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ASYMPTOTIC BEHAVIOR OF SOLUTIONS TO SECOND ORDER

DIFFERENTIAL EQUATIONS WITH NONLINEARITIES, THAT ARE

COMPOSITIONS OF EXPONENTIAL AND REGULARLY VARYING

FUNCTIOS

One of the most actual problems of the modern qualitative theory of ordinary differen-
tial equations is the study of nonlinear and, especially, significantly nonlinear non-autonomous
differential equations. Among the works in this area related to establishing the asymptotic
properties of solutions, the largest part consists of studies of equations with power-law non-
linearities and nonlinearities asymptotically close to power-law nonlinearities, as well as with
exponential nonlinearities. The premise of these studies was the study of the Emden–Fowler
equation, partial cases of which are used in nuclear physics, gas dynamics, fluid mechanics, rela-
tivistic mechanics, and other fields of natural science. The existence conditions and asymptotic
representations of a sufficiently wide class of solutions of substantially nonlinear second-order
differential equations are found in the paper. This class of solutions was introduced in the works
of V. M. Evtukhov for equations of the Emden-Fowler type of the nth order and specified for
the equation of the second order. The investigated differential equations contain nonlinearities,
which are compositions of exponential and correctly variable when the argument is directed
to a special point of the functions. An important difference of this class of equations is the
impossibility of even asymptotically representing the nonlinearity in the form of a product of
functions, each of which depended either only on the unknown function or only on the derivative
of the unknown function. The class of studied solutions contains properly variable solutions
of such equations. In the work, asymptotic images are obtained both for the solutions of the
studied class and for their first-order derivatives.
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Introduction

Differential equations of the second order, containing both power and exponential nonlin-
earities in the right-hand side, play an important role in the development of the qualitative
theory of differential equations. Such equations also have many applications in practice.
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This happens, for example, when studying the distribution of the electrostatic potential in
the cylindrical volume of the plasma of combustion products. The corresponding equation
can be reduced to the following

y′′ = α0p(t)e
σy|y′|λ.

In the works of Evtukhov V.M. and Drik N.G. (see, for example, [1]) under certain conditions
for the p function, results were obtained about the asymptotic behavior of all correct solutions
of this equation. Investigations of some other equations of such a type are represented in
the book [2].

The differential equation
y′′ = α0p(t) exp(R(y, y′)), (1)

where α0 ∈ {−1; 1}, p : [a, ω[→]0,+∞[ (−∞ < a < ω ≤ +∞), the function R : ∆Y0 ×
∆Y1 →]0,+∞[ is continuously differentiable, Yi ∈ {0,±∞}, ∆Yi

is either [y0i , Yi[
1 or ]Yi, y

0
i ].

Moreover, suppose the function R satisfy the condition

lim
(y0,y1)→(Y0,Y1)
(y0,y1)∈∆Y0

×∆Y1

R(y0, y1) = +∞, lim
yi→Yi
yi∈∆Yi

yiR
′(yi)

R(yi)
= γi, i = 0, 1. (2)

Here the function R is in some sense near to regularly varying functions, that are useful for
investigations of equations of such a type. Theory of such a functions and their properties
are described in the book [3].

The solution y, defined on [t0, ω[⊂ [a, ω[, to the equation (1) is called Pω(Y0, Y1, λ0)-
solution, if

y(i) : [t0, ω[−→ ∆Yi
, lim

t↑ω
y(i)(t) = Yi (i = 0, 1), lim

t↑ω

(y′(t))2

y′′(t)y(t)
= λ0. (3)

The aim of the work is establishing the necessary and sufficient conditions of existence
to the equation ((1)) Pω(Y0, Y1, λ0)-solutions and asymptotic representation as t ↑ ω for such
solutions and its first order derivatives in cases λ0 ∈ R\{0, 1}.

