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ÇÀÏIÇÍÅÍÍßÌ Ó ÍÅÑÊIÍ×ÅÍÍÎÂÈÌIÐÍÈÕ ÏÐÎÑÒÎÐÀÕ

Ó ñòàòòi ïðåäñòàâëåíî äåòàëüíó ñõåìó àïðîêñèìàöi¨ ó ñåðåäíüîìó êâàäðàòè÷íîìó äëÿ

åâîëþöiéíèõ ñòîõàñòè÷íèõ ðiâíÿíü iç çàïiçíåííÿì ó íåñêií÷åííîâèìiðíèõ ïðîñòîðàõ.

Îñíîâíà óâàãà ïðèäiëÿ¹òüñÿ çàìiíi ïî÷àòêîâî¨ ñèñòåìè ç ïiñëÿäi¹þ åâîëþöiéíîþ ñè-

ñòåìîþ ñòîõàñòè÷íèõ ðiâíÿíü áåç ïiñëÿäi¨. Çàïðîïîíîâàíèé ïiäõiä ïåðåäáà÷à¹ ðîçáèòòÿ

iíòåðâàëó çàïiçíåííÿ íà ïiäiíòåðâàëè òà ïîáóäîâó âiäïîâiäíî¨ ñèñòåìè ðiâíÿíü, ÿêà àïðî-

êñèìó¹ ïîâåäiíêó ïî÷àòêîâî¨ ñèñòåìè. Âàæëèâî çàçíà÷èòè, ùî êiëüêiñòü ðiâíÿíü ó òàêié

àïðîêñèìóþ÷ié ñèñòåìi çáiëüøó¹òüñÿ çi çðîñòàííÿì êiëüêîñòi ïiäiíòåðâàëiâ. Îñíîâíèé ðå-

çóëüòàò äîñëiäæåííÿ ïîêàçó¹, ùî çà óìîâè, êîëè ðîçáèòòÿ ñòà¹ äåäàëi äðiáíiøèì (òîáòî

êiëüêiñòü ïiäiíòåðâàëiâ ïðÿìó¹ äî íåñêií÷åííîñòi), âiäñòàíü ó ñåðåäíüîìó êâàäðàòè÷íîìó

ìiæ ðîçâ'ÿçêàìè ðiâíÿííÿ iç çàïiçíåííÿì i ðîçâ'ÿçêàìè ñèñòåìè áåç çàïiçíåííÿ ïðÿìó¹ äî

íóëÿ.

Òåîðåòè÷íà îñíîâà ìåòîäó àïðîêñèìàöi¨ âèêîðèñòîâó¹ êëþ÷îâi ïîíÿòòÿ òà ðåçóëüòàòè

çi ñòîõàñòè÷íîãî àíàëiçó â íåñêií÷åííîâèìiðíèõ ïðîñòîðàõ, çîêðåìà, äëÿ âèðiøåííÿ ïðî-

áëåì, ïîâ'ÿçàíèõ iç ôóíêöiîíàëüíîþ ïðèðîäîþ ïiñëÿäi¨ òà íåîáìåæåíiñòþ ïðîñòîðó ñòàíiâ.

Äîñëiäæåííÿ íå ëèøå óçàãàëüíþ¹ ïîïåðåäíi ðåçóëüòàòè äëÿ ñêií÷åííîâèìiðíèõ âèïàäêiâ

äî íåñêií÷åííîâèìiðíîãî ñåðåäîâèùà, àëå é ðîçøèðþ¹ ìåòîäè, çàñòîñîâàíi äëÿ äåòåðìiíî-

âàíèõ ðiâíÿíü iç çàïiçíåííÿì, íà ñòîõàñòè÷íi ñèñòåìè. Ìåòîäîëîãiÿ áàçó¹òüñÿ íà êëàñè÷íié

iäå¨ ðîçêëàäó ðîçâ'ÿçêó ðiâíÿííÿ iç çàïiçíåííÿì çà ôîðìóëîþ Òåéëîðà çà äîâæèíîþ ií-

òåðâàëó çàïiçíåííÿ h > 0 h>0. Òàêèé ïiäõiä äîçâîëÿ¹ çàìiíèòè ïî÷àòêîâó çàäà÷ó äëÿ

ðiâíÿííÿ iç çàïiçíåííÿì ñèñòåìîþ çàäà÷ Êîøi äëÿ ñèñòåìè çâè÷àéíèõ äèôåðåíöiàëüíèõ

ðiâíÿíü, ïîáóäîâàíèõ ñïåöiàëüíèì ÷èíîì.

Ðåçóëüòàòè ðîáîòè ìàþòü çíà÷íi ïðàêòè÷íi íàñëiäêè, îñîáëèâî äëÿ ñèñòåì, äå çàïi-

çíåííÿ ¹ ïðèðîäíèìè, òàêèõ ÿê ñòîõàñòè÷íi ñèñòåìè óïðàâëiííÿ, äèíàìiêà ïîïóëÿöié àáî

íåñêií÷åííîâèìiðíi ñèñòåìè, îïèñóâàíi ñòîõàñòè÷íèìè ðiâíÿííÿìè â ÷àñòèííèõ ïîõiäíèõ.

Çàìiíþþ÷è ñêëàäíi ñèñòåìè iç çàïiçíåííÿìè áiëüø ïðîñòèìè ñèñòåìàìè áåç çàïiçíåíü,

çàïðîïîíîâàíèé ìåòîä íå ëèøå ñïðîùó¹ ÷èñåëüíi îá÷èñëåííÿ, àëå é çàáåçïå÷ó¹ ãëèáøå

ðîçóìiííÿ äèíàìiêè òàêèõ ñèñòåì. Äîâåäåííÿ óìîâ, çà ÿêèõ àïðîêñèìàöiÿ ¹ êîðåêòíîþ,

ñïðèÿ¹ ðîçâèòêó òåîðåòè÷íî¨ áàçè ñòîõàñòè÷íèõ ðiâíÿíü iç çàïiçíåííÿìè ó íåñêií÷åííîâè-

ìiðíèõ ïðîñòîðàõ òà ïðîïîíó¹ ïîòóæíèé iíñòðóìåíò äëÿ ¨õ àíàëiçó òà ìîäåëþâàííÿ.

