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Âñòóï

Òåîðiÿ çàäà÷i Êîøi äëÿ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè ïàðàáîëi÷íîãî òèïó áåðå

ñâié ïî÷àòîê, ÿê âiäîìî, iç äîñëiäæåííÿ âëàñòèâîñòåé ðîçâ'ÿçêiâ ðiâíÿííÿ òåïëîïðîâiä-

íîñòi. Ôóíäàìåíòàëüíèì ðîçâ'ÿçêîì òàêîãî ðiâíÿííÿ ¹ ôóíêöiÿ

G(t, x) = (2
√
πt)−1 exp{−x2/(4t)}, t > 0, x ∈ R.

Ñàìà öÿ ôóíêöiÿ, ÿê ôóíêöiÿ x (ïðè êîæíîìó t > 0) ¹ åëåìåíòîì ïðîñòîðó S
1/2
1/2 . Åëå-

ìåíòàìè òàêîãî ïðîñòîðó ¹ íåñêií÷åííî äèôåðåíöiéîâíi íà R ôóíêöi¨, ÿêi ðàçîì ç óñiìà

ñâî¨ìè ïîõiäíèìè ñïàäàþòü ïðè |x| → +∞ ÿê exp{−ax2}, x ∈ R, a > 0. Ãðàíè÷íå çíà-

÷åííÿ G(t, x) ïðè t→ +0 i ôiêñîâàíîìó x ∈ R (δ-ôóíêöiÿ Äiðàêà) iñíó¹ âæå ó ïðîñòîði

(S
1/2
1/2)′ óñiõ ëiíiéíèõ i íåïåðåðâíèõ ôóíêöiîíàëiâ, çàäàíèõ íà S

1/2
1/2 . Öåé ôàêò äîçâîëèâ

âñòàíîâèòè, ùî (S
1/2
1/2)′ çáiãà¹òüñÿ iç ìíîæèíîþ ïî÷àòêîâèõ çíà÷åíü äëÿ ïîñòàíîâêè çà-

äà÷i Êîøi äëÿ ðiâíÿííÿ òåïëîïðîâiäíîñòi, ïðè ÿêèõ ðîçâ'ÿçêè òàêî¨ çàäà÷i ¹ íåñêií÷åííî

äèôåðåíöiéîâíèìè çà çìiííîþ x ôóíêöiÿìè. Àíàëîãi÷íà ñèòóàöiÿ ìà¹ ìiñöå i ó âèïàäêó

ðiâíÿíü ïàðàáîëi÷íîãî òèïó çàãàëüíiøîãî âèãëÿäó (Ì.Ë. Ãîðáà÷óê, Â.I. Ãîðáà÷óê, Î.I.

Êàøïiðîâñüêèé, Ï.I. Äóäíèêîâ òà ií. [1�5]).

Ó öié ðîáîòi äîñëiäæóþòüñÿ âëàñòèâîñòi ðîçâ'ÿçêiâ ðiâíÿííÿ òåïëîïðîâiäíîñòi ç äè-

ñèïàöi¹þ, ÿêå ïîâ'ÿçàíå ç ãàðìîíiéíèì îñöèëÿòîðîì � îïåðàòîðîì A = −d2/dx2 + x2

(íåâiä'¹ìíèì i ñàìîñïðÿæåíèì ó L2(R)). Ïðè öüîìó çíàéäåíî ÿâíèé âèãëÿä ôóíêöi¨,

ÿêà ¹ àíàëîãîì ôóíäàìåíòàëüíîãî ðîçâ'ÿçêó çàäà÷i Êîøi äëÿ ðiâíÿííÿ òåïëîïðîâiä-

íîñòi. Çíàéäåíî ôîðìóëó, ÿêà îïèñó¹ âñi íåñêií÷åííî äèôåðåíöiéîâíi ðîçâ'ÿçêè òàêîãî
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ðiâíÿííÿ, äîâåäåíî êîðåêòíó ðîçâ'ÿçíiñòü çàäà÷i Êîøi ç ïî÷àòêîâîþ ôóíêöi¹þ � åëåìåí-

òîì ïðîñòîðó (S
1/2
1/2)′, ïðè öüîìó âñòàíîâëåíî, ùî (S

1/2
1/2)′ ¹ �ìàêñèìàëüíèì� ïðîñòîðîì

ïî÷àòêîâèõ äàíèõ çàäà÷i Êîøi, ïðè ÿêèõ ðîçâ'ÿçêè ¹ íåñêií÷åííî äèôåðåíöiéîâíèìè

çà ïðîñòîðîâîþ çìiííîþ ôóíêöiÿìè. Îñíîâíèì çàñîáîì äîñëiäæåííÿ ¹ ôîðìàëüíi ðÿ-

äè Åðìiòà, ÿêi îòîòîæíþþòüñÿ ç ëiíiéíèìè íåïåðåðâíèìè ôóíêöiîíàëàìè, çàäàíèìè íà

S
1/2
1/2 .

1. Îðòîíîðìîâàíi ìíîãî÷ëåíè Åðìiòà. Ôóíêöi¨ Åðìiòà. Ôóíêöiÿ F : R → R
íàçèâà¹òüñÿ âàãîâîþ, ÿêùî âîíà íåâiä'¹ìíà i òàêà, ùî àáñîëþòíî çáiæíèìè ¹ iíòåãðàëè

αn =

∫
R

xnF (x)dx, n ∈ Z+,

ÿêi íàçèâàþòüñÿ ñòåïåíåâèìè ìîìåíòàìè ôóíêöi¨ F . Çà F , çîêðåìà, ìîæíà âçÿòè ôóí-

êöiþ exp(−x2), x ∈ R. Êîðèñòóþ÷èñü ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨, ìîæíà äîâåñòè,

ùî

(e−x
2

)(n) = e−x
2

[n/2]∑
k=0

(−1)n−kn!

k!(n− 2k)!
(2x)n−2k, x ∈ R, n ∈ Z+.

Îòæå, ôóíêöiÿ Hn(x) = (−1)nex
2
(e−x

2
)(n), n ∈ Z+, ¹ ìíîãî÷ëåíîì ñòåïåíÿ n. Öåé ìíî-

ãî÷ëåí íàçèâà¹òüñÿ ñòàíäàðòèçîâàíèì ìíîãî÷ëåíîì Åðìiòà. Ìíîãî÷ëåíè {Hn, n ∈ Z+}
îðòîãîíàëüíi íà R ç âàãîâîþ ôóíêöi¹þ exp(−x2), ïðè öüîìó∫

R

e−x
2

Hn(x)dx =
√
π2nn!, n ∈ Z+.

