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ON SOLVABILITY AND WELL-POSEDNESS OF (N + 1)-TIMES

INTEGRATED CAUCHY PROBLEM

For a closed operator A in a Banach space X, the (n+1)-times integrated Cauchy problem
Cn+1[τ ], 0 < τ < ∞, of finding a solution v(t) of the problem v′(t) = Av(t) + tn

n!x, v(0) =

0, (t ∈ [0, τ ], x ∈ X) is considered. In the case where the operator A is normal in a Hilbert
space, all its solutions are described. The necessary and sufficient conditions on the spectrum
of A under which this problem is well-posed are established.
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Introduction

Let A be a closed linear operator in a Banach space X with norm ∥ · ∥ and 0 < τ < ∞.
By C0[τ ] we mean the Cauchy problem

u ∈ C([0, τ ];D(A)) ∩ C1([0, τ ];X),

u′(t) = Au(t), t ∈ [0, τ ],

u(0) = x,

C0[τ ]

where D(·) is the domain of an operator, C([0, τ ];D(A)) (C1([0, τ ];X)) is the space of all
continuous (continuously differentiable) vectop-valued functions u(t) : [0, τ ] 7→ D(A) (u(t) :

[0, τ ] 7→ X), D(A) is considered with the graph norm ∥x∥A = ∥x∥+ ∥Ax∥.
If u(t) is a solution of C0[τ ], then the vector-valued function

v(t) =

t∫
0

(t− s)n

n!
u(s) ds =

t∫
0

t1∫
0

. . .

tn∫
0

v(tn+1) dtn+1dtn . . . dt1
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is a solution of the problem
v ∈ C([0, τ ];D(A)) ∩ C1([0, τ ];X),

v′(t) = Av(t) +
tn

n!
x, t ∈ [0, τ ],

v(0) = 0.

Cn+1[τ ]

Really, by differentiating
t∫

0

(t− s)n

n!
u(s) ds in the parameter t and taking into account that

not only the integrand but the upper limit of the integral depends on t, we obtain

v′(t) =

 t∫
0

(t− s)n

n!
u(s) ds

′

=

t∫
0

(
(t− s)n

n!
u(s)

)′

t

ds+ t′
(t− s)n

n!
u(s)

∣∣∣∣
s=t

=

=

t∫
0

(t− s)n−1

(n− 1)!
u(s) ds = u(s)

(t− s)n

n!

∣∣∣∣t
s=0

+

t∫
0

(t− s)n

n!
u′(s) ds =

=
tn

n!
x+ A

t∫
0

(t− s)n

n!
u(s) ds = Av(t) +

tn

n!
x.

In accordance with [1], Cn+1[τ ] is called the (n + 1)-times integrated Cauchy problem.
By the definition, Cn[τ ], n ∈ N0 = N ∪ {0} is well-posed if for any x ∈ X it has a unique
solution.

It should be noted that if A is the generator of a C0-semigroup of linear operators in X,
then for all x ∈ D(A) there exists a unique solution of C0[τ ] (see, for example, [2]). As has
been shown in [3], the converse, generally, is not true. However, C1[τ ] is well-posed if and
only if A generates a C0-semigroup.

In this paper, all the solutions of the problem Cn+1[τ ] are described in the case where A

is a normal operator in a Hilbert space, and the criterion of its well-posedness is presented.
The results without proof were announced in [4].

1 Preliminaries

For λ ∈ C, n ∈ N0, we put

Φn(λ, t) =
1

λn+1

(
eλt −

n∑
k=0

(tλ)k

k!

)
.

It is obvious that

Φn(λ, t) =
∞∑

k=n+1

tkλk−(n+1)

k!
=

∞∑
p=0

tp+n+1λp

(p+ n+ 1)!
=

tn+1

(n+ 1)!

∞∑
p=0

tpλp

(n+ 2) . . . (n+ p+ 1)
. (1)

The function Φn(λ, t) possesses the following properties:
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1) for a fixed λ (a fixed t), Φn(λ, t) is entire with respect to t (to λ);

2)
dΦn(λ, t)

dt
= Φn−1(λ, t), n ∈ N;

dkΦn(λ, t)

dtk
= λkΦn(λ, t) +

λk−1tn

n!
+ · · ·+ tn−k+1

(n− k + 1)!
, k = 0, 1, . . . n;

3)
dkΦn(λ, t)

dtk

∣∣∣∣
t=0

= 0, k = 0, 1, . . . n;

4)
dn+1Φn(λ, t)

dtn+1

∣∣∣∣
t=0

= 1.

The properties 2) - 4) can be verified directly. The fact that for a fixed t, the function
Φn(λ, t) is entire in λ follows from the relation (see [5])

p

√
|t|p

(n+ 2) . . . (n+ p+ 1)
=

|t|
p
√
(n+ 2) . . . (n+ p+ 1)

<
|t|
p
√
p!

