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ÄÅßÊI ÊËÀÑÈ ÐÅÃÓËßÐÍÈÕ ËIÍIÉÍÈÕ ÐÎÇØÈÐÅÍÜ ÄÈÍÀÌI×ÍÈÕ
ÑÈÑÒÅÌ ÍÀ ÒÎÐI

Îòðèìàíî íîâi êëàñè ëiíiéíèõ ðîçøèðåíü äèíàìi÷íèõ ñèñòåì íà òîði, äëÿ ÿêèõ iñíó¹ ¹äèíà
ôóíêöiÿ Ãðiíà-Ñàìîéëåíêà çàäà÷i ïðî iíâàðiàíòíi òîðî¨äàëüíi ìíîãîâèäè.

We �nd new classes of linear extensions of dynamic systems on the torus for which there is a
unique Green-Samoilenko function for the problem on invariant toroidal manifolds.

Ðîçãëÿíåìî ñèñòåìó äèôåðåíöiàëüíèõ
ðiâíÿíü

dφ

dt
= a (φ) ,

dx

dt
= A (φ) x, (1)

äå φ = (φ1, φ2, ..., φm), x ∈ Rn, à âåêòîð-
ôóíêöiÿ a (φ) âèçíà÷åíà, íåïåðåðâíà i 2π-
ïåðiîäè÷íà çà êîæíîþ iç çìiííèõ φj, j =
1,m, òîáòî çàäàíà íà m-ìiðíîìó òîði Tm (
φ ∈ Tm). Ìàòðèöÿ A (φ) � n × n-âèìiðíîþ,
åëåìåíòè ¨¨ ¹ äiéñíi ôóíêöi¨, íåïåðåðâíi çà
ñóêóïíiñòþ âñiõ çìiííèõ φ = (φ1, φ2, ..., φm)
i 2π-ïåðiîäè÷íi ïî êîæíié çìiííié φj, j =
1,m. Äîäàòêîâî ïðèïóñêà¹ìî, ùî çàäà÷à Êî-

øi
dφ

dt
= f (φ) , φ|t=0 = φ0 ìà¹ ¹äèíèé

ðîçâ'ÿçîê φ (t;φ0) ïðè êîæíîìó ôiêñîâàíî-
ìó φ0 ∈ Tm. Äëÿ öüîãî äîñòàòíüî âèìàãà-
òè, ùîá âåêòîð-ôóíêöiÿ f (φ) çàäîâîëüíÿëà
óìîâó Ëiïøèöÿ.

Áóäåìî íàäàëi âèêîðèñòîâóâàòè íàñòó-
ïíi ïîçíà÷åííÿ: C0 (Tm) � ïðîñòið äiéñíèõ
ôóíêöié, íåïåðåðâíèõ i îáìåæåíèõ íà Tm,
⟨y, ȳ⟩ =

∑n
j=1 yj ȳj � ñêàëÿðíèé äîáóòîê â

Rn, íîðìà âåêòîðà ∥y∥ =
√

⟨y, y⟩. C ′ (Tm; a)
� ïiäïðîñòið ïðîñòîðó C0 (Tm) òàêèõ ôóí-
êöié F (φ), ùî ñóïåðïîçèöiÿ F (φ (t;φ0))
ÿê ôóíêöiÿ çìiííî¨ t ¹ íåïåðåðâíî äè-
ôåðåíöiéîâíîþ, ïðè÷îìó çà îçíà÷åííÿì
d

dt
F (φ (t;φ))

∣∣∣∣
t=0

df
= Ḟ (φ) ∈ C0 (Tm). Íîðìó

n × n�âèìiðíî¨ ìàòðèöi G áóäåìî ðîçóìi-
òè ÿê îïåðàòîðíó íîðìó: ∥G∥ = max

∥y∥=1
∥Gy∥,

∥S∥0 = sup
φ∈Tm

∥S (φ)∥. Ωt
τ (φ0) � ôóíäàìåí-

òàëüíà ìàòðèöÿ ðîçâ'ÿçêiâ ëiíiéíî¨ ñèñòåìè

dx

dt
= A (φ (t;φ0))x (2)

íîðìîâàíà â òî÷öi t = τ : Ωt
τ (φ0)|t=τ = In, In

� îäèíè÷íà ìàòðèöÿ.
Ïîðÿä iç ñèñòåìîþ (1) âèïèøåìî íåîäíî-

ðiäíó ñèñòåìó

dφ

dt
= a (φ) ,

dx

dt
= A (φ)x+ f (φ) , (3)

