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Àñèìïòîòè÷íà ùiëüíiñòü íåùàñëèâèõ ÷èñåë

Äëÿ íàòóðàëüíîãî ÷èñëà n ∈ N ðîçãëÿíåìî ñóìó êâàäðàòiâ óñiõ éîãî öèôð i ïîçíà÷èìî

¨¨ ÷åðåç S2(n). Ïîêëàäåìî T0(n) = n, T1(n) = S2(n), . . . , Tk+1(n) = T1(Tk(n)) äëÿ k ≥ 1.

×èñëî n íàçèâà¹òüñÿ ùàñëèâèì, ÿêùî iñíó¹ k ≥ 1, òàêå, ùî Tk(n) = 1. Iíàêøå, ÷èñëî n

íàçèâà¹òüñÿ íåùàñëèâèì. Âiäîìî, ùî äëÿ êîæíîãî íåùàñëèâîãî ÷èñëà n iñíó¹ òàêå k ≥ 1,

ùî Tk(n) ∈ C = {4, 16, 37, 58, 89, 145, 42, 20}. ßêùî c ∈ C, òî ìè êàæåìî, ùî íåùàñëèâå

÷èñëî n ¹ c-íåùàñëèâèì ó âèïàäêó, êîëè Tk(n) = c i Tk−1(n) 6∈ C äëÿ äåÿêîãî k ≥ 1.

Â äàíié ðîáîòi äîñëiäæó¹òüñÿ ùiëüíiñòü c-íåùàñëèâèõ ÷èñåë. Îäåðæàíî îöiíêè íà âåðõ-

íþ òà íèæíþ àñèìïòîòè÷íi ùiëüíîñòi c-íåùàñëèâèõ ÷èñåë òà äîâåäåíî, ùî íàòóðàëüíî¨

ùiëüíîñòi íåùàñëèâèõ ÷èñåë íå iñíó¹.
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1 Ìîòèâàöiÿ i ïîñòàíîâêà çàäà÷i

×åðåç N+ ìè ïîçíà÷à¹ìî ìíîæèíó âñiõ íåâiä'¹ìíèõ öiëèõ ÷èñåë. Ïiä iíòåðâàëîì I =

[a, b] ìè ðîçóìi¹ìî ìíîæèíó {n ∈ N+ : a ≤ n ≤ b}, a, b ∈ R. Ñèìâîëîì |I| ïîçíà÷à¹òüñÿ
ïîòóæíiñòü, òîáòî, êiëüêiñòü öiëèõ ÷èñåë â iíòåðâàëi I.

Äëÿ íàòóðàëüíîãî ÷èñëà n ∈ N ÷åðåç ω(n) ìè áóäåìî ïîçíà÷àòè êiëüêiñòü öèôð

öüîãî ÷èñëà. Íåõàé

n =

ω(n)−1∑
k=0

10kbk,

äå bk ∈ {0, . . . , 9}, i

S2(n) =

ω(n)−1∑
k=0

b2k.

Äàëi, ïîêëàäåìî

T0(n) = n, T1(n) = S2(n), . . . , Tk+1(n) = T1(Tk(n)) äëÿ k ≥ 1.

Îçíà÷åííÿ 1. ×èñëî n íàçèâà¹òüñÿ ùàñëèâèì, ÿêùî iñíó¹ k ≥ 1, òàêå, ùî Tk(n) = 1.

Iíàêøå, ÷èñëî n íàçèâà¹òüñÿ íåùàñëèâèì.
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Ðèñ. 1: Ùàñëèâå äåðåâî

Äîáðå âiäîìî [4], ùî äëÿ êîæíîãî íåùàñëèâîãî íàòóðàëüíîãî ÷èñëà n iñíó¹ k ∈ N,
òàêå, ùî Tl(n) ∈ {4, 16, 37, 58, 89, 145, 42, 20} äëÿ âñiõ l ≥ k. Ïîçíà÷èìî

C = {4, 16, 37, 58, 89, 145, 42, 20}.