1 Section with results

To present the results let introduse next subsidiary notations

πω(t) =


t, as ω = +∞,

t− ω, as ω < +∞,

Φ0(y) =

y∫
Y0

exp(−R(τ, y′(t−1(τ))))dτ,

where t−1(y) is the inverse function for y(t),

Φ1(y) =

y∫
Y0

Φ0(τ)

τ
dτ, Z1 = lim

y→Y0
y∈∆Y0

Φ1(y),

As Yi = +∞(Yi = −∞) assume y0i > 0 (y0i < 0).
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I(t) = α0(λ0 − 1)

t∫
B0

ω

πω(τ)p(τ)dτ, B0
ω =


a, as

ω∫
a

πω(τ)p(τ)dτ = +∞,

ω, as
ω∫
a

πω(τ)p(τ)dτ < +∞,

I1(t) =

t∫
B1

ω

λ0I(τ)

(λ0 − 1)πω(τ)
dτ, B1

ω =


a, as

ω∫
a

λ0I(τ)
(λ0−1)πω(τ)

dτ = +∞,

ω, as
ω∫
a

λ0|I(τ)|
(λ0−1)πω(τ)

dτ < +∞.

Remark 1. It follows from conditions (2), that

lim
y→Y0
y∈∆Y0

Φ′′
0(y) · Φ0(y)

(Φ′
0(y))

2
= 1, lim

y→Y0
y∈∆Y0

Φ′′
1(y) · Φ1(y)

(Φ′
1(y))

2
= 1.

Theorem 1. Let γ0λ0 + γ1 ∈ R \ {0, λ0}. Then the conditions

πω(t)y
0
1y

0
0λ0(λ0 − 1) > 0; πω(t)y

0
1α0(λ0 − 1) > 0 t ∈ [a;ω[, (4)

y01 · lim
t↑ω

|πω(t)|
1

λ0−1 = Y1, lim
t↑ω

I1(t) = Z1, lim
t↑ω

πω(t)

(
I1(t)

I ′1(t)

)′

I1(t)

I ′1(t)

=
λ0γ0 + γ1 + 1

λ0 − 1
, (5)

lim
t↑ω

I ′′1 (t)I1(t)

(I ′1(t))
2

= 1, lim
t↑ω

I ′1(t)πω(t)

Φ′
1

(
Φ−1

1 (I1(t))
)
Φ−1

1 (I1(t))
=

λ0

λ0 − 1
, lim

t↑ω

πω(t)I
′′
1 (t)

I ′1(t)
= ∞. (6)

are necessary and sufficient for the existence of Pω(Y0, Y1, λ0)-solutions to the equation ((1))
in cases λ0 ∈ R\{0, 1}. Moreover, for every such solution the next asymptotic representations
take place as t ↑ ω

Φ1(y(t)) = I1(t)[1 + o(1)],
y′(t)Φ′

1(y(t))

Φ1(y(t))
=

I ′1(t)

I1(t)
[1 + o(1)]. (7)

Proof. Let y : [t0, ω[→ ∆Y0 be the Pω(Y0, Y1, λ0)-solution of the equation (1), where λ0 ∈
R\{0, 1}. Then using properties of such solutions, proved by V.M. Evtukhov (look for
example [4], we have

y(i+1)(t)

y(i)(t)
=

λi
0

(λ0 − 1)πω(t)
[1 + o(1)] as t ↑ ω (i = 0, 1). (8)

From this representations we get (4) and first of conditions (5).
It follows from (1) and (8) that as t ↑ ω

y′(t)
R(y, y′(t−1(y)))

= α0(λ0 − 1)πω(t)p(t)[1 + o(1)]. (9)
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Using (9) we have
Φ0(y(t)) = I(t)[1 + o(1)] as t ↑ ω (10)

in case
ω∫

B0
ω

|πω(τ)p(τ)| dτ = +∞. If
ω∫

B0
ω

|πω(τ)p(τ)| dτ < +∞, we get either (10) or

lim
t↑ω

Φ0(y(t)) = c ̸= 0. (11)

Let us show, that (11) can not be true. Using conditions (2) and representation of the
function Φ0 we get

lim
t↑ω

Φ0(y(t)) ∈ {0;+∞},

that is the contradiction to (11). Then (10) is valid in all cases.
By division of (9) onto (10) using (8) we get

πω(t)y
′(t)

y(t)
· y(t)Φ

′
0(y(t))

Φ0(y(t))
=

πω(t)I
′(t)

I(t)
[1 + o(1)] as t ↑ ω. (12)

It follows from conditions (2) that the function Φ0(y) is rapidly varying as y → Y0 (Y0 ∈ ∆Y0).
Then

lim
t↑ω

πω(t)I
′(t)