Êëþ÷îâi ñëîâà i ôðàçè: çàïiçíåííÿ, ñòîõàñòè÷íèé iíòåãðàë, ïðîöåñ Âiíåðà, ãåíåðàòîð,

íàïiâãðóïà, àïðîêñèìàöiÿ.
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Âñòóï

Äàíà ðîáîòà ¹ ïðîäîâæåííÿì äîñëiäæåíü ðîáîòè [5], äå ïîäiáíà çàäà÷à ðîçãëÿäàëàñü

ó ñêií÷åííîâèìiðíîìó âèïàäêó. Îñíîâíà iäåÿ äàíèõ äîñëiäæåíü ïîëÿãà¹ ó çàìiíi âèõi-

äíîãî îá'¹êòó iç ïiñëÿäi¹þ, ñèñòåìîþ ðiâíÿíü áåç ïiñëÿäi¨. Êiëüêiñòü ðiâíÿíü òàêî¨ ñè-

ñòåìè çàëåæèòü âiä êiëüêîñòi òî÷îê ðîçáèòòÿ iíòåðâàëà çàïiçíåííÿ. Âèÿâëÿ¹òüñÿ, ÿêùî

êiëüêiñòü iíòåðâàëiâ ðîçáèòòÿ ñïðÿìóâàòè äî íåñêií÷åííîñòi, òî âiäñòàíü ó ñåðåäíüîìó

êâàäðàòè÷íîìó ìiæ âiäïîâiäíèìè ðîçâ'ÿçêàìè ðiâíÿííÿ iç çàïiçíåííÿìè i ðîçâ'ÿçêàìè

àïðîêñèìóþ÷î¨ ñèñòåìè áåç çàïiçíåíü ïðÿìó¹ äî íóëÿ. ßê äàíà ðîáîòà òàê i ðîáîòà

[5] óçàãàëüíþ¹ íà ñòîõàñòè÷íèé âèïàäîê ðåçóëüòàòè ðîáiò I.Ì. ×åðåâêà òà éîãî ó÷íiâ

[6, 7, 8]. Ó âêàçàíèõ ðîáîòàõ ïî÷àòêîâà çàäà÷à äëÿ ñèñòåìè ðiâíÿíü iç çàïiçíåííÿìè çàìi-

þ¹òüñÿ íàáîðîì çàäà÷ Êîøi äëÿ ñèñòåìè çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü, ïîáóäî-

âàíî¨ ñïåöiàëüíèì ÷èíîì çà âèõiäíîþ ñèñòåìîþ iç çàïiçíåííÿìè. Äàíèé ïiäõiä áàçó¹òüñÿ

íà iäå¨ Ì.Ì. Êðàñîâñüêîãî, ïîâ'ÿçàíî¨ iç ðîçêëàäîì ðîçâ'ÿçêiâ ñèñòåìè iç çàïiçíåííÿì

çà ôîðìóëîþ Òåéëîðà çà äîâæèíîþ h > 0 âiäðiçêà çàïiçíåííÿ

Ðîáîòà ñêëàäà¹òüñÿ çi âñòóïó òà ÷îòèðüîõ ÷àñòèí. Ó ïåðøié ÷àñòèíi ïðèâåäåíi íå-

îáõiäíi ó ïîäàëüøîìó ïîíÿòòÿ òà ðåçóëüòàòè ïîâ'ÿçàíi çi ñòîõàñòè÷íèìè ðiâíÿííÿìè ó

íåñêií÷åííîâèìiðíèõ ïðîñòîðàõ. Äðóãà ÷àñòèíà ðîáîòè ïðèñâÿ÷åíà ïîñòàíîâöi çàäà÷i,

ôîðìóëþâàííþ îñíîâíîãî ðåçóëüòàòó, òà äåÿêèì äîïîìiæíèì òâåðäæåííÿì. Äîâåäåí-

íÿ îñíîâíî¨ òåîðåìè ïðèâåäåíî ó ÷àñòèíi òðè. Ó ÷åòâåðòié ÷àñòèíi ïðèâåäåíî ïðèêëàä

çàñòîñóâàííÿ îòðèìàíîãî ðåçóëüòàòó äëÿ ñòîõàñòè÷íèõ ðiâíÿíü ó ÷àñòèííèõ ïîõiäíèõ.

1 Ïðîñòîðè, îïåðàòîðè òà ñòîõàñòè÷íi

ôóíêöiîíàëüíî-äèôåðåíöiàëüíi ðiâíÿííÿ

Íåõàé H i K ãiëüáåðòîâi ïðîñòîðè ç íîðìàìè || · || i || · ||K âiäïîâiäíî. Íåõàé òàêîæ

(Ω,F ,P) ¹ ïîâíèì éìîâiðíiñíèì ïðîñòîðîì, à Q ëiíiéíèé, îáìåæåíèé êîâàðiàöiéíèé

îïåðàòîð òàêèé, ùî Tr(Q) <∞. Ââåäåìî Q- ÿäåðíèé K-çíà÷íèé âiíåðiâñüêèé ïðîöåñ

W (t) :=
∞∑
i=1

√
λiβi(t)li, t ≥ 0.