Îçíà÷åííÿ 2. ßêùî c ∈ C, òî ÷èñëî n ∈ N \C íàçâåìî c-íåùàñëèâèì, ÿêùî iñíó¹ òàêå

k ∈ N, ùî Tk(n) = c i Tk−1(n) 6∈ C.

Äëÿ iíòåðâàëó I ÷åðåç d(I) ïîçíà÷èìî ùiëüíiñòü ùàñëèâèõ ÷èñåë â öüîìó iíòåðâàëi,

à äëÿ c ∈ C ÷åðåç dc(I) ïîçíà÷èìî ùiëüíiñòü c-íåùàñëèâèõ ÷èñåë â öüîìó iíòåðâàëi,

òîáòî

d(I) =
|{n ∈ I : n ¹ ùàñëèâèì}|

|I|
, dc(I) =

|{n ∈ I : n ¹ c-íåùàñëèâèì}|
|I|

.

ßêùî I = [1, 100], òî (äèâ. ðèñ. 1 i 2)

d(I) = 0.2, d4(I) = 0.05, d16(I) = 0.05, d37(I) = 0.19, (1)

d58(I) = 0.03, d89(I) = 0.56, d145(I) = 0.02, d42(I) = 0, d20(I) = 0.02. (2)

Âëàñòèâîñòÿì ùàñëèâèõ ÷èñåë ïðèñâÿ÷åíà íèçêà ðîáiò ìàòåìàòèêiâ (äèâ. îãëÿäîâó

ñòàòòþ [3] i âêàçàíó òàì ëiòåðàòóðó). Îäèí iç íàïðÿìêiâ âèâ÷åííÿ âëàñòèâîñòåé ùàñëè-

âèõ ÷èñåë ïîâ'ÿçàíèé ç ¨õ àñèìïòîòè÷íîþ ùiëüíiñòþ.

Îçíà÷åííÿ 3. Íåõàé n ∈ N i P � äåÿêà âëàñòèâiñòü íàòóðàëüíèõ ÷èñåë. Ïîçíà÷èìî

P (n) = {k ∈ [1, n] : k ìà¹ âëàñòèâiñòü P}. Òîäi

� âåðõíüîþ àñèìïòîòè÷íîþ ùiëüíiñòþ ÷èñåë ç âëàñòèâiñòþ P íàçèâà¹òüñÿ ÷èñëî

dP = lim
n→∞

|P (n)|
n

,

ÓÄÊ 511.174

2010 Mathematics Subject Classi�cation: Primary 11B05; Secondary 11A63.
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Ðèñ. 2: Íåùàñëèâi ÷èñëà

� íèæíüîþ àñèìïòîòè÷íîþ ùiëüíiñòþ ÷èñåë ç âëàñòèâiñòþ P íàçèâà¹òüñÿ ÷èñëî

dP = lim
n→∞

|P (n)|
n

,

� íàòóðàëüíîþ ùiëüíiñòþ ÷èñåë ç âëàñòèâiñòþ P íàçèâà¹òüñÿ ÷èñëî

dP = lim
n→∞

|P (n)|
n

,

ÿêùî òàêà ãðàíèöÿ iñíó¹.

ßêùî P � öå âëàñòèâiñòü ÷èñëà áóòè ùàñëèâèì, òî äëÿ âåðõíüî¨ i íèæíüî¨ àñèìïòî-

òè÷íèõ ùiëüíîñòåé òà äëÿ íàòóðàëüíî¨ ùiëüíîñòi ìè âæèâàòèìåìî ïîçíà÷åííÿ d, d òà

d, âiäïîâiäíî. ßêùî c ∈ C i P � öå âëàñòèâiñòü ÷èñëà áóòè c-íåùàñëèâèì, òî äëÿ âåðõ-

íüî¨ i íèæíüî¨ àñèìïòîòè÷íèõ ùiëüíîñòåé òà äëÿ íàòóðàëüíî¨ ùiëüíîñòi ÷èñåë ç öi¹þ

âëàñòèâiñòþ ìè âæèâàòèìåìî ïîçíà÷åííÿ dc, dc i dc, âiäïîâiäíî.

