u(x, t) ïðàâèëüíèìè
çàëèøàþòüñÿ îöiíêè (20), à äëÿ ôóíêöi¨
v = v(x, t) � îöiíêà çíèçó (21).
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Ïîçíà÷èìî V (t) = max
x∈[0,h]

v(x, t). Âðàõî-

âóþ÷è óìîâè òåîðåìè, ç ðiâíÿííÿ (16), ìà-
òèìåìî

a(t) ≤ µ3(t)

ψ(t)M2

≤ A2 < +∞, t ∈ [0, t1]. (22)

Ç iíøîãî áîêó, ç ðiâíÿíü (16), (17) çíàõî-
äèìî

a(t) ≥ µ3(t)

ψ(t)V (t)
, t ∈ [0, t1], (23)

|b(t)| ≤ C4(1 + a(t)ψ(t)V (t)), t ∈ [0, t1].
(24)

Äàëi âèêîðèñòà¹ìî (20), (23), (24) ùîá,
âèõîäÿ÷è ç (15), îöiíèòè V = V (t) çâåðõó:

V (t) ≤ C5 + C6

t∫
0

1√
θ(t)− θ(τ)

dτ+

+ C7

t∫
0

V (τ)√
θ(t)− θ(τ)

dτ+

+ C8

t∫
0

a(τ)ψ(τ)V 2(τ)√
θ(t)− θ(τ)

dτ, t ∈ [0, t1]. (25)

Âèêîðèñòîâóþ÷è (23) ó âèãëÿäi
1

a(t)
≤ ψ(t)V (t)

µ3(t)
, ïåðåòâîðèìî iíòåãðà-

ëè, ùî âõîäÿòü äî ïðàâî¨ ÷àñòèíè íåðiâíîñòi
(25):

t∫
0

V (τ)dτ√
θ(t)− θ(τ)

≤
t∫

0

a(τ)ψ(τ)V 2(τ)dτ

µ3(τ)
√
θ(t)− θ(τ)

,

t∫
0

dτ√
θ(t)− θ(τ)

≤
t∫

0

a(τ)ψ(τ)V (τ)dτ

µ3(τ)
√
θ(t)− θ(τ)

≤

≤ C9

t∫
0

a(τ)ψ(τ)V 2(τ)dτ

µ3(τ)
√
θ(t)− θ(τ)

.

Ïîçíà÷èìî V1(t) = V (t) + 1. Òîäi íåðiâíiñòü
(25) ìîæíà ïåðåïèñàòè ó âèãëÿäi

V1(t) ≤ C10 + C11

t∫
0

a(τ)ψ(τ)V 2
1 (τ)dτ

µ3(τ)
√
θ(t)− θ(τ)

.

(26)

Ïiäíåñåìî îáèäâi ÷àñòèíè íåðiâíîñòi (26) äî
êâàäðàòó, âèêîðèñòîâóþ÷è ïðè öüîìó íåðiâ-
íîñòi Êîøi òà Êîøi-Áóíÿêîâñüêîãî [18, ñ. 49,
382]:

V 2
1 (t) ≤ 2C2

10 + 2C2
11

t∫
0

V 4
1 (τ)dτ√
θ(t)− θ(τ)

×

×
t∫

0

a2(τ)ψ2(τ)dτ

µ2
3(τ)

√
θ(t)− θ(τ)

. (27)

Ðîçãëÿíåìî iíòåãðàë

J1 =

t∫
0

a2(τ)ψ2(τ)dτ

µ2
3(τ)

√
θ(t)− θ(τ)

≤

≤ C12

t∫
0

a(τ)dτ√
θ(t)− θ(τ)

.

