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VorTovycH KH.O.

ON THE DECOMPOSITION PROBLEM FOR FUNCTIONS OF SMALL
EXPONENTIAL TYPE

The technique of decomposition for functions into the sum or product of two functions is
often used to facilitate the study of properties of functions. Some decomposition problems in
the weighted Hardy space, Paley-Wiener space, and Bergman space are well known. Usually,
in these spaces, functions are represented as the sum of two functions, each of them is "big"
only in the first or only in the second quarter. The problem of decomposition of functions
has practical applications, particularly in information theory. In these applications, it is often
necessary to find those solutions of the decomposition problem whose growth on the negative
real semi-axis is "small". In this article we consider the decomposition problem for an entire
function of any small exponential type in {z : Re z < 0}. We obtain conditions for the existence
of solutions of the above problem.
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INTRODUCTION

Decomposition for spaces of analytic functions into the sum or product of two spaces
with prescribed properties are interesting and practically important in the theory of an-
alytic function spaces. The results of such investigation can be found in the papers of
D. Dryanov [9], B. Mourrain [19], C. Carlota, A. Cornelas [2], E. Milicka [18], J. Zhao,
M. Kostic, W-S. Du [25] and many others.

Let the Paley - Wiener space W2, o > 0, be the space of entire functions f of exponential
type < o belonging to LP(R). Space WP also can be defined [15] as the space of entire
functions satisfying the condition

1/p

+o0o
sup / |(f7"ew) |pe_p”| sl gy < +o00. (1)
pe(0;2m) ;
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Theorem 1. [20] The space W2 coincides with the space of functions represented as
fz) = —— / Sit)eidt, o € [2(—ioio). @)
/27_‘_ Y Y

The above theorem is one of the fundamental result in the theory of the Paley-Wiener
spaces and has a number of generalizations and analogs. The Paley-Wiener theorem relates
to the pointwise growth rate of analytic functions to the support of the Fourier transforms
of their boundary values [13|. K. Flornes [12] considers the sampling and interpolation in
the Paley-Wiener spaces, in [14| there where given the proofs of a Paley - Wiener type
theorem and the inversion formula for the Jacobi transform. C. Eoff [10] investigates the
discrete nature of the Paley - Wiener space. S. Favorov considers a local version of Wiener’s
theorem on absolutely convergent Fourier series and found the application of this theorem
in the theory of quasicrystals [11]. The following theorem is an analog of the Paley-Wiener
theorem for the case p = 1, which was proved by G. Ber.

Theorem 2. [1| The space W} coincides with the space of function f represented by (2),

where .
pt)= > e, (o) €l (3)
k=—00
and

+o0 +oo

Z Z (_1)k+m0k+mr]€kz < +00.

m=—o0 |k=—o00

Ber’s theorem was reformulated in a useful for applications form [4].

Theorem 3. A function f belongs to W', o > 0, if and only if f represented by

fe) = - (4)

oz — 1k’

where (c) € I and
<= mk
k=—o00

for 6 € (0;1).

We use the basic theorems of Paley - Wiener theory for the research of the decomposition
problem in the space of analytic function. The investigation of this type was described in
the papers of R. S. Yulmukhametov 22|, [23], Yu. I. Lyubarskii [16], I. E. Chyzhykov [3],
Z. Wen [24].

We consider the decomposition of functions as a problem of the some function represen-
tation into the sum of two functions each of them characterized by the module which is "big”
only in the upper or lower half-planes. B. V. Vynnytskyi and his collaborators investigated
this problem for Paley - Wiener space W} [21], [5].
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Let EP[C(a; 5)],0 < B —a < 21,1 < p < 400, be the space of analytical functions f in
C(o; B) = {z: a < argz < [} such that

a<e<f

+o0
sup /|f(rei‘p)|dr < ~00.
0

Also everywhere on dC(«; 8) function f € EP[C(a; )] [3] has angular boundary values and

f e LP[C(a; B)]-
T. I. Hishchak investigated for f € W} the decomposition problem

f:X_:ua (5>

where x, p are entire functions with an exponential growth on the left half-plane and x €
E'[C(0;%)], p € E'[C(5F;0)]. She obtained the following useful result [7].

