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ÇÀÏIÇÍÅÍÍßÌ ÑÒÎÕÀÑÒÈ×ÍÎÞ ÑÈÑÒÅÌÎÞ ÁÅÇ ÇÀÏIÇÍÅÍÍß

Ó äàíié ðîáîòi çàïðîïîíîâàíî ñõåìó àïðîêñèìàöi¨ ó ñåðåäíüîìó êâàäðàòè÷íîìó

ðîçâ'ÿçêiâ ñòîõàñòè÷íî¨ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü iç çàïiçíåííÿì ðîçâ'ÿçêàìè ñè-

ñòåìè ñòîõàñòè÷íèõ äèôåðåíöiàëüíèõ ðiâíÿíü áåç çàïiçíåííÿ. Ñòîõàñòè÷íi äèôåðåíöiàëü-

íi ðiâíÿííÿ iç çàïiçíåííÿì âiäiãðàþòü âàæëèâó ðîëü ó ìîäåëþâàííi ðåàëüíèõ ïðîöåñiâ ç

ïàì'ÿòòþ, àëå ¨õ äîñëiäæåííÿ óñêëàäíþ¹òüñÿ íåñêií÷åííîâèìiðíiñòþ ôàçîâîãî ïðîñòîðó.

Äëÿ ïîäîëàííÿ öèõ òðóäíîùiâ ìè ðîçâèâà¹ìî ïiäõiä, çàñíîâàíèé íà àïðîêñèìàöi¨ ñèñòå-

ìè iç çàïiçíåííÿì ñèñòåìîþ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü çáiëüøåíî¨ ðîçìiðíîñòi.

Îñíîâíèé ðåçóëüòàò ïîëÿãà¹ ó äîâåäåííi òîãî, ùî çà ïåâíèõ óìîâ ðîçâ'ÿçêè àïðîêñèìóþ÷î¨

ñèñòåìè çáiãàþòüñÿ ó ñåðåäíüîìó êâàäðàòè÷íîìó äî ðîçâ'ÿçêiâ âèõiäíî¨ ñèñòåìè iç çàïi-

çíåííÿì. Öåé ïiäõiä äîçâîëÿ¹ åôåêòèâíî àíàëiçóâàòè òà ìîäåëþâàòè ñòîõàñòè÷íi ñèñòåìè

iç çàïiçíåííÿì çà äîïîìîãîþ ñêií÷åííîâèìiðíèõ ñòîõàñòè÷íèõ äèôåðåíöiàëüíèõ ðiâíÿíü

áåç çàïiçíåííÿ.
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ðîáîòàõ I.Ì. ×åðåâêà òà éîãî ó÷íiâ [10, 11, 12] ñõåìà àïðîêñèìàöi¨ ïî÷àòêîâî¨ çàäà÷i

äëÿ ñèñòåìè ðiâíÿíü iç çàïiçíåííÿì çàäà÷åþ Êîøi äëÿ ñèñòåìè çâè÷àéíèõ äèôåðåíöi-

àëüíèõ ðiâíÿíü. Iç çðîñòàííÿì ðîçìiðíîñòi òàêèõ ñèñòåì ¨¨ ðîçâ'ÿçêè íàáëèæàþòüñÿ äî

ðîçâ'ÿçêó âèõiäíî¨ ïî÷àòêîâî¨ çàäà÷i äëÿ ñèñòåìè iç çàïiçíåííÿì. Äàíà ñõåìà áàçó¹òüñÿ

íà äàâíié iäå¨ Ì.Ì. Êðàñîâñüêîãî, ïîâ'ÿçàíî¨ iç ðîçêëàäîì ñèñòåìè ç çàïiçíåííÿì çà

ôîðìóëîþ Òåéëîðà. Ïîäiáíèé ìåòîä çàñòîñîâàíî â [4] äî çàäà÷i îïòèìàëüíîãî êåðóâàí-

íÿ ñèñòåìàìè iç íåñêií÷åííèì çàïiçíåííÿì.

Ùîäî iíøèõ ïiäõîäiâ, òî âiäçíà÷èìî ðîáîòó [1], äå íàïiâãðóïà, ïîðîäæåíà ëiíiéíîþ

÷àñòèíîþ ðiâíÿííÿ, àïðîêñèìó¹òüñÿ íàïiâãðóïîþ ñêií÷åííîâèìiðíèõ îïåðàòîðiâ, ùî ó

ñâîþ ÷åðãó ïðèâîäèòü äî çàìiíè âèõiäíî¨ ôóíêöiîíàëüíî-äèôåðåíöiàëüíî¨ ñèñòåìè ¨¨

ñêií÷åííîâèìiðíèìè àïðîêñèìàöiÿìè. Ó ðîáîòi [5] äî ëiíiéíî¨ ñèñòåìè ôóíêöiîíàëüíî-

äèôåðåíöiàëüíèõ ðiâíÿíü çàñòîñîâàíî ìåòîä àñèìïòîòè÷íî¨ åêâiâàëåíòíîñòi, çãiäíî ç

ÿêèì àñèìïòîòè÷íà ïîâåäiíêà (t → ∞) ðîçâ'ÿçêiâ âèõiäíî¨ çàäà÷i àíàëîãi÷íà ïîâåäiíöi

ðîçâ'ÿçêiâ ñèñòåìè çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü.

Ùå îäèí ïiäõiä âèâ÷åííÿ àñèìïòîòè÷íî¨ ïîâåäiíêè ðîçâ'ÿçêiâ ôóíêöiîíàëüíî-

äèôåðåíöiàëüíèõ ðiâíÿíü øëÿõîì çâåäåííÿ äî ïîâåäiíêè ðîçâ'ÿçêiâ ñèñòåì çâè÷àé-

íèõ ðiâíÿíü ðîçâèíóòî â [9]. Òàì ïîáóäîâàíî ãëîáàëüíèé àòðàêòîð, ùî ñêëàäà¹òüñÿ

iç ðîçâ'ÿçêiâ ñèñòåìè çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü, äî ÿêîãî ïðèòÿãóþòüñÿ âñi

ðîçâ'ÿçêè ôóíêöiîíàëüíî-äèôåðåíöiàëüíî¨ ñèñòåìè.

Ïîòðiáíî òàêîæ çãàäàòè òîíêèé ðåçóëüòàò À.Ì. Ñàìîéëåíêà [6], äå äîñëiäæåííÿ iñíó-

âàííÿ ãëîáàëüíèõ ðîçâ'ÿçêiâ ñèñòåìè iç çàïiçíåííÿì çâåäåíî äî ïîáóäîâè ñèñòåìè ëi-

íiéíèõ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü, âñi ðîçâ'ÿçêè ÿêî¨ ¹ ðîçâ'ÿçêàìè âèõiäíî¨

ñèñòåìè ðiâíÿíü iç çàïiçíåííÿì.