Â îñòàííüîìó iíòåãðàëi çðîáèìî çàìiíó çìií-

íèõ z =
θ(τ)

θ(t)
. Îòðèìà¹ìî

J1 ≤ C13

√
θ(t)

1∫
0

dz

ψ(θ−1(zθ(t)))
√
1− z

=

= C13

√
θ(t)

( 1/2∫
0

dz

ψ(θ−1(zθ(t)))
√
1− z

+

+

1∫
1/2

dz

ψ(θ−1(zθ(t)))
√
1− z

)
≤

≤ C13

√
θ(t)

( 1/2∫
0

√
2dz

ψ(θ−1(zθ(t)))
+

+

1∫
1/2

dz

ψ(θ−1(1/2θ(t)))
√
1− z

)
,

äå ÷åðåç θ−1 = θ−1(t) ïîçíà÷åíî ôóíêöiþ
îáåðíåíó äî θ = θ(t). Çðîáèâøè çâîðîòíþ
çàìiíó â ïåðøîìó iíòåãðàëi îñòàííüî¨ íåðiâ-
íîñòi, îäåðæèìî

J1 ≤ C13

√
θ(t)

(√
2

θ(t)

θ−1(1/2θ(t))∫
0

a(τ)dτ+
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+
1

ψ(θ−1(1/2θ(t)))

1∫
1/2

dz√
1− z

)
≤

≤ C14
θ−1(1/2θ(t))√

θ(t)
+ C15

√
θ(t)

ψ(θ−1(1/2θ(t)))
.

Çàñòîñó¹ìî òåîðåìó ïðî ñåðåäí¹ äî iíòåãðà-
ëà

t∫
0

dτ√
t∫
τ

ψ(σ)dσ

=
1√
ψ(t∗)

t∫
0

dτ√
t− τ

=

= 2

√
t

ψ(t∗)
,

äå t∗ ∈ [0, t1]. Âðàõîâóþ÷è îçíà÷åííÿ ñëàáêî-

ãî âèðîäæåííÿ, îòðèìó¹ìî, ùî âèðàç
√

t

ψ(t)
ïðÿìó¹ äî íóëÿ ïðè t→ 0. Öå îçíà÷à¹, ùî

J1 ≤ C16.

Âèêîðèñòîâóþ÷è îñòàííþ îöiíêó â (27), ïðè-
õîäèìî äî íåðiâíîñòi

V 2
1 (t) ≤ C17 + C18

t∫
0

V 4
1 (τ)dτ√
θ(t)− θ(τ)

. (28)

Â îñòàííié íåðiâíîñòi çìiíèìî t íà σ i,

äîìíîæèâøè íà
a(σ)ψ(σ)

µ3(σ)
√
θ(t)− θ(σ)

, ïðî-

iíòåãðó¹ìî ¨¨ ïî σ âiä 0 äî t. Âèêîðèñòîâóþ-
÷è ðiâíiñòü

t∫
τ

a(σ)ψ(σ)dσ√
(θ(t)− θ(σ))(θ(σ)− θ(τ))

= π,

ç öi¹¨ íåðiâíîñòi ìàòèìåìî

t∫
0

a(σ)ψ(σ)V 2
1 (σ)

µ3(σ)
√
θ(t)− θ(σ)

dσ ≤ C19+

+C20

t∫
0

V 4
1 (τ)

ψ(τ)
dτ.

Ïiäñòàâëÿþ÷è îñòàííþ íåðiâíiñòü â (26),
îäåðæó¹ìî

V1(t) ≤ C21 + C22

t∫
0

V 4
1 (τ)

ψ(τ)
dτ.

Ïîçíà÷èìî H(t) = C21+C22

t∫
0

V 4
1 (τ)

ψ(τ)
dτ. Òîäi

H ′(t) = C22
V 4
1 (t)

ψ(t)
≤ C22

H4(t)

ψ(t)
.

Ðîçäiëèâøè çìiííi òà ïðîiíòåãðóâàâøè, çíà-
õîäèìî

H(t) ≤ C21

3

√√√√√1− 3C3
21C22

t∫
0

dτ

ψ(τ)

≤

≤M3, t ∈ [0, t2],

äå ÷èñëî t2 : 0 < t2 ≤ T çàäîâîëüíÿ¹ óìîâó

1− 3C3
21C22

t2∫
0

dτ

ψ(τ)
> 0.