Îòæå, îðòîíîðìîâàíi ìíîãî÷ëåíè Åðìiòà Ĥn, n ∈ Z+, ìàþòü âèãëÿä

Ĥn(x) =
Hn(x)√
n!2n
√
π

=
(−1)n√
n!2n
√
π
ex

2

(e−x
2

)(n).

Ìíîãî÷ëåíè Ĥn, n ∈ Z+, ïîáóäîâàíi çà âàãîâîþ ôóíêöi¹þ F (x) = exp(−x2), x ∈ R,
óòâîðþþòü îðòîíîðìîâàíèé áàçèñ ó ïðîñòîði L2(R, exp(−x2)). Ó ïðîñòîði L2(R) îðòî-

íîðìîâàíèé áàçèñ óòâîðþþòü ôóíêöi¨ Åðìiòà

hn(x) = e−x
2/2Ĥn(x) = (−1)nπ−1/4(n!2n)−1/2ex

2/2(e−x
2

)(n), n ∈ Z+, x ∈ R.

2. Ïðîñòîðè îñíîâíèõ òà óçàãàëüíåíèõ ôóíêöié. Ôîðìàëüíi ðÿäè Åðìiòà

Ñèìâîëîì Sββ , β > 0 � ôiêñîâàíèé ïàðàìåòð, ïîçíà÷àþòü ñóêóïíiñòü ôóíêöié ϕ ∈
C∞(R), ÿêi çàäîâîëüíÿþòü óìîâó

∃c > 0 ∃A > 0 ∃B > 0 ∀{k,m} ⊂ Z+ ∀x ∈ R : |xkϕ(m)(x)| ≤ cAkBmkkβmmβ.

ßêùî β ≥ 1/2, òî ïðîñòîðè Sββ íåòðèâiàëüíi i óòâîðþþòü ùiëüíi â L2(R) ìíîæèíè. ßêùî

1/2 ≤ β < 1, òî Sββ ñêëàäà¹òüñÿ ç òèõ i ëèøå òèõ ôóíêöié ϕ: R → R, ÿêi äîïóñêàþòü
àíàëiòè÷íå ïðîäîâæåííÿ ó âñþ êîìïëåêñíó ïëîùèíó i äëÿ ÿêèõ

|ϕ(x+ iy)| ≤ c exp{−a|x|1/β + b|y|1/(1−β)}, {x, y} ⊂ R,
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äå ñòàëi c, a, b > 0 çàëåæàòü ëèøå âiä ôóíêöi¨ ϕ.

Òîïîëîãi÷íà ñòðóêòóðà ïðîñòîðàõ Sββ âèçíà÷à¹òüñÿ òàê. Ñèìâîëîì Sβ,Bβ,A ïîçíà÷èìî

ñóêóïíiñòü ôóíêöié ϕ ∈ Sββ , ÿêi çàäîâîëüíÿþòü óìîâó:

∀A > A ∀B > B : |xkϕ(m)(x)| ≤ cA
k
B
m
kkβmmβ, {k,m} ⊂ Z+, x ∈ R.

Öÿ ìíîæèíà ïåðåòâîðþ¹òüñÿ â ïîâíèé çëi÷åííî íîðìîâàíèé ïðîñòið, ÿêùî íîðìè â íié

ââåñòè çà äîïîìîãîþ ñïiââiäíîøåíü

‖ϕ‖δ,ρ = sup
x,k,m

|xkϕ(m)(x)|
(A+ δ)k(B + ρ)mkkβmmβ

, {δ, ρ} ⊂
{

1,
1

2
,
1

3
, . . .

}
.

ßêùî A1 < A2, B1 < B2, òî S
β,B1

β,A1
íåïåðåðâíî âêëàäà¹òüñÿ â Sβ,B2

β,A2
i Sββ =

⋃
A,B>0

Sβ,Bβ,A .

ßêùî P � äåÿêèé ôiêñîâàíèé ìíîãî÷ëåí, òî â ïðîñòîði Sββ âèçíà÷åíà i íåïåðåðâíà

îïåðàöiÿ ìíîæåííÿ íà P . Çâiäñè, çîêðåìà, âèïëèâà¹, ùî ôóíêöi¨ Åðìiòà hk, k ∈ Z+,

íàëåæàòü äî ïðîñòîðó S
1/2
1/2 . Ñïðàâäi, e

−x2/2 ∈ S1/2
1/2 , áî |e−z

2| = e−x
2/2+y2/2, z = x+ iy ∈ C.

Çâiäñè òà ç õàðàêòåðèñòèêè ïðîñòîðiâ Sββ , 1/2 ≤ β < 1, âèïëèâà¹, ùî
1

β
= 2,

1

1− β
=

2, òîáòî β =
1

2
. Ôóíêöi¨ Åðìiòà hk, k ∈ Z+, ìàþòü âèãëÿä P (x) exp(−x2), x ∈ R, äå P �

ìíîãî÷ëåí Åðìiòà. Îòæå, hk ∈ S1/2
1/2 äëÿ êîæíîãî k ∈ Z+.

Ñèìâîëîì (Sββ )′ ïîçíà÷èìî ñóêóïíiñòü óñiõ ëiíiéíèõ íåïåðåðâíèõ ôóíêöiîíàëiâ, çàäà-

íèõ íà Sββ çi ñëàáêîþ çáiæíiñòþ. Åëåìåíòè ïðîñòîðó (Sββ )′ íàçèâàòèìåìî óçàãàëüíåíèìè

ôóíêöiÿìè. Çàçíà÷èìî, ùî Sββ íåïåðåðâíî âêëàäà¹òüñÿ â (Sββ )′, òîáòî êîæíó îñíîâíó

ôóíêöiþ ϕ ∈ Sββ ìîæíà ðîçóìiòè ÿê ðåãóëÿðíó óçàãàëüíåíó ôóíêöiþ fϕ ∈ (Sββ )′:

〈fϕ, ψ〉 = (ϕ, ψ)L2(R) =

∫
R

ϕ(x)ψ(x)dx, ∀ψ ∈ Sββ .