<
|t|

p
√

(
√
p)p

,

which shows that

lim
p→∞

|t|
p
√

(n+ 2) . . . (n+ p+ 1)
= 0,

so, the convergence radius of the series in (1) is infinite. It is also evident that for a fixed
λ, Φn(λ, t) is entire in t as a product of two entire functions.

2 The conditions for solvability and well-posedness of the problem

In this section, the main attention is focussed on the case of normal A. So, let X = H be
a Hilbert space with scalar product (·, ·) and A be a normal operator in it. Starting from the
properties 1)-4) of the function Φn(λ, t) and the operational calculus for normal operators
(see [6, 7]) we arrive to the following assertion.

Theorem 1. Suppose that the operator A is normal in H, E(λ) and σ(A) are its resolution
of identity and spectrum respectively. The problem Cn+1[τ ] has a solution if and only if

∀t ∈ [0, τ ] :

∫
σ(A)

|Φn−1(λ, t)|2 d(E(λ)x, x) < ∞. (2)

Moreover, the solution may be represented in the form

v(t) =

∫
σ(A)

Φn(λ, t) dE(λ)x. (3)

In order that this problem be well-posed, it is necessary and sufficient that

sup
λ∈σ(A)

|Φn−1(λ, t)| < ∞, t ∈ [0, τ ]. (4)
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Proof. Assume that condition (2) is fulfilled. This condition stipulates the inclusion x ∈
D(Φn(A, t)).

Really, it follows from the property 2) of Φn(λ, t) that

Φn(λ, t) =

t∫
0

Φn−1(λ, s) ds,

so, ∫
σ(A)

|Φn(λ, t)|2 d(E(λ)x, x) =

∫
σ(A)

∣∣∣∣∣∣
t∫

0

Φn−1(λ, s) ds

∣∣∣∣∣∣
2

d(E(λ)x, x) ≤

≤
∫

σ(A)

 t∫
0

|Φn−1(λ, s)| ds

2

d(E(λ)x, x) =

 ∫
σ(A)

t∫
0

|Φn−1(λ, s)| ds d(E(λ)x, x)


2

=

=

 t∫
0

ds

∫
σ(A)

|Φn−1(λ, s)| d(E(λ)x, x)


2

.

Since the function
∫

σ(A)

|Φn−1(λ, s)| d(E(λ)x, x) is continuous on [0, τ ] (see [6]), we have

t∫
0

ds

∫
σ(A)

|Φn−1(λ, s)| d(E(λ)x, x) < ∞.

Thus, x ∈ D(Φn(A, t)) for any t ∈ [0, τ ]. Then the property 2) implies the relation

|λΦn(λ, t)|2 =
∣∣∣∣dΦn(λ, t)

dt
− tn

n!

∣∣∣∣2 = ∣∣∣∣Φn−1(λ, t)−
tn

n!

∣∣∣∣2 ≤
≤
(
|Φn−1(λ, t)|+

tn

n!

)2

≤ 2

(
|Φn−1(λ, t)|2 +

t2n

n!2

)
,

whence∫
σ(A)

|λΦn(λ, t)|2 d(E(λ)x, x) ≤ 2

∫
σ(A)

|Φn−1(λ, t)|2 d(E(λ)x, x) + 2

(
τn

n!

)2

∥x∥2 < ∞,

that is, Φn(A, t)x ∈ D(A).
By the direct verification one can ascertain that vector-valued function (3) is a solution

of the problem Cn+1[τ ]. Indeed,

dv(t)

dt
=

∫
σ(A)

Φn−1(λ, t) d(E(λ)x, x) =

∫
σ(A)

λΦn(λ, t) d(E(λ)x, x) +
tn

n!
x = Av(t) +

tn

n!
x.
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It is also obvious that, in view of (1), v(0) = 0.
Now prove the necessity of the condition. Suppose that the problem Cn+1[τ ] is solvable

and v(t) is its solution. Then

v′(t)− Av(t) =
tn

n!
x = Φn−1(λ, t)− λΦn(λ, t)x,

which implies the inclusion x ∈ D(Φn−1(A, t))
∩

D(AΦn(A, t)). Therefore condition (2) is
valid.

The well-posedness of Cn+1[τ ] in the case of normal A is equivalent to the definability of
the closed operator Φn−1(A, t), t ∈ [0, τ ], on the whole space H, so, by the Banach closed
graph theorem, to the boundedness of this operator, i.e. inequality (4).

Theorem 2. Let A be a normal operator in H. The problem Cn+1[τ ] is well-posed if and
only if there exist constants R > 0 and c > 0 such that

σ(A) ⊆ KR

∪
Ec(n, τ),

where
KR = {λ ∈ C : |λ| ≤ R},

Ec(n, τ) =
{
λ ∈ C : Reλ > 0, |Imλ| ≥ ce

τReλ
n

}
.

Proof. Suppose that the problem Cn+1[τ ] is well-posed. Then, in accordance with Theorem
1, there exists c > 0 such that

∀λ ∈ σ(A) : |Φn−1(λ, τ)| ≤ c,

that is,

c ≥ 1

|λ|n

∣∣∣∣∣eλτ −
n−1∑
k=0

(τλ)k

k!