Theorem 4. Let f € W}. The functions x(z) = x1(2) + ix2(—iz) and u = x — f, where

0

1 f itz o 1 itz
x1(z) = Eﬂ/@(t)e dt, xa(z) = —E_ o(t)edt.

is a solution of the decomposition problem (5) if and only if both of the following conditions
are fulfilled

—+00

<% k
DI DI e s g | R (6)

m=1 |k=—o00

+oo “+o0o
k
< +4o00. (7)

2|2 “m+I+ik)(m+i—k)

m=1 |k=—o0

For the case p = 2 there exists the elementary solution of the decomposition problem (5)
based on the Paley - Wiener theorem:

0

x(z) = \/%_Fo/go(it)e“zdt, p(z) = _\/LQ_T('_ o(it)e™dt.

The case p = 1 is much more complicated and interesting for research and application.
This problem is generated by studies of completeness of system of functions [21| and consid-
ered in [5]. The above decomposition problem is interesting in the signal processing theory

3]
We say that an entire function is an entire function of exponential type « in the half-plane
C_.={z:Rez<0}if
(V6 > 0)(3A > 0)(Vz € C_) : | f(2)] < AelotO (8)

and inequality (8) is false if replace the number « by a smaller one.
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1 THE MAIN RESULTS

The aim of our research is to find the solutions of the decomposition problem for functions
with small exponential type in the lower half-plane. Function y in the representation of
Hishchak T. I. is the entire function of exponential type o in half-plane {z : Rez > 0}.

We offer a solving the above decomposition problem (5) for an entire function of any
small exponential type in C_. We propose a new representation of the function. This
representation different from the one received by Hishchak. Let f = x + ji, where

X(2) = xa(2) + ixa(—i2) (9)

and
0

~ 1 itz
Xa(z) = o p(t)edt.

ztz

xal?) m/

Obviously, € > 0 is the exponential type of xo in the C_ and e can be an arbitrary small.
Then function f is defined by formula

=1 %=
0

0
1 . 1
= ez dt + z—/ t)etdt.
5§/@U = [ o)

—&

Theorem 5. Let f € W}. Functions X, ji are the solution of the decomposition problem (5)
if and only if conditions (6) and (7) are fulfilled.

Proof. First let us prove that the function x(z — i4%) belongs to L'(0;+4oc0) if and only
if x belongs to L'(0;+oc0) and defined in (6). The series in (3) converges uniformly on
every interval of the positive real half-axis by the Weierstrass M-test. So, the series can be
integrated term by term

+00 ia z——”) 1

7 oo ‘
”zv%/Z%Wth Va2 T oE

and o
+00 +00 _km
1 1kmt t 1 1 — € E(Z o Z)
12) = ———— cre o efdt = ———
e == [ 3 a Vo Sy
—€
Therefore
1 +oo w(z—’%’r) -1 1— e—e(z—k—”z)
z) = z)+1 —1z C 1 =
X( ) Xl( ) X2( ) \/_ﬂ-kzz_oo k ( Z( k;l‘) 5 l%frz

L& (e (e ki)
- Vor _Zoo k(z’(z—’%>+ z—bmj z‘a(z—’“—”)(z—'“—”))'
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k w(w i5)

20' o
1 +0o (_1)1%'675(9072‘%)
) ¢ +
V2r kzzoo C o —iE

1 = k(i —1)
+_
V21 k;oo o(x —ift — ) (@ —if — E9)

20 20 o
1 +oo k zom+2 1 kie—em—l-ig
e ¥ a3 LT
or S~ x—T(5+ ) i2(3+k)

1 K] k(i + 1
+ Z T(1 ﬂ-(,l i ) sl :
Vor = ol —2(5+k)(@—il(5+k)
The above addends denote by S;(z), Sa(x), S3(z) so

% <$ —z%) = —S)(z) + Sy(x, &) + Ss(x). (10)

T. 1. Hishchak [7] proves that
+oo

/ |S1(z)|dx < 4o00.

