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AVERAGING IN MULTIFREQUENCY SYSTEMS WITH LINEARLY

TRANSFORMED ARGUMENTS AND INTEGRAL DELAY

The question of existence and uniqueness of the continuously differentiable solution for a
multifrequency system of differential equations with variable linearly transformed and integral
delay is investigated. The method of averaging by fast variables on a finite interval is substan-
tiated. An estimate of the averaging method was obtained, which clearly depends on the small
parameter and the number of fast variables and their delays.
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Introduction

An oscillatory system of n oscillators with a delay and a small interaction force in a fairly
general case takes the form

d2uν
dt2

+ ω2
ν(τ)uν = εfν(τ, u, uΛ,

du

dt
,
duΛ
dt

),

ν = 1, n, τ = εt, 0 < ε – small parameter, uΛ(t) =
(
u1(t− λ1), . . . , un(t− λn)

)
, λν > 0 and

characterize the delay, ων(τ) > 0 – slowly changing natural frequencies. After making the
replacement

uν = aν cosφν ,
duν
dt

= −aνων sinφν , (1)

we obtain a system of equations with n slow variables aν and fast variables φν of the form

daν
dτ

= Aν(τ, aΛ, φΛ) sinφν +
aν(1− 2 cos 2φν)

2ων(τ)

dων(τ)

dτ
,

dφν

dτ
=
ων(τ)

ε
+ Aν(τ, aΛ, φΛ)−

sin 2φν

2ων(τ)

dων(τ)

dτ
,

where functions Aν = f according to (1), depend on τ, a, φ, aΛ, φΛ, ν = 1, n.
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This type of systems, the general form of which is

da

dτ
= X(τ, a, φ),

dφ

dτ
=
ω(τ, a)

ε
+ Y (τ, a, φ), (2)

is difficult to study and solve, so the averaging procedure for fast variables on the cube of pe-
riods is used [1, 2, 3]. Multifrequency systems of ordinary differential equations were studied
in the works of V. I. Arnold [1], E. O. Grebenikov, Yu. A. Mitropolsky and Yu. A. Ryabov [2]
and others. A. M. Samoilenko and R. I. Petryshyn obtained significant results when research-
ing multifrequency systems by the averaging method [3].

Multifrequency systems with a delay were studied in the works of [4, 5, 6] and others.
A well-studied case is where the delay is set by linearly transformed arguments for systems
with initial, multipoint, and integral conditions [7, 8].

The solution of the averaged system in the general case may deviate from the solution of
the exact system by O(1) on time intervals of the length O(ε−1) or by (0,∞). The reason
is the resonance phenomena, the condition of which is at the point τ for multifrequency
systems (2)

(k, ω) := k1ω1 + · · ·+ kmωm
∼= 0, k ̸= 0.

For the systems with the delay, the condition takes the form

γk(τ) :=

q∑
ν=1

(
kν , θνω(θντ)

)
= 0, kν ∈ Zm, k ̸= 0, (3)

0 < θ1 < θ2 < · · · < θq ≤ 1, φθν (τ) = φ(θντ), as shown in [4].
In this work, we investigated by averaging method a multifrequency system with delays,

which are set by linearly transformed arguments and also contains variable integral delays
of the form

vν(a) =

τ∫
∆ντ

gν(s)a(s)ds, ν = 1, r, 0 < ∆ν < 1. (4)

Parabolic systems with an integral delay of a similar form were studied in [9].

1 Formulation of the problem

We investigate a system of differential equations of the form

da

dτ
= X(τ, aΛ, v∆(a), φΘ), (5)

dφ

dτ
=
ω(τ)

ε
+ Y (τ, aΛ, v∆(a), φΘ), (6)

where τ = εt ∈ [0, L], a ∈ D – limited closed area in Rn, φ ∈ Rm, small parameter
ε ∈ (0, ε0], ε0 ≪ 1, aΛ = (aλ1 , . . . , aλp), φΘ = (φθ1 , . . . , φθq), 0 < λ1 < · · · < λp ≤ 1,
0 < θ1 < · · · < θq ≤ 1, aλi