Ùîäî ïîäiáíèõ ïèòàíü äëÿ ñèñòåì ñòîõàñòè÷íèõ ôóíêöiîíàëüíî-äèôåðåíöiàëüíèõ

ðiâíÿíü, òî âiäçíà÷èìî ðîáîòè [7], äå äëÿ äîñëiäæåííÿ àñèìïòîòèêè çàñòîñîâàíî ïiäõiä ç

[9], òà [8], äå ïîäiáíi ïèòàííÿ âèâ÷àþòüñÿ øëÿõîì ìåòîäó àñèìïòîòè÷íî¨ åêâiâàëåíòíîñòi.

Ó äàíié ðîáîòi ïîáóäîâàíî ñõåìó àïðîêñèìàöi¨ ó ñåðåäíüîìó êâàäðàòè÷íîìó ñèñòåìè

ñòîõàñòè÷íèõ äèôåðåíöiàëüíèõ ðiâíÿíü ñèñòåìîþ ñòîõàñòè÷íèõ ðiâíÿíü áåç çàïiçíåííÿ

ç âèêîðèñòàííÿì ïiäõîäó ðîáiò [10, 11, 12].

1 Ïîñòàíîâêà çàäà÷i, ôîðìóëþâàííÿ îñíîâíîãî ðåçóëüòàòó

Â ïðîñòîði Rd ðîçãëÿäà¹òüñÿ íàñòóïíà ïî÷àòêîâà çàäà÷à äëÿ ñèñòåìè ñòîõàñòè÷íèõ

äèôåðåíöiàëüíèõ ðiâíÿíü iç çàïiçíþþ÷èì àðãóìåíòîì

dx(t) = f(t, x(t), x(t− h)) dt+ σ(t, x(t), x(t− h)) dW (t), t ∈ [0, T ], (1)

x(t) = φ(t), t ∈ [−h, 0],

Òóò ôóíêöi¨ f, σ : [0, T ] × Rd × Rd → Rd âèçíà÷åíi, íåïåðåðâíi çà ñóêóïíiñòþ çìiííèõ,

òà çàäîâiëüíÿþòü íàñòóïíi óìîâè:

Iñíó¹ ñòàëà L > 0, ùî âèêîíàíî:

1) Ëiíiéíèé ðiñò:

|f(t, x, y)|2 + |σ(t, x, y)|2 ≤ L(1 + |x|2 + |y|2) (2)
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äëÿ äîâiëüíèõ t ∈ [0, T ], x, y ∈ Rd;

2) óìîâà Ëiïøèöÿ:

|f(t, x1, y1)− f(t, x2, y2)|2 + |σ(t, x1, y1)− g(t, x2, y2)|2 ≤ L(|x1 − x2|2 + |y1 − y2|2). (3)

Ââàæà¹ìî òàêîæ, ùî çàäàíî ïîâíèé éìîâiðíiñíèé ïðîñòið (Ω,F ,P), ïîòiê σ -àëãåáð

{Ft}t∈[0,T ], ç ÿêèì óçãîäæåíî ïðîöåñ Âiíåðà W (t). Íå âòðà÷àþ÷è çàãàëüíîñòi, àëå ñïðî-

ùóþ÷è âèêëàäêó, áóäåìî ââàæàòè, ùî âií îäíîâèìiðíèé. Ñòàëà h > 0 õàðàêòåðèçó¹ ií-

òåðâàë çàïiçíåííÿ [−h, 0], íà ÿêîìó çàäàíà ïî÷àòêîâà, íåïåðåðâíà äåòåðìiíîâàíà ôóí-

êöiÿ φ(t). ×åðåç C = ([−h, 0]);R2)- ïîçíà÷èìî êëàñ íåïåðåðâíèõ d-âèìiðíèõ âåêòîð-

ôóíêöié φ(t) : [−h, 0] → Rd iç ñóïðåìóìíîþ íîðìíîþ

∥|φ∥| = sup
t∈[−h,0]

|φ(t)|.

Òóò | · |- çâè÷àéíà åâêëiäîâà íîðìà âåêòîðà â ïðîñòîði Rd. Ðîçâ'ÿçîê ðiâíÿííÿ (1) áóäåìî

ðîçóìiòè â ñòàíäàðòíîìó ñåíñi [2]

Îçíà÷åííÿ 1. Ñêàæåìî, ùî Ft-âèìiðíèé âèïàäêîâèé ïðîöåñ iç íåïåðåðâíèìè òðà¹êòî-

ðiÿìè ¹ ñèëüíèì ðîçâ'ÿçêîì ïî÷àòêîâî¨ çàäà÷i íà [0, T ] ÿêùî

x(t) = φ(t), t ∈ [−h, 0]

òà

x(t) = φ(0) +

∫ t

0

f(s, x(s), x(s− h)) ds+

∫ t

0

σ(s, x(s), x(s− h)) dW (s)

ïðè t ∈ [0, T ] ç éìîâiðíiñòþ 1.

Äîáðå âiäîìî, ùî óìîâè (2) òà (3) çàáåçïå÷óþòü iñíóâàííÿ òà ¹äèíiñòü ñèëüíîãî

ðîçâ'ÿçêó çàäà÷i (1) íà [0, T ], ïðè öüîìó E|x(t)|2- îáìåæåíèé.
Çà ñèñòåìîþ (1) ïîáóäó¹ìî íàñòóïíó ñèñòåìó ñòîõàñòè÷íèõ äèôåðåíöiàëüíèõ ðiâíÿíü

áåç çàïiçíåííÿ, ÿêó íàçâåìî àïðîêñèìóþ÷óîþ. À ñàìå, çàôiêñó¹ìî m ∈ N i ðîçiá'¹ìî

âiäðiçîê [−h, 0] òî÷êàìè h
m
j, j = 0,m íà m ÷àñòèí. Âèçíà÷èìî ôóíêöi¨ zj(t) ∈ Rd, ÿê

ðîçâ'ÿçêè íàñòóïíèõ çàäà÷ Êîøi
dz0 = f(t, z0(t), zm(t)) dt+ σ(t, z0(t), zm(t)) dW (t),

dzj(t) =
m
h
(zj−1(t)− zj(t)) , t ∈ [0, T ],

zj(0) = φ
(
−hj

m

)
, j = 0,m.