Òóò βi(t) - ñòàíäàðòíi, îäíîâèìiðíi, íåçàëåæíi ó ñóêóïíîñòi ïðîöåñè áðîóíiâñüêîãî

ðóõó, li, i ≥ 1 îðòîíîðìîâàíèé áàçèñ â K, ïîñëiäîâíiñòü íåâiä'¹ìíèõ ÷èñåë λi çàäîâîëü-

íÿ¹ óìîâè

Qli = λili, i = 1, 2, ...
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òà
∞∑
i=1

λi <∞

Ft, t ≥ 0 íîðìàëüíà ôiëüòðàöiÿ, ùî çàäîâiëüíÿ¹ óìîâè:

1. W (t) ¹ Ft-âèìiðíèì;

2. W (t+ h)−W (t) íå çàëåæèòü âiä σ-àëãåáðè Ft äëÿ âñiõ t ≥ 0 òà h ≥ 0.

×åðåç L0
2 = L2(Q

1
2 (K), H) ïîçíà÷èìî ïðîñòið îïåðàòîðiâ Ãiëüáåðòà-Øìiäòà, ùî äi-

þòü ç Q
1
2 â H çi ñêàëÿðíèì äîáóòêîì

⟨Φ,Ψ⟩L0
2
= Tr(ΦQΦ∗)

. Íåõàé A : H → H- íåîáìåæåíèé, çàìêíóòèé, ëiíiéíèé îïåðàòîð i D(A) ⊂ H- éîãî

îáëàñòü âèçíà÷åííÿ.

Áóäåìî ââàæàòè , ùî âií ¹ ãåíåðàòîðîì êîìïàêòíî¨ íàïiâãðóïè S(t), t > 0 â H.

Äëÿ L0
2- çíà÷íèõ, Ft- âèìiðíèõ âèïàäêîâèõ ïðîöåñiâ Φ(t) òàêèõ, ùî

P{
∫ T

0

||Φ(t)||2L2
0
dt <∞} = 1,

ââåäåìî, àíàëîãi÷íî [1] H- çíà÷íèé ñòîõàñòè÷íèé iíòåãðàë∫ t

0

Φ(t)dW (s).

Çíîâó àíàëîãi÷íî [1] áóäåìî âèêîðèñòîâóâàòè ñòîõàñòè÷íó êîíâîëþöiþ∫ t

0

S(t− s)Φ(t)dW (s),

äëÿ ÿêî¨ ñïðàâåäëèâå òâåðäæåííÿ.

Ëåìà 1. [1] Íåõàé p > 2, T > 0 òà Φ ∈ L0
2- çíà÷íèé, Ft- âèìiðíèé ïðîöåñ, ùî

E
∫ T

0

||Φ(t)||2L2
0
dt ≤ ∞.

Òîäi iñíó¹ ñòàëà M =M(T ) > 0, òàêà, ùî

E sup
t∈[0,T ]

||
∫ t

0

S(t− s)Φ(s)dW (s)||p ≤ME
∫ T

0

||Φ(s)||2L2
0
ds

×åðåç C = C([−h, 0];H) ïîçíà÷èìî ïðîñòið H-çíà÷íèõ, íåïåðåðâíèõ ôóíêöié φ :

[−h, 0] → H iç ñóïðåìíîþ íîðìîþ

||φ||C = sup
t∈[−h,0]

||φ(t)||,
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òóò h > 0- iíòåðâàë çàïiçíåííÿ.

Â äàíié ðîáîòi ðîçãëÿäà¹òüñÿ íåñêií÷åííîâèìiðíå ñòîõàñòè÷íå ðiâíÿííÿ iç çàïiçíåí-

íÿì âèãëÿäó

du(t) = [Au(t) + f(t, u(t), u(t− h))]dt+ σ(t, u(t), u(t− h))dW (t), t ∈ [0, T ], (1)

u(t) = φ(t), t ∈ [−h, 0].

Âiäíîñíî âiäîáðàæåíü f i σ áóäåìî ââàæàòè âèêîíàíèìè íàñòóïíi óìîâè:

1. f : [0, T ] × H × H → H, σ : [0, T ] × H × H → L0
2 ¹ íåïåðåðâíèì çà ñóêóïíiñòþ

àðãóìåíòiâ;

2. iñíó¹ ñòàëà L > 0, ùî âèêîíàíà óìîâà ëiíiéíîãî ðîñòó

||f(t, u, v)||2 + ||σ(t, u, v)||2L0
2
≤ L(1 + ||u||2 + ||v||2),

äëÿ äîâiëüíèõ t, u, v ç îáëàñòi âèçíà÷åííÿ;

3. òà óìîâà Ëiïøèöÿ

||f(t, u1, v1)−f(t, u2, v2)||2+ ||σ(t, u1, v1)−σ(t, u2, v2)||2L0
2
≤ L(||u1−u2||2+ ||v1−v2||2),

äëÿ t ∈ [0, T ] òà äîâiëüíèõ u1, u2, v1, v2 ∈ H;

4. ïî÷àòêîâà íåâèïàäêîâà ôóíêöiÿ φ : [−h, 0] → H ¹ íåïåðåðâíîþ.

Ðîçâ'ÿçîê ïî÷àòêîâî¨ çàäà÷i (1) áóäåìî ðîçóìiòè ó ì'ÿêîìó ñåíñi.

Îçíà÷åííÿ 1. Íåïåðåðâíèé Ft àäàïòîâàíèé âèïàäêîâèé ïðîöåñ u : [−h, T ] × Ω → H

íàçâåìî ì'ÿêèì ðîçâ'ÿçêîì ïî÷àòêîâî¨ çàäà÷i (1) íà [0, T ] ÿêùî:

1. u(t) = φ(t), t ∈ [−h, 0];

2. Íà [0, T ]u(t) çàäîâîëüíÿ¹ iíòåãðàëüíå ðiâíÿííÿ

u(t) = S(0)φ(0)+

∫ t

0

S(t−s)f(s, u(s), u(s−h))ds+
∫ t

0

S(t−s)σ(s, u(s), u(s−h))dW (s),

(2)

ç [1]. Òóò ïåðøèé iíòåãðàë ðîçóìi¹òüñÿ ÿê iíòåãðàë Áîõíåðà, à äðóãèé ÿê ñòîõà-

ñòè÷íèé iíòåãðàë Iòî.