ßêùî f ∈ (Sββ )′, òî i f (p) ∈ (Sββ )′ äëÿ êîæíîãî p ∈ {2, 3, 4, . . . }, ïðè öüîìó óçàãàëüíåíà

ôóíêöiÿ f (p) âèçíà÷à¹òüñÿ ôîðìóëîþ

〈f (p), ϕ〉 = (−1)p〈f, ϕ(p)〉, ∀ϕ ∈ Sββ ,

(òóò ñèìâîëîì 〈f (p), ·〉 ïîçíà÷à¹òüñÿ äiÿ ôóíêöiîíàëó f (p) íà îñíîâíó ôóíêöiþ).

Êîæíié óçàãàëüíåíié ôóíêöi¨ f ∈ (Sββ )′ âiäïîâiäà¹ ôîðìàëüíèé ðÿä Åðìiòà
∞∑
k=0

ck(f)hk,

äå ck(f) = 〈f, hk〉, k ∈ Z+, � êîåôiöi¹íòè Ôóð'¹-Åðìiòà. Ôóíêöi¨ Åðìiòà hk, k ∈ Z+ , ¹

âëàñíèìè ôóíêöiÿìè ãàðìîíiéíîãî îñöèëÿòîðà A = − d2

dx2
+x2 � íåâiä'¹ìíîãî ñàìîñïðÿ-

æåíîãî îïåðàòîðà â L2(R), ñïåêòð ÿêîãî ñóòî äèñêðåòíèé, λk = 2k + 1, k ∈ Z+, � éîãî

âëàñíi ÷èñëà.

Iç çàãàëüíî¨ òåîði¨ íåâiä'¹ìíèõ ñàìîñïðÿæåíèõ îïåðàòîðiâ ó ãiëüáåðòîâîìó ïðîñòîði,

âëàñíi ôóíêöi¨ ÿêîãî óòâîðþþòü îðòîíîðìîâàíèé áàçèñ, âèïëèâà¹, ùî äëÿ êîæíî¨ óçà-

ãàëüíåíî¨ ôóíêöi¨ f ∈ (Sββ )′ ¨ ¨ ðÿä Åðìiòà çáiãà¹òüñÿ äî f ó ïðîñòîði (Sββ )′. Ïðè öüîìó
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åëåìåíòè ïðîñòîðiâ Sββ , (Sββ )′ ìîæíà îõàðàêòåðèçóâàòè çà äîïîìîãîþ ¨õíiõ êîåôiöi¹íòiâ

Ôóð'¹-Åðìiòà òàê [4]:

à) (f ∈ Sββ )⇔ (∃µ > 0 ∃c > 0 ∀k ∈ Z+ : |ck(f)| ≤ c exp{−µ(2k + 1)1/(2β)});
á) (f ∈ (Sββ )′)⇔ (∀µ > 0 ∃c = c(µ) > 0 ∀k ∈ Z+: |ck(f)| ≤ c exp{µ(2k + 1)1/(2β)}).
Êðiì òîãî, S

β/2
β/2 = H{β} =

⋃
µ>0

Hµ,β, äå Hµ,β ñêëàäà¹òüñÿ ç òèõ ôóíêöié ϕ ∈ Sβ/2β/2 , äëÿ

ÿêèõ ïðè äåÿêîìó µ > 0

‖ϕ‖2Hµ,β :=
∞∑
k=0

e2µ(2k+1)1/β |ck(ϕ)|2 <∞, ck(ϕ) = (ϕ, hk)L2(R), k ∈ Z+.

Âiäïîâiäíî, (S
β/2
β/2)′ = H ′{β} =

⋂
µ>0

H ′µ,β, ïðè öüîìó ÿêùî f ∈ (S
β/2
β/2)′, òî äëÿ äîâiëüíîãî

µ > 0

‖ϕ‖2H′µ,β =
∞∑
k=0

e−2µ(2k+1)1/β |ck(ϕ)|2 <∞, ck(f) = 〈f, hk〉, k ∈ Z+.

3. Ðiâíÿííÿ òåïëîïðîâiäíîñòi ç äèñèïàöi¹þ

Ðîçãëÿíåìî ðiâíÿííÿ

∂u(t, x)

∂t
=
∂2u(t, x)

∂x2
− x2u(t, x), (t, x) ∈ (0, T ]× R ≡ Ω, (1)

ÿêå íàçèâàòèìåìî ðiâíÿííÿì òåïëîïðîâiäíîñòi ç äèñèïàöi¹þ. Çàóâàæèìî, ùî ðiâíÿííÿ

(1) ìîæíà çàïèñàòè ó âèãëÿäi

∂u(t, x)

∂t
+ Au(t, x) = 0, (t, x) ∈ Ω, (2)

äå A = − ∂2

∂x2
+ x2 � ãàðìîíiéíèé îñöèëÿòîð (íåâiä'¹ìíèé ñàìîñïðÿæåíèé ó L2(R) îïå-

ðàòîð).

Ïiä ðîçâ'ÿçêîì ðiâíÿííÿ (1) ðîçóìi¹ìî ôóíêöiþ u(t, x), (t, x) ∈ Ω, ÿêà çàäîâîëü-

íÿ¹ óìîâè: 1) u(t, ·) � íåïåðåðâíî äèôåðåíöiéîâíà ïî t (ïðè ôiêñîâàíîìó x ∈ R); 2)
u(·, x) ∈ L2(R) i u(·, x) � äâi÷i íåïåðåðâíî äèôåðåíöiéîâíà ôóíêöiÿ ïî x (ïðè êîæíîìó

ôiêñîâàíîìó t > 0); 3) u(t, x), (t, x) ∈ Ω, çàäîâîëüíÿ¹ ðiâíÿííÿ (1).

Òåîðåìà 1. Ôóíêöiÿ u(t, x), (t, x) ∈ Ω, ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (1) òîäi i òiëüêè òîäi,

êîëè âîíà çîáðàæà¹òüñÿ ó âèãëÿäi

u(t, x) =
∞∑
k=0

e−t(2k+1)ckhk(x) = 〈fy, Kt,x(y)〉, (3)

äå
∞∑
k=0

ckhk = f ∈ (S
1/2
1/2)′,

Kt,x(y) = (2πsh(2t))−1 exp{sh−1(2t)xy − 1

2
cth(2t)(x2 + y2)},

ïðè öüîìó Kt,x(·) ∈ S1/2
1/2 (ïðè êîæíîìó t > 0, x ∈ R), u(t, ·) ∈ S1/2

1/2 ïðè êîæíîìó t > 0.