äå f (φ) ∈ C0 (Tm).
Îçíà÷åííÿ 1. Êàæóòü [2], ùî ñèñòåìà

(3) ìà¹ iíâàðiàíòíèé òîðî¨äàëüíèé ìíîãî-
âèä, âèçíà÷åíèé ðiâíiñòþ

y = u (φ) , (4)

ÿêùî ôóíêöiÿ u (φ) ∈ C ′ (Tm; a) i âèêîíó¹-
òüñÿ òîòîæíiñòü

u̇ (φ) ≡ A (φ)u (φ) + f (φ) , (5)

ïðè âñiõ φ ∈ Tm.
Ó âèïàäêó, êîëè ôóíêöiÿ (4) ¹ íåïåðåðâ-

íî äèôåðåíöiéîâíîþ, òîòîæíiñòü (5) çàïèñó-
¹òüñÿ ó âèãëÿäi

m∑
j=1

∂u (φ)

∂φj
aj (φ) ≡ A (φ)u (φ) + f (φ) .

Îçíà÷åííÿ 2. Íåõàé iñíó¹ òàêà n × n-
âèìiðíà ìàòðèöÿ C (φ) ∈ C0 (Tm), ùî äëÿ
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ôóíêöi¨ âèãëÿäó

G0 (τ, φ) =

{
Ω0
τ (φ)C (φ (τ ;φ)) , τ ≤ 0

Ω0
τ (φ) [C (φ (τ ;φ))− In] , τ > 0

(6)
âèêîíó¹òüñÿ îöiíêà

∥G0 (τ, φ)∥ ≤ K exp {−γ |τ |} (7)

ç äåÿêèìè äîäàòíèìè ñòàëèìè K, γ.
Òîäi ôóíêöiþ (6) íàçèâàþòü ôóíêöi¹þ

Ãðiíà-Ñàìîéëåíêà çàäà÷i ïðî iíâàðiàíòíi
òîðî¨äàëüíi ìíîãîâèäè ñèñòåìè (1).

Iñíóâàííÿ ôóíêöi¨ Ãðiíà-Ñàìîéëåíêà (6)
äîçâîëÿ¹ ñòâåðäæóâàòè, ùî ñèñòåìà (3) ìà¹
iíâàðiàíòíèé òîð (4) ïðè êîæíié ôóíêöi¨
f (x) ∈ C0 (Tm) i éîãî ìîæíà çàïèñàòè â ií-
òåãðàëüíîìó âèãëÿäi:

y = u (φ) =

+∞∫
−∞

G0 (τ, φ) · f (φ (τ ;φ)) dτ.

Âèêîíàííÿ îöiíêè (7) äëÿ ôóíêöi¨ Ãðiíà-
Ñàìîéëåíêà (6) åêâiâàëåíòíå âèêîíàííþ òà-
êî¨ îöiíêè

∥Gt (0, φ)∥ ≤ K exp {−γ |t|}

äëÿ äîïîìiæíî¨ ôóíêöi¨

Gt (0, φ) =

{
Ωt

0 (φ)C (φ) , t ≥ 0
Ωt

0 (φ) [C (φ)− In] , t < 0
.

Îäíi¹þ iç îñíîâíèõ i âàæëèâèõ ïðîáëåì,
ÿêi âèíèêàþòü ïðè äîñëiäæåííi ñèñòåìè
(1), öå ïèòàííÿ iñíóâàííÿ ôóíêöi¨ Ãðiíà-
Ñàìîéëåíêà G0 (τ, φ) çàäà÷i ïðî iíâàðiàíòíi
òîðè. Öüîìó ïèòàííþ ïðèñâÿ÷åíî öiëèé ðÿä
öiêàâèõ äîñëiäæåíü, çîêðåìà [2-10]. Ïèòàííÿ
iñíóâàííÿ ôóíêöi¨ Ãðiíà-Ñàìîéëåíêà çàäà÷i
ïðî iíâàðiàíòíi òîðè òiñíî ïîâ'ÿçàíå ç ïèòà-
ííÿì iñíóâàííÿ óçàãàëüíåíî¨ ôóíêöi¨ Ëÿïó-
íîâà, ÿêà ðîçãëÿäà¹òüñÿ ó âèãëÿäi êâàäðàòè-
÷íèõ ôîðì [4]. Òàêi ôîðìè ìîæóòü çìiíþâà-
òè çíàê i âèðîäæóâàòèñü ó äåÿêèõ òî÷êàõ, à
¨õ ïîõiäíà â ñèëó ñèñòåìè ðiâíÿíü (1) ¹ çíà-
êîâèçíà÷åíîþ. Íàãàäà¹ìî, [4] ùî iñíóâàííÿ
íåâèðîäæåíî¨ (detS (φ) ̸= 0 ,∀φ ∈ Tm ) êâà-
äðàòè÷íî¨ ôîðìè