Â íàñòóïíié ïîñëiäîâíîñòi íàâîäÿòüñÿ çíà÷åííÿ d(I), äå I = [1, 10n] ïðè n ∈ [2, 17]:

0.2, 0.14, 0.14, 0.14, 0.14, 0.14, 0.14, 0.15, 0.15, 0.15, 0.15, 0.14, 0.14, 0.13, 0.12, 0.12.
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Ði÷àðä Ãàé [2] ïîñòàâèâ ïèòàííÿ, ÷è iñíóþòü îöiíêè çâåðõó i çíèçó äëÿ íàòóðàëüíî¨

ùiëüíîñòi ùàñëèâèõ ÷èñåë? Ó 2013 ðîöi Ãiëìåð [1] äàâ âiäïîâiäü íà öå ïèòàííÿ i ïîêàçàâ,

ùî íàòóðàëüíî¨ ùiëüíîñòi ùàñëèâèõ ÷èñåë íå iñíó¹.

Òåîðåìà 1 (Gilmer). Âåðõíÿ òà íèæíÿ àñèìïòîòè÷íi ùiëüíîñòi ùàñëèâèõ ÷èñåë çàäî-

âîëüíÿþòü íåðiâíîñòi

d > 0.18577 i d < 0.1138,

îòæå, íàòóðàëüíî¨ ùiëüíîñòi d íå iñíó¹.

Ó òàáëèöi íèæ÷å íàâåäåíî çíàéäåíi íàìè ùiëüíîñòi dc(I) óñiõ c-íåùàñëèâèõ ÷èñåë

äëÿ êîæíîãî c ∈ C â iíòåðâàëàõ I = [1, 10n] ïðè n ∈ [2, 8]:

102 103 104 105 106 107 108

d4 0.05 0.066 0.0657 0.06415 0.0063389 0.0630127 0.0601596

d16 0.05 0.096 0.1097 0.10335 0.102019 0.100479 0.0983845

d37 0.19 0.207 0.2202 0.20607 0.199803 0.193805 0.186994

d58 0.03 0.054 0.0464 0.04545 0.046789 0.0455119 0.0451608

d89 0.56 0.362 0.3628 0.38885 0.395517 0.40063 0.407542

d145 0.02 0.051 0.0324 0.0274 0.02685 0.0288736 0.0317456

d42 0 0.012 0.0132 0.011 0.00705 0.0051898 0.0048608

d20 0.02 0.009 0.0054 0.00996 0.015512 0.0206129 0.0225954

Ïðèðîäíî âèíèêà¹ çàäà÷à çíàõîäæåííÿ îöiíîê âåðõíüî¨ òà íèæíüî¨ àñèìïòîòè÷íèõ

ùiëüíîñòåé c-íåùàñëèâèõ ÷èñåë äëÿ êîæíîãî c ∈ C òà çíàõîäæåííÿ íàòóðàëüíî¨ ùiëü-

íîñòi dc â ðàçi iñíóâàííÿ. Äîñëiäæåííþ öüîãî ïèòàííÿ ïðèñâÿ÷åíà äàíà ðîáîòà.

Ñòàòòÿ ïîáóäîâàíà íàñòóïíèì ÷èíîì. Ó äðóãîìó ðîçäiëi íàâîäÿòüñÿ íåîáõiäíi òåî-

ðåòè÷íi âiäîìîñòi òà îñíîâíi iäå¨ çíàõîäæåííÿ îöiíîê àñèìòîòè÷íèõ ùiëüíîñòåé. Ìàòå-

ìàòè÷íèé àïàðàò äëÿ çíàõîäæåííÿ îöiíîê ïîáóäîâàíèé öiëêîì ïîäiáíî äî îðèãiíàëüíèõ

iäåé Ãiëìåðà [1]. Òðåòié ðîçäië ìiñòèòü ðåçóëüòàòè òà îáðîáêó êîìï'þòåðíèõ îá÷èñëåíü,

îòðèìàíèõ àâòîðàìè. Â îñòàííüîìó, ÷åòâåðòîìó ðîçäiëi ôîðìóëþ¹òüñÿ îñíîâíà òåîðåìà.