Îòæå,
V1(t) ≤M3, t ∈ [0, t2],

àáî, ïîâåðòàþ÷èñü äî ââåäåíèõ ïîçíà÷åíü,

v(x, t) ≤M3, (x, t) ∈ Qt2 . (29)

Âèêîðèñòà¹ìî (29) ó (23), (24). Îäåðæèìî

|a(t)| ≥ A1 > 0, t ∈ [0, t2], (30)

|b(t)| ≤M4, t ∈ [0, t2]. (31)

Òàêèì ÷èíîì, àïðiîðíi îöiíêè ðîçâ'ÿçêiâ
ñèñòåìè ðiâíÿíü (14)-(17) âñòàíîâëåíî.

Óòî÷íèìî îöiíêó ôóíêöi¨ v = v(x, t). Äëÿ
öüîãî âèêîðèñòà¹ìî ðiâíÿííÿ (15). Îñêiëü-
êè âñi äîäàíêè, êðiì ïåðøîãî, ïðàâî¨ ÷àñ-
òèíè ôîðìóëè (15) ïðÿìóþòü äî íóëÿ ïðè
t → 0, òî iñíó¹ òàêå ÷èñëî t3, 0 < t3 ≤ T , ùî
âèêîíó¹òüñÿ íåðiâíiñòü

C5 + C23(1 + A2 +M2 +M3M4)× (32)
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×
t∫

0

( t∫
τ

ψ(σ)dσ

)− 1
2

dτ ≤M3, t ∈ [0, t3].

Ïîêëàäåìî T0 = min{t1, t2, t3}. Ïîäàìî
ñèñòåìó ðiâíÿíü (14)-(17) ó âèãëÿäi îïåðà-
òîðíîãî ðiâíÿííÿ

ω = Pω,

äå ω = (u, v, a, b), à îïåðàòîð P âèçíà÷à¹òüñÿ
ïðàâèìè ÷àñòèíàìè ðiâíÿíü (14)-(17). Ó áà-
íàõîâîìó ïðîñòîði (C(QT0))

2 × (C[0, T0])
2

âèáåðåìî ìíîæèíó N = {(u, v, a, b) ∈
(C(QT0))

2 × (C[0, T0])
2 : M0 ≤ u(x, t) ≤

M1,M2 ≤ v(x, t) ≤ M3, A1 ≤ a(t) ≤
A2, |b(t)| ≤ M4}. Î÷åâèäíî, ùî âèáðàíà òà-
êèì ÷èíîì ìíîæèíà N � çàìêíåíà i îïóêëà,
à îïåðàòîð P ïåðåâîäèòü ¨¨ â ñåáå. Òå, ùî öåé
îïåðàòîð öiëêîì íåïåðåðâíèé äîâîäèòüñÿ çà
òîþ ñõåìîþ, ùî é ó íåâèðîäæåíîìó âèïàä-
êó [17, c. 27]. Öå îçíà÷à¹, ùî âèêîíóþòüñÿ âñi
óìîâè òåîðåìè Øàóäåðà ïðî íåðóõîìó òî÷-
êó, à, îòæå, iñíó¹ ðîçâ'ÿçîê ñèñòåìè ðiâíÿíü
(14)-(17) ïðè (x, t) ∈ QT0 . Âðàõîâóþ÷è åêâi-
âàëåíòíiñòü çãàäàíî¨ ñèñòåìè òà çàäà÷i (1)-
(5), îäåðæèìî iñíóâàííÿ ðîçâ'ÿçêó öi¹¨ çàäà-
÷i äëÿ (x, t) ∈ QT0 . Òåîðåìó 1 äîâåäåíî.
3. �äèíiñòü ðîçâ'ÿçêó çàäà÷i (1)-(5).
Òåîðåìà 2. Ïðè âèêîíàííi óìîâ
B1) c, f ∈ C1,0(QT ), φ ∈ C3[0, h];
B2) µ3,0(t) ̸= 0, µ2(t)−µ1(t) ̸= 0, t ∈ [0, T ]
ðîçâ'ÿçîê çàäà÷i (1)-(5) ¹äèíèé.
Äîâåäåííÿ. Ïðèïóñòèìî, ùî iñíó¹