V = ⟨S (φ)x, x⟩ , (8)

ïîõiäíà ÿêî¨ â ñèëó ñèñòåìè (1) ¹ çíàêîâè-
çíà÷åíîþ

V̇ =
⟨[ m∑

j=1

∂S(φ)

∂φj
aj(φ) + S(φ)A(φ)+

+AT (φ)S(φ)
]
x, x
⟩
≤ −β ∥x∥2 , β = const > 0,

(9)
çàáåçïå÷ó¹ ðåãóëÿðíiñòü öi¹¨ ñèñòåìè, à
öå îçíà÷à¹, ùî äàíà ñèñòåìà ìà¹ ¹äè-
íó ôóíêöiþ Ãðiíà-Ñàìîéëåíêà. ßêùî æ
detS (φ0) = 0 ïðè äåÿêîìó çíà÷åííi φ =
φ0, òî ñèñòåìà (1) íå ìà¹ ôóíêöi¨ Ãðiíà-
Ñàìîéëåíêà. Ïðè öüîìó íàñòóïíà ñèñòåìà

dφ

dt
= a (φ) ,

dx

dt
= −AT (φ)x,

ìà¹ áåçëi÷ ðiçíèõ ôóíêöié Ãðiíà-
Ñàìîéëåíêà çàäà÷i ïðî iíâàðiàíòíi òîðè. Íå
äèâëÿ÷èñü íà òå, ùî êâàäðàòè÷íi ôîðìè
(8) ìîæóòü çìiíþâàòè çíàê i íàâiòü âèðî-
äæóâàòèñü ïðè äåÿêèõ çíà÷åííÿõ φ = φ0, ¨õ
÷àñòî íàçèâàþòü ôóíêöiÿìè Ëÿïóíîâà.

Çàóâàæèìî, ùî çíàõîäæåííÿ êâàäðàòè-
÷íî¨ ôîðìè (8), ÿêà çàäîâîëüíÿ¹ íåðiâíiñòü
(9), ¹ äîñòàòíüî íåïðîñòèì çàâäàííÿì. Ó
çâ'ÿçêó ç öèì, â äàíié ðîáîòi, ïðîïîíó¹òüñÿ
âèäiëèòè êëàñè ñèñòåì âèãëÿäó (1), äëÿ ÿêèõ
ìîæíà âèïèñàòè òàêi ôóíêöi¨.

Äîñëiäèâøè ñèñòåìó, ÿêà çàëåæèòü âiä
ïàðàìåòðà

dφ

dt
= sin (φ) ,

dx

dt
= (cos (2nφ))x, (10)

âäàëîñÿ ç'ÿñóâàòè, ùî âîíà áóäå ðåãó-
ëÿðíîþ ïðè äîâiëüíîìó íàòóðàëüíîìó n
(n = 1, 2, 3, ....), òîáòî ìà¹ ¹äèíó ôóíêöiþ
Ãðiíà-Ñàìîéëåíêà ïðî iíâàðiàíòíi òîðè, äî
òîãî æ ôóíêöiþ Ëÿïóíîâà (8) ìîæíà âèáè-
ðàòè ó âèãëÿäi

V = x2 exp {sn (φ)} , n = 1, 2, 3, ....

äå s1 (φ) = −4 cosφ, s2 (φ) = −16
3
cos3 φ,

s3 (φ) = −64
5
cos5 φ+ 32

3
cos3 φ− 4 cosφ,. . . .

Äàëi äîñëiäæåííÿ ñèñòåì âèãëÿäó

dφ

dt
= sin (φ) ,

dx

dt
= (cos ((2n+ 1)φ))x,

(11)
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n = 1, 2, 3, ....