(τ) = a(λiτ), φθj(τ) = φ(θjτ). Vector-functions X and Y are
2π-periodic by components of the vector φΘ. The integral delay of the form (4) is set by the
components of the vector v∆(a).
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The corresponding (5), (6) system averaged over fast variables takes the form

da

dτ
= X0(τ, aΛ, v∆), (7)

dφ

dτ
=
ω(τ)

ε
+ Y0(τ, aΛ, v∆). (8)

To prove the existence and uniqueness of the classical solution of the system of equations
(5), (6), the initial conditions of which coincide with the initial conditions of the solution of
the averaged system (7), (8) and to justiy the averaging method we apply the estimate of
the oscillatory integral corresponding to the system (5), (6)

Ik(τ, ε) =

τ∫
0

fk(s, ε) exp
( i
ε

s∫
0

γk(z)dz
)
ds, (9)

where the function fk is determined through the Fourier coefficients of the vector functions X
and Y . For a sufficiently small ε∗ ∈ (0, ε0], sufficient conditions for performing the estimation
are specified

u(τ ; y, ψ, ε) := ∥a(τ ; y, ψ, ε)− a(τ ; y)∥+ ∥φ(τ ; y, ψ, ε)− φ(τ ; y, ψ, ε)∥ ≤ c1ε
α, (10)

for 0 < ε ≤ ε∗ and for all 0 ≤ τ ≤ L, α = 1/mq.

2 Technical lemma

Let d = const > 0, J = [τ0, L], τ0 ≥ 0.

Lemma 1. Let the following conditions be satisfied:

1) nondecreasing on J differentiable functions αν : J → J , αν(τ) ≤ τ , ν = 1, p;

2) nondecreasing continuous on J functions βν : J → J , βν(τ) ≤ τ , ν = 1, r;

3) fν ∈ C(J), fν : J → R+, ν = 1, p;

4) hν ∈ C(J), hν : J → R+, ν = 1, r;

5) the inequality is true

u(t) ≤ d+

p∑
ν=1

αν(τ)∫
αν(τ0)

fν(s)u(s)ds+

τ∫
τ0

r∑
ν=1

( s∫
βν(s)

hν(z)u(z)dz
)
ds, τ ∈ J. (11)

Then for τ ∈ J

u(t) ≤ d · exp
( τ∫

τ0

p∑
ν=1

fν
(
αν(s)

)
α

′

ν(s)ds+

τ∫
τ0

r∑
ν=1

( s∫
βν(s)

hν(z)dz
)
ds
)
. (12)
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Proof. We denote by v(τ) the right-hand side of the inequality (11). Then

v(τ0) = d; u(τ) ≤ v(τ), τ ∈ J.

Since
v

′
(τ) ≥ 0, u(αν(τ)) ≤ v(αν(τ)) ≤ v(τ)

and similarly for βν(τ), then calculating the derivative v′
(τ), we obtain

v
′
(τ) =

p∑
ν=1

fν(αν(τ))α
′

ν(τ)u(αν(τ)) +
r∑

ν=1

τ∫
βν(τ)

hν(z)u(z)dz

≤
( p∑

ν=1

fν(αν(τ))α
′

ν(τ) +
r∑

ν=1

τ∫
βν(τ)

hν(z)dz
)
v(τ).

Dividing by v(τ) and integrating, we obtain the inequality (12).

Corollary 1. Let τ ∈ [0, L], fν and hν – non-negative numbers, αi(τ) = λiτ , 0 < λ1 < λ2 <

· · · < λp ≤ 1; βj = ∆jτ , 0 < ∆1 < ∆2 < · · · < ∆r ≤ 1, and the inequality (11) holds true.
Then

u(t) ≤ d · exp
( p∑

ν=1

fνλν + 0.5
r∑

ν=1

hν(1−∆ν)τ
)
τ, τ ∈ [0, L]. (13)

Corollary 2. Let hν = 0, ν = 0, r, p = 1. Then the solution of the integral inequality (11)
takes the form[10]

u(τ) ≤ d · exp
( τ∫

τ0

fν(α(s))α
′
(s)ds

)
= d · exp

( α(τ)∫
α(τ0)

fν(s)ds
)
.