[NIE]

Noting that

+oo

[kl Z [kl
P = < Z i
m(l
e G Rl \/172 +(E 42 T
Then consider the integral over = € [5; +00) for the function Sy(z,¢)
oo +°O k., sm+"
—1 e
|Sa(x, €)|de = / dx =
/ NG ( + k)

/ Z |C’“|e e LN
Von e—izG AR S Ve e

In [7] proved that X(x —if) € L'(Z;400) if and only if the followmg condition holds

+oo

/

us
o

+oo L

2 Fe—ZE+ R —iZ(E + k)

k=—o00

< +00.
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This inequality implies

/ |S3(z)|dx < 4o00.

Then we proved that x(z —ig=) € L'(0;400).
Now suppose that if Y(z — i) € L'(0;+00) then f € W}, x € L'(Z;+00). Using (10),
we conclude

X (x _ ;—D = 3 (2~ i2-) + 53(x) = Sl e).

In [7], T. Hishchak proved that Sy € L'(Z;400); in proof of the sufficiency we have received
that Sy € L'(Z;+00) without using (6). Hence S3 € L'(Z;400).
Finally, we use a theorem of the Phraugmen - Lindelof type [6], [17] to our prove and show
that Y(z—iZ) € C(0; ). So, X(z—1iX) € L'(9C(0; 3)) and we obtaine y(z—2L) € L(Z; +00).
Since Y(z —1iZ) € L'(Z;+00), X(zy +5-) € Ll( ;+00) and X is an entire function by
properties of entire functions it follows that x(z — 2 — Z) € LY (9C(0;5)). If x; € W2

and Yo € W2, then function y is an entire function of exponential type less then o in the
half-plane C,. Note that if « =0 and 8 = 7, v = % Then for any 7 > 0 we obtain

-5
20 20

0
. ; e m —ore —7r
— % re — = _ e 2roe Tr +2T0d7“§
200 20
0

—+o0o
2 3
— — 2
e~ dr / e TN gy <

N |—=

<b / e’”%”mdr < b < +oo,
0
where b is independent of ¢.
Therefore ¥ € E'[C(0;%)]. It remains to show that function p in the decomposition
f = X+ p belongs to E'[C(—5;0)].
Indeed,

u(z) = f(=) = $(2) = %27 / p(t)edt + %27 / p(t)edt - %27 / () di+

0 0 0
1 .
5 /go(t)etzdt = /gp(t)e”zdth /go(t)etzdt.

Bl

3

|
5l
3

[

=)
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Then
. 0 4o 0 Lo
2) = — cxe” e et dt + i / cre” o et dt =
w == [ 3 a 5/ Lo
— —
1 +oo (1 o ikTr—z'az 11— e“{’f"sz) 1 +0oo (_1)k2'e—iaz
= Ck km t sk - Ck km o
2T e — o0 Z(Z — 7) z Z; 2T ke y4 Py
1 & (1+i)mk
c
\/27r Z z— Vo k:z_:oo ka(z ) (2 — A7)
Similarly as for function x, we can prove that u(z) € E'[C(—5;0)] ]
Now we propose a solution of the decomposition problem in the form
f=x-#a (11)
where
X(2) = x1(z) +iXa2(—i2)
and

w(z k’r) -1

x1(2) \/ﬁz —;), X2(2) = — \/Q—Z_Ck Lk,

Here function yi(z) is the same as in (9) and function x3(z) coincides with xo(z) if e, = ¢
for every k € Z.

Theorem 6. Let f € W}, If for the consequence of positive values €, the inequality

3l /

and conditions (6), (7) hold, then functions X, fi are the solution of the decomposition prob-
lem (11).

da:<+oo

k=—o00

Proof. Taking into account the proof of Theorem 5, we obtain

¥ <x _ z%) — —Si(2) + Sal, 1) + Ss(2),

o0
=—0Q

where € = (g4)} and

+o0 _
’Le akw—H

So(x,e) = Z + R
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In the proof of the previous theorem we showed that
/m\sl(g;)ydx < +o0, /00\53(1:)|dx < 400,
Therefore it remains to prove that
/ |Sa(x, ep)|dr < +o0.