äîçâîëèëî çðîáèòè íàñòóïíèé âèñíîâîê: êî-
æíà ç çàïèñàíèõ ñèñòåì (11) ìà¹ áåçëi÷ ði-
çíèõ ôóíêöié Ãðiíà. Ïðè öüîìó äëÿ ñïðÿæå-
íî¨ ñèñòåìè

dφ

dt
= sin (φ) ,

dx

dt
= − (cos ((2n+ 1)φ))x,

ïðè n = 1, 2, 3, .... iñíó¹ çíàêîçìiííà ôóíêöiÿ
Ëÿïóíîâà, ÿêó ìîæíà âèáèðàòè ó âèãëÿäi

V = x2 exp {sn (φ)} (− cosφ) , n = 1, 2, ... ,

äå s1 (φ) = 4 cos2 φ, s2 (φ) = 5 cos4 φ +
5
2
sin4 φ,. . . .
Óçàãàëüíåííÿ ñèñòåìè âèãëÿäó (10) ïðè-

âåëî äî ðîçãëÿäó íàñòóïíî¨ ñèñòåìè

dφ

dt
= a (φ) ,

dx

dt
= [µ0 (φ) + µ1 (φ)]x, (12)

äå φ = (φ1, φ2, ..., φm), x ∈ R, µj (φ) =
µj (φ1, φ2, ..., φm)�íåïåðåðâíi ñêàëÿðíi ôóí-
êöi¨ µj (φ) ∈ C0 (Tm), j = 0, 1. Ïðèïóñòèìî,
ôóíêöiÿ µ1 (φ) òàêà, ùî ëiíiéíå íåîäíîðiäíå
ðiâíÿííÿ â ÷àñòèííèõ ïîõiäíèõ

m∑
j=1

∂s

∂φj
aj (φ) = µ1 (φ1, φ2, ..., φm) (13)

ìà¹ ðîçâ'ÿçîê s = s (φ) = s (φ1, φ2, ..., φm),
ÿêèé ¹ 2π-ïåðiîäè÷íèì çà êîæíîþ çìiííîþ
φj, j = 1,m. Âèáðàâøè êâàäðàòè÷íó ôîðìó
â âèãëÿäi

V = x2 exp {−2s (φ)} (14)

i ïîðàõóâàâøè ¨¨ ïîõiäíó â ñèëó ñèñòåìè
(12), îòðèìó¹ìî

V̇ = 2xẋ exp{−2s(φ)} − x22ṡ(φ) exp{−2s(φ)} =

= 2x2[µ0(φ) + µ1(φ)− ṡ(φ)] exp{−2s(φ)} =

= 2x2[µ0(φ)] exp{−2s(φ)}. (15)

Òàêèì ÷èíîì, ïðèõîäèìî äî íàñòóïíîãî
òâåðäæåííÿ.
Ëåìà 1. ßêùî â ñèñòåìi ðiâíÿíü (12)

ñêàëÿðíà ôóíêöiÿ µ0 (φ) ∈ C0 (Tm) çàäîâîëü-
íÿ¹ íåðiâíiñòü

|µ0 (φ)| > 0 ∀φ ∈ Tm (16)

i ðiâíÿííÿ (13) ìà¹ ðîçâ'ÿçîê s (φ) ∈
C1 (Tm), òî ñèñòåìà (12) ¹ ðåãóëÿð-
íîþ, òîáòî ìà¹ ¹äèíó ôóíêöiþ Ãðiíà-
Ñàìîéëåíêà ïðî iíâàðiàíòíi òîðè.
Çàóâàæåííÿ. ßêùî íå âäà¹òüñÿ ç'ÿ-

ñóâàòè, ÷è ìà¹ ðiâíÿííÿ (13) ðîçâ'ÿçîê
s = s (φ) = s (φ1, φ2, ..., φm), ÿêèé ¹ 2π-
ïåðiîäè÷íèì çà êîæíîþ iç çìiííèõ φj, j =
1,m, ÷è òàêîãî ðîçâ'ÿçêó íå iñíó¹, òî ìî-
æíà ðîçãëÿäàòè çáóðåíå ðiâíÿííÿ

m∑
j=1

∂s

∂φj
aj (φ) = µ1 (φ)− µ̄ (φ) , (17)

äå ¹ ìîæëèâiñü âèáîðó ôóíêöi¨ µ̄ (φ) ∈
C0 (Tm), òàêèì ÷èíîì, ùîá ðiâíÿííÿ (13)
âæå ìàëî ðîçâ'ÿçîê s (φ) ∈ C1 (Tm). Òîäi ó
âèïàäêó âèêîíàííÿ íåðiâíîñòi

|µ0 (φ) + µ̄ (φ)| > 0,∀φ ∈ Tm

ñèñòåìà (12) áóäå ðåãóëÿðíîþ.
Ðîçãëÿíåìî íàñòóïíi ïðèêëàäè.
Ïðèêëàä 1. Ðîçãëÿíåìî ñèñòåìó äâîõ

ðiâíÿíü

dφ

dt
= (1 + ε1 cosφ+ ε2 sinφ)

−1

dx

dt
=

(
µ0 (φ) +

n∑
k=1

ak cos kφ+ bk sin kφ

)
x,

(18)

äå εi = const, i = 1, 2, ε21 + ε22 < 1, ak, bk =
const. Ïîòðiáíî ç'ÿñóâàòè ïèòàííÿ: ïðè ÿêèõ
äîñòàòíiõ óìîâàõ íà ôóíêöiþ µ0 (φ) ∈
C0 (T1) ñèñòåìà (18) áóäå ðåãóëÿðíîþ?

