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MATHEMATICAL MODELING OF COMPETITIVE ADSORPTION AND

DESORPTION OF GASES IN NANOPOROUS MEDIA USING

LANGMUIR’S EQUILIBRIUMS

The theoretical bases of mathematical modeling of nonisothermal competitive adsorption
and desorption in nanoporous zeolite media for the extended Langmuir’s equilibrium are given.
They most fully determine the mechanism of adsorption equilibrium for nanoporous particles
media. The effective scheme of linearization of a nonlinear model is implemented. High-speed
analytical solutions of the system of linearized boundary problems of adsorption and desorption
in nanoporous media are justified and obtained using the Heaviside’s operational method.
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Introduction

The main anthropogenic sources of atmospheric pollutants are the processes by which
energy is generated for transport and industry. It has been demonstrated that the transport
sector is the emission source that contributes the most to global warming at present, and it
will probably remain so in the immediate future [1]. The quality of mathematical models
of processes of adsorption and desorption of hydrocarbons in nanoporous catalytic media
determines the effectiveness of technological solutions for neutralizing and reducing exhaust
emissions which is rapidly increasing, contributing to global warming [2].

At present, many experimental and theoretical studies of such processes are carried out,
especially studies on the improvement of their mathematical models, taking into account the
influence of various factors that limit the internal kinetics of adsorption and desorption in
nanopores of catalytic media [3, 4, 5, 6, 7, 8]. For the first time, it has been possible to specify
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all the processes along the columns during non-isothermal adsorption and desorption. The
proposed work outlines the theoretical foundations for modeling nonisothermal competitive
adsorption and desorption in nanoporous catalysts for a nonlinear isotherm obtained by
the Nobel laureate I. Langmuir, which most fully determines the mechanism of adsorption
equilibrium for nanopores systems of the zeolite. For the modeling we have used the Heaviside
operational method and the Laplace transform, but the development of calculations is quite
original. This methodology allows you to get high-speed analytical solutions that improve
the quality of computational paralleling and the simulation of real process.

1 Mathematical model of nonisothermal adsorption and desorption in
a nanoporous particles media

The general hypothesis adopted in the model development is that the competitive ad-
sorption interaction between adsorption molecules of two gazes and active adsorption centres
on the phase separation surface in crystallites nanopores is determined on the basis of the
nonlinear competitive adsorption Langmuir equilibrium’s with allowance of the following
physical assumptions [6, 7, 8, 9] . The refined kinetics of non-isothermal competitive ad-
sorption and desorption in nanoporous zeolites, taking into account the nonlinear function
of adsorption equilibrium and the given physical justifications, is described by the following
system of nonlinear partial differential equations [9, 10]:
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Initial conditions for adsorption are as follows:

ci(t, z)|t=0 = 0; T (t, z)|t=0 = T
(0)
0 (4)

and for desorption:
ci(t, z)|t=o = c

(0)
0i ; T (t, z)|t=o = T

(0)
0 . (5)

Boundary conditions for adsorption are as follows:

ci(t, z)|z=0 = cin;
∂

∂z
ci(t, z)|z=∞ = 0; T (t, z)|z=0 = Tin;

∂

∂z
T (t, z)|z=∞ = 0 (6)

and for desorption:

ci(t, z)|z=0 = cin(t);
∂

∂z
ci(t, z)|z=∞ = 0; T (t, z)|z=0 = Tin(t);

∂

∂z
T (t, z)|z=∞ = 0. (7)

The meaning of the terms in conditions (1)-(7) is given in the Nomenclature section.



Mathematical modeling of competitive adsorption and desorption 61

2 The scheme of nonlinear model linearization and construction of
solution for system of linearized problems

Based on the development of the methodology [9, 12, 13] we perform some expansions in
the series of elements of the nonlinear component 1

exp(−∆H
RT )
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1−a1/afull−a2/afull

of the differential

equation (3) in following form:
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Problem (1)-(7), taking into account the approximated kinetic equations of Langmuir
adsorption equilibrium’s (8) containing a small parameter ε, is boundary problem for a
nonlinear system of second-order partial differential equations. The solution of problem
(1)-(7) will be sought using of asymptotic expansions [12, 13]:

ci (t, z) = ci0 (t, z) + εci1 (t, z) + ε2ci2 (t, z) + ...,

T (t, z) = T0 (t, z) + εT1 (t, z) + ε2T2 (t, z) + ...,

ai (t, z) = ai0 (t, z) + εai1 (t, z) + ε2ai2 (t, z) + ..., i = 1, 2

(9)