I(t)
= ∞, (13)

and we get third of conditions (6).
Using (10) and (8) we get

y′(t)Φ0(y(t))

y(t)
=

λ0I(t)

(λ0 − 1)πω(t)
[1 + o(1)] as t ↑ ω. (14)

If
ω∫
a

∣∣∣ I(τ)
πω(τ)

∣∣∣ dτ = +∞, then

Φ1(y(t)) = I1(t)[1 + o(1)] as t ↑ ω. (15)

In case
ω∫
a

∣∣∣ I(τ)
πω(τ)

∣∣∣ dτ < +∞ we get, that (15) is also valid by analogy with the proof of (10).

So is valid first of the representations (7) and the first of the conditions (5). Dividing
(14) onto (15)we get second of representations (7).

Let us rewrite (7) in the next form

πω(t)y
′(t)

y(t)
· y(t)Φ

′
1(y(t))

Φ1(y(t))
=

πω(t)I
′
1(t)

I1(t)
[1 + o(1)] as t ↑ ω.

Using (8) we get from this representation

λ0

λ0 − 1
· y(t)Φ

′
1(y(t))

Φ1(y(t))
=

πω(t)I
′
1(t)

I1(t)
[1 + o(1)] as t ↑ ω. (16)

By conditions (2) and remark 2 we have, that the function Φ1(y) is rapidly varying as
y → Y0 (Y0 ∈ ∆Y0). Then using (16) we obtain

lim
t↑ω

πω(t)I
′
1(t)

I1(t)
= ∞. (17)
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By (13), (12)and (16) we have

lim
t↑ω

I ′′1 (t)I1(t)

(I ′1(t))
2

= lim
t↑ω

πω(t)I
′
1(t)

I1(t)

πω(t)I
′
1(t)

I1(t)

= lim
t↑ω

y(t)Φ′
0(y(t))

Φ0(y(t))

y(t)Φ′
1(y(t))

Φ1(y(t))

= lim
y→Y0
y∈∆Y0

Φ′′
1(y) · Φ1(y)

(Φ′
1(y))

2
= 1. (18)

So, first of the conditions (6) is valid.
Let us notice,that the function Φ−1

1 (y) is slowly varying as y → Z0, as an inverse function
as y → Y0 (Y0 ∈ ∆Y0) to the function Φ1. Using this fact and (15) we get as t ↑ ω

y(t) = Φ−1
1 (I1(t))[1 + o(1)].

Second of conditions (5) follows from this representation.
Let us notice,that the next limit relations are valid:

lim
z→Z0

Φ′′(Φ−1
1 (z))z

(Φ′(Φ−1
1 (z)))2

= lim
y→Y0

Φ′′
1(Φ

−1
1 (Φ1(y)))Φ1(y)(

Φ′
1(Φ

−1
1 (Φ1(y)))

)2 = lim
y→Y0

Φ′′
1(y)Φ1(y)

(Φ′
1(y))

2 = 1.

It follows from this, that

lim
z→Z0

z ·
(
Φ′

1(Φ
−1
1 (z))

Φ1(Φ
−1
1 (z))

)′

Φ′
1(Φ

−1
1 (z))

Φ1(Φ
−1
1 (z))

= lim
y→Z0

Φ′′
1(Φ

−1
1 (z))z

(Φ′
1(Φ

−1
1 (z)))2

− 1 = 0.

Then the function Φ′
1(Φ

−1
1 )

Φ1(Φ
−1
1 )

is slowly varying as the argument tends to Z0. Then we can

rewrite (16)in the form

λ0

λ0 − 1
· Φ−1

1 (I1(t))
Φ′

1

(
Φ−1

1 (I1(t))
)

I1(t)
=

πω(t)I
′
1(t)

I1(t)
[1 + o(1)] as t ↑ ω.

Second of conditions (6) follows from this representation. Necessity is proved.
Sufficiency. Let the conditions (4) — (6) are satisfied.
Let us transform the equation (1) using next formulas

Φ1(y(t)) = I1(t)[1 + v1(x)],

y′(t)Φ′
1(y(t))

Φ1(y(t))
=

I ′1(t)
I1(t)

[1 + v2(x)],

(19)

where

x = β ln |I1(t)|, β =


1, if lim

t↑ω
I1(t) = ∞,

−1, if lim
t↑ω

I1(t) = 0.