Ïîçíà÷èìî

µ1 (φ) =
n∑
k=1

ak cos kφ+ bk sin kφ (19)

i âèáåðåìî íàñòóïíó ôóíêöiþ

µ̄ (φ) =
a1ε1 + b1ε2

2 (1 + ε1 cosφ+ ε2 sinφ)
. (20)

Äðóãå ðiâíÿííÿ â ñèñòåìi (18) çàïèøåìî ó
âèãëÿäi

dx/dt = [(µ0 (φ) + µ̄ (φ)) + (µ1 (φ)− µ̄ (φ))]x.
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Òåïåð ïåðåêîíà¹ìîñü, ùî ïðè òàêîìó âèáîði
ôóíêöi¨ (20) ðiâíÿííÿ ṡ = µ1 (φ)− µ̄ (φ) ìà¹
ðîçâ'ÿçîê s = s0 (φ) ∈ C0 (T1). Âðàõîâóþ÷è
ïîçíà÷åííÿ (19), ìà¹ìî

ṡ =
ds

dφ
· dφ
dt

=
ds

dφ
· 1

1 + ε1 cosφ+ ε2 sinφ
=

= µ1(φ)− µ̄(φ) =
n∑
k=1

ak cos kφ+ bk sin kφ−

− a1ε1 + b1ε2
2 (1 + ε1 cosφ+ ε2 sinφ) .

Çâiäñè îòðèìó¹ìî

ds

dφ
= (1 + ε1 cosφ+ ε2 sinφ)µ1 (φ)−

−1

2
(a1ε1 + b1ε2) = µ1(φ)+

+ (ε1 cosφ+ ε2 sinφ) (a1 cosφ+ b1 sinφ)+

+(ε1 cosφ+ε2 sinφ) ·
n∑
k=2

ak cos kφ+bk sin kφ−

−1

2
(a1ε1 + b1ε2) = µ1 (φ) +

1

2
(a1ε1 − b1ε2)×

× cos 2φ+
1

2
(a1ε2 + b1ε1) sin 2φ+ (ε1 cosφ+

+ε2 sinφ) ·
n∑
k=2

ak cos kφ+ bk sin kφ.

Î÷åâèäíî, iíòåãðàë âiä îòðèìàíî¨ ôóíêöi¨
áóäå ïåðiîäè÷íîþ ôóíêöi¹þ s = s0 (φ).

Îöiíþþ÷è ôóíêöiþ (20) çâåðõó i çíèçó,
ìà¹ìî

a1ε1 + b1ε2

2
(
1 +

√
ε21 + ε22

) ≤ µ̄ (φ) ≤

≤ a1ε1 + b1ε2

2
(
1−

√
ε21 + ε22

) , ÿêùî a1ε1 + b1ε2 > 0,

a1ε1 + b1ε2

2
(
1−

√
ε21 + ε22

) ≤ µ̄ (φ) ≤

≤ a1ε1 + b1ε2

2
(
1 +

√
ε21 + ε22

) , ÿêùî a1ε1 + b1ε2 < 0

Ïðîàíàëiçóâàâøè íåðiâíiñòü µ0 (φ)+ µ̄ (φ) >
0, îòðèìó¹ìî äîñòàòíþ óìîâó ðåãóëÿðíîñòi
ñèñòåìè (18):

µ0(φ) >

 − a1ε1+b1ε2

2(1+
√
ε21+ε

2
2)
, a1ε1 + b1ε2 > 0,

− a1ε1+b1ε2

2
(
1−
√
ε21+ε

2
2

)), a1ε1 + b1ε2 < 0

ßêùî æ ðîçãëÿíóòè ïðîòèëåæíó íåðiâíiñòü
µ0 (φ) + µ̄ (φ) < 0, òî îòðèìó¹ìî íàñòóïíó
äîñòàòíþ óìîâó ðåãóëÿðíîñòi ñèñòåìè (18):

µ0 (φ) <


− a1ε1+b1ε2

2
(
1−
√
ε21+ε

2
2

) , a1ε1 + b1ε2 > 0,

− a1ε1+b1ε2

2
(
1+
√
ε21+ε

2
2

) , a1ε1 + b1ε2 < 0 .