Ðåçóëüòàòè ñòàòòi äîïîâiäàëèñÿ òðåòiì ñïiâàâòîðîì íà XVI Ëiòíié øêîëi �ATA XVI:

Sub-Riemannian Geometry and Optimal Transport� (29.07�07.08.2024, Êîëî÷àâà, Óêðà¨-

íà).

2 Òåîðåòè÷íi âiäîìîñòi

Íåõàé xn � âèïàäêîâå n-öèôðîâå ÷èñëî, xn ∈ [0, 10n − 1]. Òîäi îá÷èñëåííÿ çíà÷åííÿ

âèïàäêîâî¨ âåëè÷èíè S2(xn) ðiâíîñèëüíå ïiäêèäàííþ n ðàçiâ ãðàëüíîãî êóáèêà ç 10-ìà

ãðàíÿìè âàðòiñòþ 0, 1, 4, . . . , 81 i çíàõîäæåííþ ñóìè ÷èñåë, ùî âèïàëè. Îñêiëüêè S2(xn)

¹ ñóìîþ n íåçàëåæíèõ îäíàêîâî ðîçïîäiëåíèõ âèïàäêîâèõ âåëè÷èí, òî S2(xn) äîñÿãà¹

íîðìàëüíîãî ðîçïîäiëó ïðè n→∞. Çàóâàæèìî, ùî äëÿ âèïàäêîâî¨ âåëè÷èíè x ∈ I ìà¹
ìiñöå ðiâíiñòü

dc(I) = P(S2(x) ¹ c-íåùàñëèâèì ÷èñëîì).
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Íåõàé µ � ìàòåìàòè÷íå ñïîäiâàííÿ ðiâíîìiðíî ðîçïîäiëåíî¨ âèïàäêîâî¨ âåëè÷èíè

S2(x1) (òîáòî, îáðàçó âèïàäêîâî¨ öèôðè) i σ2 � ¨¨ ñòàíäàðòíå âiäõèëåííÿ. Ó íàøîìó

âèïàäêó µ = 28.5 i σ2 = 721.05.

Îçíà÷åííÿ 4. Íåõàé A ⊆ N. Ìè êàæåìî, ùî ÷èñëî n ∈ N ¹ A-òèïó, ÿêùî iñíó¹ òàêå

k ∈ N, ùî Tk(n) ∈ A.

Çðîçóìiëî, ùî ÷èñëî ùàñëèâå òîäi i òiëüêè òîäi, êîëè âîíî ¹ ÷èñëîì {1}-òèïó, à ÷èñëî
¹ íåùàñëèâèì òîäi i òiëüêè òîäi, êîëè âîíî ¹ ÷èñëîì {4}-òèïó.

Îñíîâíèé ðåçóëüòàò Ãiëìåðà ñòîñó¹òüñÿ îöiíêè çíèçó íà âåðõíþ ùiëüíiñòü ÷èñåë A-

òèïó äëÿ A = {1} òà A = {4}. Ïðè öüîìó îäíèì ç êëþ÷îâèõ ïîíÿòü â öié òåîðåìi ¹

ïîíÿòòÿ n-ñòðîãîãî iíòåðâàëó.

Îçíà÷åííÿ 5 ([1]). Íåõàé n ∈ N i n
...4. Iíòåðâàë I íàçèâà¹òüñÿ n-ñòðîãèì, ÿêùî

� I ⊆ [10n−1, 10n − 1],

� |I| = 10
3n
4 .

Íàâåäåìî òåïåð òåîðåìó Ãiëìåðà [1, Theorem 4.1].