(4)

Îçíà÷åííÿ 2. Ñèñòåìà (4) íàçèâà¹òüñÿ àïðîêñèìóþ÷îþ äëÿ ñèñòåìè (1) ó ñåðåäíüîìó

êâàäðàòè÷íîìó, ÿêùî

sup
t∈[0,T ]

E|x(t− h

m
j)− zj(t)|2 → 0, m→ ∞, j = 0,m

Îñíîâíèì ðåçóëüòàòîì äàíî¨ ðîáîòè ¹ íàñòóïíà òåîðåìà.
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Òåîðåìà 1. Çà âèêîíàííÿ óìîâ (2) òà (3) ñèñòåìà (4) ¹ àïðîêñèìóþ÷îþ ó ñåðåäíüîìó

êâàäðàòè÷íîìó äëÿ ïî÷àòêîâî¨ çàäà÷i (1) ðiâíîìiðíî ïî j = 0,m, òîáòî

sup
j=0,m

sup
t∈[0,T ]

E|x(t− h

m
j)− zj(t)|2 → 0, m→ 0. (5)

Äëÿ ïîäàëüøèõ ìiðêóâàíü âàæëèâîþ ¹ ëåìà, ÿêà ó ñåðåäíüîìó êâàäðàòè÷íîìó îöi-

íþ¹ ìîäóëü íåïåðåðâíîñòi ðîçâ'ÿçêó ïî÷àòêîâî¨ çàäà÷i íà [−h, T ].

Ëåìà 1 (Ïðî ìîäóëü íåïåðåðâíîñòi). Çà âèêîíàííÿ óìîâ (2) òà (3) äëÿ ðîçâ'ÿçêó ïî-

÷àòêîâî¨ çàäà÷i ñïðàâåäëèâà íåðiâíiñòü

sup
t1∈[−h,T ]

E sup
t2∈[t1,t1+l]

|x(t2)− x(t1)|2 ≤ C(T, ||φ||, l) → 0, l → 0

Äîâåäåííÿ. Îñêiëüêè ðîçâ'ÿçîê ïî÷àòêîâî¨ çàäà÷i x(t) iñíó¹ íà [0, T ] i ìà¹ òàì îáìåæå-

íèé äðóãèé ìîìåíò, òî â ñèëó óìîâè ëiíiéíîãî ðîñòó, ìàòèìåìî

|x(t)|2 ≤ 3|φ(0)|2 + 3

∫ t

0

|f(s, x(s), x(s− h))|2 ds

+ 3

∫ t

0

|σ(s, x(s), x(s− h))|2 dW (s).

Çâiäñè, â ñèëó íåðiâíîñòi Êîøi-Áóíÿêîâñüêîãî, ìàòèìåìî

|x(t)|2 ≤ 3|φ(0)|2 + 3T

∫ t

0

L(1 + |x(s)|2 + |x(s− h)|2) ds

+ 3 sup
s∈[0,t]

(∫ t

0

|σ(τ, x(τ), x(τ − h))| dW (τ)

)2

≤ 3|φ(0)|2 + 3T

∫ t

0

L

(
1 + sup

τ∈[0,s]
|x(τ)|2 + sup

τ∈[0,s]
|x(τ − h)|2

)
ds

+ 3 sup
s∈[0,t]

(∫ s

0

|σ(τ, x(τ), x(τ − h))| dW (τ)

)2

.

(6)

Î÷åâèäíîþ ¹ íàñòóïíà íåðiâíiñòü

sup
s∈[0,t]

|x(s− h)|2 ≤ ||φ||2 + sup
s∈[0,t]

|x(s)|2 (7)

Âðàõîâóþ÷è (7) òà ìàêñèìàëüíó ìàðòèíãàëüíó íåðiâíiñòü äëÿ ñòîõàñòè÷íîãî iíòåãðàëà,

iç (6) îòðèìà¹ìî
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E sup
s∈[0,t]

|x(s)|2 ≤ 3|φ(0)|2 + 3T 2L||φ||2 + 3T 2L

+ 6T

∫ t

0

LE sup
τ∈[0,s]

|x(τ)|2 dτ

+ 12

∫ t

0

L

(
1 + ||φ||2 + 2E sup

τ∈[0,s]
|x(τ)|2

)
dτ

≤ C1(T, ||φ||) + C2(T, ||φ||)
∫ t

0

LE sup
τ∈[0,s]

|x(τ)|2 dτ.

Çâiäñè â ñèëó íåðiâíîñòi Ãðîíóîëëà, ìàòèìåìî îöiíêó

E sup
s∈[0,t]

|x(s)|2 ≤ C1e
C2T = C3(T, ||φ||).

ßêùî t ≥ t0 òî îòðèìó¹ìî

x(t2)− x(t1) =

∫ t2

t1

f(t, x(t), x(t− h)) dt+

∫ t2

t1

σ(t, x(t), x(t− h)) dW (t).

Òîäi

E sup
t∈[t1,t1+l]

|x(t2)− x(t1)|2 ≤ 2

(
l

∫ t1+l

t1

L
(
1 + E|x(t)|2 + E|x(t− h)|2

)
dt

+ E sup
t∈[t1,t1+l]

∣∣∣∣∫ t

t1

σ(s, x(s), x(s− h)) dW (s)

∣∣∣∣2
)
.

Äàëi â ñèëó îñòàííüî¨ íåðiâíîñòi ìàòèìåìî:

E sup
t2∈[t1,t1+l]

|x(t2)− x(t1)|2 ≤ 2

(
l2LC3(T, ∥φ∥) +

∫ t1+l

t1

L · 2C3(T, ∥φ∥) dt
)

= C(T, ∥φ∥, l) → 0, l → 0.

ßêùî t1 òà t1 + l ∈ [−h, 0] òî òîäi, â ñèëó îçíà÷åííÿ ðîçâ'ÿçêó ìà¹ìî, ùî

E sup
t2∈[t1,t1+l]

|x(t2)− x(t1)|2 = sup
t2∈[t1,t1+l]

|φ(t2)− φ(t1)|2 → 0, l → 0,

Â ñèëó ðiâíîìiðíîñòi íåïåðåðâíîñòi íà [−h, 0] ôóíêöi¨ φ. ßêùî æ t ∈ [−h, 0],à t2 > 0,òî

|x(t2)− x(t1)| ≤ |x(t2)− φ(0)|+ |φ(t1)− φ(0)|.

Î÷åâèäíî, ùî t1 → 0 i t2 → 0, ÿêùî l → 0. Òîäi, çà äîâåäåíèì âèùå

E sup
t∈[0,t1+l]

|x(t2)− φ(0)|2 → 0, l → 0

Îñòàíí¹ i äîâîäèòü Ëåìó.
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2 Äîâåäåííÿ îñíîâíîãî ðåçóëüòàòó

Îñêiëüêè âèïàäêîâèé ïðîöåñ x(t) ìà¹ íåäèôåðåíöiéîâíi òðà¹êòîði¨ (à ëèøå íåïå-

ðåðâíi ç éìîâiðíiñòþ 1) òî ââåäåìî íàñòóïíèé çãëàäæåíèé âèïàäêîâèé ïðîöåñ xµ(t),

ïîáóäîâàíèé äëÿ êîæíîãî ìàëîãî µ > 0 íàñòóïíèì ÷èíîì:

xµ(t) =
1

µ

∫ t+µ

t

x(s)ds, t ∈ [−h, T ].