(20)
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Then we get the system
v′1 = β [v2 + v1v2] ,

v′2 = βG(t(x)) · [1 + v2]

[
N(t(x), v1)

(1 + v1)(1 + v2)
+K(t(x), v1)(1 + v1)(1 + v2) +Q(t(x))

]
.

(21)

Here

G(t) =
I1(t)

πω(t)I ′1(t)
, Q(t) =

πω(t)

(
I1(t)

I ′1(t)

)′

I1(t)

I ′1(t)

,

N(t, v1) =
πω(t)I

′(t)Φ0 (Y (t, v1))

λ0I(t)Y (t, v1)Φ
′
0 (Y (t, v1)))

, Y (t, v1) = Φ−1
1 (I1(t)[1 + v1]),

K(t, v1) =
πω(t)I

′
1(t)

Y (t, v1)Φ
′
1 (Y (t, v1)))

· Y (t, v1)Ψ
′ (Y (t, v1))

Ψ (Y (t, v1))
, Ψ(y) =

Φ′
1(y)

Φ1(y)
.

Let us consider the system (21) on the set

Ω = [x0,+∞[×D, where x0 = β ln |πω(t0)|, D =

{
(v1, v2) : |vi| ≤

1

2
, i = 1, 2

}
.

Let us rewrite the system (21) in the form
v′1 = β [v2 + v1v2] ,

v′2 = βG(t(x)) [Av1 + Av2 +R1(x, v1, v2) +R2(x, v1, v2)] ,

(22)

where
A =

λ0γ0 + γ1 − λ0 − 1

λ0 − 1
,

R1(x, v1, z2) = N(t, v1)

(
1

1 + v1
− 1 + v1

)
+K(t, v1)(1 + v1)v

2
2,

R2(x, v1, z2) = (1−v1)

(
N(t, v1)−

1

λ0 − 1

)
+(1+v1)(1+2v2)

(
K(t, v1)−

γ0λ0 + γ1 − λ0

λ0 − 1

)
+

+Q(t) +
γ0λ0 + γ1 − λ0 + 1

λ0 − 1
.

It follows from conditions (4) — (6), that

lim
x→+∞

R1(x, z1, z2) = 0 uniformly by v1, v2 : (v1, v2) ∈ D, (23)

lim
|v1|+|v2|→0

R2(x, v1, v2)

|v1|+ |v2|
= 0 uniformly by x ∈ [x0,+∞[. (24)

It is obvious, that the system (22) has zero eigenvalue.
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Let us use the transformation of the system (22):
v1 = w1,

v2 =
√
|G(t(x))|w2.

(25)

Then we get the system
w′

1 = β
√

|G(t(x))| [w2 + V1(x;w1;w2)] ,

w′
2 = β

√
|G(t(x))| [C21w1 + V2(x,w1, w2) + V3(x,w1, w2)] ,

(26)

where
C21 = |A|, V1(x;w1;w2) = w1w2,

V2(x,w1, w2) =
√

|G(t(x))|signA(A− Ñ(x)
√
|G(t(x))|)w2+

+R2(x,w1,
√
|G(t(x))|w2),

V3(x;w1;w2) = R1(x,w1,
√
|G(t(x))|w2)signA,

Ñ(x) =
signAG′(t(x))I1(t(x))

2G(t(x))2I ′1(t(x))
.

Here by (23) and (24)

lim
|w1|+|w2|→0

Vi(x,w1, w2)

|w1|+ |w2|
= 0, i = 1, 2 uniformly by x ∈ [x0,+∞[,

lim
x→+∞

V3(x,w1, w2) = 0 uniformly by w1, w2 : (w1, w2) ∈ D.

Let us notice, that the characteristicequation of the matrix(
0 β

βC21 0

)
has the next form

µ2 − |A| = 0.

This equation has no roots with zero real part.

Using the representation G(t(x)) =
I1(t(x))

πω(t(x))I
′
1(t(x))

we get
∞∫
x0

G(t(x))dx =
∞∫
x0

I(t(x))
πω(t(x))I

′(t(x))
dx =

∞∫
t(x0)

I(t)
πω(t)I

′
1(t)

I ′(t)
I(t)

dt = ln
∣∣∣πω(t)

∣∣∣ω
d1

→ ∞

as t → ω. So, we have, that
∞∫
x0

√
|G(t(x))|dx → ∞.