Ïðèêëàä 2. Ðîçãëÿíåìî ñèñòåìó

dφ1

dt
= 1 + 2 sinφ1 + 3 sinφ2,

dφ2

dt
= 2 + 3 sinφ1 + 4 sinφ2,

dx

dt
= [µ0(φ1, φ2) + 5 sinφ1 + 6 sinφ2+

+7 sin2 φ1 + 8 sinφ1 sinφ2 + 9 sin2 φ2]x

. (21)

Òîäi ðiâíÿííÿ (17) äëÿ äàíî¨ ñèñòåìè ïðè-
éìà¹ âèãëÿä

∂s
∂φ1

(1 + 2 sinφ1 + 3 sinφ2)+

+ ∂s
∂φ2

(2 + 3 sinφ1 + 4 sinφ2) =

= 5 sinφ1 + 6 sinφ2 + 7 sin2 φ1+
+8 sinφ1 sinφ2 + 9 sin2 φ2 − µ̄(φ1, φ2)

(22)

Ñïðîáó¹ìî çíàéòè òàêi ôóíêöi¨

µ̄ (φ1, φ2) = µ̄1 sinφ1 + µ̄2 sinφ2+

+µ̄11 sin
2 φ1 + µ̄12 sinφ1 sinφ2 + µ̄22 sin

2 φ2,
(23)

äå µ̄i, µ̄ij = const, ùîá ðiâíÿííÿ (22) ìàëî
ðîçâ'ÿçîê âèãëÿäó

s = s(φ1, φ2) = s1 cosφ1+s2 cosφ2, si = const.
(24)

Ïiäñòàâëÿþ÷è ðiâíîñòi (23) i (24) â ðiâíÿííÿ
(22), îòðèìó¹ìî ñèñòåìó ðiâíÿíü

−s1 = 5− µ̄1,−2s2 = 6− µ̄2,−2s1 = 7− µ̄11,

−3 (s1 + s2) = 8− µ̄12,−4s2 = 9− µ̄22,
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ðîçâ'ÿçàâøè ÿêó, îòðèìà¹ìî ôóíêöiþ (23)
ó âèãëÿäi òðèãîíîìåòðè÷íîãî ìíîãî÷ëåíà ç
ïàðàìåòðàìè

µ̄(φ1, φ2) = (5 + s1) sinφ1 + (6 + 2s2) sinφ2+
+(7 + 2s1) sin

2 φ1 + (8 + 3s1 + 3s2)×

× sinφ1 sinφ2 + (9 + 4s2) sin
2 φ2. (25)

Òàêèì ÷èíîì, ÿêùî òðèãîíîìåòðè÷íèé ìíî-
ãî÷ëåí (25) ïiäñòàâèòè â ïðàâó ÷àñòèíó ðiâ-
íÿííÿ (22), òî öå ðiâíÿííÿ ìàòèìå ðîçâ'ÿçîê
âèãëÿäó (24). Ïîçíà÷èâøè sinφi = σi, ïðàâó
÷àñòèíó ðiâíîñòi (25) çàïèøåìî ó âèãëÿäi

Φ (σ1, σ2, s1, s2) = (5 + s1)σ1

+(6 + 2s2)σ2 + (7 + 2s1)σ
2
1+

+(8 + 3s1 + 3s2)σ1σ2 + (9 + 4s2)
2
2.

(26)

Î÷åâèäíî, ïðè äîâiëüíî ôiêñîâàíèõ çíà÷å-
ííÿõ ïàðàìåòðiâ s1, s2 ∈ R iñíó¹ ñêií÷åí-
íå íàéáiëüøå i íàéìåíøå çíà÷åííÿ ôóíêöi¨
(26):

max
|σi|≤1

Φ (σ1, σ2, s1, s2) = Φ+ (s1, s2) ,

min
|σi|≤1

Φ (σ1, σ2, s1, s2) = Φ− (s1, s2) .
(27)

Íàïðèêëàä, âèáèðàþ÷è s1 = 1 , s2 = 0,
ëåãêî çíàõîäèìî Φ− (1, 0) = −36

29
, Φ+ (1, 0) =

41. Öå îçíà÷à¹, ùî ôóíêöiÿ (26) ïðè çíà÷åí-
íÿõ ïàðàìåòðiâ s1 = 1 , s2 = 0, çàäîâîëü-
íÿ¹ íåðiâíîñòi µ̄ (φ1, φ2) ≥ −36

29
, µ̄ (φ1, φ2) ≤

41. Çâiäñè âèïëèâà¹, ùî äîñòàòíüîþ óìîâîþ
ðåãóëÿðíîñòi ñèñòåìè (21) ¹, íàïðèêëàä, âè-
êîíàííÿ íåðiâíîñòi µ0 (φ1, φ2) >

36
29
.

