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KPAMIOBA 3AJJAYA J1JId BATATOUYJIEHHOT'O JU®EPEHIIIAJIBHOT'O
PIBHAHHA JIPOBOBOTI'O ITIOPAAKY 3 IIOXI/THOIO KAIIYTO

Hocmimkeno nminifiny kpaiioBy 3a7ady i 0araTodjgeHHOTO JuEepeHItiaabHOr0 PiBHAHHST
JIPOOOBOTO TIOPSAJIKY 3 TOoXigHOIO KamyTo. ¥V BHIAJAKY CIIBMIpHUX MOPSJIKIB MOXiTHOI, BUKOPH-
CTOBYIOUH aliapaT Teopil ceB1000epHEHNX MATPHUIlh, BCTAHOBJIEHO HEOOXITHI Ta JJOCTaTHI yMOBI
PO3B’I3HOCTI Ta 3HAMIEHO 3araJbHUN BUTJISII PO3B 3Ky IMOCTABJICHOI 3a1adi.
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Bcoryn

Ocranni miBcTOMNTTS yce OibInol Barn HadyBaIOTh PI3HOMAHITHI MizKIMCIUILIIHAPHI J10-
caijizkennsd. [logBa HOBUX aJropuTMiB MOJIETIIOBAHHS SBUII PEAJTHLHOIO CBITY CTaJjla IOIMITOB-
XOM JI0 PO3BUTKY IMTUPOKOIO KOJIa MaTeMaTUIHUX JUCIUILIIH, OJIHIEI0 3 dKUX € Teopid iH-
Terpo-anudepeHItiioBalisg JIPoOdoBoro mopsiky. Ha cborojni icHyIOTh pi3Hi IMiIX0O U 7O BU-
3Ha4YeHHs JpoboBux noxiguux. Ipobosi moxinui Pimana—/liysimis [14], Kamyro [4], Beiinsa
[17], y3aramabueni apobosi moxigni [13] Ta inmi 3aBagku CBOIM 0COOJUBOCTSAM MAIOTh Di3HI
obsacri 3acrocyBanb. Hampukias, Bukopucrauus apobosoi noxigxoi Kamyro [4], mo 6ymna
BBEJIEHA TaKOXK He3asleKHO ojuH Bij omHoro ['epacimosum [11] Ta xpb6amsnom i Hepee-
canom [9], mosBosge onmcysaru nponecu i3 mam’arrio [15, ¢. 90|, [7, c. 87]. Toit dakr, mo
noxijiHa KamyTo Biji KOHCTAHTH JIOPIBHIOE HYJIIO, a ITOYATKOBa 3aJada Jjisd JTudepeHIiaib-
HUX PIBHSIHB 13 TAKOIO MOX1THOIO BU3HAYAETHCS JIUIIE TOXITHUMU ILJI0T0 MOPIJIKY, JT03BOJIAE
epeKTUBHO BUKOPUCTOBYBATH TaKy IMOXiTHY /ISl y3arajJbHEHHs BiJIOMUX paHilie Mojesei Ha
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OCHOBI 3BUYalHUX JinbepeHIiiabHIX PIBHIHB. 30KpeMa, y3araJbHEHHSIM 3BUIAHOTO e~
PEHIaILHOrO PIBHAHHS N-I0 HMOPAJIKY € OaraTodseHne abo n-djieHHe JudepeHIiajibie piB-
HAHHS JIPOOOBOIO MOPSJIKY, TOOTO PIBHAHHA Y SKOMY (DIirypyIOTh N pisHUX JudepeHItiaabHIX
OIepaTopiB IPobGOBOTO TOPAIKY o, k = 1, n. KiacnaanMm NpuK/Ia aMyu TaKIX PiBHSAHb, IO
MaroTh IPAaKTHYIHE 3acTOCyBaHHs, € piBHsHHA Beruii-Topsika (Bagley—Torvik), piBusinus Ba-
cera (Basset) |7, c. 167|, momesni B’si3ko-tipyzkHUX Matepiais |1, ¢. 52|. Pisaum Hampsvkam
Teopil baraTo4JIeHHUX JIPOOOBUX JTU(epEHIaIbHUX PIBHAHD IIPUCBAYEHO, 30KpeMa, myb/riKa-
uii [8, 6, 10, 7, 5, 16] Ta in.