N
ote that 1 1
= <

1
1 T .
[z =% (5 + k)] \/x2+(%+7r_k)2 ||

So,

“+oo

/|52:z:ek \d:c—\/_/

ELT

—m/mz Py Z 'Ck‘/

k——oo

+°° 1)19@6 ekx-i-%i

where M independent of (ex). Therefore x € E'[C(0;3)]. O

Example. Let
1
f(z) = Z(cosoz—1) e W,.

z

Then we can represent the function by (4) at the point z = %’“, where

cr = ﬁ(—l)’ff (”—k) :

Let

—Looif k] > 1,
£ = In |k|
1, if ke{-1;0;1}.

The solution of decomposition problem (5) is given by functions

V2 *i (—1)k5kem+ +Z°° 0%i((—1)F — Ve me*
i(z — %”) i k?(z — z%“)
k#—l;O;l

k=—o0

e A e | S el
km - -k . ke kw0
B~ A (2 = )z i)
k#0
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where
202 k ;
& = Tl = (=1)%), if k#0,
—o(=1)k, if k=0,
and
i(2) V2 *f Cie *f (—1)k&eio?
P =) = — . kmy T kmy
™\ = (z =) = i(z —°F)
f o2i((=1F = 1)e mrz  gie®
- -k - k-
Mty k2(z —i"F) z— "
k#—1;0;1
1 . . ~
3 o2i((=1)F — 1)e? . *i k(i — 1)
B 2(, _ jkx io(z — M) (5 — jEm
k=-1, k (Z t o ) k=—00 ZU(’Z o )(Z t o )
k40
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[Ipuitomu posmenents GyHKIH Ha cyMy 9u J00yTOK JBOX (DYHKIIH YACTO BUKOPUCTOBY-
€TBCS JIJTsI TIOJIETTIIEHHT JTOCiIPKEeHHsT BaacTuBocTelt dpyukiit. Bimomi mesaki po3s’si3ku 3amad
posierieHHst B BaroBomy mpoctopi [apsi ta mpocropi Ilemi - Binepa, ne dyHKIist 300paka-
€ThCS Y BUIVISAIL CyMU JIBOX (DYHKIIIN, KOXKHA 3 SIKUX € "BeJUKOI'" jurie y mepiriit abo Jmie
y Jpyriit KoopJuHATHIN uBepTi. 3acTOCyBaHHS PE3y/IbTATIB 3ajad PO3IIEIJIEHHsI, 30KpeMa, B
Teopii iHdopmariii, MOXKe BUMAaraTu 3HAXO/?KEHHSI TAKUX PO3B’SI3KiB MPoOeMH PO3IIEIICHHS],
3pOCTaHHsI KUX Ha Bijl €MHiil JiilicHil miBoci Oyso 6 "mayum". Y maniil crarti Mu posriisiiae-
MO MHUTAHHS ICHYBaHHS PO3B’SI3KiB MpobyieMu pO3IIenieHHs (pYHKIIN, 0 HAJeXKaTh IPOCTOPY
Ileni-Binepa WP ma cymy abo pisHuIIO 1BOX Iimux dOYyHKIIN ofHa 3 AKUX € DyHKII€I0 Halepes
BU3HAYEHOI'O JOBIIBHO MAJIOr0 eKIIOHEHIiitHOro Tuity €. [1i010 dyHKII€0 eKCIIOHeHIIITHOTO TH-
ny o > 0 B nismomuai C_ = {2 : Rez < 0} HasuBaemo 1iay QyHKIIO IS TKOI BUKOHYEThCST
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ymosa (V6 > 0)(3A > 0)(Vz € C_) : |f(2)| < Ael@t9I=l § ama ymoBa He BEUKOHYETHCS SKIIO
3aMIiHUTH YUCJIO (v Ha MeHIe. J3HaiifeHi HeoOXiTHI Ta JOoCTaTHI yMOBH PO3B’S3Ky IpobsemMu
PO3IIEIIEHHS [IUTs1 TINX (PYHKIT JOBUIFHO MAJIOTO €eKCIOHEHITIHHOTO THUILY B JIBifl HiBILTOMIN-
Hi.