For α(τ) = τ , τ ∈ [0, L] the Bellman inequality is obtained[10]

u(τ) ≤ d · exp
( τ∫

0

f(s)ds
)
.

3 Justification Of The Averaging Method

Theorem 1. Let the conditions be satisfied:

1) vector functions X and Y are defined and continuously differentiable by all variables at
(τ, a, φ) ∈ G = [0, L] × D × Rm and are bounded together with the first derivatives by the
constant σ1;

2) vector function ω ∈ Cmq−1[0, L] and according to the system
{
ω(θ1τ), . . . , ω(θqτ)

}
Vronsky

determinant
W (τ) ̸= 0, τ ∈ [0, L];
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3) in the area G1 = [0, L]×∆

∑
k ̸=0

(
sup
G1

∥Xk∥+
1

∥k∥Θ
(
sup
G1

∥∥∥∂Xk

∂τ

∥∥∥+

p∑
ν=1

λν sup
G1

∥∥∥ ∂Xk

∂aλν

∥∥∥
+

r∑
ν=1

(1−∆ν) sup
G1

∥∥∥ ∂Xk

∂v∆ν

∂v∆ν

∂τ

∥∥∥)) ≤ σ2

4) functions gν ∈ C([0, L]);

5) there is a unique solution
(
a(τ ; y), φ(τ ; y, ψ, ε)

)
of the averaged problem, which lies in D

for τ ∈ [0, L] together with some ρ-circumference.
Then for a sufficiently small ε∗ > 0 there is a unique solution of the system of equations

(5) – (6) with initial conditions (y, ψ) and for each ε ∈ (0, ε∗] and for τ ∈ [0, L] the estimation
(10) is performed.

Proof. From the differentiability of the right parts of the system of equations (5), (6) it
follows the existence of a solution on the interval (0, T ). From the equation (5), (7) for
τ ∈ (0, T ) we have

∥a(τ ; y, ψ, ε)− a(τ ; y)∥ =

τ∫
0

(
X(s, aΛ, v∆, φΘ)−X0(s, aΛ, v∆)

)
ds

=

τ∫
0

(
X(s, aΛ, v∆, φΘ)−X(s, aΛ, v∆, φΘ)

)
ds+

τ∫
0

X̃(s, aΛ, v∆, φΘ)ds = I1 + I2,

where

I2(τ, ε) =
∑
k ̸=0

τ∫
0

Xk(s, aΛ, v∆)e
i(k,φΘ)ds, (k, φΘ) =

q∑
ν=1

(kν , φθν ).

Let’s construct estimates for the norms I1 and I2. We have

I1 =

τ∫
0

(
X(s, aΛ, v∆, φΘ)−X(s, aΛ, v∆, φΘ)

)
ds

+

τ∫
0

(
X(s, aΛ, v∆, φΘ)−X(s, aΛ, v∆, φΘ)

)
ds

+

τ∫
0

(
X(s, aΛ, v∆, φΘ)−X(s, aΛ, v∆, φΘ)

)
ds = I11 + I12 + I13.

It follows from condition 1 of the theorem, that

∥I11∥ ≤ σ1

p∑
ν=1

τ∫
0

∥aλν − aλν∥ds = σ1

p∑
ν=1

λν

λντ∫
0

∥a− a∥ds. (14)
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Since

v∆ν − v∆ν =

τ∫
λντ

gν(s)(a− a)ds,

then for estimation of the norms I12 we have

∥I12∥ ≤ σ1

r∑
ν=1

τ∫
0

( s∫
∆ss

|gν(z)|∥a− a∥dz
)
ds. (15)

For the norm I13 we obtain

∥I13∥ ≤
√
2
∑
k ̸=0

∥Xk∥
τ∫

0

q∑
ν=1

∥φθν − φθν∥ds = c2
∑
ν

θν

θντ∫
0

∥φ− φ∥ds,

where c2 =
√
2
∑
k ̸=0

∥k∥ max
τ∈[0,L]

∥Xk(τ, a(τ), v∆)∥.