Ç ðîáîòè [3] âèïëèâà¹, ùî çà âèêîíàííÿ óìîâ 1-4, ïî÷àòêîâà çàäà÷à (1) ìà¹ ¹äèíèé

íà [0, T] ì'ÿêèé ðîçâ'ÿçîê, ÿêèé ìà¹ îáìåæåíèé p-ìîìåíò (p ≥ 1).
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2 Ïîñòàíîâêà çàäà÷i. Îñíîâíèé ðåçóëüòàò

Çà ðiâíÿííÿì (1) ïîáóäó¹ìî íàñòóïíó ñèñòåìó ñòîõàñòè÷íèõ åâîëþöiéíèõ ðiâíÿíü

áåç çàïiçíåííÿ, ÿêó ìè íàçâåìî àïðîêñèìóþ÷îþ.

Çàôiêñó¹ìî íàòóðàëüíå m òà ðîçiá'¹ìî âiäðiçîê [−h, 0] òî÷êàìè h
m
j, j = 0,m íà m

÷àñòèí. Âèçíà÷èìî ïðîöåñè zj(t) ∈ H ÿê ðîçâ'ÿçêè íàñòóïíèõ çàäà÷ Êîøi
dz0(t) = [Az0 + f(t, z0(t), zm(t))] dt+ σ(t, z0(t), zm(t)) dW (t),

dzj(t) =
m
h
(zj−1(t)− zj(t)) , t ∈ [0, T ],

zj(0) = φ
(
−hj

m

)
, j = 0,m.

(3)

Òóò z0(t)- ðîçâ'ÿçîê ïåðøîãî ðiâíÿííÿ, ðîçóìi¹òüñÿ ó ì'ÿêîìó ñåíñi, à ðåøòàm ðiâíÿíü ó

çâè÷àéíîìó ñåíñi, äå
dzj(t)

dt
ðîçãëÿäà¹òüñÿ ÿê ñèëüíà, çà íîðìîþ ïðîñòîðóH ïîõiäíà. Ç [1]

âèïëèâà¹, ùî çàäà÷à Êîøi (3) ìà¹ ¹äèíèé íà [0, T ] ðîçâ'ÿçîê, äå ïðîöåñ z0(t) çàäîâiëüíÿ¹

(3) ó ì'ÿêîìó ñåíñi, à zj(t) çàäîâiëüíÿþòü íàñòóïíi m ðiâíÿíü ó çâè÷àéíîìó ñåíñi.

Îçíà÷åííÿ 2. Ñèñòåìà (3) íàçèâà¹òüñÿ àïðîêñèìóþ÷îþ äëÿ (1) ó ñåðåäíüîìó êâàäðà-

òè÷íîìó, ÿêùî

sup
t∈[0,T ]

E||u(t− h

m
j)− zj(t)||2 → 0, m→ ∞, j = 0,m.

Îñíîâíèì ðåçóëüòàòîì öi¹¨ ðîáîòè ¹ íàñòóïíà òåîðåìà.

Òåîðåìà 1. Çà âèêîíàííÿ óìîâ 1-4 ñèñòåìà (3) ¹ àïðîêñèìóþ÷îþ ó ñåðåäíüîìó êâàäðà-

òè÷íîìó äëÿ ïî÷àòêîâî¨ çàäà÷i (1) ðiâíîìiðíî ïî j = 0,m, òîáòî

sup
j=0,m

sup
t∈[0,T ]

E||u(t− h

m
j)− zj(t)||2 → 0, m→ ∞. (4)

Â ïîäàëüøîìó íàì çíàäîáèòüñÿ ëåìà, ùî ¹ àíàëîãîì ëåìè 1 ç ðîáîòè [5] äëÿ íåñêií-

÷åííîâèìiðíîãî âèïàäêó.

Ëåìà 2 (Ïðî ìîäóëü íåïåðåðâíîñòi). Çà âèêîíàííÿ óìîâ 1-4 äëÿ ðîçâ'ÿçêó ïî÷àòêîâî¨

çàäà÷i (1) ñïðàâåäëèâà íåðiâíiñòü

sup
t1∈[−h,T ]

E sup
t2∈[t1,t1+l]

||u(t2)− u(t1)||2 ≤ C(T, ||φ||C , l) → 0, l → 0 (5)

Äîâåäåííÿ. Ç îçíà÷åííÿ ðîçâ'ÿçêó ìà¹ìî

∥u(t)∥ ≤ 3 ∥S(t)φ(0)∥2 + 3

(∫ t

0

∥S(t− s)f(s, u(s), u(s− h))∥ ds
)2

+3

∥∥∥∥∫ t

0

S(t− s)σ(s, u(s), u(s− h)) dW (s)

∥∥∥∥2 .
(6)
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Îñêiëüêè íàïiâãðóïà S(t) ¹ íàïiâãðóïîþ êëàñó C0, òî ∥S∥ ≤ M , ïðè t ∈ [0, T ] [2]. Òîäi,

â ñèëó óìîâè 2, ìàòèìåìî

∥u(t)∥2 ≤ 3M ∥φ(0)∥2 + 3TM

∫ t

0

L
(
1 + ∥u(s)∥2 + ∥u(s− h)∥2

)
ds

+ 3 sup
s∈[0,t]

∥∥∥∥∫ s

0

S(t− τ)σ(τ, u(τ), u(τ − h))dW (τ)

∥∥∥∥2
≤ 3

(
M ∥φ(0)∥2 + TM

∫ t

0

L
(
1 + sup

τ∈[0,s]
∥u(τ)∥2 + sup

τ∈[0,s]
∥u(τ − h)∥2

)
ds

+ sup
s∈[0,t]

∥∥∥∥∫ s

0

S(t− τ)σ(τ, u(τ), u(τ − h))dW (τ)

∥∥∥∥2
)
,

(7)

ïðè öüîìó äëÿ îöiíêè ïåðøîãî iíòåãðàëà âèêîðèñòàíà íåðiâíiñòü Êîøi-Áóíÿêîâñüêîãî.