äâà ðîçâ'ÿçêè (ai, bi, ui), i = 1, 2 çàäà÷i
(1)-(5). Âèõîäÿ÷è ç (1)-(5), äëÿ ðiçíèöü
a(t) = a1(t) − a2(t), b(t) = b1(t) − b2(t),
u(x, t) = u1(x, t) − u2(x, t) îòðèìà¹ìî çàäà-
÷ó

ut = a1(t)ψ(t)uxx + b1(t)ux + c(x, t)u+

+ a(t)ψ(t)u2xx + b(t)u2x, (33)

u(x, 0) = 0, x ∈ [0, h], (34)

u(0, t) = u(h, t) = 0, t ∈ [0, T ], (35)

a1(t)ψ(t)ux(0, t)+

+ a(t)ψ(t)u2x(0, t) = 0, t ∈ [0, T ], (36)
h∫

0

u(x, t)dx = 0, t ∈ [0, T ]. (37)

Çà äîïîìîãîþ ôóíêöi¨ Ãðiíà G∗(x, t, ξ, τ)
ïåðøî¨ êðàéîâî¨ çàäà÷i äëÿ ðiâíÿííÿ

ut = a1(t)t
βuxx + b1(t)ux + c(x, t)u,

ðîçâ'ÿçîê çàäà÷i (33)-(35) çàïèøåìî ó âèãëÿ-
äi

u(x, t) =

t∫
0

h∫
0

G∗(x, t, ξ, τ)(a(τ)ψ(τ)×

× u2ξξ(ξ, τ) + b(τ)u2ξ(ξ, τ))dξdτ. (38)

Äèôåðåíöiþþ÷è ôîðìóëó (38) çà x, çíàõî-
äèìî

ux(x, t) =

t∫
0

h∫
0

G∗
x(x, t, ξ, τ)(a(τ)ψ(τ)×

× u2ξξ(ξ, τ) + b(τ)u2ξ(ξ, τ))dξdτ. (39)

Âèõîäÿ÷è ç ðiâíÿíü (36), (37), çíàéäåìî ðiâ-
íÿííÿ ñòîñîâíî ôóíêöié a = a(t), b = b(t).
Âðàõîâóþ÷è (38), (39), îòðèìà¹ìî ñèñòåìó
îäíîðiäíèõ iíòåãðàëüíèõ ðiâíÿíü Âîëüòåðà

a(t) =

t∫
0

(K11(t, τ)a(τ) +K12(t, τ)b(τ))dτ,

(40)

b(t) =

t∫
0

(K21(t, τ)a(τ) +K22(t, τ)b(τ))dτ,

(41)

ÿäðà ÿêî¨ âèçíà÷àþòüñÿ ôîðìóëàìè

K11(t, τ) = −a1(t)a2(t)ψ(t)
µ3(t)

h∫
0

G∗
x(0, t, ξ, τ)×

× ψ(τ)u2ξξ(ξ, τ)dξ,

K12(t, τ) = −a1(t)a2(t)ψ(t)
µ3(t)

×

×
h∫

0

G∗
x(0, t, ξ, τ)u2ξ(ξ, τ)dξ,

K21(t, τ) = − 1

µ2(t)− µ2(τ)

(
a1(t)ψ(t)×
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×
h∫

0

(G∗
x(h, t, ξ, τ)−G∗

x(0, t, ξ, τ))ψ(τ)×

× u2ξξ(ξ, τ)dξ +

h∫
0

h∫
0

G∗(x, t, ξ, τ)c(x, t)×

× ψ(τ)u2ξξ(ξ, τ)dξdx−

− ψ2(t)a1(t)a2(t)(u2x(h, t)− u2x(0, t))

µ3(t)
×

×
h∫

0

G∗
x(0, t, ξ, τ)ψ(τ)u2ξξ(ξ, τ)dξ

)
,

K22(t, τ) = − 1

µ2(t)− µ2(τ)

(
a1(t)ψ(t)×

h∫
0

(G∗
x(h, t, ξ, τ)−G∗

x(0, t, ξ, τ))u2ξ(ξ, τ)dξ+

+

h∫
0

h∫
0

G∗(x, t, ξ, τ)c(x, t)u2ξ(ξ, τ)dξdx−

− ψ2(t)a1(t)a2(t)(u2x(h, t)− u2x(0, t))

µ3(t)
×

×
h∫

0

G∗
x(0, t, ξ, τ)u2ξ(ξ, τ)dξ

)
.

