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STABILITY OF RICH SUBSPACES

B po6oti po3risiiaeThest BLtoMuit pe3ynbTrat: Ko F — cumerpudnuii 6anaxis npocrip Ha [0, 1],

Bimminauit Bix Lo, 3 TOUHICTIO 10 ekBiBasieHTHOI HOpME, K — KOMOakTHHil omeparop Ha F ta X

— Gararuii mignpocrip upocropy F, to nigupoctip (I + K)(X) — rakox 6araruii. IIpononyerbces

JIOBEJIeHHsI, sike He BUKOPUCTOBYE CJIa0Ky 301KHICTH cucTeMu Pajiemaxepa Ji0 HyJIs, MO JA€ MOXKJIN-

BiCTBb y3araJIbHUTU Pe3y/IbTaT Ha JoBiabHMIT F-mipoctip Kere 3 abCoOIOTHO HellepepBHOIO HOPMOIO

Ha pocTopi 31 ckinuennoo GezaroMHoI0 Miporo (2,3, 1).

We consider the well-known result: if F is an r.i. Banach space on [0, 1] not equal to Lo, up
to an equivalent norm, K is a compact operator on E and X is a rich subspace of F, then the
subspace (I + K)(X) is also rich. We provide a proof without using the Rademacher system’s weak
convergence to zero. This permits us to generalize the proposition to any Kéthe F-space with an

absolutely continuous norm on a finite atomless measure space.

It is well known [3, p. 72|, |4, Propositi-
on 5.7| that if F'is an r.i. Banach space on [0, 1],
not equal to L., up to an equivalent norm, K
is a compact operator on F and X is a rich
subspace of F then the subspace (I + K)(X)
is also rich. Note that the image (I 4+ K)(X) is
closed because K is a compact operator on X
[1, p. 474]). Proofs of this proposition in [3] and
[4] use the fact that the Rademacher system is
weakly null in such a space E. Using the techni-
que of [3, Section 1.3], we provide another proof
which does not use the Rademacher system’s
weak convergence to zero. It enables us to
generalize (extend) the proposition to Koéthe
spaces.

Recall some definitions. An F — space is a
complete metric linear space X over the real
or complex scalar field K with an invariant
metric p (i.e. p(x,y) = p(x + 2,y + z) for all
z,y,z € X). As in a normed space, the di-
stance between x and zero is denoted by ||z|
and called the F'— norm.

Let (£2,%, 1) be a finite atomless measure
space. An F-space E of equivalence classes of

2 — K is called a
Kéthe F'-space if the following conditions hold:

measurable functions z :
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(1) ify € E and |z(w)| < |y(w)]| for almost all
w € Q then z € E and ||z < ||yll;

(2) 14 € E for every set A € X.

The symbol 1,4 denotes the characteristic
function of a set A € Y. let E be a Kothe
F-space on a finite atomless measure space
(€,%, ). A linear continuous operator 7' :
E — Y (Y is any F-space) is called narrow,
ifVe>0and VA e X" ={A e X: ulA) >
0} there exists an element x € E such that

2

x* = 1y, [ xdp = 0 (such an element is

called a meaﬁ zero sign on A) and ||Tz| < e.
A subspace X of FE is called rich if the quoti-
ent map from F onto E//X is narrow. In other
wording, X is a rich subspace if for each € > 0
and each A € X7 there exist elements x € X

and y € E, such that y? = 14, / ydu = 0 and
Q
Iz —yll <e.
For Banach or F-space E the symbol

E(X, Y), stands for the linear space of all
continuous linear operators from F to F.

Theorem 1. Let E be a Kothe F-space wi-
th an absolutely continuous norm on a fini-
te atomless measure space (2,5, ). Let K €
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E(E) be a compact operator. If X is a rich
subspace of E then the subspace (I + K)(X) is
also rich.

Proof. Fix ¢ > 0 and A € ¥*. Since X is
a rich subspace, there exist a sequence x, €
X, n € N and a Rademacher system (r,) on
A such that ||z, — .|| — 0 as n — oc.