Î÷åâèäíîþ ¹ íàñòóïíà íåðiâíiñòü

sup
s∈[0,t]

∥u(s− h)∥2 ≤ ∥φ∥2C + sup
s∈[0,t]

∥u(s)∥2 . (8)

Âðàõóâàâøè (8) òà Ëåìó 1, ìàòèìåìî

E sup
s∈[0,t]

∥u(s)∥2 ≤ 3
(
M ∥φ(0)∥+ T 2LM ∥φ∥C + T 2ML+ 2TM

∫ t

0

LE sup
τ∈[0,s]

∥u(τ)∥2 ds

+ C1(T, ∥φ∥C) + C2(T, ∥φ∥h)LM
∫ t

0

E sup
τ∈[0,s]

∥u(τ)∥2 dτ
)
,

çâiäñè, â ñèëó íåðiâíîñòi Ãðîãóîëëà, îòðèìà¹ìî îöiíêó

E sup
s∈[0,t]

∥u(s)∥2 ≤ C3(T, ∥φ∥T ). (9)
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Íåõàé t2 = t1 + r. Äàëi, ÿêùî t1 ≥ 0 òî iç (2) ìàòèìåìî

u(t2)− u(t1) = (S(t2)− S(t1))φ(0)

+

∫ t1

0

(S(t2 − s)− S(t1 − s))f(s, u(s), u(s− h)) ds

+

∫ t2

t1

S(t2 − s)f(s, u(s), u(s− h)) ds

+

∫ t1

0

(S(t2 − s)− S(t1 − s))σ(s, u(s), u(s− h)) dW (s)

+

∫ t2

t1

S(t2 − s)σ(s, u(s), u(s− h)) dW (s)

= (S(t1 + r)− S(t1))φ(0)

+

∫ t1

0

(S(t1 + r − s)− S(t1 − s))f(s, u(s), u(s− h)) ds

+

∫ t1+r

t1

S(t1 + r − s)f(s, u(s), u(s− h)) ds

+

∫ t1

0

(S(t1 + r − s)− S(t1 − s))σ(s, u(s), u(s− h)) dW (s)

+

∫ t1+r

t1

S(t1 + r − s)σ(s, u(s), u(s− h)) dW (s).

(10)

Òîäi

E sup
t2∈[t1,t1+l]

∥u(t2)− u(t1)∥2 = E sup
r∈[0,l]

∥u(t1 + r)− u(t1)∥2

≤ 5

(
sup
r∈[0,l]

∥S(t1 + r)φ(0)− S(t1)φ(0)∥2

+ TE sup
τ∈[0,l]

∫ t1

0

∥S(t1 + r − s)− S(t1 − s)∥2 ∥f(s, u(s), u(s− h))∥2 ds

+ E sup
τ∈[0,l]

∫ t1+l

t1

L ∥S(t1 + r − s)∥2
(
1 + E ∥u(s)∥2 + E ∥u(s− h)∥2

)
ds

+ E sup
τ∈[0,l]

∥∥∥∥∫ t1

0

(S(t1 + r − s)− S(t1 − s))σ(s, u(s), u(s− h)) dW (s)

∥∥∥∥2
+ E sup

τ∈[0,l]

∥∥∥∥∫ t1+r

t1

S(t1 + r − s)σ(s, u(s), u(s− h)) dW (s)

∥∥∥∥2
)

= I1 + I2 + I3 + I4 + I5.

(11)

Îöiíèìî êîæåí äîäàíîê â (11). Îñêiëüêè íàïiâãðóïà S(t) ¹ íàïiâãóïîþ êëàñó C0, òî

â ñèëó ðiâíîìiðíî¨ íåïåðåðâíîñòi âèðàç I1 ðiâíîìiðíî ïî t1 ïðÿìó¹ äî íóëÿ ïðè r → 0.
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Äàëi, äëÿ îöiíêè I2 ìà¹ìî

I2 ≤ TE

(
sup
τ∈[0,l]

∫ t1

0

∥S(t1 + r − s)− S(t1 − s)∥2 ds sup
s∈[0,t1]

∥f(s, u(s), u(s− h))∥2
)

≤ T

∫ T

0

∥S(t+ r)− S(t)∥2 dt L
(
1 + 2C3(T, ∥φ∥h)

)
,

(12)

â ñèëó (9). Îñêiëüêè íàïiâãðóïà S(t) êîìïàêòíà, òî â ñèëó [2], âîíà ¹ íåïåðåðâíîþ â

ðiâíîìiðíié îïåðàòîðíié òîïîëîãi¨ ïðè t > 0, à òîìó âèðàç ó ïðàâié ÷àñòèíi (12) ïðÿìó¹

äî 0 ïðè r → 0, â ñèëó òåîðåìè Ëåáåãà ïðî ìàæîðîâàíó çáiæíiñòü. Îöiíèìî âèðàç I3.

Ìà¹ìî â ñèëó (9)

I3 ≤ L(1 + 2C3(T, ∥φ∥h))
∫ t1+l

t1

∥S(t1 + r − s)∥2 ≤ LM2(1 + 2C3(T, ∥φ∥h))l → 0, (13)

ïðè l → 0. Äëÿ îöiíêè I4 âèêîðèñòà¹ìî ôàêòîðèçàöiéíó ôîðìóëó [1], çãiäíî ç ÿêîþ∫ t1

0

(S(t1 + r − s)− S(t1 − s))σ(s, u(s), u(s− h)) dW (s)

=
sinπα

α

∫ t1

0

(
(t1 + r − s)α−1S(t1 + r − s)− (t1 − s)α−1S(t1 − s)

)
Y(s) ds.