Ïðè öüîìó äëÿ t ≥ T ïðîöåñ x(s) ïðîäîâæèìî ÿê ñòàëó âèïàäêîâó âåëè÷èíó çà íåïå-

ðåðâíiñòþ. Î÷åâèäíî, ùî ïðîöåñ xµ(t) ìà¹ ãëàäêi òðà¹êòîði¨ i

ẋµ(t) =
1

µ
[x(t+ µ)− x(t)] .

Îöiíèìî ðiçíèöþ â ñåðåäíüîìó êâàäðàòè÷íîìó ìiæ x(t) i xµ(t). Ìà¹ìî

sup
t∈[−h,T ]

E|x(t)− xµ(t)|2 = sup
t∈[−h,T ]

E|x(t)− x(θ)|2. (8)

Ïðè îòðèìàííi (8) âèêîðèñòàíà òåîðåìà ïðî ñåðåäí¹ çíà÷åííÿ iíòåãðàëó, òóò θ = θ(ω)

âèïàäêîâà âåëè÷èíà i θ ∈ [t, t+ µ]. Òîìó

sup
t∈[−h,T ]

E|x(t)− x(θ)|2 ≤ sup
t∈[−h,T ]

E sup
s∈[t,t+µ]

|x(t)− x(s)|2 ≤ C(T, ||φ||, µ) → 0, µ→ 0, (9)

Â ñèëó ëåìè ïðî ìîäóëü íåïåðåðâíîñòi. Îòæå

sup
t∈[−h,0]

E|x(t)− xµ(t)| ≤ C(T, ||φ||, µ) → 0, µ→ 0

Äëÿ ñòðóêòóðíîñòi ÷èòàííÿ äàëi îïèøåìó ñõåìó äîâåäåííÿ. Ïîçíà÷èìî yj(t) = x(t− hj
m
)

òà ââåäåìî ðiçíèöi Nj(t) = E|yj(t)− zj(t)|2, j = 0,m, äå zj(t) ðîçâ'ÿçêè ñèñòåìè (4). Çà-

çíà÷èìî, ùî â ñèëó êëàñè÷íèõ òåîðåì iñíóâàííÿ òà ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i Êîøi äëÿ

ñèñòåì ñòîõàñòè÷íèõ ðiâíÿíü, çà âèêîíàííÿ óìîâ (2), (3) ñèñòåìà (4) äëÿ êîæíîãî íà-

òóðàëüíîãî m ìà¹ ¹äèíèé ñèëüíèé ðîçâ'ÿçîê, âèçíà÷åíèé íà [0, T ]. Ðîçãëÿíåìî ñèñòåìó

(4), ïî÷èíàþ÷è ç äðóãîãî ðiâíÿííÿ.Äàëi äîâåäåííÿ ðîçáèâà¹òüñÿ íà êiëüêà êðîêiâ.

Êðîê 1. Âèêîðèñòîâóþ÷è ëiíiéíiñòü ñèñòåìè (4) (ïî÷èíàþ÷è ç äðóãîãî ðiâíÿííÿ) ðî-

çiá'¹ìî ¨¨ íà äâi ñèñòåìè i ïðåäñòàâèìî zj(t) = z
(1)
j (t)+z

(2)
j (t) äå âiäïîâiäíî z

(1)
j ðîçâ'ÿçîê

ñèñòåìè 

h

m
ż
(1)
1 = x(t)− z

(1)
1

h

m
ż
(1)
j = z

(1)
j−1 − z

(1)
j , j = 1,m,

z
(1)
j (0) = x(−hj

m
).

(10)

à z
(2)
j ðîçâ'ÿçîê ñèñòåìè
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
h

m
ż
(2)
1 = −z(2)1 + (z0 − x)

h

m
ż
(2)
j = z

(2)
j−1 − z

(2)
j , j = 1,m,

z
(2)
j (0) = 0.

(11)

Òîäi

sup
t∈[0,T ]

E
∣∣∣∣x(t− hj

m

)
− zj(t)

∣∣∣∣2 = sup
t∈[0,T ]

E |yj(t)− zj(t)|2

≤ 2

(
sup

t∈[0,T ]

E
∣∣∣yj(t)− z

(1)
j (t)

∣∣∣2 + sup
t∈[0,T ]

E
∣∣∣z(2)j (t)

∣∣∣2) . (12)

Êðîê 2. Íà öüîìó êðîöi ïðîâîäèìî îöiíêó ïåðøîãî äîäàíêó â (12). Äëÿ öüîãî x(t)

ïîäà¹ìî ó âèãëÿäi x(t) = xµ(t) + (x(t) − xµ(t)) = xµ(t) − x1(t), à yj(t) = y
(1)
j (t) + y

(2)
j (t).

Òóò y
(1)
j (t) = xµ(t − hj

m
), à y

(2)
j (t) = x1(t − hj

m
). Òîäi ñèñòåìà (10) ðîçïàäà¹òüñÿ íà äâi

ñèñòåìè z
(1)
j (t) = uj(t) + vj(t) äå âiäïîâiäíå uj(t) ¹ ðîçâ'ÿçêîì çàäà÷i Êîøi

h

m
u̇1 = −u1 + xµ

h

m
u̇j = uj−1 − uj, j = 2,m,

uj(0) = y
(1)
j (0) = xµ(−

hj

m
),

(13)

à vj(t) ¹ ðîçâ'ÿçêîì çàäà÷i Êîøi äëÿ ñèñòåìè

h

m
v̇1 = −v1 + x1

h

m
v̇j = vj−1 − vj, j = 2,m,

vj(0) = y
(2)
j (0) = x1(−

hj

m
)− xµ(−

hj

m
).

(14)

Òîäi

sup
t∈[0,T ]

√
E
∣∣∣yj(t)− z

(1)
j (t)

∣∣∣2 ≤ sup
t∈[0,T ]

√
E
∣∣∣y(1)j (t) + y

(2)
j (t)− (uj(t) + vj(t))

∣∣∣2
≤ 3

(
sup

t∈[0,T ]

√
E
∣∣∣y(1)j (t)− uj(t)

∣∣∣2
+ sup

t∈[0,T ]

√
E
∣∣∣y(2)j (t)

∣∣∣2 + sup
t∈[0,T ]

√
E |vj(t)|2

)
.

(15)

Îöiíþþ÷è êîæíåí äîäàíîê â (15) îêðåìî, ïðèéäåìî äî îöiíêè ïåðøîãî äîäàíêó â

(12).