We estimate the norm I2 based on the estimation of the oscillatory integral (9)

∥Ik(τ, ε)∥ ≤ σ3ε
α
(
sup
G1

∥fk(τ, ε)∥+
1

∥k∥Θ
∥∥dfk(τ, ε)

dτ

∥∥),
where k ̸= 0, G1 = [0, L]× (0, ε0], ∥k∥Θ =

q∑
ν=1

θν∥kν∥, σ3 > 0 and does not depend on ε.

Let’s represent I2 in the form (9), where

fk(τ, ε) = Xk(τ, aΛ, v∆) exp
(
i

q∑
ν=1

(kν , φ0)
)
exp

(
i

q∑
ν=1

θντ∫
0

(
kν , Y0(x, aΛ, v∆)

))
dx ≡

≡ Xk(τ, aΛ, v∆) · I3I4.

It follows from the form of the vector function fk, that

∥fk(τ, ε)∥ = ∥Xk(τ, aΛ, v∆)∥.

Since ∥∥∥dv∆ν

dτ

∥∥∥ ≤ (1−∆ν)σ4 max
τ∈I

∥a(τ ; y)∥ = (1−∆ν)c2,

then we will get an estimate∥∥∥dfk
dτ

∥∥∥ ≤
∥∥∥∂Xk

∂τ

∥∥∥+ σ1

p∑
ν=1

λν

∥∥∥ ∂Xk

∂aλν

∥∥∥+ c2

r∑
ν=1

(1−∆ν)
∥∥∥ ∂Xk

∂v∆ν

∂v∆ν

∂τ

∥∥∥+ σ1∥k∥Θ∥Xk∥.

Let c3 = max(1 + σ1, c2). Then the estimate for I2 takes the form

∥I2(τ, ε)∥ ≤ c3σ3ε
α
∑
k ̸=0

(
sup
G

∥Xk∥+
1

∥k∥Θ
(
sup
G

∥∥∥∂Xk

∂τ

∥∥∥+

p∑
ν=1

λν sup
G

∥∥∥ ∂Xk

∂aλν

∥∥∥
+

r∑
ν=1

(1−∆ν) sup
G

∥∥∥ ∂Xk

∂v∆ν

∂v∆ν

∂τ

∥∥∥)) = c4ε
α

(16)
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where α = 1/mq, τ ∈ [0, L], ε ∈ (0, ε1], ε1 ≤ ε0.
Based on the estimates (14)–(16) we obtain

∥a(τ ; y, ψ, ε)− a(τ ; y)∥ ≤ σ1

p∑
ν=1

λν

λντ∫
0

∥a− a∥ds

+σ1

r∑
ν=1

τ∫
0

( s∫
∆νs

|gν(z)|∥a− a∥dz
)
ds+ c2

q∑
ν=1

θν

θντ∫
0

∥φ− φ∥ds+ c4ε
α.

A similar inequality is obtained in the estimation ∥φ(τ ; y, ψ, ε)− φ(τ ; y)∥. Therefore, in
the end we have for τ ∈ (0, T ) and ε ∈ (0, ε1]

u(τ ; y, ψ, ε) ≤ 2c4ε
α + σ1

p∑
ν=1

λν

λντ∫
0

u(s; y, ψ, ε)ds

+c2

q∑
ν=1

θν

θντ∫
0

u(s; y, ψ, ε)ds+ σ1

r∑
ν=1

τ∫
0

( s∫
∆νs

|gν(z)|u(z; y, ψ, ε)dz
)
ds.