In the result of substituting the asymptotic sum (9) into (1)-(7), considering (8) , the initial
nonlinear boundary value problem (1)-(7) is parallelized into two types of linearized boundary
value problems:

Proposition 1. The problem Ai0 , i = 1, 2 (zero approximation with initial and boundary
conditions of the initial problem): to find a solution in the domain
D = {(t, z) : t > 0, z ∈ (0,∞)} of a system of partial differential equations:
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Initial conditions for adsorption:

ci0(t, z)|t=0 = 0; T0(t, z)|t=0 = T
(0)
0 (13)
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and for desorption:
ci0(t, z)|t=0 = c

(0)
i0 ; T0(t, z)|t=0 = T

(0)
0 . (14)

Boundary conditions for adsorption:
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∂
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Proposition 2. The problem An;n = 1,∞ (n-th approximation with zero initial and bound-
ary conditions): to construct in the domain D a bounded solution of a system of equations
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(20)
with zero initial boundary conditions. Developing the methodologies [12, 13] and supposing
that the sought and determined functions of the system (10)-(16), (17)-(20) are Laplace
originals, we obtained limited analytical solutions of boundary value problems using Heavi-
side operational method [14, 15]. The analytic solution of the zero approximation problem
, which describes the dependence of the absorptive concentration in the gas phase (inter-
particle space), of the temperature and of adsorbate concentration in nanoporous particles
along the coordinate of the catalytic bed and in time for the adsorption (ci0(t, z)|t=0 =

0; ci0(t, z)|z=0 = ciin ; T0(t, z)|z=0 = Tin) and desorption cycles
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T0 (t, z) = Tin (0) Φ0
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ai0 (t, z) = β

∫ t

0
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The analytic solution of the problem Ain , n = 1,∞ describing the temporal spatial dis-
tributions n-th approximations of adsorption condensations in the gas phase cin (t, z), of
temperature Tn (t, z) and of adsorption (the adsorbate concentration in particle nanopores)
ain (t, z) for desorption adsorption stages:
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3 Numerical Modelling and Discussion

The objective of this computer modelling is to study the capabilities of the proposed
model to its use in gas separation technologies, in catalysis, for the purification of air,
in particular for the elimination of carbon emissions into the atmosphere from industry
and transport (propane, CO2 and other combustion products). Propane was chosen as
the adsorbate because it corresponds to approximately 30% by volume of the total gas flow
emitted by car engines [2]. Using the developed mathematical theory and technology oriented
to parallel multicore computer calculations, the modeling and calculation of concentration
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dependencies of non-isothermal adsorption and desorption curves in a zeolite ZSM-5 bed are
carried out.

Computational calculations were performed with such experimental papers [6, 7, 11]:
Geometric dimensions of the column: length: l = 1.2·10−2 m and radius Rcollumn = 2, 3·10−3

m. Thermal and mass transfer characteristics: Qads = 2800kJ/kg; Λ = 0.5kJ/(m2 · s);
hg = 1.2kJ/m3 · s (for propane at 3 bar); ρa = 650kg/m3 (bulk density of zeolite material);
H = 0.96kJ/kg ·K; Dinter = 5.0.10−6m2/c ; β = 0.95s−1 [6, 10]. Initial gas flow temperature:
for adsorption T = 20◦C, for desorption T = 300− 350◦C. In order to analyze the effect of
changes in flow velocity, a range of 0.2 -2m/s was considered (adsorption, desorption). To
ensure the process of the propane desorption from the nanopores of the zeolite, the column
with zeolite simple was heated to a temperature of 300-350◦C.
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Figure 1: Calculated adsorbate concentrations for breakthrough curves, which are calculated
as a function of time t for different temperature values 273K (a), 333K (b), 353K (c), 373K
(d).