Êðîê 3. Âèêîðèñòîâóþ÷è ñèñòåìó (11), îöiíþ¹ìî äðóãèé äîäàíîê â (12).
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Êðîê 4. Âèêîðèñòîâóþ÷è îöiíêè êîæíîãî iç äîäàíêiâ â (12), îòðèìàíi íà ïîïåðåäíiõ

êðîêàõ, ç íåðiâíîñòi (12) ïðèõîäèìî äî îöiíêè (5), ùî i äîâåäå òåîðåìó.

Ïîäàëüøå äîâåäåííÿ òåîðåìè âiäáóâà¹òüñÿ ó ïîñëiäîâíié ðåàëiçàöi¨ êîæíîãî iç êðî-

êiâ.

Ðåàëiçàöiÿ. Îöiíèìî ïåðøèé äîäàíîê â (15). Ïðèâåäåìî îöiíêè ïðè j = 1. Ïîçíà-

÷èíî ε1(t) = u1(t)− y
(1)
1 (t), ïðè öüîìó ε1(0) = 0.Òîäi

ε̇1 = u̇1 − ẏ
(1)
1

=
m

h
(xµ − u1)− ẏ

(1)
1

=
m

h
(−u1 + y

(1)
1 ) +

m

h
(xµ − y

(1)
1 )− ẏ

(1)
1

= −m
h
ε1 +

m

h
(xµ − y

(1)
1 )− ẏ

(1)
1

= −m
h
ε1 + ψ(t).

Òàêèì ÷èíîì, äëÿ ε1(t) îòðèìó¹òüñÿ ñèñòåìà ðiâíÿíü

ε̇1 = −m
h
ε1 + ψ(t)

ε1(0) = 0.
(16)

Äëÿ îöiíêè ψ(t) ìà¹ìî

ψ(t) =
m

h

(
xµ(t)− y

(1)
1 (t)

)
− ẏ

(1)
1 (t)

=
m

h

(
xµ(t)− xµ

(
t− h

m

))
− ẋµ

(
t− h

m

)
= ẋµ(θ)− ẋµ

(
t− h

m

)
,

òóò θ(ω) ∈ [t− h
m
, t]. Iç âèçíà÷åííÿ ïðîöåñó xµ(t) îòðèìó¹ìî

ψ(t) =
1

µ
[x(θ + µ)− x(θ)]− 1

µ
[x(t− h

m
+ µ)− x(t− h

m
)].



128 Ïåòðèíà Ã.Î., Ñòàíæèöüêèé À.Î.

Òîäi

sup
t∈[0,T ]

√
E|ψ(t)|2 ≤ 1

µ

 sup
t∈[0,T ]

√
E
∣∣∣∣x(θ + µ)− x

(
t− h

m
+ µ

)∣∣∣∣2

+ sup
t∈[0,T ]

√
E
∣∣∣∣x(θ)− x

(
t− h

m

)∣∣∣∣2


≤ 1

µ

 sup
t∈[0,T ]

√√√√E sup
s∈[t− h

m
+µ,t+µ]

∣∣∣∣x(s)− x

(
t− h

m
+ µ

)∣∣∣∣2

+ sup
t∈[0,T ]

√√√√E sup
s∈[t− h

m
+µ,t+µ]

∣∣∣∣x(s)− x

(
t− h

m

)∣∣∣∣2


≤

√
4

µ2
C

(
T, ||φ||, h

m

)
→ 0, m→ ∞.

Îñòàííÿ îöiíêà îòðèìàëàñü iç âèêîðèñòàííÿì ëåìè ïðî ìîäóëü íåïåðåðâíîñòi. Ç (16),

òà ôîðìóëè âàðiàöi¨ äîâiëüíî¨ ñòàëî¨ ìà¹ìî

ε1(t) =

∫ t

0

e−
m
h
(t−s)ψ(s)ds.

Îòæå, ç âèêîðèñòàííÿì íåðiâíîñòi Êîøi-Áóíÿêîâñüêîãî, çâiäñè îòðèìó¹ìî

sup
t∈[0,T ]

∣∣∣∣∫ t

0

e−
m
h
(t−s)ψ(s) ds

∣∣∣∣2 ≤ sup
t∈[0,T ]

E
(∫ t

0

e−
m
h
(t−s) ds

∫ t

0

e−
m
h
(t−s)E|ψ(s)|2 ds

)
≤ h

m
sup

t∈[0,T ]

∫ t

0

e−
m
h
(t−s) ds sup

t∈[0,T ]

E|ψ(t)|2

≤
(
h

m

)2
4

µ2
C

(
T, ||φ||, h

m

)
.

(17)

Òàêèì ÷èíîì äëÿ ε1(t) ñïðàâåäëèâà íåðiâíiñòü

sup
t∈[0,T ]

√
E|ε1(t)|2 ≤

h

m

2

µ

√
C

(
T, ||φ||, h

m

)
(18)

Äàëi îöiíèìî y
(2)
1 (t) = x1(t− h

m
) = xµ(t− h

m
)− x(t− h

m
).Ç (9) ìà¹ìî

sup
t∈[0,T ]

√
E|y(2)1 (t)|2 = sup

t∈[0,T ]

√
E
∣∣∣∣xµ(t− h

m

)
− x

(
t− h

m

)∣∣∣∣ ≤√C(T, ||φ||, µ).

Îöiíèìî òåïåð v1(t) ó ñèñòåìi (14). Ç ôîðìóëè âàðiàöi¨ äëÿ ëiíiéíîãî ðiâíÿííÿ ìà¹ìî

v1(t) = e−
m
h
tv1(0) +

∫ t

0

e−
m
h
(t−s)x1(s)ds
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Îòæå

sup
t∈[0,T ]

√
E|v1(t)|2 ≤

√
E|v1(0)|2 + sup

t∈[0,T ]

√
E
∣∣∣∣∫ t

0

e−
m
h
(t−s)x1(s) ds

∣∣∣∣2 (mh )2. (19)

Àëå v1(0) = x1(− h
m
). Òîäi ç (9) îòðèìó¹ìî

E|v1(0)|2 ≤ C(T, ||φ||, µ), (20)

à òîìó

sup
t∈[0,T ]

√
E
∣∣∣∣∫ t

0

e−
m
h
(t−s)x1(s) ds

∣∣∣∣2 (mh )2 ≤
(
h

m

)2

C(T, ||φ||, µ)
(m
h

)2
. (21)

Îöiíêà iíòåãðàëà â (21) ïðîâîäèòüñÿ àíàëîãi÷íîþ îöiíöi (17) ç âèêîðèñòàííÿì íå-

ðiâíîñòi Êîøi�Áóíÿêîâñüêîãî. Îòæå, ç (19)-(21) ìà¹ìî

sup
t∈[0,T ]

√
E|v1(t)|2 ≤ 2

(√
C(T, ||φ||, µ) +

√
C(T, ||φ||, µ)

)
= 2
√
C(T, ||φ||, µ). (22)

Çíà÷èòü ç (15), (18) i (22) ìà¹ìî

sup
t∈[0,T ]

√
E|y1(t)− z

(1)
1 (t)|2 ≤ h

m

2

µ

√
C(T, ||φ||, h

m
) + 2

√
C(T, ||φ||, µ).