Òåîðåìà 2. Íåõàé A ⊂ N � äåÿêà ñêií÷åííà ìíîæèíà, I1 � n1-ñòðîãèé iíòåðâàë, äå

n1 > 13 i dA � âåðõíÿ ùiëüíiñòü óñiõ ÷èñåë A-òèïó. Òîäi

dA ≥ dA(I1) · exp
(

2

1− 10n1/4
+

4σ
√
µ(1− 10n1/8)

)
. (3)

Çàóâàæèìî, ùî â íàøèõ äîñëiäæåííÿõ ìè íå ìîæåìî îäðàçó âèêîðèñòàòè òåîðåìó

Ãiëìåðà äëÿ îöiíêè âåðõíüî¨ ùiëüíîñòi, íàïðèêëàä, 4-íåùàñëèâèõ ÷èñåë, îñêiëüêè öi

÷èñëà ¹ A-òèïó, äå ìíîæèíà A íåñêií÷åííà. Ñïðàâäi, äëÿ êîæíîãî íàòóðàëüíîãî ÷èñëà

c ∈ C òà ÷èñëà m ∈ N ðîçãëÿíåìî ìíîæèíè

Ac(m) = {n ∈ [1, 10m − 1] \ C : S2(n) = c} i Ac =
∞⋃

m=1

Ac(m).

Î÷åâèäíèì ¹ íàñòóïíå ñïîñòåðåæåííÿ.

Òâåðäæåííÿ 1. Íåõàé c ∈ C. ×èñëî n ∈ N ¹ c-íåùàñëèâèì òîäi i òiëüêè òîäi, êîëè n ¹

Ac-òèïó.

Áåçïîñåðåäíüîþ ïåðåâiðêîþ ìè ñïðàâäèëè, ùî ìåòîä Ãiëìåðà ïðàöþ¹ òàêîæ i äëÿ

÷èñåë A-òèïó ó âèïàäêó íåñêií÷åííî¨ ìíîæèíè A. À ñàìå, ìà¹ ìiñöå íàñòóïíèé ôàêò.

Òåîðåìà 3. Íåõàé c ∈ C, I1 � n1-ñòðîãèé iíòåðâàë, äå n1 > 100. Òîäi

dc ≥ dc(I1) · exp

(
2

1− 10n1/4
+

4
√
721.05√

28.5(1− 10n1/8)

)
. (4)
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Äîâåäåííÿ öi¹¨ òåîðåìè äîñèòü ãðîìiçäêå i áàçó¹òüñÿ íà äåêiëüêîõ òåõíi÷íèõ ëåìàõ,

ïîÿñíåííÿ ÿêèõ ïîâíiñòþ êîïiþ¹ äîâåäåííÿ Ãiëìåðà ç òèì óòî÷íåííÿì, ùî ìåòîä Ãië-

ìåðà íàâåäåíèé äëÿ ÷èñåë â ñèñòåìi ÷èñëåííÿ ç îñíîâîþ b, à íàøà ïåðåâiðêà ñòîñó¹òüñÿ

äåñÿòêîâî¨ ñèñòåìè. Òîìó ìè îïóñêà¹ìî äîâåäåííÿ òåîðåìè 3 â öié ñòàòòi, âiäñèëàþ÷è

÷èòà÷à äî îðèãiíàëüíî¨ ðîáîòè Ãiëìåðà [1].

Îòæå, äëÿ îöiíêè âåðõíüî¨ ùiëüíîñòi íåîáõiäíî ç äîïîìîãîþ êîìï'þòåðíîãî ïîøóêó

çíàéòè iíòåðâàë Ĩ1 ⊆ [0, 10n1−1], íà ÿêîìó ùiëüíiñòü dc(Ĩ1) äîñòàòíüî âåëèêà, ïîáóäóâàòè
n1-ñòðîãèé iíòåðâàë I1, òàêèé, ùî dc(I1) ≥ dc(Ĩ1) òà çàñòîñóâàòè Òåîðåìó 3. Äëÿ îöiíêè

íèæíüî¨ ùiëüíîñòi íåîáõiäíî çíàéòè iíòåðâàë Ĩ2 ⊆ [0, 10n2 − 1], íà ÿêîìó ùiëüíiñòü

dc(Ĩ2) äîñòàòíüî ìàëà, ïîáóäóâàòè n2-ñòðîãèé iíòåðâàë I2, òàêèé, ùî d 6=c(I2) ≥ 1−dc(Ĩ2)
òà çàñòîñóâàòè Òåîðåìó 3 (òóò ÷åðåç d 6=c ìè ïîçíà÷à¹ìî ùiëüíiñòü óñiõ ÷èñåë, ÿêi íå ¹

c-íåùàñëèâèìè).