Ïîêàæåìî, ùî ÿäðà ñèñòåìè ðiâíÿíü (40),
(41) ¹ iíòåãðîâíèìè. Ïåðø çà âñå çàóâà-
æèìî, ùî çà óìîâ òåîðåìè äëÿ ôóíêöi¨
u2x = u2x(x, t) ïðàâèëüíîþ çàëèøà¹òüñÿ
îöiíêà (29). Îöiíèìî u2xx = u2xx(x, t). Äëÿ
öüîãî ðîçãëÿíåìî âiäïîâiäíó çàäà÷ó (1)-(3).
Äèôåðåíöiþþ÷è (14) äâi÷i ïî x, çíàõîäèìî

u2xx(x, t) = φ′′(x) +

t∫
0

G1ξ(x, t, h, τ)

(
b2(τ)×

× u2ξ(h, τ) + c(h, τ)µ2(τ) + f(h, τ)− µ′
2(τ)+

+ a2(τ)ψ(τ)φ
′′(h)

)
dτ −

t∫
0

G1ξ(x, t, 0, τ)×

×
(
b2(τ)u2ξ(0, τ) + c(0, τ)µ1(τ) + f(0, τ)−

− µ′
1(τ) + a2(τ)ψ(τ)φ

′′(0)

)
dτ −

t∫
0

h∫
0

(
c(ξ, τ)

× u2ξ(ξ, τ) + cξ(ξ, τ)u2(ξ, τ) + fξ(ξ, τ)−

− 1

h
(µ′

2(τ)− µ′
1(τ)) + a2(τ)ψ(τ)φ

′′′(ξ)

)
×

×G1ξ(x, t, ξ, τ)dξdτ −
t∫

0

h∫
0

G1ξ(x, t, ξ, τ)×

× b2(τ)u2ξξ(ξ, τ)dξdτ. (42)

Îöiíèìî òðåòié äîäàíîê, ùî âõîäèòü äî
ïðàâî¨ ÷àñòèíè ôîðìóëè (42). Âèêîðèñòî-
âóþ÷è ôîðìóëó (12), îäåðæèìî

J2 =

∣∣∣∣
t∫

0

G1ξ(x, t, 0, τ)

(
b2(τ)u2ξ(0, τ)+

+ c(0, τ)µ1(τ) + f(0, τ)− µ′
1(τ)+

+ a2(τ)ψ(τ)φ
′′(0)

)
dτ

∣∣∣∣ ≤
≤ C24

t∫
0

1

(θ(t)− θ(τ))3/2

+∞∑
n=−∞

|x+ 2nh|×

× exp

(
− (x+ 2nh)2

θ(t)− θ(τ)

)
dτ.

Â îñòàííüîìó iíòåãðàëi ïðîâåäåìî çàìiíó

çìiííèõ z =
θ(τ)

θ(t)
. Îòðèìà¹ìî

J2 ≤ C25θ(t)
− 1

2

1∫
0

1

ψ(θ−1(zθ(t)))(1− z)3/2
×

×
+∞∑

n=−∞

|x+ 2nh| exp
(
−(x+ 2nh)2

θ(t)(1− z)

)
dz =

= C25θ(t)
− 1

2

1∫
0

1

ψ(θ−1(θ(t)(1− z)))z3/2
×

×
+∞∑

n=−∞

|x+ 2nh| exp
(
−(x+ 2nh)2

θ(t)z

)
dz,

äå θ−1 = θ−1(t) � ôóíêöiÿ, îáåðíåíà äî

θ = θ(t). Çàìiíèìî σ =
(x+ 2nh)√

θ(t)z
. Ó ðåçóëü-
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òàòi çíàõîäèìî

J2 ≤ C25

+∞∑
n=−∞

+∞∫
(x+2nh)√

θ(t)

e−σ
2×

× 1

ψ

(
θ−1

(
θ(t)− (x+2nh)2

θ(t)σ2

))dσ ≤ C26

ψ(t)
.