(14)

äå

Y(s) =

∫ s

0

(s− v)−αS(s− v)σ(v, u(v), u(v − h))dW (v),

α ∈ (0, 1)

Âèáåðåìî äëÿ p > 1, α ∈ ( 1
2p
, 1
2
). Òîäi, iç íåðiâíîñòi Ãåëüäåðà äëÿ îöiíîê äîäàíêó I4

îòðèìó¹ìî

I4 ≤ E

(
sup
r∈[0,1]

(∫ t1

0

∥∥∥ (t1 + r − s)α−1 S (t1 + r − s)− (t1 − s)α−1 S (t1 − s)
∥∥∥2qds) p

q

×

×
∫ t1

0

∥Y(s)∥2p ds

)
= sup

r∈[0,1]

(∫ T1

0

∣∣(s+ r)α−1S(s+ r)− sα−1S(s)
∣∣2q ds) p

2q

×

× E
∫ t1

0

∥Y(s)∥2p ds. (15)

Àëå, îñêiëüêè íàïiâãðóïà S(t) êîìïàêòíà ïðè t > 0, òî âîíà íåïåðåðâíà â ðiâíîìiðíié

îïåðàòîðíié òîïîëîãi¨. Îòæå ïåðøèé ñïiâìíîæíèê ó (15) ïðÿìó¹ äî íóëÿ â ñèëó òåîðå-

ìè Ëåáåãà ïðî ìàæîðîâàíó çáiæíiñòü. Ïîêàæåìî, ùî äðóãèé ñïiâìíîæíèê îáìåæåíèé.

Ìà¹ìî

E ∥Y(t)∥2p = E
∥∥∥∥∫ t

0

(t− s)−αS(t− s)σ(s, u(s), u(s− h))dW (s)

∥∥∥∥2p ≤
CTE

(∫ t

0

(t− s)−2α ∥σ(s, u(s), u(s− h)∥2L0
2

)p

.
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Çâiäñè, âèêîðèñòîâóþ÷è íåðiâíiñòü Þíãà, îòðèìà¹ìî

∫ t1

0

E ∥Y(t)∥2p dt ≤CT

(∫ T

0

(t− s)−2α

)p

E
∫ T

0

∥σ(s), u(s), u(s− h)∥2p
L0
2

⩽ C3

∫ T

0

LP (1 + E∥u(s)∥p + E∥u(s− h)∥p) ds ≤ C4.

Îöiíþ¹ìî íàðåøòi äîäàíîê I5. Ìà¹ìî

I5 ≤ E sup
r∈[0,l]

∥
∫ t+r

t1

S (t1 + r − s)σ(s, u(s), u(s− h)dW (s)∥2 ≤

≤ E
∫ t1+l

t1

M2∥σ
(
s, u(s), u(s− h)∥2L0

2
ds ≤ C5l → 0, l → 0.

ßêùî æ t1 òà t1 + l íàëåæàòü [−h, 0], òî â ñèëó îçíà÷åííÿ ðîçâ'ÿçêó ìà¹ìî, ùî

E sup
t2∈[t1,t1+l]

∥u(t2)− u(t1)∥2 = sup
t2∈[t1,t1+l]

∥φ(t2)− φ(t1)∥2 → 0, l → 0,

â ñèëó ðiâíîìiðíî¨ íåïåðåðâíîñòi íà [−h, 0] ôóíêöi¨ φ(t).
ßêùî æ t1 ∈ [−h, 0], à t2 > 0, òî ∥u(t2)− u(t1)∥ ≤ ∥u(t2)− φ(0)∥+ ∥u(t1)− φ(0)∥.
Î÷åâèäíî, ùî t1 → 0 i t2 → 0, ÿêùî l → 0. Òîäi, âðàõóâàâøè, ùî âñi îòðèìàíi âèùå

îöiíêè ðiâíîìiðíi ïî t1, îòðèìó¹ìî äîâåäåííÿ ëåìè.

3 Äîâåäåííÿ îñíîâíîãî ðåçóëüòàòó

Çàóâàæèìî, ùî ïðèíöèïîâîþ âiäìiííiñòþ äàíî¨ ðîáîòè âiä [5] ¹ äîâåäåííÿ ëåìè ïðî

ìîäóëü íåðiâíîñòi. Â ðåøòi ðîáîòè iäå¨ äîâåäåííÿ ñõîæi ç [5], òîìó ìè äåòàëüíî íå

áóäåìî éîãî ïîâòîðþâàòè, à çóïèíèìîñü ëèøå íà òèõ âiäìiííîñòÿõ, ÿêi ç'ÿâëÿþòüñÿ

çàâäÿêè íåñêií÷åííîâèìiðíîñòi.

Çàçíà÷èìî, ùî ç [1] âèïëèâà¹ íåïåðåðâíiñòü òðà¹êòîði¨ u(t) â íîðìi ïðîñòîðó H. Ââå-

äåìî íàñòóïíèé çãëàäæåíèé âèïàäêîâèé ïðîöåñ uµ(t) ïîáóäîâàíèé äëÿ êîæíîãî ìàëîãî

µ > 0 íàñòóïíèì ÷èíîì

uµ(t) =
1

µ

∫ t+µ

t

u(s)ds, t ∈ [−h, T ]. (16)

Ïðè öüîìó äëÿ t ≥ T ïðîöåñ u(s) ïðîäîâæåíî ÿê ñòàëó âèïàäêîâó âåëè÷èíó çà

íåïåðåðâíiñòþ. Iç âëàñòèâîñòåé iíòåãðàëó Áîõíåðà âèïëèâà¹ ñèëüíà ãëàäêiñòü ïðîöåñó

uµ(t) i ç [5]

u̇µ(t) =
1

µ
[u(t+ µ)− u(t)]. (17)

Îöiíèìî ðiçíèöþ ó ñåðåäíüîìó êâàäðàòè÷íîìó ìiæ u(t) i uµ(t). Ìà¹ìî
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sup
t∈[−h,T ]

E∥u(t)− uµ(t)∥2 =
1

µ2
sup

t∈[−h,T ]

E
∥∥∥∥∫ t+µ

t

(u(s)− u(t))ds

∥∥∥∥2 ⩽
≤ 1

µ2
sup

t∈[−h,T ]

E
(∫ t+µ

t

∥(u(s)− u(t))∥ ds
)2

⩽
1

µ
sup

t∈[−h,T ]

∫ t+µ

t

E ∥(u(s)− u(t))∥2 ds ≤

≤ C(T, ∥φ∥C , µ) → 0, µ→ 0,

â ñèëó ëåìè ïðî ìîäóëü íåïåðåðâíîñòi.