∣∣∣∣∣ ≥
≥ eτReλ

|λ|n
−

n−1∑
k=0

τ k|λ|k

|λ|nk!
=

eτReλ

|λ|n
−

n−1∑
k=0

τ k

|λ|n−kk!
.

For this reason, for λ ∈ σ(A) with Reλ ≥ β, where β > 0 is arbitrary fixed, we obtain

c ≥ eτReλ

|λ|n
−

n−1∑
k=0

τ k

(Reλ)n−kk!
≥ eτReλ

|λ|n
−

n−1∑
k=0

τ k

βn−kk!
=

=
eτReλ

|λ|n
− 1

βn

n−1∑
k=0

(τβ)k

k!
≥ eτReλ

|λ|n
− eτβ

βn
.

Set now β =
n

τ
. Then for Reλ > 0 we have

c ≥ eτReλ

|λ|n
− en(n

τ

)n =
eτReλ

|λ|n
−
(eτ
n

)n
,
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Since minimum of the function
eτβ

βn
, β > 0, is attained at the point

n

τ
, it follows for any

Reλ > 0 the inequality
|λ|n

(
c+

(eτ
n

)n)
≥ eτReλ,

whence

|λ|n ≥ eτReλ

c+
(eτ
n

)n ≥ eτReλ(
n
√
c+

eτ

n

)n ≥ eτReλ

( n
√
c+ eτ)n

,

and, consequently,
|λ| ≥ c1e

τReλ
n ,

where c1 = ( n
√
c+ eτ)−1 does not depend on Reλ.

For a a fixed Reλ = β > 0, we have

|Imλ| = |λ| sin
(
arccos

β

|λ|

)
≥ c2e

τβ
n

with c2 = c1 sin
(
arccos β

|λ|

)
.

Assume now that Reλ ≤ 0. As has been shown in [8],

σ(A) ⊆
{
λ ∈ C

∣∣λ = tz : t ∈ [1,∞), |z| ≤ R
}
,

where R is the norm of the bounded normal operator A(I + A⋆)−1. Since Reλ = tRez ≤ 0,
we have Rez ≤ 0, namely, Rez ∈ [−R, 0]. Taking into account correlation (1), we conclude
that

c ≥ |Φn−1(λ, τ)| =
τn

n!

∣∣∣∣∣
∞∑
k=0

τ kλk

(n+ 1) . . . (n+ k)

∣∣∣∣∣ = τn

n!

∣∣∣∣∣
∞∑
k=0

τ ktkzk

(n+ 1) . . . (n+ k)

∣∣∣∣∣ . (5)

Let now λ0 = z0t0 ∈ σ(A). Then the power series

∞∑
k=0

τ kλ0
k

(n+ 1) . . . (n+ k)

converges at the point λ0. By the former Abel theorem (see, for instance, [9]), the circle
|λ| = |λ0| divides the whole plane C into the convergence region {λ : |λ| < |λ0|} of series (5)
and its divergence one {λ : |λ| > |λ0|. Thus, there are no poits of spectrum of the operator
A outside the circle |λ| ≤ |λ0|. As |z0| ≤ R and the minimal value of t0 is equal to 1, KR =

{λ ∈ C : |λ|} ≤ R is the minimal circle containing all the points λ ∈ σ(A) : Reλ ≤ 0.
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Як вiдомо, класична теорiя C0-пiвгруп лiнiйних операторiв є важливим iнструментом
для вивчення багатьох питань теорiї диференцiальних рiвнянь у банаховому просторi,
зокрема задачi Кошi C0[τ ] вiдшукання розв’язку u(t), t ∈ [0, τ ] рiвняння u′(t) = Au(t),
що задовольняє умову u(0) = x ∈ X, де A - замкнений лiнiйний оператор у банаховому
просторi X. Виявляється, що одним iз самих плiдних методiв дослiдження (n+1)-раз (n ∈
N) проiнтегрованої задачi Кошi Cn+1[τ ] : v

′(t) = Av(t)+ tn

n!x, v(0) = 0, є вивчення введених
Арендтом так званих (n + 1)-раз проiнтегрованих пiвгруп, теорiю яких у подальшому
розробляли Келлерман i Гебер, Танака i Мiядера, деЛаубенфелс та iн.

У цiй статтi основна увага сконцентрована на випадку, коли A є нормальним операто-
ром у гiльбертовому просторi. Виходячи з властивостей функцiї

Φn(λ, t) =
1

λn+1

(
eλt −

n∑
k=0

(tλ)k

k!

)
, λ ∈ C, пов’язаної певним чином з вiдповiдною (n+1)-

раз проiнтегрованою пiвгрупою, та операцiйного числення для нормальних операторiв,з
допомогою зазначеної функцiї описано всi розв’язки задачi Cn+1[τ ] i знайдено умови, не-
обхiднi й достатнi для її коректної постановки. Бiльше того, установлено критерiй коре-
ктностi цiєї задачi в термiнах локалiзацiї спектра операторп A.