Çàóâàæåííÿ. Iç ðiâíîñòåé (27) äëÿ ôóí-
êöi¨ (25) âèïëèâà¹ äâîñòîðîííÿ îöiíêà :
Φ− (s1, s2) ≤ µ̄ (φ1, φ2) ≤ Φ+ (s1, s2). Çâiä-
ñè îòðèìó¹ìî äîñòàòíþ óìîâó ðåãóëÿðíîñòi
ñèñòåìè (21): µ0 (φ1, φ2) > −Φ− (s1, s2), àáî
µ0 (φ1, φ2) < −Φ+ (s1, s2) ïðè äåÿêèõ ôiêñî-
âàíèõ çíà÷åííÿõ s1, s2 ∈ R.

Çàóâàæåííÿ. Öiêàâî áóëî á äîñëiäèòè
ìîæëèâîñòi îá÷èñëåííÿ íàñòóïíèõ âåëè÷èí
inf
si∈R

Φ+ (s1, s2), sup
si∈R

Φ− (s1, s2).

Äàëi ðîçãëÿíåìî ñèñòåìó, ÿêà ¹ óçàãàëü-
íåííÿì ñèñòåìè (12), âèäó

dφ

dt
= a (φ) ,

dx

dt
= [µ0 (φ) + µ1 (φ)]A (φ)x,

(28)

äå x ∈ Rn, A (φ)-n × n-âèìiðíà ìàòðèöÿ ç
ïðîñòîðó C0 (Tm).
Ëåìà 2. Ïðèïóñòèìî, ùî ìàòðèöþ

A (φ) â ñèñòåìi (28) ìîæíà ïðåäñòàâèòè
ó âèãëÿäi

A (φ) = λIn + Ã (φ) , (29)

äå λ = const ̸= 0, ÃT (φ) ≡ − Ã (φ) i ðiâíÿ-
ííÿ (13) ìà¹ ðîçâ'ÿçîê s = s0 (φ) ∈ C1 (Tm),
òîäi ïîõiäíà â ñèëó ñèñòåìè (28) âiä ôóí-
êöi¨

V = ∥x∥2 exp {−2λs0 (φ)} (30)

çàäîâîëüíÿ¹ ðiâíiñòü

V̇ = 2λµ0 (φ) ∥x∥2 exp {−2λs0 (φ)} (31)

i ñèñòåìà (28) áóäå ðåãóëÿðíîþ.
Äîâåäåííÿ. Ïåðåêîíà¹ìîñü ó öüîìó, îá-

÷èñëèâøè ïîõiäíó âiä ôóíêöi¨ (30) â ñèëó
ñèñòåìè (28)

V̇ = [⟨ẋ, x⟩+ ⟨x, ẋ⟩] exp{−2λs0(φ)}+ ⟨x, x⟩×
×{−2λṡ0(φ)} exp{−2λs0(φ)} =
= 2⟨A(φ)x, x⟩[µ0(φ) + µ1(φ)] exp{−2λs0(φ)}+
+∥x∥2[−2λṡ0(φ)] exp{−2λs0(φ)} =

= exp{−2λs0} · [2µ0λ∥x∥2 + 2µ0⟨Ãx, x⟩+
+2µ1λ− 2λṡ0 + 2µ1⟨Ãx, x⟩]

Çâiäñè, ç óðàõóâàííÿì âëàñòèâîñòi êîñîñè-

ìåòðè÷íî¨ ìàòðèöi
⟨
Ãx, x

⟩
≡ 0, ìà¹ìî

V̇ = 2µ0λ exp {−2λs0} .

Ëåìà äîâåäåíà.
Òåïåð ðîçãëÿíåìî ñèñòåìó ðiâíÿíü íàñòó-

ïíîãî âèãëÿäó

dφ

dt
= a (φ) ,

dx1
dt

= [µ10 (φ) + µ1 (φ)]
[
λ1In1 + Ã1 (φ)

]
x1,

dx1
dt

== [µ20 (φ) + µ2 (φ)]
[
λ2In2 + Ã2 (φ)

]
x2,

(32)

äå x1 ∈ Rn1 , x2 ∈ Rn2 , ÃTi (φ) ≡ − Ãi (φ) , i =
1, 2, λi = const ̸= 0.