dx Bigomo |15, 7|, mudepennianbhi oneparopu Kamyro, Ha BiaMiHy Bij 3BUYaiiHOI T10-
XiJIHOI, He YTBOPIOIOTH HAIBIPYIIY Ta HE BOJIOJIIOTH BJIACTUBICTIO KOMYTaTUBHOCTI. Tomy, HaA
BiiMiHY Biz KjiacudaHOl Teopil qudepeHIiaj bHuX PiBHAHD, OJ/IHE N-IeHHEe JrdepeHIiaibHe
PIBHSHHS JIpOOOBOIO TIOPSIJIKY 3 MOXiTHOI0 KamyTo He 3aB¥XK /1 MOYKHa 3BECTH JI0 €KBiBaJIEHT-
HOI cucTeMu JindpepeHIiaabHIX PIBHAHD, 110 MICTATH JIUIIE OJIUH OTIIEPATOP JIpOOOBOTO ITOPSII-
Ky. Ile mMoxkHa 3poOUTH JIMIlIe Yy OKPEMHUX BUIAIKAX, HAK/IABIIHN ITIeBHI OOMEXKEeHHA Ha IUCTIa
ap, k= 1,n. Y naniit po6oTi M1 3yIIMHIMOCA Ha PO3IVISA OJHOTO i3 TAKMX BUIIAJIKIB, a caMe
BHIIQJKY CliBMipHEX (commensurate) mopsakis, robro, ko «o;/a; € Q, 4,7 € {1,2,...n}
[7, c. 168]. ocimKyeTbest TUTaHHs iCHYBaHHS Ta KOHCTPYKTHBHOI TTOOY/IOBU PO3B’SI3KY He-
TEPOBOI KPaloBol 3a1adi JIJid 0araTo4JeHHOTO JudepeHIiaJIbHOr0 PiBHAHHSA JIPOOOBOTO I10-
psiziky 3 noxigaoo Kamyro. s nporo, BukopucroBytoun onucanuii y |7, ¢. 169| agropurm,
baratoderHe JaudepeHiiaabHe PiBHIHHS 3BOJIUTHCS 0 CHCTEMU OJIHOUJIEHHUX PiBHSHbB, IO
JIO3BOJISIE BUKOPUCTATH PE3YJIbTaTH, OTpUMaHi y [2].

1 TIOCTAHOBKA 3AJIAYI.

Posriisitaerbes Jiniiina KpaiioBa 3ajia4a, Jijid 0araTo4JIeHHOro JindpepeHIiaabHOro piBHs-
HHSA JIpOOOBOTO TTOPSIIKY

n—1

“Dypa(t) + ) an()Deha(t) + an(t)a(t) = f(1), (1)

k=1

lx(-) = q, (2)
el > a, > a1 >...>a >0, q/a; €Q,i,j € {1,2,...n}, “Di%t — nisocropon-
ui noxiyui Kanyro, a(t) € Cla,b], k = 1,n, f(t) € Cla,b], | = col (ll, lo, ..., lp)
Cla,b] — RP — obmeskenwuit jiniituuii BexkTopuuit dbynxuionasn, I, : Cla,b] — R, v = 1,p,
q = col (ql, G2, ..., qp) € RP.

2 O3HAYEHHS TA JIOIIOMIXKHI TBEPI KEHHS

Hagesemo criouarky Jiesiki o3Ha9eHHsI Ta TBEPIKEHHS 3 Teopil iHTerpo-andepeHItiioBaHHs
JIPOOOBOIO TOPSIJIKY, OLIBII JAeTaJbHO 3 IKMMU MOXKHA, O3HAMOMUTHUCS, 30KpeMa, y podboTax
[15, 7]. Bimmitumo, 1o y ganiii po6oTi M PO3I/ISIATHMEMO JIHUIIE JIBOCTOPOHHI JIpOOOBI
iHTerpa/n Ta MmoxijaHi i Haas i cJI0BO “JTIBOCTOPOHHI” OYIEMO OIIyCKATH.