Âëàñòèâîñòi ðîçâ'ÿçêiâ ðiâíÿííÿ òåïëîïðîâiäíîñòi ç äèñèïàöi¹þ 81

Äîâåäåííÿ. Íåõàé u(t, x) � ðîçâ'ÿçîê ðiâíÿííÿ (1). Îñêiëüêè u(t, x) ∈ L2(R) ïðè êîæíî-

ìó t ∈ (0, T ], à ôóíêöi¨ Åðìiòà hk, k ∈ Z+, óòâîðþþòü îðòîíîðìîâàíèé áàçèñ ó L2(R),

òî

u(t, x) =
∞∑
k=0

ck(t)hk(x), (t, x) ∈ Ω,

ck(t) ≡ ck(u(t, ·)) = (u(t, ·), hk)L2(R), k ∈ Z+,

ïðè÷îìó

‖u(t, ·)‖2L2(R) =
∞∑
k=0

|ck(t)|2, t ∈ (0, T ].

Äëÿ âiäøóêàííÿ ck(t) ïîìíîæèìî (2) ñêàëÿðíî íà hk, k ∈ Z+; ó ðåçóëüòàòi ïðèéäåìî

äî ñïiââiäíîøåííÿ

(u′t, hk) + (Au, hk) = 0.

Ïðè ôiêñîâàíîìó k ∈ Z+ ìà¹ìî

(Au, hk) = (u,Ahk) = (u, (2k + 1)hk) = (2k + 1)(u, hk) = (2k + 1)ck(t)

(òóò âðàõîâàíî, ùî hk � âëàñíà ôóíêöiÿ îïåðàòîðà A, à (2k + 1) � éîãî âëàñíå ÷èñëî).

Iç äèôåðåíöiéîâíîñòi ôóíêöi¨ u(t, x) çà çìiííîþ t ∈ (0, T ] âèïëèâà¹ äèôåðåíöiéîâíiñòü

ôóíêöi¨ ck(t) = (u(t, ·), hk). Îòæå, ôóíêöiÿ ck(t) çàäîâîëüíÿ¹ ðiâíÿííÿ

c′k(t) + (2k + 1)ck(t) = 0, k ∈ Z+,

çàãàëüíèé ðîçâ'ÿçîê ÿêîãî ìà¹ âèãëÿä ck(t) = ck exp{−t(2k + 1)}, ck = const, k ∈ Z+.

Òîäi

u(t, x) =
∞∑
k=0

cke
−t(2k+1)hk(x), (t, x) ∈ Ω.

ïðè÷îìó

‖u(t, ·)‖2L2(R) =
∞∑
k=0

c2ke
−2t(2k+1) ≤ c2,

äå c2 = c2(t) > 0. Îòæå,

∀t > 0 ∃c = c(t) > 0 ∀k ∈ Z+ : |ck(t)| ≤ cet(2k+1).

Çâiäñè âèïëèâà¹, ùî ðÿä
∞∑
k=0

ckhk ¹ ôîðìàëüíèì ðÿäîì Åðìiòà äåÿêî¨ óçàãàëüíåíî¨ ôóí-

êöi¨ f ∈ (S
1/2
1/2)′, ïðè öüîìó

f =
∞∑
k=0

ckhk ∈ (S
1/2
1/2)′, ck = 〈f, hk〉, k ∈ Z+,

òîáòî ck = ck(t) � êîåôiöi¹íòè Åðìiòà ôóíêöi¨ f ∈ (S
1/2
1/2)′.
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Òàêèì ÷èíîì,

u(t, x) =
∞∑
k=0

cke
−t(2k+1)hk(x) =

∞∑
k=0

e−t(2k+1)〈f, hk(y)〉hk(x) =

= lim
n→∞

n∑
k=0

〈fy, hk(y)〉e−t(2k+1)hk(x).

Óðàõóâàâøè âëàñòèâîñòi ëiíiéíîñòi òà íåïåðåðâíîñòi ôóíêöiîíàëà f , îäåðæèìî

u(t, x) = lim
n→∞
〈fy,

n∑
k=0

e−t(2k+1)hk(y)hk(x)〉 = 〈fy, lim
n→∞

n∑
k=0

e−t(2k+1)hk(x)hk(y)〉 =

= 〈fy,
∞∑
k=0

e−t(2k+1)hk(x)hk(y)〉 ≡ 〈fy, Kt,x(y)〉. (4)

Îñêiëüêè |hk(x)hk(y)| ≤ 1, ∀k ∈ Z+, ∀{x, y} ⊂ R, òî ðÿä
∞∑
k=0

e−t(2k+1)hk(x)hk(y) çáiãà¹òüñÿ

ðiâíîìiðíî ïî {x, y} ⊂ R ïðè t > 0. Êðiì òîãî, Kt,x(·) ∈ S1/2
1/2 , áî

|ck(Kt,x)| = |e−t(2k+1)hk| ≤ e−t(2k+1), ∀k ∈ Z+, t > 0.

Äëÿ îá ðóíòóâàííÿ êîðåêòíîñòi ïðîâåäåíèõ ó (4) ïåðåòâîðåíü äîâåäåìî, ùî Sn,t,x(y)→
Kt,x(y) ïðè n→∞ ó ïðîñòîði S

1/2
1/2 , äå

Sn,t,x(y) =
n∑
k=0

e−t(2k+1)hk(x)hk(y).

Íàãàäà¹ìî, ùî S
1/2
1/2 = H{1} =

⋃
µ>0

Hµ,1, äå Hµ,1 � ñóêóïíiñòü ôóíêöié ç ïðîñòîðó S
1/2
1/2 ,

äëÿ ÿêèõ ïðè äåÿêîìó µ > 0

‖ϕ‖2Hµ,1 =
∞∑
k=0

e2µ(2k+1)|ck(ϕ)|2 <∞, ck(ϕ) = (ϕ, hk)L2(R), k ∈ Z+.