By a Rademacher system on A we mean any
sequence (r,,) such that 72 =14, [ 7,du=0

1} = pfraw) = -1} =
n € N}

is relatively compact. Hence we can choose

and pi{ra(w) =
27" u(A).
Since K is compact, the set {Kr,, :

a convergent subsequence (Kr,,) of (Kr,).
Consider two numbers nq, ny for which

g
2

9
<§7

Lpy — Tny

2

£
< ,
A1+ 1K)
< €
A1+ [IK)

|
|

We denote

Tny — Tny

2

Tnl - rng
2
It is clear that the function h; is a mean zero

hy =

sign on A; C A such that pu(A;) = u(A)/2.
Put
~ Tpy — Tp
T, = % € X
and
=21+ Kz, € (I + K)(X).
Then

ly1 — bl = |71 + K21 — || =
= |[({ + K)(Z1 — h1) + Khy|| <
<+ 1K) (]

Lpy — Tny

>
)+ <=

+

Ty —
2
Now consider the set A\ A;. Analogously,

Tng

|

there exist a sequence r} € X, n € N and a
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Rademacher system (r!) on A\ A;, for which
|zt —rl]] — 0 as n — oo. Since the set
{Kr,

choose two numbers nq, ny, for which

: n € N} is relatively compact, we can

1 1
HKrnl 5 rnQ
2

9
<§,

19
S 81+ K[’
19
A+ 1K)

<
8

the function, which is a mean zero sign on A, C

A\ A; and u(Ay) = u(A)/22. Put

_xl -4l
$2:—1 9 2 e X
n
Yo =Ty + K7y € (I + K)(X).
Then

ly2 = hall = |72 + KTz — hal| <

o |
< (U KD (| =g+
| c
_n2 @ n2 Kholl < =.
|7 |) + hahall < 5

Suppose for ¢ = 1,2, ..., m the functions z;
and the signs h; on A; C A\ A;UA U ... U
A;_1 with u(A;) = u(A)/2" have been chosen.
Then there are a sequence (z') C X and a
Rademacher system (77") on A\ A; U Ay U
..U A, for which ||2I" — "] — 0 as n —

0o. Again, using the relative compactness of

{K7r" . n € N}, we choose two numbers ny, ny,
for which
Ty — T €
e < g
B <
2 2m 2 (1+ [ K]
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€

< .
2 2m+2(1 + || KY))
Then the function

n2

hm—i—l =

is a mean zero sign on
Apyn CA\VAUAULLUA,
such that (A1) = p(A)/2m
Putting

and
Ymt1 = Tmi1 + KTy € (I + K)(X),

we obtain the estimate

€

[Yma1 = b < om*

Now let

=1 =1

The series converges because F has an
absolutely continuous norm. It is clear that the
function h is a mean zero sign on A. Putting

y=r+Kz=> vy € (I+ K)(X), we obtain
i=1

the estimate

[e.9]

|y — Al < Z lly: — hsl| < 2e.
i—1

This means that the subspace is rich. []

Corollary 1. Let E be a Kithe F'-space wi-
th an absolutely continuous norm on a finite
atomless measure space (2,2, ). If X is a ri-
ch subspace of E and Y is a subspace of X of
finite co-dimension then Y 1is also rich.

Theorem 2. Let E be a Banach Kithe
space with an absolutely continuous norm on
a finite atomless measure space (€0,%, ) and
let X be a rich subspace of E with a normali-
zed basis ()52 ,. If a sequence (y,)s, in E
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satisfies Y ||xn — yn|| < oo then the subspace

Y = [yn];’f’:—l is also rich.
The symbol [y,]22, (or simply [y,]) denotes
the closed linear span of a sequence (y,,)> ;. If

we consider the closed linear span of a sequence

o0
n=ngo"

(Yn)pln,» We denote it by the symbol [y,

Proof. According to [4,p.60], fix any A €
Yt and € € (0,2u(Q)). Let M be the basis
constant of (z,). Then choose ny € N so that

Sollen — yall < €/8Mu(2). By [2, p. 5],

n=ng
there exists a continuous linear operator 7T :
[Tnle,, = [Wnlpln, With Tz, = y, for each
n = ng and

[Tz — xf| < ellzl|/4u($2)

for each x € [z,]52,, .
By Corollary 1, [,,]

o0

nen, 18 arich space of E.

So, there exist = [z,];2, and y € E, such

n=mny

that ¢y = 14, /ydu =0 and ||z —y| < /2.

Q
Then Tx € Y and
]| < flz —yll + [yl < e/2+ u(2) <2u(Q),

[Tz—yl| < [[Tr—z|+[lo—yll < ellzf|/4+e/2 <e.
So the subspace Y is rich. [
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