2.1 Ñòðîãi iíòåðâàëè

Îïèøåìî íåñêëàäíèé ñïîñiá ïîáóäîâè n-ñòðîãèõ iíòåðâàëiâ ç äàíîþ ùiëüíiñòþ.

Ëåìà 1. Íåõàé c ∈ C, n ∈ N, n...4 i I = [10n−1, 10n − 1]. Òîäi iñíó¹ n-ñòðîãèé iíòåðâàë J ,

òàêèé, ùî dc(J) ≥ dc(I).

Äîâåäåííÿ. Ðîçiá'¹ìî iíòåðâàë I íà íåïåðåòèííi âiäðiçêè

Ik =

[
10n−1 + (k − 1) · 10

3n
4 , 10n−1 + k · 10

3n
4 − 1

]
,

òàêi, ùî |Ik| = 10
3n
4 äëÿ êîæíîãî 1 ≤ k ≤ N , äå N = 9 · 10

n
4
−1, òà I =

⋃
k Ik.

Ïîçíà÷èìî ÷åðåç mk êiëüêiñòü c-íåùàñëèâèõ ÷èñåë â iíòåðâàëi Ik. Çàóâàæèìî, ùî

dc(Ik) = mk · 10−
3n
4 .

Îñêiëüêè
N∑
k=1

mk = dc(I) · |I| = dc(I) · 9 · 10n−1,

òî iñíó¹ òàêå k ∈ [1, N ], ùî

mk ≥
dc(I) · 9 · 10n−1

N
.

Òîäi

mk ≥
dc(I) · 9 · 10n−1

9 · 10
n
4
−1

= 10
3n
4 · dc(I),

çâiäêè

dc(Ik) =
mk

10
3n
4

≥ dc(I).

Çàëèøèëîñü ïîêëàñòè J = Ik.
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2.2 Àëãîðèòì çíàõîäæåííÿ ùiëüíîñòåé dc(I)

Ïîçíà÷èìî S = {0, 1, 4, 9, 16, 25, 36, 49, 64, 81} i íåõàé Pm,i = P(S2(Ym) = i), äå Ym �

âèïàäêîâå m-öèôðîâå ÷èñëî. Òîäi

Pm,i =

|{(a1, a2, . . . , am) : ak ∈ S i
m∑
k=1

ai = i}}|

10m
.

Äëÿ ôiêñîâàíîãî m ïîñëiäîâíiñòü (Pm,i)
∞
i=1 ìà¹ ãåíåðóþ÷ó ôóíêöiþ

fm(x) =
∞∑
i=0

Pm,ix
i =

(
1 + x+ x4 + · · ·+ x81

10

)m

.

Çâiäñè âèïëèâàþòü íàñòóïíi ðåêóðåíòíi ñïiââiäíîøåííÿ ç ïî÷àòêîâèìè óìîâàìè P0,0 =

1, P0,i = 0 ïðè i ∈ z \ {0}, i

Pm,i =
Pm−1,i + Pm−1,i−1 + Pm−1,i−4 + · · ·+ Pm−1,i−81

10
. (5)

Çàóâàæèìî, ùî S2(xm) ⊆ [0, 81m]. Çîêðåìà, Pm,i = 0 ïðè i > 81m. Âèêîðèñòîâóþ÷è

öåé ôàêò ðàçîì ç (5), ìè îòðèìó¹ìî íàñòóïíèé àëãîðèòì äëÿ øâèäêîãî îá÷èñëåííÿ

ùiëüíîñòåé c-íåùàñëèâèõ ÷èñåë íà iíòåðâàëi [0, 10m − 1].

