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ASYMPTOTIC BEHAVIOR OF SOLUTIONS TO SECOND ORDER
DIFFERENTIAL EQUATIONS WITH NONLINEARITIES, THAT ARE
COMPOSITIONS OF EXPONENTIAL AND REGULARLY VARYING

FUNCTIOS

One of the most actual problems of the modern qualitative theory of ordinary differen-
tial equations is the study of nonlinear and, especially, significantly nonlinear non-autonomous
differential equations. Among the works in this area related to establishing the asymptotic
properties of solutions, the largest part consists of studies of equations with power-law non-
linearities and nonlinearities asymptotically close to power-law nonlinearities, as well as with
exponential nonlinearities. The premise of these studies was the study of the Emden—Fowler
equation, partial cases of which are used in nuclear physics, gas dynamics, fluid mechanics, rela-
tivistic mechanics, and other fields of natural science. The existence conditions and asymptotic
representations of a sufficiently wide class of solutions of substantially nonlinear second-order
differential equations are found in the paper. This class of solutions was introduced in the works
of V. M. Evtukhov for equations of the Emden-Fowler type of the nth order and specified for
the equation of the second order. The investigated differential equations contain nonlinearities,
which are compositions of exponential and correctly variable when the argument is directed
to a special point of the functions. An important difference of this class of equations is the
impossibility of even asymptotically representing the nonlinearity in the form of a product of
functions, each of which depended either only on the unknown function or only on the derivative
of the unknown function. The class of studied solutions contains properly variable solutions
of such equations. In the work, asymptotic images are obtained both for the solutions of the
studied class and for their first-order derivatives.
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INTRODUCTION

Differential equations of the second order, containing both power and exponential nonlin-
earities in the right-hand side, play an important role in the development of the qualitative
theory of differential equations. Such equations also have many applications in practice.
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This happens, for example, when studying the distribution of the electrostatic potential in
the cylindrical volume of the plasma of combustion products. The corresponding equation
can be reduced to the following

y" = agp(t)e™|y'|*.
In the works of Evtukhov V.M. and Drik N.G. (see, for example, [1]) under certain conditions
for the p function, results were obtained about the asymptotic behavior of all correct solutions
of this equation. Investigations of some other equations of such a type are represented in

the book |[2].
The differential equation

y" = aop(t) exp(R(y,v)), (1)

where ap € {—1;1},p : [a,w][—=]0,+00] (—00 < @ < w < +00), the function R : Ay, X
Ay, —]0,400[ is continuously differentiable, ¥; € {0, +o0}, Ay, is either [¢, Yi[' or |Y;, v?].
Moreover, suppose the function R satisfy the condition

/
. D)
lim R(yo,y1) = +oo lim ———= =
(y0,y1)—(Y0,Y1) (y Y ) ’ yi—Y; R(yz) v
(0,¥1)€ Ay XAy, Vi€ Ay;

i=0,1. (2)

Here the function R is in some sense near to regularly varying functions, that are useful for
investigations of equations of such a type. Theory of such a functions and their properties
are described in the book [3].

The solution y, defined on [ty,w[C [a,w], to the equation (1) is called P, (Yy, Y1, \o)-
solution, if

v oy g W)
YD Jt, w[— Ay, ltlTrLly()(t)—E (1=0,1), ltTw ”(t)y()_)\o' (3)

The aim of the work is establishing the necessary and sufficient conditions of existence
to the equation ((1)) P, (Y, Y1, Ag)-solutions and asymptotic representation as t 1 w for such
solutions and its first order derivatives in cases \g € R\{0, 1}.

1 SECTION WITH RESULTS

To present the results let introduse next subsidiary notations

t, as w = +00, Y
m(t) = Buly) = [ cap(~Rir,y/(t7 (7)),
t—w, asw < +00, Yo

where t71(y) is the inverse function for y(t),

T y:A 0
Yo v Yo

@1(3/):/(1)0(7-)de Zy = lim ®4(y),

AsY; = +0o(Y; = —00) assume y > 0 (y? < 0).
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a, as f?Tw(T)p(T)dT = 400,

a

w

BY w, as [, (T)p(r)dr < 400,
t poI(7) a, as f /\0’\01[)(7:)(7 dT = +o0,
I(r
I(t) = /O—dT, B! =
(o — D7) -
B} w, asf /\0°|1 SdT < oo

Remark 1. It follows from conditions (2), that

im M _ m M _
53&0 (@6(y))2 17 53&% ( (y))g 1.