Îñêiëüêè â ñèñòåìi (3) âñi ðiâíÿííÿ ïî÷èíàþ÷è ç äðóãîãî ¹ ëiíiéíèìè ðiâíÿííÿìè iç

îáìåæåíèìè ñòàëèìè îïåðàòîðàìè, òî âîíè ìàþòü ¹äèíèé ñèëüíèé ðîçâ'ÿçîê.

Äàëi ñèñòåìà (3) ðîçáèâà¹òüñÿ íà äâi ñèñòåìè, i ðîçâ'ÿçîê zj(t) = z
(1)
j (t) + z

(2)
j (t)

ïîäà¹òüñÿ â äàíié ôîðìi, äå z
(1)
j ðîçâ'ÿçîê ñèñòåìè



h

m
ż
(1)
1 = u(t)− z

(1)
1

h

m
ż
(1)
j = z

(1)
j−1 − z

(1)
j , j = 1,m,

z
(1)
j (0) = u(−hj

m
).

(18)

à z
(2)
j ðîçâ'ÿçîê ñèñòåìè


h

m
ż
(2)
1 = −z(2)1 + (z0 − x)

h

m
ż
(2)
j = z

(2)
j−1 − z

(2)
j , j = 1,m,

z
(2)
j (0) = 0.

(19)

Òîäi

sup
t∈[0,T ]

E
∥∥∥∥u(t− hj

m
)− zj(t)

∥∥∥∥2 ≤ 2

(
sup

t∈[0,T ]

E
∥∥∥∥u(t− hj

m
)− z

(1)
j (t)

∥∥∥∥2 + sup
t∈[0,T ]

E
∥∥∥z(2)j (t)

∥∥∥2) .
(20)

Ïîçíà÷èìî (yj(t) = u(t− hj
m
), iiNj(t) = E

∥∥∥yj(t)− z
(1)
j (t)

∥∥∥2 , j = 0,m.

Äàëi, àíàëîãi÷íî [5], äëÿ ïåðøîãî äîäàíêó ó (19) îòðèìó¹òüñÿ íåðiâíiñòü

sup
t∈[0,T ]

√
E
∥∥∥yj(t)− z

(1)
j (t)

∥∥∥2 ≤ 2h

µ
C

1
2 (T, ∥φ∥C ,

h

m
) + 3C

1
2 (T, ∥φ∥C , µ)). (21)

ßêùî â îñòàííié íåðiâíîñòi ïîêëàñòè µ = C
1
4 (T, ∥φ∥C ,

h
m
), òî ìàòèìåìî
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sup
t∈[0,T ]

√
E
∥∥∥yj(t)− z

(1)
j (t)

∥∥∥2 ≤ 2h

µ
C

1
4 (T, ∥φ∥C ,

h

m
) + 3C

1
2 (T, ∥φ∥C , C

1
4 (T, ∥φ∥C ,

h

m
)) =

= α(T, ∥φ∥C ,
h

m
) → 0, m→ ∞.

(22)

Âiäïîâiäíi îöiíêè äëÿ ñèñòåìè (19) íàáèðàþòü âèãëÿäó

E
∥∥∥z(2)j (t)

∥∥∥2 ≤ sup
t∈[0,T ]

N0(t). (23)

Òîìó, àíàëîãi÷íî [5] îòðèìó¹òüñÿ íåðiâíiñòü

sup
t∈[0,T ]

√
Nj(t) ≤ α

(
T, ∥φC∥ ,

h

m

)
+
√

sup
t∈[0,T ]

N0(t). (24)

Íàðåøòi îöiíèìî N0(t). Ìà¹ìî

z0(t)− u(t) =

∫ t

0

S(t− s)(f(s, z0(s), zm(s))ds +

+

∫ t

0

S(t− s)(σ(s, z0(s), zm(s))− σ(s, u(s), u(s− h))dW (s).

Iç âëàñòèâîñòåé ñòîõàñòè÷íèõ iíòåãðàëiâ òîäi îòðèìó¹ìî

N0(t) ≤2T

∫ t

0

LM2
(
E ∥z0(s)− u(s)∥2 + E ∥zm(s)− u(s− h)∥2

)
ds ≤

≤ 2TLM2

∫ t

0

4L sup
τ∈[0,s]

N0(s)ds+ 2α2C(T, ∥φ∥C ,
h

m
).

Çâiäñè, ç óðàõóâàííÿì ëåìè Ãðîíóîëëà, ìàòèìåìî

sup
t∈[0,T ]

N0(t) ≤ 2α2C(T, ∥φ∥C ,
h

m
)e(T+1)LMT → 0, m→ ∞.

Îñòàííÿ îöiíêà iç óðàõóâàííÿì (24) äîâîäÿòü òåîðåìó.

4 Ïðèêëàä çàñòîñóâàííÿ

Ïðîiëþñòðó¹ìî îòðèìàíèé ðåçóëüòàò íàñòóïíèì ñòîõàñòè÷íèì ôóíêöiîíàëüíî-

äèôåðåíöiàëüíèì ðiâíÿííÿì òèïó ðåàêöiÿ-äèôóçiÿ.

Íåõàé D-îáìåæåíà îáëàñòü â Rd iç ìåæåþ ∂D, ùî çàäîâîëüíÿ¹ óìîâó Ëÿïóíîâà

H = L2(D) i îïåðàòîð A ¹ äèôåðåíöiàëüíèì îïåðàòîðîì äðóãîãî ïîðÿäêó åëiïòè÷íîãî

òèïó
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Au =
d∑

i,j=1

(aij(x)uxi
)xj

= div(a(x)∇u).