Àíàëîãi÷íî îöiíþ¹òüñÿ é äðóãèé äîäàíîê
ïðàâî¨ ÷àñòèíè ôîðìóëè (42). Äëÿ îöií-
êè ÷åòâåðòîãî äîäàíêà âèêîðèñòà¹ìî (13).
Îòðèìà¹ìî

J3 =

t∫
0

h∫
0

(
c(ξ, τ)u2ξ(ξ, τ) + cξ(ξ, τ)u2(ξ, τ)+

+ fξ(ξ, τ)−
1

h
(µ′

2(τ)− µ′
1(τ)) + a2(τ)ψ(τ)×

× φ′′′(ξ)

)
G1ξ(x, t, ξ, τ)dξdτ ≤

≤ C27

t∫
0

dτ√
θ(t)− θ(τ)

.

Âðàõîâóþ÷è îçíà÷åííÿ ñëàáêîãî âèðîäæåí-
íÿ, ìàòèìåìî

J3 ≤ C27.

Òàêèì ÷èíîì ç ðiâíÿííÿ (42), çíàõîäèìî

|u2xx(x, t)| ≤
C28

ψ(t)
. (43)

Äàëi äëÿ äîñëiäæåííÿ ÿäåð ñèñòåìè (40),
(41), âèêîðèñòà¹ìî âiäîìi [19, c. 469] îöiíêè
ôóíêöié Ãðiíà

|Dr
tD

s
yG(y, t, η, τ)| ≤ C29(t− τ)−

1+2r+s
2 ×

× exp

(
−C30

(y − η)2

t− τ

)
, r ∈ {0, 1}, (44)

s ∈ {0, 1, 2}, 2r + s = 1 àáî 2r + s = 2, τ < t.

Âðàõîâóþ÷è (29), (44) òà óìîâè òåîðåìè,
çíàõîäèìî

|K11(t, τ)| ≤ C31

h∫
0

1

θ(t)− θ(τ)
×

× exp

(
− C32ξ

2

θ(t)− θ(τ)

)
dξ ≤ C33√

θ(t)− θ(τ)
,

|K21(t, τ)| ≤ C34

h∫
0

h∫
0

1√
θ(t)− θ(τ)

×

× exp

(
−C32(x− ξ)2

θ(t)− θ(τ)

)
dξdx+ C35×

×
h∫

0

1

θ(t)− θ(τ)
exp

(
− C32ξ

2

θ(t)− θ(τ)

)
dξ ≤

≤ C36√
θ(t)− θ(τ)

.

Ôóíêöi¨ K12(t, τ), K22(t, τ) îöiíþþòüñÿ àíà-
ëîãi÷íî. Áåðó÷è äî óâàãè îçíà÷åííÿ ñëàáêî-
ãî âèðîäæåííÿ, ìîæåìî ñòâåðäæóâàòè, ùî
ÿäðà îäíîðiäíî¨ ñèñòåìè iíòåãðàëüíèõ ðiâ-
íÿíü Âîëüòåðà (40), (41) ìàþòü iíòåãðîâíi
îñîáëèâîñòi. Öå îçíà÷à¹, ùî öÿ ñèñòåìà ìà¹
ëèøå òðèâiàëüíèé ðîçâ'ÿçîê

a(t) = 0, b(t) = 0, t ∈ [0, T ].

Âèêîðèñòîâóþ÷è öåé ôàêò â çàäà÷i (33)-
(35), îòðèìà¹ìî

u(x, t) = 0, (x, t) ∈ QT ,

ùî é çàâåðøó¹ äîâåäåííÿ Òåîðåìè 2.
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