Theorem 1. Let o\ + 7 € R\ {0, \o}. Then the conditions

T YoM (Mo — 1) > 05 mu(t)yae(ho —1) >0 ¢ € [asw], (4)

L)Y
(1) (W> Aot tl (5)

ol [ ()[%7 =Yi, Imh(t) = Z, lim
tTw tTw

tTw Il(t) - )\0—1 ’
1i(t)
e HOLO) HOLXO _ Ao 0RO

im = , lim
i (1(0)? (@ (L) o (L) -1 e L)
are necessary and sufficient for the existence of P, (Yy, Y1, \g)-solutions to the equation ((1))

in cases Ao € R\{0, 1}. Moreover, for every such solution the next asymptotic representations

take place ast T w

OB _ L0,
o) et oWk @)

Proof. Let y : [to,w[— Ay, be the P,(Yp, Y1, \g)-solution of the equation (1), where Ay €
R\{0,1}. Then using properties of such solutions, proved by V.M. Evtukhov (look for

example [4], we have

D1 (y(t)) = Li(t)[1 + o(1)],

e
S~ e

From this representations we get (4) and first of conditions (5).
It follows from (1) and (8) that as t T w

[1+0(1)] as tTw (i=0,1). (8)

y/(t) =« — 1) o
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Using (9) we have

Do(y(t)) =1L +o(1)] as i Tw (10)
in case BZ |70 (T)p(7)| dT = +o0. If BZ |70 (T)p(7)| dT < +00, we get either (10) or
ltlTrg Do (y(t)) = c # 0. (11)

Let us show, that (11) can not be true. Using conditions (2) and representation of the
function ®, we get

lim ®o(y(t)) € {0; +00},
that is the contradiction to (11). Then (10) is valid in all cases.
By division of (9) onto (10) using (8) we get
Ty’ () y(OP(y(t)  m(H)I'(?)
y(t) Do(y(t)) 1(t)

It follows from conditions (2) that the function ®¢(y) is rapidly varying as y — Yy (Yp € Ay, ).
Then

1+ 0(1)] as t 1T w. (12)

- mu(OI'(t)

ltITIOIJl T = 00, (13)

and we get third of conditions (6).

Using (10) and (8) we get
y'(H)Po(y(t)) Mol (t)
= 1+o0(1)] ast T w. 14
o0 oD W .
% dt = 400, then

O1(y(t)) = L[ +o(1)] as ¢ Tw. (15)
In case f ‘ ‘ dT < 400 we get, that (15) is also valid by analogy with the proof of (10).

So is Vahd first of the representations (7) and the first of the conditions (5). Dividing
(14) onto (15)we get second of representations (7).
Let us rewrite (7) in the next form

m@)y'() yOP(y() _ m(t)
y(t) P (y(2)) L(t)

Using (8) we get from this representation

Ao y(O)Pi(y() _ mu(t)Ii(t)
. = 1+o0(1)] as tTw. 16
-1 @) - h e 1o
By conditions (2) and remark 2 we have, that the function ®;(y) is rapidly varying as

y — Yy (Yo € Ay,). Then using (16) we obtain

- mu(O ()
ltlTILl[l—(t) = 0. (17)

®) [1+0(1)] as t1 w.
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By (13), (12)and (16) we have

ROLO  yO0)

CROLO L0 Say) %))

W mer ~ W oo - Eionem % ewr - W
1) B1(y(1) °

So, first of the conditions (6) is valid.
Let us notice,that the function ®;*(y) is slowly varying as y — Zp, as an inverse function
as y — Yy (Yo € Ay,) to the function ®;. Using this fact and (15) we get as t T w

y(t) = @1 (L(1))[L +o(1)].

Second of conditions (5) follows from this representation.
Let us notice,that the next limit relations are valid:

by @) U@ (@) Pay) L () i(y)

- = ~ 1.
=2 (D(Q71(2)))* v (@ (D7 (Di(y)))? v (PY(y)?