Àëãîðèòì îá÷èñëåííÿ dc(I) äëÿ I = [0, 10m − 1]

1. Îá÷èñëèòè çíà÷åííÿ Pm,i äëÿ êîæíîãî i ∈ [0, 81m] çà äîïîìîãîþ ðåêóðåíòíî¨ ôîð-

ìóëè (5).

2. Âèêîðèñòîâóþ÷è êîìï'þòåðíèé ïåðåáið, çíàéòè ìíîæèíó Uc(81m) óñiõ c-íåùàñëèâèõ

÷èñåë íà ïðîìiæêó [0, 81m].

3. Îá÷èñëèòè

d4(I) =
∑

i∈[0,81m]
i∈Uc(81m)

Pm,i.

Çà äîïîìîãîþ öüîãî àëãîðèòìó çíàõîäæåííÿ ùiëüíîñòåé dc(I) ¹ îá÷èñëþâàëüíî ìî-

æëèâèì äëÿ äîñèòü âåëèêèõ m.

3 Åêñïåðèìåíòàëüíi äàíi òà îöiíêà ùiëüíîñòåé

Äëÿ n
...4 ïîçíà÷èìî

δ(n) = exp

(
2

1− 10n/4
+

4
√
721.05√

28.5(1− 10n/8)

)
. (6)

Îïèøåìî àëãîðèòì çíàõîäæåííÿ îöiíîê ùiëüíîñòåé íà ïðèêëàäi c = 4. Çà äîïîìîãîþ

àëãîðèòìó ç ïîïåðåäíüîãî ïóíêòó îá÷èñëÿ¹ìî çíà÷åííÿ d4(In) äëÿ âñiõ n ∈ [1, 1010 000].
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Ìiíiìàëüíå çíà÷åííÿ dm4 = 0.0436595 äîñÿãà¹òüñÿ ïðè n4,min = 770, ìàêñèìàëüíå çíà÷å-

ííÿ dM4 = 0.0664854 äîñÿãà¹òüñÿ ïðè n4,max = 2845. Äàëi,

d4([10
771, 10772 − 1]) = 0.043682, d4([10

2843, 102844 − 1]) = 0.066484433.

Ç Ëåìè 1 âèïëèâà¹, ùî iñíó¹ 2844-ñòðîãèé iíòåðâàë I2, òàêèé, ùî

d4(I2) ≥ 0.066484433.

Êðiì òîãî, îñêiëüêè

d 6=4([10
771, 10772 − 1]) = 1− 0.0436595,

òî Ëåìà 1 ãàðàíòó¹ iñíóâàííÿ 772-ñòðîãîãî iíòåðâàëó I1, òàêîãî, ùî

d6=4(I1) ≥ 1− 0.0436595.

Äëÿ δ(772) òà δ(2844) ìà¹ìî îöiíêè

δ(772) > 1− 10−95, δ(2844) > 1− 10−354.

Çâiäñè çà Òåîðåìîþ 3 îòðèìó¹ìî, ùî

d4 > 0.0664844329,

d 6=4 > 1− 0.0436594, çâiäêè âèïëèâà¹, ùî

d4 < 0.0436594.

Òàêèì ÷èíîì, äëÿ çíàõîäæåííÿ îöiíîê âåðõíüî¨ òà íèæíüî¨ ùiëüíîñòi äëÿ êîæíîãî

c ∈ C íàì ïîòðiáíi ìàêñèìàëüíå çíà÷åííÿ dMc ùiëüíîñòi dc(In) íà ïðîìiæêó [0, 10n − 1]

ïðè n ∈ [1, 104] â òî÷öi nM
c òà, âiäïîâiäíî, ìiíiìàëüíå çíà÷åííÿ dmc ùiëüíîñòi dc(In) íà

ïðîìiæêó [0, 10n− 1] ïðè n ∈ [1, 104] â òî÷öi nm
c Íà îñíîâi çíà÷åíü nm

c òà nM
c ìè áóäó¹ìî

n1,c- òà n2,c-ñòðîãi iíòåðâàëè ç âiäïîâiäíîþ ùiëüíiñòþ òà çíàõîäèìî îöiíêè äëÿ δn1,c òà