Îòæå, ïîòðiáíî äîâåñòè, ùî:

1) Sn,t,x ∈ Hµ,1 ïðè äåÿêîìó µ > 0 òà êîæíîìó n ∈ N (ïðè ôiêñîâàíèõ t > 0 i x ∈ R);
2) ‖Sn,t,x −Kt,x‖Hµ,1 → 0, n→∞ ïðè ôiêñîâàíèõ t > 0, x ∈ R.
Äëÿ äîâåäåííÿ 1) çàóâàæèìî, ùî

ck(Sn,t,x) = 〈Sn,t,x, hk〉 = (Sn,t,x, hk)L2(R) =

{
exp{−t(2k + 1)}, ÿêùî k ≤ n,

0, ÿêùî k > n.

Òîäi äëÿ äîâiëüíî ôiêñîâàíîãî µ < t ìà¹ìî:

‖Sn,t,x‖2Hµ,1 =
∞∑
k=0

e2µ(2k+1)|ck(Sn,t,x)|2 =
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=
∞∑
k=0

e2µ(2k+1)e−2t(2k+1)|hk(x)|2 ≤
∞∑
k=0

e−2(t−µ)(2k+1) <∞

(òóò ñêîðèñòàëèñÿ òèì, ùî |hk(x)| ≤ 1, x ∈ R, k ∈ Z+). Îòæå, âëàñòèâiñòü 1) äîâåäåíà.

Äëÿ äîâåäåííÿ 2) äîñèòü ïîêàçàòè, ùî

αn,t,x(y) :=
∞∑

k=n+1

e−t(2k+1)hk(x)hk(y)→ 0, n→∞

ó ïðîñòîði Hµ,1, äå µ < t, òîáòî ùî

‖αn,t,x‖2Hµ,1 → 0, n→∞,

ïðè ôiêñîâàíèõ t > 0, x ∈ R. Îñêiëüêè αn,t,x ∈ Hµ,1 ⊂ S
1/2
1/2 , äå 0 < µ < t (t > 0, x ∈ R

ôiêñîâàíi), òî

ck(αn,t,x) = 〈αn,t,x, hk〉 = (αn,t,x, hk)L2(R) =

{
e−t(2k+1), ÿêùî k ≥ n,

0, ÿêùî k < n.

Òîäi äëÿ µ < t ìà¹ìî:

‖αn,t,x‖2Hµ,1 =
∞∑
k=0

e2µ(2k+1)|ck(αn,t,x)|2 =

=
∞∑

k=n+1

e2µ(2k+1)e−2t(2k+1)|hk|2 ≤
∞∑

k=n+1

e−2(t−µ)(2k+1) → 0

ïðè n→∞ ÿê çàëèøîê çáiæíîãî ðÿäó. Öèì äîâåäåíî, ùî óìîâà 2) âèêîíó¹òüñÿ.

Äàëi ñêîðèñòà¹ìîñÿ ñïiââiäíîøåííÿì [5]

(1− ω2)−1/2 exp
{2xyω − (x2 + y2)ω2

1− ω2

}
=

=
∞∑
k=0

1

k!2k
Hk(x)Hk(y)ωk = π1/2

∞∑
k=0

Ĥk(x)Ĥk(y)ωk, |ω| < 1, {x, y} ⊂ R

(ω � äîâiëüíî ôiêñîâàíèé ïàðàìåòð). Ïîêëàäåìî ω = exp{−2t}, t > 0. Óðàõóâàâøè

çâ'ÿçîê ìiæ ìíîãî÷ëåíàìè Hn òà Ĥn (äèâ. ï. 1), çíàéäåìî, ùî

Kt,x(y) = π−1/2e−(t+x
2/2+y2/2)(1−e−4t)−1/2

exp
{2xye−2t − (x2 + y2)e−4t

1− e−4t
}

=

= (2π)−1/2(sh(2t)−1/2) exp{sh−1(2t)xy − 1

2
cth(2t)(x2 + y2)}.

Íåõàé òåïåð ôóíêöiÿ u(t, x), (t, x) ∈ Ω, ìà¹ âèãëÿä (3). Äîâåäåìî, ùî âîíà ¹ ðîçâ'ÿçêîì

ðiâíÿííÿ (1). Ñïðàâäi, îñêiëüêè A � íåâiä'¹ìíèé ñàìîñïðÿæåíèé îïåðàòîð ó L2(R),

σ(A) = {2k + 1, k ∈ Z+}, òî ñïåêòðàëüíà ôóíêöiÿ Eλ, λ ∈ [0,∞), ¹ êóñêîâî-ñòàëîþ i

ìà¹ ðîçðèâè ó òî÷êàõ λk = 2k+1 , k ∈ Z+, ïðè÷îìó Eλk+0−Eλk � îïåðàòîð ïðîåêòóâàí-

íÿ íà âëàñíèé ïiäïðîñòið îïåðàòîðà A, ÿêèé âiäïîâiäà¹ âëàñíîìó çíà÷åííþ λk = 2k+ 1.
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Öåé ïiäïðîñòið ¹ îäíîâèìiðíèì, à âiäïîâiäíà ôóíêöiÿ Åðìiòà hk óòâîðþ¹ éîãî áàçèñ.

Îòæå,

(Eλk+0 − Eλk)ϕ = (ϕ, hk)L2(R)hk = ck(ϕ)hk,

à ñïåêòðàëüíà ôóíêöiÿ Eλ, λ ∈ [0,∞), ó öüîìó âèïàäêó ìà¹ âèãëÿä

(Eλϕ)(x) =
∑
λk<λ

ck(ϕ)hk(x).

Çâiäñè òà ç îñíîâíî¨ ñïåêòðàëüíî¨ òåîðåìè äëÿ ñàìîñïðÿæåíèõ îïåðàòîðiâ âèïëèâà¹, ùî

Aϕ =

∞∫
0

λdEλϕ =
∞∑
k=0

λk(Eλk+0 − Eλk)ϕ(x)

=
∞∑
k=0

λkck(ϕ)hk(x), λk = 2k + 1, k ∈ Z+.

Îòæå,

Au(t, x) =
∞∑
k=0

(2k + 1)ck(u(t, x))hk(x) =
∞∑
k=0

(2k + 1)e−t(2k+1)ck(y)hk(x).