Ïðèâåäåìî òåïåð îöiíêó äëÿ j = 2.Àíàëîãi÷íî âèïàäêó j = 1 ïîòðiáíî îöiíèòè

sup
t∈[0,T ]

√
E
∣∣∣y2(t)− z

(1)
2 (t)

∣∣∣2 ≤ sup
t∈[0,T ]

√
E
∣∣∣y(1)2 (t)− u2(t)

∣∣∣2
+ sup

t∈[0,T ]

√
E
∣∣∣y(2)2 (t)

∣∣∣2
+ sup

t∈[0,T ]

√
E |v2(t)|2.

(23)

Ïîçíà÷èìî ε2(t) = u2(t)− y
(1)
2 (t). Äðóãà ñèñòåìà â (10) çíîâó â ñèëó ëiíiéíîñòi ðîçïàäå-

òüñÿ íà äâi ñèñòåìè. À ñàìå, ïðåäñòàâèìî u2(t) = u
(1)
2 (t) + u

(2)
2 (t).Òîäi ìà¹ìî

h

m
u̇
(1)
2 = −u(1)2 + y

(1)
1

u
(1)
2 (0) = y

(1)
2 (0).

òà 
h

m
u̇
(2)
2 = −u(2)2 + ε1

u
(2)
2 (0) = 0.

(24)

Òåïåð

sup
t∈[0,T ]

√
E|ε2(t)|2 ≤ sup

t∈[0,T ]

√
E|u(1)2 (t)− y

(1)
2 (t)|2 + sup

t∈[0,T ]

√
E|u(2)2 (t)|2. (25)
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Ïîçíà÷èìî ε
(2)
2 = u

(1)
2 − y

(1)
2 , î÷åâèäíî, ùî ε2(0) = 0. Òîäi

ε̇
(2)
2 = u̇

(1)
2 − ẏ

(1)
2

=
m

h

(
−u(1)2 + y

(1)
1

)
− ẏ

(1)
2

= −m
h
ε
(2)
2 +

m

h

(
y
(1)
1 − y

(1)
2

)
− ẏ

(1)
2

= −m
h
ε
(2)
2 + ψ1(t).

Òàêèì ÷èíîì îòðèìó¹ìî íàñòóïíó ñèñòåìóε̇
(2)
2 = −m

h
ε
(2)
2 + ψ1(t)

ε
(2)
2 (0) = 0.

Àíàëîãi÷íî ïîåðåäíüîìó, çâiäñè ìà¹ìî îöiíêó

sup
t∈[0,T ]

√
E|ε(2)2 (t)|2 ≤ h

m
sup

t∈[0,T ]

√
E|ψ1(t)|2 (26)

Òàêîæ àíàëîãi÷íî îöiíöi âèðàçó ψ(t), äëÿ ïðîöåñó ψ1(t) ñïðàâåäëèâà íåðiâíiñòü

sup
t∈[0,T ]

√
E|ψ1(t)|2 ≤

2

µ

√
C(T, ||φ||, h

m
) (27)

Òîäi ç (26) òà (27) ìà¹ìî

sup
t∈[0,T ]

√
E|ε(2)2 (t)|2 ≤ h

m

2

µ

√
C(T, ||φ||, h

m
) (28)

Îöiíèìî òåïåð u
(2)
2 (t). Ç ñèñòåìè (24) îòðèìó¹ìî

u
(2)
2 =

m

h

∫ t

0

e−
m
h
(t−s)ε1(s)ds

Iç îñòàííüîãî ïðåäñòàâëåííÿ òåïåð ïðèõîäèìî äî îöiíêè

sup
t∈[0,T ]

√
E|u(2)2 (t)|2 ≤ h

m

m

h
sup

t∈[0,T ]

√
E|ε1(t)|2 ≤

h

m

2

µ

√
C(T, ||φ||, h

m
), (29)

ïðè öüîìó âðàõîâàíà íåðiâíiñòü (18).

Ç (25), (28) òà (29) îòðèìó¹òüñÿ íåðiâíiñòü

sup
t∈[0,T ]

√
E|u2(t)− y

(1)
2 (t)|2 ≤ sup

t∈[0,T ]

√
E|ε2(t)|2 ≤

h

m

√
C(T, ||φ||, h

m
) (30)

Îöiíèìî òåïåð y2(t). Ìà¹ìî

sup
t∈[0,T ]

√
E|y(2)2 (t)|2 = sup

t∈[0,T ]

√
E|x1(t−

h2

m
)|2 ≤

√
C(T, ||φ||, µ) (31)
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ÿê âèïëèâà¹ iç (9).

Çàëèøèëîñÿ îöiíèòè îñòàííié äîäàíîê â (23). Äëÿ öüîãî ïðîâåäåìî ó ñèñòåìi (14)

îöiíêè âiäðàçó äëÿ âñiõ j = 1,m. Ðîçãëÿíåìî öá ñèñòåìó ïîêîîðäèíàòíî. Îòðèìà¹ìî
v̇j,i = −m

h
vj,i +

m

h
vj−1,i

vj,i(0) = x1,i(−
hj

m
), j = 2,m, i = 1, d

Î÷åâèäíî, ùî

Ev2j,i(0) ≤ C(T, ||φ||, µ).

Äàëi òàêîæ ìà¹ìî

d

dt
v2j,i = 2vj,iv̇j,i

= 2vj,i

(
−m
h
vj,i +

m

h
vj−1,i

)
= −2

m

h
v2j,i +

m

h
2vj,ivj−1,i

≤ −2
m

h
v2j,i +

m

h
v2j,i +

m

h
v2j−1,i.

Îòæå
d

dy
v2j,i ≤ −m

h
v2j,i +

m

h
v2j−1,i, j = 2,m, i = 1, d (32)

Ó íåðiâíîñòÿõ (32) ïðîâåäåìî çàìiíè.

v2j,i(t) = e−
m
h
taj,i(t), aj,i(t) = e

m
h
tv2j,i(t) (33)

Ïðè öüîìó v2j,i(0) = aj,i(0), à òîìó

Eaj,i(0) ≤ C(T, ||φ||, µ).