δ(n2,c). Íàâåäåìî óñi íåîáõiäíi äàíi î÷èñëåíü ó òàáëèöi íèæ÷å òà íà ãðàôiêàõ ùiëüíîñòåé

dc(I).

c nm
c nM

c dmc dMc n1,c
...4 n2,c

...4 dc > dc <

4 770 2845 0.0436595 0.0664854 772 2844 0.066484 0.043660

16 121 333 0.0718532 0.12826 120 332 0.128228 0.071964

37 3110 160 0.1634 0.249115 3112 160 0.249114 0.163409

58 162 119 0.0331224 0.0661158 160 120 0.0660511 0.033270

89 164 3086 0.326582 0.432535 164 3084 0.432525 0.326571

145 403 10 000 0.0133807 0.0482214 404 10 000 0.048220 0.013383

42 5435 787 0.000630386 0.0189713 5436 788 0.018964 0.000631

20 235 6895 0.000651611 0.0280241 236 6896 0.028021 0.000654
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(à) d4 (á) d16

(à) d37 (á) d58

(à) d89 (á) d145

(à) d42 (á) d20
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4 Îñíîâíèé ðåçóëüòàò

Òåîðåìà 4. Íåõàé dc òà dc � öå âåðõíÿ òà íèæíÿ ùiëüíîñòi c-íåùàñëèâèõ ÷èñåë, âiäïî-

âiäíî, c ∈ C = {4, 16, 37, 58, 89, 145, 42, 20}. Òîäi

1. d4 < 0.04366 < 0.0664 < d4,

2. d16 < 0.071964 < 0.128228 < d16,

3. d37 < 0.163409 < 0.249114 < d37,

4. d58 < 0.03327 < 0.0660511 < d58,

5. d89 < 0.326571 < 0.432525 < d89,

6. d145 < 0.013383 < 0.048220 < d145,

7. d42 < 0.000631 < 0.018964 < d42,

8. d20 < 0.000654 < 0.028021 < d20.

Çîêðåìà, íå iñíó¹ dc äëÿ æîäíîãî c ∈ C.
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For a number n ∈ N we consider the sum of squares of all digits of n and denote it by S2(n).

Let T0(n) = n, T1(n) = S2(n), . . . , Tk+1(n) = T1(Tk(n)) for k ≥ 1. A number n is happy, if

there exists k ≥ 1 such that Tk(n) = 1. Otherwise, n is unhappy. It is well-known that for every

unhappy number n there exists k ≥ 1 such that Tk(n) ∈ C = {4, 16, 37, 58, 89, 145, 42, 20}. If
c ∈ C, then an unhappy number n is called c-unhappy in the case Tk(n) = c and Tk−1(n) 6∈ C

for some k ≥ 1.

By N+ we denote the set of all non-negative integers. We de�ne an interval I = [a, b] as the

set {n ∈ N+ : a ≤ n ≤ b}, a, b ∈ R. Moreover, the symbol |I| stands for the cardinality (i.e. the
number of integers) of I.

Let n ∈ N and c ∈ C. We put Pc(n) = {k ∈ [1, n] : k is c-unhappy} and de�ne the numbers

dc, dc and dc as the following.

� Upper asymtotic density of c-unhappy numbers is

dc = lim
n→∞

|Pc(n)|
n

,

� lower asymptotic density of c-unhappy numbers is

dc = lim
n→∞

|Pc(n)|
n

,

� natural density of c-unhappy numbers is

dc = lim
n→∞

|Pc(n)|
n

,

if the limit exists.

Gilmer in 2013 answering a question of Richard Guy showed that the natural density of

happy numbers does not exist. Moreover, he proved that the following estimations hold

d > 0.18577 and d < 0.1138,

where d and d denote upper and lower asymptotic density of happy numbers. It is natural to

ask if there exists upper (lower, natural) density for c-unhappy numbers for every c ∈ C.

In this paper we study density of c-unhappy numbers. We obtain estimations on upper and

lower asymptotic density of c-unhappy numbers and following the Gilmer's arguments prove

that the natural density does not exist.
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