KPAMOBA 3AJTAYA [1JIs1 BATATOYJIEHHOT'O AU®EPEHIIIAJIBHOI'O PIBHAHHS APOBOBOTO IMOPAIKY 87

Osnavenns 1. [7, ¢. 9] @yukmia I : (0,00) — R, Bursgy

[e.e]

I'(z) = /tx_le_tdt,

0

naszuBaetrhest I'amma—gynkiieto Eitiepa abo inTerpasiom Eitsiepa apyroro posy.

Osnauennst 2. [15, c. 65, [7, c¢. 13] Hexait o € R,. Omneparop I, x(t) BusHadenunii Ha

N 1 / x(s)ds
faw(t) = T(a) / (t—s)i-a’

a

L'[a,b] cuiBBignomennsim

gt a < t < b, Ha3uBa€eTHCs JpoboBuM iHTerpasioM Pivana—/IiyBijis MopsyKy o.

Posristnemo npoctip AC™[a, b] menepepBHO nudepeHIiioBHIX 10 m — 1 Hopsaky dyH-
KIIiif, Takux mo ix (m — 1)-1ra moxigHa € abCcoIOTHO HenepepBHOIO (DYHKIHEI.

Osuauenns 3. [4], [15, c¢. 79, [7, c. 49] Hexaii x € AC™][a, b]. [pobosoro noxiguoro Karyto
D%, x(t) nopsaxy o € Ry ¢ynknii x(t) HasupaeTbest BUpas3

1 / 2™ (s)ds R
D) = s [ Gy = D),

a

aem = [al, D =d/dt.

Bokpema, ipu 0 < o < 1 moxigna Kamyro mae Bursit

o 1 / '(s)ds ., .
DaJr'r() F(l—Oé) / (t—S)a _[aJr D (t)a

a

a npu a = n € Ny cruiBnajiae i3 3BU4aifHOIO IOX1IHOIO, TOOTO
c (n)
Da—i—‘r( ) z (t>

Teopema 1. [7, c. 170] PosrisiHeMo H09aTKOBY 3a/a4y Ji/is GATaTOYJIEHHOTO JIH(EePEeHIia b
HOTrO PIBHSIHHS JJPOOOBOIO MOPSIIKY

“Doya(t) = f(t a(t), “Dgja(t), “Dza(t), ..., D a(t)), (3)

(a) = &, (4)

yﬂKiI/“Il >y > a1 > > >0, al/(xj € Q, 4,57 € {1,2,...n}. Hosraunmo o =
aj/ar, i =1,n,7:=a/ M N:=M ozn/ozl, e M — majimenine cuijibHe KpaTHe 3HAMCHHHUKIB
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ancen o;. Toni 3amada (3), (4) exBiBa/leHTHa ITOIATKOBII 384441 /11 CHCTEMH OJHOY/ICHHIX
JupepeHIiaabHiX PIBHIHD JJPOOOBOTO HOPSIIKY

“Dayao(t) = a1(t),
“Doyri(t) = wa(1),

“DY an_a(t) = xn_1(t),

CDZ—&—J:N—l(t) = f<t7 x0<t)7 xa1/"/(t)7 e 7xan71/7(t))7

s ={ o 12 ©)

V HACTYIHOMY CEHCI:

1) sixmo Bexrop-pyuxnis y(t) := col (zo(t), z1(t), ..., xn-1(1)), zo(t) € C'a,b] npu
aesikoMmy b > 0 e poss’sskom 3aa4i (5), (6), To dyrkiis x(t) = xo(t) € pos’sizkom 3asa4i
(3), (1);

2) axmo ¢pyuknis x(t) € C'a,b] € poss’sskom zagadi (3), (4), To BekTOp-PyHKIIiT
y(t) == col (zo(t), x1(t), ..., wn_1(t)) = col(z(t), Dl x(t), D x(t),... ,CDgﬁ_l)Vx(t))
¢ posB’s3xoM 3asa4i (5), (6).