Ôóíêöiÿ u(t, x) äèôåðåíöiéîâíà ïî t (ïðè êîæíîìó x ∈ R). Ñïðàâäi, íåõàé t ∈ [ε, T ], äå

ε > 0. Äîâåäåìî, ùî ðÿä

−
∞∑
k=0

ck · (2k + 1)e−t(2k+1)hk(x) := γ(t, x) (5)

çáiãà¹òüñÿ ðiâíîìiðíî ïî t (ïðè ôiêñîâàíîìó x ∈ R), áî òîäi ∂u(t, x)/∂t = γ(t, x), t ∈
[ε, T ]. Îñêiëüêè |hk(x)| ≤ 1, k ∈ Z+, x ∈ R, òî

| − (2k + 1)cke
−t(2k+1)hk(x)| ≤ (2k + 1)|ck|e−ε(2k+1) ≤ 2

ε
e−

ε
2
(2k+1)|ck|.

Îñêiëüêè
∞∑
k=0

ckhk = f ∈ (S
1/2
1/2)′, òî äëÿ µ = ε/4 iñíó¹ ñòàëà cµ > 0 òàêà, ùî

|ck| ≤ cµe
ε
4
(2k+1), k ∈ Z+.

Òîäi

| − (2k + 1)cke
−t(2k+1)hk(x)| ≤ 2

ε
cµe
− ε

4
(2k+1), k ∈ Z+.

Îòæå, ðÿä (5) çáiãà¹òüñÿ ðiâíîìiðíî ïðè t ≥ ε. Öèì äîâåäåíî, ùî ôóíêöiÿ u(t, x) äèôå-

ðåíöiéîâíà ïî t íà âiäðiçêó [ε, T ]. Îñêiëüêè ε > 0 � äîâiëüíå, òî ôóíêöiÿ u(t, x) äèôåðåí-

öiéîâíà ïî t íà ïðîìiæêó (0, T ], ïðè öüîìó ïðàâèëüíèì ¹ ñïiââiäíîøåííÿ ∂u(t, x)/∂t =

γ(t, x), t ∈ (0, T ], x ∈ R. Çâiäñè âæå âèïëèâà¹, ùî u � ðîçâ'ÿçîê ðiâíÿííÿ (1).

Òåîðåìó äîâåäåíî.
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Íàñëiäîê 1. Íåõàé f ∈ (S
1/2
1/2)′. Òîäi

u(t, x) = 〈fy, Kt,x(y)〉 → f ïðè t→ +0

ó ïðîñòîði (S
1/2
1/2)′.

Äîâåäåííÿ. Ñèìâîëîì s ïîçíà÷èìî ìíîæèíó âñiõ ïîñëiäîâíîñòåé {ak, k ∈ Z+} äiéñíèõ
÷èñåë ç ïîêîîðäèíàòíîþ çáiæíiñòþ, ÿêi çàäîâîëüíÿþòü óìîâó:

∀µ > 0 ∃c = c(µ) > 0 ∀k ∈ Z+ : |ak| ≤ ceµ(2k+1).

Ïîáóäó¹ìî âiäîáðàæåííÿ F : (S
1/2
1/2)′ → s òàê. Êîæíîìó f =

∞∑
k=0

ck(f)hk ∈ (S
1/2
1/2)′ ïî-

ñòàâèìî ó âiäïîâiäíiñòü ïîñëiäîâíiñòü {ck(f) = 〈f, hk〉, k ∈ Z+} ∈ s. Ïðè öüîìó ðiçíèì

åëåìåíòàì ç (S
1/2
1/2)′ âiäïîâiäàþòü ðiçíi åëåìåíòè ç s. Ñïðàâäi, ÿêùî {f1, f2} ⊂ (S

1/2
1/2)′ i

f1 6= f2, òî iñíó¹ k0 ∈ Z+ òàêå, ùî ck0(f1) 6= ck0(f2); áî ó ïðîòèëåæíîìó âèïàäêó

∀k ∈ Z+ : ck(f1) = ck(f2),

òîáòî 〈f1 − f2, hk〉 = 0, ∀k ∈ Z+. Íåõàé

ϕ =
∞∑
k=0

ck(ϕ)hk ∈ S1/2
1/2 , ck(ϕ) = (ϕ, hk), k ∈ Z+,

Sn =
n∑
k=0

ck(ϕ)hk, n ∈ N.

Âíàñëiäîê ëiíiéíîñòi ôóíêöiîíàëó f1 − f2

〈f1 − f2, Sn〉 = 〈f1 − f2,
n∑
k=0

ck(ϕ)hk〉 =
n∑
k=0

ck(ϕ)〈f1 − f2, hk〉 = 0.

Óðàõóâàâøè âëàñòèâiñòü íåïåðåðâíîñòi ôóíêöiîíàëó f1−f2, à òàêîæ òå, ùî Sn → ϕ ïðè

n→∞ ó ïðîñòîði S
1/2
1/2 , îäåðæèìî

〈f1 − f2, ϕ〉 = 〈f1 − f2, lim
n→∞

Sn〉 = lim
n→∞
〈f1 − f2, Sn〉 = lim

n→∞
〈f1 − f2,

n∑
k=0

ck(ϕ)hk〉 = 0.

Öå îçíà÷à¹, ùî f1 = f2. Îòæå, âiäîáðàæåííÿ

F : (S
1/2
1/2)′ 3 f → {ck(f) = 〈f, hk〉, k ∈ Z+} ∈ s

¹ ái¹êöi¹þ. Áiëüøå òîãî, F � ií'¹êöiÿ. Äiéñíî, íåõàé {ak, k ∈ Z+} ∈ s. Âèçíà÷èìî ôóí-

êöiîíàë f òàê: 〈f, hk〉 = ak, k ∈ Z+ äëÿ äîâiëüíî¨ ôóíêöi¨ ϕ ∈
∞∑
k=0

ck(ϕ)hk ∈ S1/2
1/2 ïîêëà-

äåìî, çà îçíà÷åííÿì, 〈f, ϕ〉 =
∞∑
k=0

akck(ϕ). Ôóíêöiîíàë f âèçíà÷åíèé êîðåêòíî, îñêiëüêè

ðÿä
∞∑
k=0

akck(ϕ) ¹ çáiæíèì. Ñïðàâäi, îñêiëüêè ϕ ∈ S1/2
1/2 , òî

∃µ > 0 ∃c > 0 ∀k ∈ Z+ : |ck(ϕ)| ≤ ce−µ(2k+1)
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i, çà óìîâîþ,