Using the equations (24) and (26) , the adsorbate concentrations in inter- and intra-
crystallites spaces were calculated. In Fig. 1a, b, c, d of the concentration, c(t, z), in such
column and at the temperatures 30 ◦C, 60 ◦C, 100◦C, 350◦C of the bed are shown as function
on time t. Direct calculations were performed for various geometric configurations of the
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adsorption column, characterized by its relative height ε = z/l relative to its true size l. The
presented simulation results clearly demonstrate the effect of temperature and magnitude
of on the change in the concentration of propane in the inter-crystalline space. As can be
seen from Fig. 1a, b, c, d for all values and for all calculated values of temperature, the
behavior of the dependence of the relative value c(t, z)/c0 is qualitatively the same: in a
certain time interval differently for the values of temperature and ε there is a rapid increase
in the value of concentration with its subsequent reaching saturation. However, it should
be noted that for different values of temperature, the value of the interval in which the
time evolution of concentration occurs rapidly decreases with increasing of temperature. In
particular, the calculated time intervals for the concentration to saturate at temperatures
of 273K and 373K. In addition, an important observed effect is that, with an increase in ε,
the saturation of c(t, z)/c0 value is reached each time later. This, firstly, indicates that in
different geometrical positions of the adsorption column, the saturation concentration does
not occur simultaneously, and, secondly, this makes it possible to establish the characteristic
value of the value of the time required to achieve a uniform propane concentration in the
space of the zeolite sample in the adsorption column.
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Figure 2: The adsorbate concentration in the intraparticle space as a function of time t,
calculated for temperature values 273K (a), 333K (b), 353K (c), 373K (d)
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In Fig. 2a, b, c, d are shown the time dependencies for the adsorbate concentration a(t, z)

in the intraparticle space ((25)), the calculations of which within the developed mathematical
model were performed with similar calculations for c(t, z) values of temperature ((??)) and
relative height ε of the adsorption column. As can be seen from Fig. 2, the time dependencies
a(t, z) grow, reaching their maximum values corresponding to the saturation of the propane
concentration in the pores of the zeolite. In this case, in contrast to the dependencies c(t, z),
the achievement of the maximum concentration value occurs in the order of decreasing ε. In
addition, all concentration values a(t, z) calculated for a fixed temperature value reach the
same maximum values regardless of the value of ε.
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Figure 3: The adsorbate concentration in the intraparticle space as a function of time during
the desorption process, calculated for temperature values 273K (a), 333K (b), 353K (c), 373K
(d)

In Fig. 3a, b, c, d are shown the time dependencies calculated in the developed model for
the propane concentrations in the intraparticle space, which correspond to the desorption
process. The beginning of the desorption process, which is shown in Fig. 3 corresponds to
the moment of completion of the process shown in Fig. 2, in particular, the initial values
of the concentrations a(t, z) correspond to their saturation values during adsorption in the
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intraparticle space. It can be seen from the given dependencies that the process of propane
desorption from zeolite micropores occurs more intensively with increasing temperature.
Each of the curves a(t, z) successively, with decreasing ε, reaches the values a(t, z) → 0.
Also, in this case, there is a clear tendency for the a(t, z) dependencies to converge for
different values of ε with increasing temperature. This effect is can be explained by the
equalization of the intensity of the desorption kinetics for different ε at high temperatures
and low propane concentrations. In particular, for the dependencies shown in Fig. 3c, first
the merging of the a(t, z) curves for different ε is observed, and then the curve formed by
their merging goes to zero.

4 CONCLUSIONS

Proposed mathematical modeling research has confirmed the effectiveness of the proposed
model and software for adsorption-desorption technology to absorb gases, in particular car-
bon oxides that cause global warming. he spatial distribution of the adsorbate concentrations
in inter-particle space and in micropores of solid are obtained with the achievement of equi-
librium conditions, as well as the distributions of the gas flow temperature over time and
the coordinates of the column length. It also allows evaluating the behavior of concentration
dependencies, achieving their equilibrium from temperature and gas flow rate for different
coordinate positions along the column length and other factors. But this was not only the
main goal of this study. Analytical solutions of the proposed mathematical model of the gas
adsorption on microporous bed is based on the original mathematical apparatus and an ef-
ficient high-performance algorithm using the Heaviside operational method and the Laplace
transform using the generalized Langmuir equilibrium equation, which most fully describes
the processes of phase transformations. The development of calculations is quite original.
The result allows instantly getting the dynamics of the kinetics of the process in columns
during non-isothermal adsorption and desorption - the current adsorbate concentrations in
interparticle space and in micropores of the bed and the temperature of gas flow. This
original mathematical treatment can serve as a model for many applications related to this
type of process, mainly to clean atmospheres, which will help reduce the impact of global
warming.