It follows from this, that

Y ACEA

- ((I)l(@fl(z))> _ lim DY (P '(2))2 1=

S DB L(2)) v=2o (O (®(2)))?
1(2;7(2))

! -1
Then the function %glli is slowly varying as the argument tends to Z;. Then we can
101

rewrite (16)in the form

Ao

2o AL BO) _ ml0ri)

I, (1) L)

[1+4+0(1)] as tTw.

Second of conditions (6) follows from this representation. Necessity is proved.
Sufficiency. Let the conditions (4) — (6) are satisfied.
Let us transform the equation (1) using next formulas

@1 (y(t)) = L)1 + vi(a)],

" | (19)
y %)1%%(;)) _ 2 Eg [+ vz(x)],
where
Lo i im () = oo,
r=pBm|L(t)], 8= .
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Then we get the system

"Ull = ﬁ [Uz + Ul’Uz] s

ot = BG1)) - [+ ] | e ) (u(w), )1+ o)1) + Q(t(x»] e
Here (] ( ))/
1
Tw(t) |
— ]l(t) _ I3 (%)
N OO N TG
1i(t)
(O ()P (Y (¢, 1)) gl
Nt o) = STyt o d, Gy o) =S (Ol o),
B T ()14 (t) Y ()W (Yt v)) _ Pi(y)
R T A ) A T A G R )
Let us consider the system (21) on the set
Q = [xg, +oo[xD, where z¢=fn|mr,(ty)|, D= {(?}17?}2) Dol < %, i= 1,2} :
Let us rewrite the system (21) in the form
vy = Bvg + v1v2]
(22)

vh = BG(t(x)) [Avy + Avg + Ry(z,v1,v9) + Ro(x,v1,19)],

where
_ AoYo+71 — Ao — 1

A
Mo —1 ’

Ry(x, vy, z2) = N(t,v;) ( -1+ U1> + K (t,v1)(1 + vy)v3,

1—|—U1

RQ(ZE,Ul, 22) = (]_—Ul) (N(t,’l)l) —

>+(1—|—v1)(1+2vg) (K(t, o) — Lot = AO) +

Ao —1 Ao —1

Yoo + Y1 — Ao+ 1

t
+Q(¢) + N 1
It follows from conditions (4) — (6), that
hrf Ri(z,21,29) = 0 uniformly by wy,v9: (v1,v9) € D, (23)
T—r+00
Ba(x, v1, v) =0 uniformly by =z € [z, +o0[. (24)

o1|+lva| =0 |v1| 4 |vg]

It is obvious, that the system (22) has zero eigenvalue.
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Let us use the transformation of the system (22):

U1 = Wy,
(25)
ve = /|G (t(x))|ws.
Then we get the system
wi = BV IG(t(x))| [wa + Vi(a; wi; we)],
(26)

wy = B/ |G ()| [Corwr + Va(, w1, w2) + Vs(2, w1, ws)]

where
Cor = [A],  Vi(z;wi;wz) = wiwsy,
Vo(w, wi, wy) = \/|G(t(x))]signA(A — N(2)\/|G(t(x))])wa+
+Ra(x, wi, V|G (t(x))w2),
Va(x; wi;we) = Ry(z, wy, /|G (t(x))|ws)signA,
~ signAG' (t(x)) I (t(x))
M= TSGut) )

Here by (23) and (24)

‘/i b) b . .
im Vilw, wy, wp) =0, i=1,2 uniformly by =z € [xg, +o0],
|wi|+|w2|—0 |w1| + |w2|

hIJP Vi(x, w1, ws) = 0 uniformly by wy,wy: (wy,ws) € D.
Tr—r+00

Let us notice, that the characteristicequation of the matrix
(s o)
pCy 0

p? — A =0.

has the next form

This equation has no roots with zero real part.

Using the representation G(t(x)) = — tf;()t)(]?& ©) we get
T T Itz TI() It @
Jotyds = | g = —OnE T =], o

as t — w. So, we have, that [ \/|G(t(x))|dz — oo.