∀µ1 > 0 ∃c1 = c1(µ1) > 0 ∀k ∈ Z+ : |ak| ≤ c1e
µ1(2k+1). (6)

Âçÿâøè µ1 = µ/2, îäåðæèìî çáiæíiñòü ðÿäó
∞∑
k=0

akck(ϕ). Î÷åâèäíî, ùî ïîáóäîâàíèé

ôóíêöiîíàë f � ëiíiéíèé. Äîâåäåìî éîãî íåïåðåðâíiñòü. Íåõàé {ϕn, n ≥ 1} ⊂ S
1/2
1/2 i

ϕn → 0 ïðè n → ∞ ó ïðîñòîði S
1/2
1/2 = H{1} =

⋃
µ>0

Hµ,1. Öå îçíà÷à¹, ùî ïðè äåÿêîìó

µ0 > 0

‖ϕn‖2Hµ0,1 =
∞∑
k=0

e2µ0(2k+1)|ck(ϕn)|2 → 0 ïðè n→∞;

òîáòî

∀ε > 0 ∃n0 = n0(ε) ∈ N ∀n ≥ n0 :
∞∑
k=0

e2µ(2k+1)|ck(ϕn)|2 < ε.

Çâiäñè âèïëèâà¹, ùî

eµ0(2k+1)|ck(ϕn)| <
√
ε, ∀k ∈ Z+, ∀n ≥ n0,

àáî |ck(ϕn)| <
√
εe−µ0(2k+1), ∀k ∈ Z+, ∀n ≥ n0. Òîäi

|〈f, ϕn〉| =
∣∣∣ ∞∑
k=0

akck(ϕn)
∣∣∣ ≤ √ε ∞∑

k=0

|ak|e−µ0(2k+1).

Ïîêëàâøè â (6) µ1 = µ0/2, ïðèéäåìî äî íåðiâíîñòi

|〈f, ϕn〉| ≤
√
εc1

∞∑
k=0

e−
µ0
2
(2k+1) = c2

√
ε, ∀n ≥ n0.

Çâiäñè âèïëèâà¹, ùî f � íåïåðåðâíèé ôóíêöiîíàë íà S
1/2
1/2 , òîáòî f ∈ (S

1/2
1/2)′, ùî é ïîòði-

áíî áóëî äîâåñòè.

Îñêiëüêè u(t, ·) ∈ S1/2
1/2 ⊂ (S

1/2
1/2)′, òî

F [u(t, ·)] = {e−t(2k+1)ck(f), k ∈ Z+} ∈ s.

Îñêiëüêè |e−t(2k+1)ck(f)| ≤ |ck(f)|, k ∈ Z+, f ∈ (S
1/2
1/2)′, òî

∀µ > 0 ∃c = c(µ) > 0 ∀k ∈ Z+ : |ck(f)| ≤ ceµ(2k+1).

Çâiäêè é âèïëèâà¹, ùî F [u(t, ·)] ∈ s. Êðiì òîãî,

∀k ∈ Z+ e−t(2k+1)ck(f)→ ck(f) ïðè t→ +0,

òîáòî F [u(t, ·)]→ F [f ] ïðè t→ +0 ó ïðîñòîði s. Òîäi

u(t, ·) = F−1[F [u(t, ·)]]→ F−1[F [f ]] = f, t→ +0,

ó ïðîñòîði (S
1/2
1/2)′.

Òâåðäæåííÿ äîâåäåíî.
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Ç íàñëiäêó 1 âèïëèâà¹, ùî äëÿ ðiâíÿííÿ (1) (àáî (2)) çàäà÷ó Êîøi ìîæíà ñòàâèòè

òàê: ó ìíîæèíi ðîçâ'ÿçêiâ ðiâíÿííÿ (1) çíàéòè ðîçâ'ÿçîê, ÿêèé çàäîâîëüíÿ¹ óìîâó

u(t, ·)|t=0 = f, f ∈ (S
1/2
1/2)′ (7)

ó òîìó ðîçóìiííi, ùî u(t, ·)→ f ïðè t→ +0 ó ïðîñòîði (S
1/2
1/2)′.

Òåîðåìà 2. Çàäà÷à Êîøi (1), (7) êîðåêòíî ðîçâ'ÿçíà, ðîçâ'ÿçîê äà¹òüñÿ ôîðìóëîþ

u(t, x) = 〈fy, Kt,x,y〉, (t, x) ∈ Ω,

ïðè öüîìó u(t, ·) ∈ S1/2
1/2 ïðè êîæíîìó t > 0.

Äîâåäåííÿ. Iç íàâåäåíèõ âèùå ðåçóëüòàòiâ âèïëèâà¹, ùî îá ðóíòóâàííÿ âèìàãà¹ âëàñòè-

âiñòü ¹äèíîñòi ðîçâ'ÿçêó òà âëàñòèâiñòü íåïåðåðâíî¨ çàëåæíîñòi ðîçâ'ÿçêó âiä ïî÷àòêîâî¨

óìîâè. Ôóíêöiÿ u(t, x) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (1) òîäi i òiëüêè òîäi, êîëè âîíà çîáðàæà¹-

òüñÿ ôîðìóëîþ (3). ßêùî â (3) f = 0, òî ck(f) = 0 äëÿ êîæíîãî k ∈ Z+ (ck(f) = 〈f, hk〉).
Îòæå, u(t, x) = 0 äëÿ (t, x) ∈ Ω. Çâiäñè âèïëèâà¹ ¹äèíiñòü ðîçâ'ÿçêó çàäà÷i (1), (7).

Ðîçâ'ÿçîê u(t, x) çàäà÷i Êîøi (1), (7) íåïåðåðâíî çàëåæèòü âiä ïî÷àòêîâî¨ ôóíêöi¨

f ∈ (S
1/2
1/2)′ ó òàêîìó ðîçóìiííi. ßêùî {f, fn, n ≥ 1} ⊂ (S

1/2
1/2)′ i fn → f ïðè n → ∞ ó

ïðîñòîði (S
1/2
1/2)′ (òîáòî ñëàáêî), òî un → u ïðè n→∞ ó ïðîñòîði (S

1/2
1/2)′.