Òîäi iç (32) âðàõóâàâøè çàìiíó (33) ìàòèìåìî

d

dt
aj,i ≤

m

h
aj−1,i, j = 2,m (34)

Àëå

Ea1,i(t) = e
m
h
tEv21,i(t) ≤ 4C(T, ||φ||, µ)e

m
h
t

â ñèëó (22). Òîäi iç (34) îòðèìó¹ìî

a2,i(t) ≤ a2,i(0) +
m

h

∫ t

0

a1,i(s)ds

Îòæå

Ea2,i(t) ≤ Ea2,i(0) +
m

h

∫ t

0

Ea1,i(s) ds

≤ C(T, ||φ||, µ) + 4
m

h
C(T, ||φ||, µ)

∫ t

0

e
m
h
s ds

= C(T, ||φ||, µ) + 4C(T, ||φ||, µ)
(
e

m
h
t − 1

)
≤ 4C(T, ||φ||, µ)e

m
h
t.



132 Ïåòðèíà Ã.Î., Ñòàíæèöüêèé À.Î.

Àíàëîãi÷íî

Ea3,i(t) ≤ Ea3,i(0) +
m

h

∫ t

0

Ea2,i(s) ds

≤ C(T, ||φ||, µ) + 4
m

h
C(T, ||φ||, µ)

∫ t

0

e
m
h
s ds

= C(T, ||φ||, µ) + 4C(T, ||φ||, µ)
(
e

m
h
t − 1

)
≤ 4C(T, ||φ||, µ)e

m
h
t.

Òîìó äëÿ âñiõ j = 1,m ìà¹ìî îöiíêó

Eaj,i(t) ≤ 4C(T, ||φ||, µ)e
m
h
t

Îòæå iç âðàõóâàííÿì çàìiíè (33) îòðèìà¹ìî

Ev2j,i(t) = Ee−
m
h
taj,i(t) ≤ 4C(T, ||φ||, µ),

à òîìó √
E|vj(t)|2 ≤

√
d4C(T, ||φ||, µ), j = 1,m, (35)

äå d- ðîçìiðíiñòü ïðîñòîðó. Òîäi ç (23), (30) òà (31) îòðèìó¹ìî îöiíêó

sup
t∈[0,T ]

√
E|y2(t)− z

(1)
2 (t)|2 ≤ 4

µ

h

m

√
C(T, ||φ||, h

m
) + 3

√
dC(T, ||φ||, h

m
)

Òåïåð íåâàæêî ïîáà÷èòè, ùî äëÿ êîæíîãî j = 2,m ñïðàâåäëèâi íåðiâíîñòi

sup
t∈[0,T ]

√
E
∣∣∣yj(t)− z

(1)
j (t)

∣∣∣2 ≤ sup
t∈[0,T ]

√
E
∣∣∣uj(t)− y

(1)
j (t)

∣∣∣2
+ sup

t∈[0,T ]

√
E
∣∣∣y(2)j (t)

∣∣∣2
+ sup

t∈[0,T ]

√
E |vj(t)|2.

äå z
(1)
j = uj+vj, yj = yj(1)+yj(2). Iç ââåäåííÿì, àíàëîãi÷íî âèùå âèêëàäåíîãî ïîçíà÷åííÿ

εj(t) = uj(t)− y2j (t), îñòàííÿ íåðiâíiñòü íàáóâà¹ âèãëÿäó

sup
t∈[0,T ]

√
E
∣∣∣yj(t)− z

(1)
j (t)

∣∣∣2 ≤ sup
t∈[0,T ]

√
E |εj(t)|2+ sup

t∈[0,T ]

√
E
∣∣∣y(2)j (t)

∣∣∣2+ sup
t∈[0,T ]

√
E |vj(t)|2 (36)

Àíàëîãi÷íî âèïàäêó j = 2, ïðåäñòàâèìî uj(t) = u
(1)
j (t) + u

(2)
j (t), äå u

(1)
j òà u

(2)
j ðîçâ'ÿçêè

íàñòóïíèõ çàäà÷ Êîøi âiäïîâiäíî
h

m
u̇
(1)
j = −u(1)j + y

(1)
j−1

u
(1)
j (0) = y

(1)
j (0).
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òà 
h

m
u̇
(2)
j = −u(2)j + εj−1

u
(2)
j (0) = 0.

Ïîçíà÷èìî eζj = u
(1)
j − y

(1)
j , eζj(0) = 0. Òîäi àíàëîãi÷íî âèïàäêó j = 2, äëÿ eζj îòðèìà¹ìî

îöiíêó

sup
t∈[0,T ]

√
E
∣∣∣ε(ζ)j (t)

∣∣∣2 ≤ h

m

2

µ

√
C(T, ||φ||, h

m
)

Òîäi

sup
t∈[0,T ]

√
E |εj(t)|2 ≤ sup

t∈[0,T ]

√
E
∣∣∣ε(ζ)j (t)

∣∣∣2 + sup
t∈[0,T ]

√
E
∣∣∣u(2)j (t)

∣∣∣2
Àíàëîãi÷íî âèïàäêó j = 2, äëÿ u

(2)
j îòðèìà¹ìî íåðiâíiñòü

sup
t∈[0,T ]

√
E
∣∣∣u(2)j (t)

∣∣∣2 ≤ sup
t∈[0,T ]

√
E |εj−1(t)|2

Îòæå

sup
t∈[0,T ]

√
E |εj(t)|2 ≤

h

m

2

µ

√
C(T, ||φ||, h

m
) + sup

t∈[0,T ]

√
E |εj−1(t)|2

Îñòàííÿ íåðiâíiñòü iç ââåäåííÿì ïîçíà÷åíÿ bj = supt∈[0,T ]

√
E|εj(t)|2 íàáèðà¹ âèãëÿäó

bj ≤
h

m

2

µ

√
C(T, ||φ||, h

m
) + bj−1

Çâiäñè, iíäóêöi¹þ ïî j ëåãêî îòðèìàòè, ùî

bj ≤ b1 + j
h

m

2

µ

√
C(T, ||φ||, h

m
),

à îòæå äëÿ âñiõ j = 2,m ìà¹ìî îöiíêó

sup
t∈[0,T ]

√
E |εj(t)|2 ≤

2h

µ

√
C(T, ||φ||, h

m
) +

h

m

2

µ

√
C(T, ||φ||, h

m
) (37)

â ñèëó (18). Âåëè÷èíè y
(2)
j (t) îöiíþ¹òüñÿ àíàëîãi÷íî âèïàäêó j = 2, âèêîðèñòàííÿì

óíiâåðñàëüíî¨ îöiíêè (9), à ñàìå

sup
t∈[0,T ]

√
E
∣∣∣y(2)j (t)

∣∣∣2 ≤√C(T, ||φ||, h
m
) (38)

Àíàëîãi÷íî äëÿ vj(t) òàêîæ ìà¹ìî

sup
t∈[0,T ]

√
E
∣∣∣v(2)j (t)

∣∣∣2 ≤ 2

√
dC(T, ||φ||, h

m
) (39)
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Îòæå ç (35), (37)-(39) îòðèìó¹ìî

sup
t∈[0,T ]

√
E
∣∣∣yj(t)− z

(1)
j (t)

∣∣∣2 ≤ 2h

µ

√
C(T, ||φ||, h

m
) + 3

√
dC(T, ||φ||, µ) (40)

Âiçüìåìî â îñòàííié íåðiâíîñòi µ = C
1
4 (T, ||φ||, h

m
). Î÷åâèäíî, ùî µ→ 0, ÿêùî m→ ∞.