3 KPUTEPIIT PO3B’A3HOCTI KPAOBOI 3AZIAUI (1), (2)

PosriisiHeMo nuTaHHs iCHYBaHHS Ta KOHCTPYKTHBHOI NHOOYIOBU PO3B’SI3KY HOCTABJIEHOI
sazaai (1), (2). SrizHo reopemu 1, piBusHHA (1) € eKBIBaJEHTHUM CHCTEMI OJHOUICHHHUX
mdepeHIiaabHIX PIBHSAHB JPOOOBOIO MOPSIJIKY

“Doyy(t) = H(t)y(t) +p(t), (7)
y siKiii
y(t) = col (wo(t), x1(t), ..., an-1(t)), p)=col(0, 0, ..., f(t)),
har(t)  hio(t) ... hin(t) 1, =T N—1,j=i+1;
L R S R A
hai(t) hwa(t) ... han(D) 0, e

OTzKe, MU MOXKEMO IIepeiTH Bij BUBYEHHS OaraTowIeHHOro J1udepeHiaabHoro PiBHIHHIL
(1) 70 BUBYEHHSI CUCTEMU OJHOWICHHUX JinepeHIiajbHuX PiBHAHD (7), PO3B’sI30K SKOT MO-
JKHa MOOY/IyBATH BUKOPHCTABIIH Pe3y/abTaru poborn [2|. 3aranbhuii po3s’s30k cucremu (7)

Ma€ BHUIJIA
y(t) =Y (#t)c+75(t) VeeRY,

ne Y (t) — dynmamenransaa (N x N)-sumipna mMarpuig oxHopiguol cucremu (7), CTOBII
SIKOI YTBOPIOIOTH (DyH/IAMEHTAJIBHY CHCTEMY PO3B’s3KiB Iiiel cucremu, a J(t) — JacTHHHUIA
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PO3B’I30K HEOHOPIHOT cuctemu (7), SKUii MIYKAETHCsT 9K PO3B’S30K CHCTEMHU JIHITHIX piB-

HdHb BosibTeppa JIpyroro pojy

0(0) =gt + [ Kt ®)

_ 1 p(s) . go _ H)
o) =575 | R K = )

Cucrema (8) i3 Heobmerkennm sipom K (t, ) (9) € eKBIBaIEHTHOIO cHCTEMI 3 IHTEIPATBHIM
OIIepaTOPOM 13 CyMOBHUM 3 KBajpaToM siipom K, (t,s), 2my > 1 [12]

B(t) = gult) + / Ko, $)7(s)ds, (10)

gult) = g(0) + 3 [ i s)as
=1

a

Kerl(ta S) = /K(t7£>Km(£a S)dE, Kl(ta 8) = K<t7 3)7 m € N.

Cucrema (10) piBHOCHIBHA ONEPATOPHOMY PIBHSIHHIO B TIPOCTOPI o
Az =g, (11)

Jie BEKTOPH 2, ¢ Ta OJIOUHA MaTpHUIlst A MarOTh BUTJISIT

ZZCOl(yb Ya, -5 Yiy )7 g:COI(gb g2, -5 Yi )7
Air A Ay
Nor Mgy Ay o
' L —Aij, 1F
A'Ll Ai2 Am
b b
w= [10a0d 5= [a@aod =T,

b t
Ay = / / Kou(t, )gi(t)p;(s)dtds, i, =T, 00,

Iy — opmanana MaTpuig po3miprocti N, {¢;(t)}2, — nmoBHa oproHOpMaJibHA crcTeMa (yH-
Kiiiit B Ls|a, b].
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Ockinbku oiepatrop A : o — 5 € pisHHUIEIO OAUHIIHOrO ontepaTopa I : fo — {5 Ta MiJIKOM
HeIlepepBHOTO BOJILTEPIBCHKOTo omepaTropa A : lo — ly, 1o Py = Py« = 0, AT = A1, Otxe,
sriguo [3|, piBugung (11) mae equunmit poss’asok eurisauy z = A~ lg, a, srigHo Teopemu
Pica—®imepa, Bekrop-dynxuis y(t) = col (Fo(t), ,(t), ..., Yy_,(t)), AKa BH3HATAETHCS

CIIiBBIJIHOIIIEHHAM
[o¢]

y(t) = Zyi%’(t) = &(t)z = ®(t)A g,

i=1
ae ®(t) = (p1(t), @a(t), ...i(t), ... ), € po3B’H3KOM cuCTeMN PiBHAHB (8).
Orzke, 3arajabHUil po3B’s30K piBHAHHA (1) Mae BATIAL

2(t) = wo(t) = Yi(t)e +o(t) Ve e RY, (12)

ne Y)(t) — nepmmmit pajgok marpuri Y (t).