Iç âèùå ðîçãëÿíóòî¨ ëåìè 2 âèïëèâà¹ íà-
ñòóïíå òâåðäæåííÿ.
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Òåîðåìà 1.Íåõàé â ñèñòåìi (32) ñêàëÿð-
íi ôóíêöi¨ µi (φ) ∈ C0 (Tm) òàêi, ùî îáèäâà
ðiâíÿííÿ â ÷àñòèííèõ ïîõiäíèõ

m∑
j=1

∂s

∂φj
aj (φ) = µi (φ1, φ2, ..., φm) , i = 1, 2

ìàþòü ðîçâ'ÿçêè s = s0i (φ) ∈ C1 (Tm) i
λi = const ̸= 0, µi (φ) ̸= 0, òîäi ñèñòåìà ðiâ-
íÿíü (32) ç áóäü-ÿêèìè êîñîñèìåòðè÷íèìè
ìàòðèöÿìè Ãi (φ) ∈ C0 (Tm) áóäå ðåãóëÿð-
íîþ. Ïðè÷îìó îäíà iç êâàäðàòè÷íèõ ôîðì
(8), ÿêà çàáåçïå÷ó¹ ¨¨ ðåãóëÿðíiñòü, ìà¹ âè-
ãëÿä

V =



∥x1∥2 exp{−2λ1s01(φ)}+
+∥x2∥2 exp{−2λ2s02(φ)},
λ1µ10(φ) > 0 ∧ λ2µ20(φ) > 0,
∥x1∥2 exp{−2λ1s01(φ)}−
−∥x2∥2 exp{−2λ2s02(φ)},
λ1µ10(φ) > 0 ∧ λ2µ20(φ) < 0,
−∥x1∥2 exp{−2λ1s01(φ)}+
+∥x2∥2 exp{−2λ2s02(φ)},
λ1µ10(φ) < 0 ∧ λ2µ20(φ) > 0,
−∥x1∥2 exp{−2λ1s01(φ)}−
−∥x2∥2 exp{−2λ2s02(φ)},
λ1µ10(φ) < 0 ∧ λ2µ20(φ) < 0

.

Òåïåð, âðàõîâóþ÷è îáãðóíòîâàíi âèùå äî-
ïîìiæíi òâåðäæåííÿ, äëÿ ñèñòåì ðiâíÿíü âè-
ãëÿäó

dφ

dt
= a (φ) ,

dx

dt
= [µ0(φ) + µ1(φ)][R(φ) +M(φ)]x, (33)

äå ìàòðèöi R (φ) ,M (φ) ∈ C0 (Tm), RT (φ) ≡
R (φ), MT (φ) ≡ −M (φ), îòðèìó¹ìî îñíîâ-
íèé ðåçóëüòàò.
Òåîðåìà 2. Íåõàé ñèñòåìà ëiíiéíèõ

ðîçøèðåíü íà òîði (33) òàêà, ùî
1) ðiâíÿííÿ â ÷àñòèííèõ ïîõiäíèõ (13)

ìà¹ ðîçâ'ÿçîê s = s0 (φ) ∈ C1 (Tm) ïðè ñêà-
ëÿðíié ôóíêöi¨ µ1 (φ) ;

2) ñèñòåìà ðiâíÿíü dφ/dt = a (φ),dx/dt =
R (φ)x îðòîãîíàëüíîþ çàìiíîþ çìiííèõ
x = Q (φ) y, Q−1 (φ) ≡ Q (φ) ïðèâîäèòüñÿ
äî ñèñòåìè ç ïîñòiéíèìè êîåôiöi¹íòàìè,
òîáòî

Q−1 (φ)R (φ)Q (φ)−Q−1 (φ) Q̇ (φ) = Λ =

= diag {λ1, ..., λn} , λi = const ̸= 0 . (34)

Òîäi ïðè áóäü-ÿêié êîñîñèìåòðè÷íié ìà-
òðèöi MT (φ) ≡ −M(φ) ñèñòåìà (33) áóäå
ðåãóëÿðíîþ.

Çàóâàæåííÿ. Ó âèïàäêó, êîëè ñèìåòðè-
÷íà ìàòðèöÿ R (φ) ≡ R ¹ ïîñòiéíîþ i íå-
âèðîäæåíîþ, çàâæäè iñíó¹ îðòîãîíàëüíà ïî-
ñòiéíà ìàòðèöÿ Q, ÿêà ïðèâîäèòü ìàòðèöþ
R äî äiàãîíàëüíîãî âèäó, òîáòî âèêîíó¹òüñÿ
ðiâíiñòü (34).
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