Òîäi

sup
t∈[0,T ]

√
E
∣∣∣yj(t)− z

(1)
j (t)

∣∣∣2 ≤ 2hC
1
4 (T, ||φ||, h

m
) + 3

√
dC(T, ||φ||, C 1

4 (T, ||φ||, h
m
))

= α(T, ||φ||, h
m
) → 0, m→ ∞.

Ïðîâåäåìî îöiíêè äëÿ ñèñòåìè (11). Ìè ìàëè N0(t) = E|z0(t) − x(t)|2. Äëÿ ïåðøîãî

ðiâíÿííÿ â (11) îòðèìó¹ìî.

z
(2)
1 (t) =

m

h

∫ t

0

e−
m
h
(t−s)(z0(s)− x(s))ds,

à òîìó

Ez(2)1 (t) ≤ sup
t∈[0,T ]

E|z0(t)− x(t)|2 = EN0(t)

Äëÿ iíøèõ ðiâíÿíü â (11) ïðîâåäåìî ìiðêóâàííÿ àíàëîãi÷íi äî îöiíîê vj(t), à ñàìå ðîç-

ïèøåìî ¨õ ïîêîîðäèíàòíî. Ìà¹ìîż
(2)
j,i = −m

h
z
(2)
j,i +

m

h
z
(2)
j−1,i

z
(2)
j,i (0) = 0, j = 1,m, i = 1, d

Òîäi äëÿ (z
(2)
j,i )

2 îòðèìó¹ìî íåðiâíiñòü

d

dt
(z

(2)
j,i )

2 ≤ −m
h
(z

(2)
j,i )

2 +
m

h
(z

(2)
j−1,i)

2 (41)

Ç ÿêî¨ çà äîïîìîãîþ çàìiíè (z
(2)
j,i )

2 = e−
m
h
−tbj,i, bj,i(0) = 0, ïðèéäåìî äî íåðiâíîñòi

d

dt
bj,i(t) ≤

m

h
bj−1,i(t),

iíòåãðóþ÷è ÿêó íà [0, t], ç óðàõóâàííÿì ïî÷àòêîâî¨ óìîâè bj,i(0) = 0, ìàòèìåìî

bj,i(t) ≤
m

h

∫ t

0

bj−1,i(s)ds,

ïðè öüîìó

b1,i(t) = e
m
h
t(z

(2)
j,i )

2 = e
m
h
tN0(t).

Îòæå

Eb2,i(t) ≤
m

h

∫ t

0

e
m
h
sEN0(s)ds ≤ e

m
h
t sup
t∈[0,T ]

EN0(t).
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Äàëi

Eb3,i(t) ≤
m

h

∫ t

0

Eb2,i(s)ds ≤
m

h

∫ t

0

e
m
h
sEN0(s)ds ≤ e

m
h
t sup
t∈[0,T ]

EN0(t).

Ïðîäîâæóþ÷è äàíó ïðîöåäóðó, ó çàãàëüíîìó âèïàäêó ìàòèìåìî

Ebj,i(t) ≤ e
m
h
t sup
t∈[0,T ]

EN0(t).

À îòæå iç óðàõóâàííÿì çàìiíè (41), îòðèìà¹ìî

E(z(2)j,i )
2 ≤ sup

t∈[0,T ]

EN0(t).

À îòæå

E(z(2)j )2 ≤ sup
t∈[0,T ]

EN0(t). (42)

Òîìó, â ðåçóëüòàòi äëÿ j = 1,m îòðèìó¹ìî

sup
t∈[0,T ]

√
E|x(t− hj

m
)− zj(t)|2 ≤ sup

t∈[0,T ]

√
E|x(t− hj

m
)− z

(1)
j (t)|2 + sup

t∈[0,T ]

√
E|z(2)j (t)|2

ùî iç óðàõóâàííÿì ïîçíà÷åííÿ Nj(t), îöiíîê (40) òà (42) ïðèâîäÿòü äî íåðiâíîñòi

sup
t∈[0,T ]

√
Nj(t) ≤ α(T, ||φ||, h

m
) +

√
sup

t∈[0,T ]

N0(t). (43)

Òîäi äëÿ îöiíêè z0(t)− x(t) ìà¹ìî

z0(t)− x(t) =

∫ t

0

(f(s, z0(s), zm(s))− f(s, x(s), x(s− h))) ds

+

∫ t

0

(σ(s, z0(s), zm(s))− σ(s, x(s), x(s− h))) dW (s).

çâiäêè, ç óðàõóâàííÿì óìîâè (3) òåîðåìè, îòðèìó¹ìî

N0(t) ≤ 2(T + 1)

∫ t

0

L
(
E|z0(s)− x(s)|2 + E|zm(s)− x(s− h)|2

)
ds

≤ 2(T + 1)

∫ t

0

4L sup
s∈[0,s]

N0(s) ds+ 2α2C

(
T, ||φ||, h

m

)
.

Çâiäêè, ç óðàõóâàííÿì ëåìè Ãðîíóîëëà ìàòèìåìî

sup
t∈[0,T ]

N0(t) ≤ 2α2C(T, ||φ||, h
m
)e8(T+1)LT → 0, m→ 0.

Îñòàííÿ îöiíêà, ç óðàõóâàííÿì (43) i äîâîäèòü òåîðåìó.
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Petryna G.O., Stanzhytskyi A.O. Approximation of Stochastic Delay Di�erential Systems by a

Stochastic System Without Delay, Bukovinian Math. Journal. 12 (1) (2024), 120�136.

In this paper, we propose a scheme for approximating the solutions of stochastic di�erential

equations with delay by solutions of stochastic di�erential equations without delay. Stochastic

delay di�erential equations play a crucial role in modeling real-world processes where the

evolution depends on past states, introducing complexities due to their in�nite-dimensional

phase space. To overcome these di�culties, we develop an approach based on approximati-

ng the delay system by an ordinary di�erential equation system of increased dimension. Our

main result is to prove that, under certain conditions, the solutions of the approximating

system converge in the mean square sense to the solutions of the original delay system. This

approach allows for e�ective analysis and modeling of stochastic systems with delay using

�nite-dimensional stochastic di�erential equations without delay.