Therefore, all conditions of the theorem 2.2 from [5] are satisfied for the system (26). By
this theorem the system (26) has a oneparametric family of solutions {zi}2i=1 : [x1,+∞[−→
R2 (x1 ≥ x0), that tend to zero as x → +∞. By (20) and (19) there exist solutions y to
the equation (1), that admit as t ↑ ω asymptotic representations (7). Such a solutions are
Pω(Y0, Y1, λ0)-slutions. Theorem is proved.



40 Bilozerova M.O.

References

[1] Evtukhov V.M., Drik N.G. Asimptotic behavior of solutions of a second order nonlinear differention
equation Georgean mathematical journal 1996, Volume 3(2)

[2] Maric V. Regular Variation and differential equations. Springer (Lecture notes in mathematics, 1726),
2000

[3] Bingham N.H., Goldie C.M., Teugels J.L. Regular variation. Encyclopedia of mathematics and its
applications. Cambridge university press, Cambridge,1987.

[4] Evtukhov V., Chernikova A. Asymptotic Behavior of the Solutions of Ordinary Second-Order Differen-
tial Equations with Rapidly Varying Nonlinearityes, Ukrainian Mathematical Journal.(Springer), 2018,
Volume 69, Translated from Ukrains’kyi Mathematychnyi Zhurnal, 2017.

[5] Evtukhov V.M., Samoilenko A.M. Conditions of existence of disappearing in the critical point solutions
to rear nonautomouous systems of quasilinear differential equations, Ukrainian mathematical journal,
2010. (In Russian)

Received 27.11.2023

Бiлозерова М.О. Асимптотична поведiнка розв’язкiв диференцiальних рiвнянь другого
порядку з нелiнiйностями, якi є композицiями експоненцiальної та правильно змiнних
функцiй. // Буковинський матем. журнал — 2023. — Т.11, №2. — C. 33–40.

Асимптотична поведiнка розв’язкiв диференцiальних рiвнянь другого порядку з нелi-
нiйностями, якi є композицiями експоненцiальної та правильно змiнних функцiй. Однi-
єю з найактуальнiших задач сучасної якiсної теорiї звичайних диференцiальних рiвнянь
є вивчення нелiнiйних та, особливо, iстотно нелiнiйних неавтономних диференцiальних
рiвнянь . Серед робiт в цiй областi, що стосуються встановлення асимптотичних вла-
стивостей розв’язкiв, найбiльшу частину складають дослiдження рiвнянь зi степеневими
нелiнiйностями та нелiнiйностями асимптотично близькими до степеневих, а також з екс-
поненцiальними нелiнiйностями. Передумовою цих дослiджень було вивчення рiвняння
Емдена–Фаулера, частковi випадки якого знаходять застосування в ядернiй фiзицi, газо-
вiй динамiцi, механiцi рiдини, релятивiстськiй механiцi та iнших галузях природознавства.
У роботi знайдено умови iснування та асимптотичнi зображення достатньо широкого кла-
су розв’язкiв iстотно нелiнiйних диференцiальних рiвнянь другого порядку. Цей клас
розв’язкiв був введений у роботах В. М. Євтухова для рiвнянь типу Емдена-Фаулера n-го
порядку та конкретизованим для рiвняння другого порядку. Дослiджуванi диференцi-
альнi рiвняння мiстять нелiнiйностi, якi є композицiями експоненцiальної та правильно
змiнних при прямуваннi аргументу до особливої точки функцiй. Важливою вiдмiннiстю
даного класу рiвнянь є неможливiсть навiть асимптотично зобразити нелiнiйнiсть у вигля-
дi добутку функцiй, кожна з яких залежала або тiльки вiд невiдомої функцiї, або тiльки
вiд похiдної невiдомої функцiї. Клас дослiджуваних розв’язкiв мiстить правильно змiннi
розв’язки таких рiвнянь. У роботi отримано асимптотичнi зображення як для розв’язкiв
дослiджуваного класу, так i для їх похiдних першого порядку.