Òóò aij ¹ íåïåðåðâíèì çà Ãåëüäåðîì êîåôiöi¹íòàìè iç ïîêàçíèêàìè Ãåëüäåðà β ∈
(0, 1), ñèìåòðè÷íèìè, îáìåæåíèìè, ùî çàäîâîëüíÿþòü óìîâó ðiâíîìiðíî¨ åëiïòè÷íîñòi

d∑
i,j=1

aijηi ηj ≥ C0|η|2, η ∈ Rd,

äëÿ äåÿêîþ ñòàëî¨ C0 > 0, | · | - åâêëiäîâà íîðìà â Rd. Íåõàé en(x)- îðòîíîðìîâàíèé

áàçèñ â H òàêèé, ùî en(x) ∈ L∞(D), supn ∥en∥L∞(D) <∞. Ââåäåìî êîâàðiàöiéíèé îïåðà-

òîð Q ∈ L(H) òàêèé, ùî Q ¹ íåâiä'¹ìíèì i Tr(Q) <∞, à òàêîæ Qen = λnen. Ïðè öüîìó

λn ¹ ïîñëiäîâíiñòü íåâiä'¹ìíèõ ÷èñåë, ùî

∞∑
n=1

λn <∞.

Òåïåð âèçíà÷èìî H-çíà÷íèé Q-ÿäåðíèé ïðîöåñ Âiíåðà

W (t) :=
∞∑
i=1

√
λi βi(t)ei(x), t ≥ 0.

Ïðè öüîìó ââàæà¹ìî, ùî ïðîñòîðè K i H â îçíà÷åííi âiíåðiâñüêîãî ïðîöåñó ñïiâïà-

äàþòü, òîáòî K = H = L2(H). Ïîçíà÷èìî V := Q
1
2 (L2(D)). ßê âèïëèâà¹ ç [4](Ëåìà 2.2)

V ⊂ L∞(D).

Òîäi ìîæíà ââåñòè ìóëüòèïëiêàòèâíèé îïåðàòîð Ψ : V → H íàñòóïíèì ÷èíîì. Äëÿ

êîæíîãî ôiêñîâàíîãî φ ∈ L2(D) ïîêëàäåìî Ψ(φ) = φ·ψ, äëÿ ψ ∈ V . Îñêiëüêè φ ∈ L2(D)

òà ψ ∈ L∞(D), òî îïåðàòîð Ψ êîðåêòíî âèçíà÷åíèé, à òàêîæ Ψ ◦ Q 1
2 : L2(D) → L2(D)

âèçíà÷à¹ îïåðàòîð Ãiëüáåðòà-Øìiäòà iç îöiíêîþ íîðìè∥∥Ψ ◦Q2
∥∥2
L0
2
≤ Tr(Q) sup

n
∥en∥2∞ ∥φ∥2L2(D) .

Ðîçãëÿíåìî íàñòóïíå ðiâíÿííÿ


d(u(t, x)) = [Au+ f(t, u(t), u(t− h))] dt+

∑∞
i=1

√
λiσ(t, u(t), u(t− h))ei(x) dβi(t)

u(t, x) = φ(t, x), t ∈ [−h, 0], u(0, x) = φ0(x) â D,

u(t, x) = 0, x ∈ ∂D, t ≥ 0.

(25)
Òóò äiéñíîçíà÷íi ôóíêöi¨ f : [0, T ]×R1×R1 → R1, σ : [0, T ]×Rd×Rd → R1, âèçíà÷åíi,

íåïåðåðâíi çà ñóêóïíiñòþ çìiííèõ òà çàäîâîëüíÿþòü çà äðóãîþ òà òðåòüîþ çìiííèìè
ãëîáàëüíó óìîâó Ëiïøèöÿ òà óìîâó ëiíiéíîãî ðîñòó. Iç [2] âèïëèâà¹, ùî îïåðàòîð A
¹ ãåíåðàòîðîì êîìïàêòíî¨ íàïiâãðóïè îïåðàòîðiâ S(t) : H → H. Íåâàæêî áà÷èòè, ùî
óìîâè 1-4 äëÿ ðiâíÿííÿ (25) âèêîíàíi, à òîìó äëÿ (25) ñïðàâåäëèâå òâåðäæåííÿ òåîðåìè.
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Petryna G., Stanzhytskiy O., and Martynyuk O. On the Approximation of Stochastic Delay

Equations in In�nite-Dimensional Spaces, Bukovinian Math. Journal. 12 (2) (2024), 168�181.

The article presents a detailed scheme for the mean square approximation of evolutionary

stochastic delay equations in in�nite-dimensional spaces. The primary focus lies in substi-

tuting the original system with delay by a system of evolutionary stochastic equations wi-

thout delay. The proposed approach involves partitioning the delay interval into subintervals

and constructing a corresponding system of equations that approximates the original system's

behavior. Notably, the number of equations in the approximating system grows as the number

of partition subintervals increases. A signi�cant result of this study demonstrates that, as

the partitioning becomes �ner (i.e., the number of subintervals approaches in�nity), the mean

square distance between the solutions of the delay equation and the solutions of the delay-free

approximating system converges to zero.

The theoretical framework of the approximation method leverages key concepts and results

from in�nite-dimensional stochastic analysis, incorporating tools to address the challenges

posed by the functional nature of the delay term and the unboundedness of the state space. The

study not only generalizes earlier �nite-dimensional results to the in�nite-dimensional setting

but also extends the methods used for deterministic delay systems to stochastic systems. The

methodology builds on the classical idea of decomposing the solution of the delay equation

using a Taylor expansion in terms of the delay length h > 0. This decomposition allows the

construction of an approximating system that replaces the original delay equation with a system

of Cauchy problems for ordinary di�erential equations (ODEs).

The results have signi�cant implications for practical applications, particularly for systems

where delays naturally arise, such as in stochastic control, population dynamics, and in�nite-

dimensional systems described by stochastic PDEs.

The ability to replace complex delay systems with delay-free approximations not only simpli-

�es numerical computations but also provides insight into the underlying dynamics of these

systems. By rigorously establishing the conditions under which the approximation is valid,

this work contributes to the theoretical foundation of stochastic delay equations in in�nite-

dimensional spaces and o�ers a robust tool for analyzing and simulating such systems.