Therefore, all conditions of the theorem 2.2 from [5] are satisfied for the system (26). By
this theorem the system (26) has a oneparametric family of solutions {z;}2_; : [z, +0oo[—>
R? (x; > ), that tend to zero as x — +o0. By (20) and (19) there exist solutions y to
the equation (1), that admit as ¢ T w asymptotic representations (7). Such a solutions are
P, (Yo, Y1, \g)-slutions. Theorem is proved. O
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Acumnrornana noBeiiHKa pO3B’sa3KiB udepeHIiaIbHIuX PIBHAHB JIPYTOTO MOPSIKY 3 HeJli-
HITHOCTSIME, SKi € KOMIIO3UIISIMU €KCIIOHEHIIAIbLHOI Ta MPABUWILHO 3MIHHUX GyHKIA. OmmHi-
€10 3 HaWaKTyaJbHIMMUX 3a/1a9 CydacHOl SIKiCHOI Teopil 3BmYaiHuX AudepeHIliaIbHNX PiBHAHD
€ BUBYEHHsI HEJIHIHUX Ta, 0COOJIMBO, ICTOTHO HEJIHIHHUX HEABTOHOMHUX Jir(pepeHIiaJIbHIX
piBasiab . Cepex pobiT B 1iit 06J/1acTi, MO0 CTOCYIOTbCsI BCTAHOBJIEHHSI ACHMIITOTUYHUX BJIa-
CTHBOCTEl PO3B’SI3KiB, HAWOIIBIY 9aCTUHY CKJIAJAIOTH TOCJII/ZKEHHS PIBHSHB 31 CTelleHeBUMUI
HeJIHIMHOCTSIMU Ta HEeJIHIMHOCTIMHU aCUMIITOTUYHO OJIM3HKUMHA JI0 CTEIIEHEBUX, 8 TAKOXK 3 €KC-
TIOHEHTIIaTbHUMI HesiHiftHOCTaMu. [lepeyMoBoOIO TIMX MOCIIT2KEHDb OyJI0 BUBUEHHST PiBHSHHS
Emnena—®ayiepa, 9acTKOBI BUIAJKN SIKOI'O 3HAXO/STh 3aCTOCYBaHHs B siJiepHiil (isuili, razo-
Bill quHAMII, MEXaHIIll PITUH, PEIATHBICTCHKIN MEXaHII Ta IHINMUX TaJIy3saX TPUPOIO3HABCTBA.
YV poboTi 3HalIEHO YMOBH iCHYBaHHS Ta aCHMIITOTHYHI 300pakeHHs JOCTATHBO MMHPOKOTO KJIa-
Cy PO3B’S3KiB iCTOTHO HETIHINHUX JudepeHIiaIbHuX PiBHSIHL ApPyroro mopagky. lLleit xmac
po3B’si3KiB OyB BBejeHuil y poborax B. M. €BryxoBa st piBHstab Tuiy Emyena-DPaysepa n-ro
MOPSIJIKY Ta KOHKPETH30BAHWM JIJI PIBHSHHSA Jpyroro mopsiaky. Jlociimxkysani judepeHiii-
aJIbHI PIBHSIHHS MICTATH HEJIHIHOCTI, 9Ki € KOMIO3UIIIMUA €KCIOHEHIIAJIbHOI Ta MPABUIHLHO
3MIHHHAX [PHU OPAMYBaHHI apryMeHTy g0 ocobsuBol Touku (yHKIiil. Bakiausoro BimMinHicTIO
JIAHOTO KJIACy PiBHAHD € HEMOXKJIMBICTh HABITH ACUMIITOTUYIHO 300Pa3uTH HETIHIHHICTD Y BUTJIS-
i 1o0yTKy DYHKIIH, KOKHA 3 AKUX 3aJiekalia abo Timpku Bif HeBiomol dyHKIl, abo Tinpku
Bij moxinHOT HeBimomol dyHKil. Kiac mociiizkyBaHuX po3B’sSI3KiB MICTUTh IPABUJIBHO 3MIiHHI
DPO3B’SI3KM TaKuX PIBHAHB. ¥ POOOTI OTPUMAHO aCUMIITOTAYHI 300paKeHHs siK JJIs PO3B’SI3KiB
JOCJIIKYBAHOTO KJIaCy, TaK 1 /I 1X TOXITHUX MEPITOTO HOPSIKY.