[ToBepHemocs Tenep J10 po3rJIsLy MUTaHHs ICHYBAHHS Ta CTPYKTYPU PO3B 43Ky KpailoBol
sagadi (1), (2). Higcrasusmu (12) B ymMoBy (2), oTpuMaeMo cucteMy ajreGpaldHuX PiBHSHD
BIJIHOCHO napamerpa ¢

Qc=0b, (13)

ne (p x N)-sumiprHa Marpuis () Ta p-BUMIpHIIT BeKTOP b MalOTh BUTJIST

Q= (")), b=q—(7)()

3rigHo KpuTepito po3s’a3HocTi cuctemu piBHstHb (13) (3|, Taka koHcTaHTa C icHye TOl i

TUIBKYU TO/Ii, KOJIU BUKOHYETHCS YMOBa,
PQélb =0, dy=p-—rank Q (14)

Ta Ma€ BUIJISL
¢ = Pg,,ca, + Qb Vegq, €R? dy = N —rank Q. (15)

Tyr Pg,, (PQ«*h) — (N x dy)((dy X p))-BuMIpHA MATPHIL, IO CKJIAAETHCS 13 TTOBHOI CH-
cremu dy(dy) JHIRHO He3a/IeKHUX CTOBIYHUKIB(PsAAKIB) MarpuIi-npoekTopa Pg(Pg-), QT —
(N X p)-BumipHa MaTpuiis, 1o € mncesgoobepuenoo (3a Mypom-Tlenpoyszom) o marpuri Q).
[Tincrasasiown (15) B (12), orpumaemo 3araibHuUit po3B’sa30K Kpaitosol 3a1a4i (1), (2)

z(t) = Yi(t) Py, ca, + Yi(H)Q b+ 7(t) Veg, € R®. (16)
OTke, cripaBejjiuBe TBEP/ZKEHHS:
Teopema 2. Ogmopigna kpaiiosa 3amada (1), (2) (f(t) = 0, ¢ = 0) mae dy-mapamerpudamy
ciM’10 pO3B’sI3KIB
Jf(t) = }/i(t)PQd2Cd2 VCd2 c R%.

Heonnopinna kpaiiosa 3amaqa (1), (2) € po3s’szHoro Toxi 1 TinbKH TO/I, KOJIM BUKOHYIOTHCSI
dy siniiino wesanexkunx ymos (14) i mae dy-napamerpuyany cim’io poss’sskis x € Clla, b
sursry (16).
SayBakeuns 1. Bukopucrauuit HamMu ajroput™ 3BeJeHHsT 0ATaTOI/IeHHOTO JH(PEPEHIia b~

noro piBastaast (1) jgo cucremn oxnowtennnx piBasiab (7) 3aCTOCOBHHI TAKOXK Y BHITAJKY
a;eQj=Ln o, > 1>...>01>0,0;—0a;-1 <1,0<aq <1[7 c 169]
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The extensive application of fractional differential equations and boundary-value problems
for these equations promotes the development of the theory and the appearance of numerous
publications in this field. One of the types of such equations are equations containing more
than one differential operator of fractional order.

This paper deals with the study of linear boundary-value problem for the multi-term fracti-
onal differential equation with the Caputo derivative. We considered the left fractional Caputo
derivative, which is convenient for the description of systems with memory. The boundary-
value problem is specified by linear vector functional such that the number of it components
does not coincide with the number of the orders of the derivative. Assume that the coefficients
of the equation are continuous functions and the orders of the derivative are commensurate.
A multi-term fractional differential equation is reduced to an equivalent system of differenti-
al equations containing only one fractional operator. The general solution of the system of
fractional differential equations consisting of a general solution of the associated homogeneous
system and the arbitrary particular solution of the inhomogeneous system is considered. The
particular solution we found, which is also a solution of the system of linear Volterra integral
equations of the second kind with square summable kernels. The question of the solvability of
the boundary-value problem for the multi-term fractional differential equations was studied.
We considered the critical case, i.e. case when the homogeneous problem has nontrivial soluti-
ons. By using the theory of pseudo-inverse matrices, the necessary and sufficient conditions
for solvability of the given problem are established. Moreover, a family of linearly independent
solutions of this boundary-value problem is constructed.