Ïðè äîâåäåííi íàñëiäêó 1 ïîáóäîâàíî içîìîðôiçì F : (S
1/2
1/2)′ → s. Òîäi F−1: s →

(S
1/2
1/2)′. Ó äàíîìó âèïàäêó

F [un] = {e−t(2k+1)ck(fn), k ∈ Z+}, F [u] = {e−t(2k+1)ck(f), k ∈ Z+},

F [fn] = {ck(fn), k ∈ Z+}, F [f ] = {ck(f), k ∈ Z+}.

Çà óìîâîþ ck(fn) → ck(f) ïðè n → ∞ äëÿ êîæíîãî k ∈ Z+. Òîäi e
−t(2k+1)ck(fn) →

e−t(2k+1)ck(f) ïðè n → ∞ äëÿ êîæíîãî k ∈ Z+, òîáòî F [un] → F [u] ïðè n → ∞ ó

ïðîñòîði s. Çâiäñè âæå âèïëèâà¹, ùî un → u ïðè n→∞ ó ïðîñòîði (S
1/2
1/2)′.

Òâåðäæåííÿ äîâåäåíî.

Çàóâàæåííÿ 1. Íåõàé n ∈ {2, 3, . . . } � ôiêñîâàíå, òîäi [4](
− d2

dx2
+ x2

)n
ϕ(x) =

∑
0≤p+q≤2n

Cn
p,qx

pϕ(q)(x), x ∈ R, ϕ ∈ C∞(R),

ïðè öüîìó êîåôiöi¹íòè Cn
p,q çàäîâîëüíÿþòü íåðiâíîñòi

|Cn
p,q| ≤ 10nnn−

1
2
(p+q).

Äëÿ ðiâíÿííÿ
∂u(t, x)

∂t
+

∑
0≤p+q≤2n

Cn
p,qx

p∂
qu(t, x)

∂xq
, (t, x) ∈ Ω, (8)
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ïðàâèëüíèìè ¹ ðåçóëüòàòè, îòðèìàíi äëÿ ðiâíÿííÿ (1). À ñàìå, ìà¹ ìiñöå òàêå òâåðäæå-

ííÿ: ðîçâ'ÿçêîì ðiâíÿííÿ (8) ¹ ôóíêöiÿ

u(t, x) =
∞∑
k=0

e−t(2k+1)nckhk(x) = 〈fy, K̃t,x(y)〉,

äå K̃t,x(y) =
∞∑
k=0

e−t(2k+1)nhk(x)hk(y), ïðè öüîìó f =
∞∑
k=0

ckhk ∈ (S
1/2
1/2)′, K̃t,x(·) ∈ S1/2

1/2 ïðè

êîæíîìó t > 0, x ∈ R, u(t, ·) ∈ S1/2
1/2 ïðè êîæíîìó t > 0.

ßêùî f = δ ∈ (S
1/2
1/2)′, äå δ � äåëüòà-ôóíêöiÿ Äiðàêà, òî ðîçâ'ÿçîê çàäà÷i Êîøi (1),

(7) ìà¹ âèãëÿä

u(t, x) = 〈δy, Kt,x(y)〉 = Kt,x(0) = (2π)−1/2(sh(2t))−1/2 exp
{
− 1

2
cth(2t)x2

}
.

ßêùî α ∈ (0,+∞) \ {2, 3, . . . }, òî, âíàñëiäîê îñíîâíî¨ ñïåêòðàëüíî¨ òåîðåìè äëÿ

ñàìîñïðÿæåíèõ îïåðàòîðiâ, ç óðàõóâàííÿì òîãî, ùî ñïåêòð ãàðìîíiéíîãî îñöèëÿòîðà ¹

ñóòî äèñêðåòíèì (σ(A) = {2k + 1, k ∈ Z+}), îäåðæèìî

Aαϕ =

∞∫
0

λαdEλϕ =
∞∑
k=0

(2k + 1)αck(ϕ)hk, ck(ϕ) = (ϕ, hk)L2(R),

ϕ =
∞∑
k=0

ck(ϕ)hk ∈ D(Aα) =
{
ϕ :

∞∑
k=0

(2k + 1)2α|ck(ϕ)|2 <∞
}
.

Ðîçâ'ÿçêîì ðiâíÿííÿ

∂u(t, x)

∂t
+ Aαu(t, x) = 0, (t, x) ∈ Ω,

¹ ôóíêöiÿ

u(t, x) =
∞∑
k=0

e−t(2k+1)αckhk ≡ 〈fy,Ψt,x(y)〉,

äå

f =
∞∑
k=0

ckhk ∈ (Sωω )′, ω =

{
1/2, α ∈ (1,+∞) \ {2, 3, . . . },
1/(2α), α ∈ (0, 1),

Ψt,x(y) =
∞∑
k=0

e−t(2k+1)αhk(x)hk(y), Ψt,x(·) ∈ Sωω ïðè êîæíîìó t > 0, x ∈ R, u(t, ·) ∈ Sωω ïðè

êîæíîìó t > 0, u(t, ·)→ f ïðè t→ +0 ó ïðîñòîði (Sωω )′.
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Íàäiéøëî 14.11.2022

Horodets'kyi V.V., Martynyuk O.V. Properties of the equation of heat conduction with dissi-

pation solutions, Bukovinian Math. Journal. 10, 2 (2022), 77�89.

This paper investigates the properties of the solutions of the equation of heat conduction

with dissipation, which is associated with a harmonic oscillator - the operator −d2/dx2 + x2,

x ∈ R (non-negative and self-adjoint in L2(R)). An explicit form of the function is given,

which is analogous to the fundamental solution of the Cauchy problem for the heat conduction

equation. A formula that describes all in�nitely di�erentiable (with respect to the variable x)

solutions of such an equation was found, well-posedness of the Cauchy problem for the heat

conduction equation with dissipation with the initial function, which is an element of the space

of generalized functions (S
1/2
1/2)

′, is established. It is established that (S
1/2
1/2)

′ is the "maximum"

space of initial data of the Cauchy problem, for which the solutions are in�nite functions

di�erentiable by spatial variable. The main means of research are formal Hermite series, which

are identi�ed with linear continuous functionals de�ned on S
1/2
1/2 .