The theoretical foundations of mathematical modeling of nonisothermal competitive ad-
sorption and desorption in nanoporous catalysts for the nonlinear Langmuir isotherm that
best describes the mechanism of adsorption equilibrium for micro- and nanoporous systems
of the ZSM-5 zeolite class are outlined. An effective linearization scheme for the nonlinear
model is realized. High-speed analytical solutions of the system of linearized boundary-value
problems of competitive adsorption and desorption in nanoporous media are substantiated
and obtained using the Heaviside operational method.

5 Nomenclature

ci, i = 1, 2 - concentrations of absorptive i in the gas phase in the column, (mol/m−3);
ai - concentration of moisture absorptive i in the solid phase;
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T - temperature of gas phase flow, (K);
u - velocity of gas phase flow, (m/s);
ρads density of adsorbent, (kg/km3);
Mads - molar mass of adsorbent, kg/mol;
Dinter - effective longitudinal diffusion coefficients, (m2/s);
Λ - coefficient of thermal diffusion along the columns,(kJ/kg ·m2/s);
hg– gas heat capacity, (kJ/kg ·K);
h - total heat capacity of the adsorbent and gas, (kJ/kg ·K);
∆H - energy of activity, (kJ/mol);
Q = ∆H/Mads - specific heat of adsorption (adsorption heat capacity),(kJ/kg);
R - universal gas constant;
αh - heat transfer coefficient, (kJ/(kg ·K ·m · s));
K1, K2 - Henry constants;
β - mass transfer coefficient, (m/s);
z - distance from the top of the bed for mathematical simulation, (m;
in - index of parameter names (concentration, temperature) in the inlet of the column.
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Поданi теоретичнi основи математичного моделювання процесiв компетитивних ад-
сорбцiї i десорбцiї (двох газiв) в нанопористих каталiтичних середовищах, що ґрунтую-
ться на механiзмах рiвноваги, описаних нелiнiйною неiзотермiчною залежнiстю Ленґмю-
ра. Отриманi результати найбiльш повно визначають механiзм адсорбцiйної рiвноваги для
середовищ нанопористих частинок типу цеолiт, що складають два простори: мiжчастин-
ковий i внутрiчастинковий. Шляхом розкладу нелiнiйних залежностей опису адсорбцiйної
рiвноваги в точках фазового переходу (температури адсорбцiї/десорбцiї) та обґрунтуван-
ня малого параметру реалiзована ефективна схема декомпозицiї вихiдної нелiнiйної моделi
на еквiвалентну систему лiнеаризованих моделей. З використанням операцiйного методу
Гевiсайда, iнтегрального перетворення Лапласа та методу функцiй впливу Кошi обґрунто-
ванi та побудованi високопродуктивнi точнi аналiтичнi розв’язки системи лiнеаризованих
крайових задач компетитивних адсорбцiї i десорбцiї в нанопористому середовищi. Це дало
можливiсть отримати взаємозалежнi часово-просторовi розподiли концентрацiй дифун-
дованих компонентiв адсорбату у мiжчастинковому та внутрiчастинковому просторах, а
також температури газового потоку з урахування енерґiї активацiї (теплоти адсорбцiї) та
iнших лiмiтуючих чинникiв кiнетики процесу. На основi цих отриманих аналiтичних фiзи-
чних залежностей виконаннi їх алгоритмiчна реалiзацiя, що дозволяє розпаралелювання
обчислень та комп’ютерне моделювання режимних параметрiв цих процесiв, дослiдже-
нi умови адсорбцiйної рiвноваги компонентiв адсорбату для мiжчастинкового та внутрi-
частинкового просторiв для циклiв адсорбцiї та десорбцiї в широкому температурному
дiапазонi.