Let us apply the integral inequality (13) from the corollary 1, where d = 2c4ε
α, hν =

max
[0,L]

|g(τ)|.
We obtain

u(τ ; y, ψ, ε) ≤ 2c4

(
exp

(
σ1

p∑
ν=1

λν + c2

q∑
ν=1

θν + 0.5σ1τ
r∑

ν=1

hν(1−∆ν)
)
τ
)
εα ≡ c5(τ)ε

α,

where τ ∈ [0, T ), 0 < ε ≤ ε1.
It follows from the satisfaction of condition 5 of the theorem that for c5(L)εα ≤ ρ/2,

that is ε ≤ ε2 = (ρ/2c5(L))
mq the component of the solution a(τ ; y, ψ, ε) lies in the ρ-

circumference of the solution a(τ ; y). Therefore, for ε∗ = min(ε1, ε2) we have T = L and the
estimate (10) is performed for all τ ∈ [0, L] with the constant c1 = c5(L).

4 Model Example

Example 1. Consider the single-frequency system of equations

da

dτ
= b0a+ b1aλ + b2

τ∫
λτ

a(s)ds+ b3 cos(kφ+ lφθ),

dφ

dτ
=

1 + 2τ

ε
, a(0)− 1 = φ(0) = 0,

where bν ∈ R/{0}, ν = 0, 3, λ, θ ∈ (0, 1), k, l ∈ Z, k + lθ = 0.
The solution of the equation for the fast variable is φ(τ, ε) = τ(1 + τ)/ε, therefore

kφ+ lφθ = κτ 2/ε, κ = k + lθ2 ̸= 0.
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The resonance condition is satisfied because γkl(τ) = 2τκ = 0 at τ = 0.
The averaged equation for the slow variable is

da

dτ
= b0a+ b1aλ + b2

τ∫
λτ

a(s)ds, a(0) = 1.

If b1 = b2 = 1− b0, then the solution of the problem is a(τ) = eτ .
Then we have

v(τ, ε) := a(τ, ε)− a(τ) = b0

τ∫
0

(
a(s, ε)− a(s)

)
ds

+b1λ
−1

λτ∫
0

(
a(s, ε)− a(s)

)
ds+ b2

τ∫
0

s∫
λs

(
a(z, ε)− a(z)

)
dzds+

√
ε√
κ

√
πτ/

√
κ∫

0

cos x2dx.

Based on the inequality (13) we obtain

|v(τ, ε)| ≤ d exp(b0 + b1 + b2τ(1− λ)/2)τ.

Let ε ≤ 4κ/π2, then τ ≤ 1. It follows from the asymptotics of the Fresnel integral [11]

d =

√
ε√
κ

√
π

2
√
2
+O(

4
√
ε3) ≤ c5

√
ε, c5 =

√
π√
2κ
.

Therefore, for τ ∈ [0, 1] we have

|v(τ, ε)| ≤ |v(1, ε)| ≤ c6
√
ε, c6 = c5 exp

(
b0 + b1 + b2(1− λ)/2

)
.

It should be noted that if k + lθ2 = 0, then k + lθ ̸= 0, there is no resonance and the
estimation of the error of the averaging method is of ε order.
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Математичними моделями багатьох коливних систем є диференцiальнi рiвняння з по-
вiльними a(τ) i швидкими φ(τ) змiнними. Для дослiдження i побудови наближеного
розв’язку застосовується процедура усереднення за швидкими змiнними.

У статтi дослiджено iснування i єдинiсть диференцiального розв’язку m-частотної си-
стеми вигляду

da

dτ
= X(τ, aΛ, v∆(a), φΘ),

dφ

dτ
=

ω(τ)

ε
+ Y (τ, aΛ, v∆(a), φΘ),

iз початковими умовами в точцi τ = 0. Тут τ ∈ [0, L], ε–малий параметр. Компоненти
векторiв Λ, ∆, Θ задають лiнiйно перетворенi аргументи, якi характеризують запiзнення.
Змiнною v∆ задається розподiлене запiзнення.

Система в процесi еволюцiї може проходити через резонанси, умова яких

q∑
ν=1

(
kν , θνω(θντ)

)
= 0.

Вказано умови, при виконаннi яких iснує єдиний розв’язок й отримано оцiнку похибки
методу усереднення, порядок якої εα, α = 1/(mq).


