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STOKES SYSTEM WITH VARIABLE EXPONENTS OF NONLINEARITY

Some nonlinear Stokes system is considered. The initial-boundary value problem for the

system is investigated and the existence and uniqueness of the weak solution for the problem

is proved.
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Introduction

Let n ∈ N and T > 0 be �xed numbers, n ≥ 2, Ω ⊂ Rn be a bounded domain with

the Lipschitz boundary ∂Ω, Q0,T := Ω × (0, T ), Σ0,T := ∂Ω × (0, T ), Ωτ := {(x, t) | x ∈ Ω,

t = τ}, τ ∈ [0, T ]. We seek a weak solution {u, π} of the problem

ut −
n∑

i,j=1

(
Aij(x, t)uxi

)
xj

+G(x, t)|u|q(x,t)−2u+∇π(x, t) = F (x, t), (x, t) ∈ Q0,T , (1)

divu = 0, (x, t) ∈ Q0,T , (2)∫
Ω

π(x, t) dx = 0, t ∈ (0, T ), (3)

u|Σ0,T
= 0, (4)

u|t=0 = u0(x), x ∈ Ω. (5)

Here u = (u1, . . . , un) : Q0,T → Rn is the velocity �eld, |u| = (|u1|2 + . . . + |un|2)1/2,

divu = ∂u1

∂x1
+ . . .+ ∂un

∂xn
, π : Q0,T → R is the pressure, ∇π = ( ∂π

∂x1
, . . . , ∂π

∂xn
), and q(x, t) is the

variable exponent of the nonlinearity of system (1).

The linearized version of the Navier-Stokes system is called the Stokes system. It is well

known that these equations describe the time evolution of the solutions to the mathematical
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models of the viscous incompressible �uids. For more details about the physical meaning of

the Navier-Stokes and Stokes systems see [1], [2], etc. The initial-boundary value problem

for the Stokes system are considered in [3], [4], [5], [6], [7], [8], [9], [10] (see also the references

given there).

We perturb the classical Stokes equations by the monotonous nonlinear term with the

exponent of the nonlinearity q = q(x, t). This exponent is Lipschitz continuous function only

with respect to the time variable t. We seek a weak solution to the initial-boundary value

problem (1)-(5). As we know this problem is not studied yet. The paper is organized as

follows. In Section 1, we formulate the considered problem and main results. The auxiliary

statements are given in Section 2. Finally, in Section 3 we prove the main results.

1 Statement of problem and formulation of main results

Let || · ||B ≡ || · ;B|| be a norm of some Banach space B, B∗ be a dual space, 〈·, ·〉B be

a scalar product between B∗ and B, Bn := B × . . . × B be n-th Cartesian product of the

B, ||z;Bn|| := ||z1||B + . . . + ||zn||B for z = (z1, . . . , zn) ∈ Bn, (·, ·)H be a scalar product in

some Hilbert space H, | · |H :=
√

(·, ·)H .
Suppose that N ∈ N, O is a measurable set in RN (for example, O = Ω or O = Q0,T ),

B+(O) := {q ∈ L∞(O) | ess inf
y∈O

q(y) > 0}. For every q ∈ B+(O), by de�nition, put

q0 := ess inf
y∈O

q(y), q0 := ess sup
y∈O

q(y), q′(y) :=
q(y)

q(y)− 1
for a.e. y ∈ O ,

ρq(v;O) :=

∫
O

|v(y)|q(y) dy, v : O → R.

Assume that q ∈ B+(O) and q0 > 1. The set Lq(y)(O) := {v : O → R | ρq(v;O) < +∞}
with the Luxemburg norm ||v;Lq(y)(O)|| := inf{λ > 0 | ρq(v/λ;O) ≤ 1} is called a

generalized Lebesgue space. It is well known that Lq(y)(O) is the Banach space which is

re�exive and separable.

Let Λt(Q0,T ) be a set of the functions q : Q0,T → R for which there exists an extension

outside Q0,T (we denote it q again) such that the following conditions are satis�ed:

(i) q ∈ C(Rt;L
∞(Rn

x)) ∩ B+(Rn+1
x,t ); (ii) q0 > 1; (iii) there exists a constant L > 0 such that

|q(x, t)− q(x, s)| ≤ L|t− s|, x ∈ Rn, t, s ∈ R.

For the sake of convenience we shall write u(t) instead of u(·, t) and Lp(0, T ) instead

of Lp((0, T )) etc. Let us consider the set of the solenoidal functions (functions for which

the incompressibility constraint divu = 0 holds) Cdiv := {u ∈ [D(Ω)]n | divu = 0}. Here
u = (u1, . . . , un) and divu := ∂u1

∂x1
+ ∂u2

∂x2
+ . . .+ ∂un

∂xn
. Let r ∈ [1,+∞), s ∈ N,

Xr is a closure of Cdiv in [Lr(Ω)]n, H := X2, (6)

Zs is a closure of Cdiv in [Hs
0(Ω)]n. (7)
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Take a function q ∈ Λt (Q0,T ) and denote

V t := Z1 ∩ [Lq(x,t)(Ω)]n for every t ∈ [0, T ], (8)

U(Q0,T ) := L2(0, T ;Z1) ∩ [Lq(x,t)(Q0,T )]n, (9)

Ddiv := {u ∈ [D(Q0,T )]n | divu = 0}. (10)

Since Z1 and [Lq(x,t)(Ω)]n are continuously embedded in the locally convex space [L1(Ω)]n

(see [11, c. 17]), from Remark 5.12 [11, c. 22], we get that, V t is Banach space with standard

norm for the intersection of the spaces. Easy to show, that V t is re�exive and separable. We

will make similar consideration for the space U(Q0,T ). We also consider the space

W (Q0,T ) := {u ∈ U(Q0,T ) | ut ∈ [U(Q0,T )]∗}

with the norm ||u;W (Q0,T )|| := ||u;U(Q0,T )||+ ||ut; [U(Q0,T )]∗||. The notation ut stands for
the distributional time derivative which is de�ned by the rule

〈ut, ϕ〉Ddiv
:= −

∫
Q0,T

u(x, t)ϕt(x, t) dxdt for ϕ ∈ Ddiv. (11)

Assume that the following conditions are ful�lled.

(A): Aij are n-order square matrix with the elements from L∞(Q0,T ); Aij = Aji
(i, j = 1, n); for a.e. (x, t) ∈ Q0,T and for every ξ1, . . . , ξn ∈ Rn, we get

a0

n∑
i=1

|ξi|2 ≤
n∑

i,j=1

(
Aij(x, t)ξ

i, ξj
)
Rn
≤ a0

n∑
i=1

|ξi|2 (0 < a0 ≤ a0 < +∞);

(G): G is n-order square matrix, G = diag(g1, . . . , gn), gl ∈ L∞(Q0,T ), and

0 < g0 ≤ gl(x, t) ≤ g0 < +∞ for a.e. (x, t) ∈ Q0,T , where l = 1, n;

(F): F ∈ L2(0, T ;H);

(U): u0 ∈ H.

We de�ne the operators A(t) : V t → [V t]∗, A : U(Q0,T )→ [U(Q0,T )]∗ by the rules

〈A(t)z, w〉V t :=

∫
Ω

[ n∑
i,j=1

(
Aij(x, t)zxi(x), wxj(x)

)
Rn

+

+
(
G(x, t)|z(x)|q(x,t)−2z(x), w(x)

)
Rn

]
dx, z, w ∈ V t, t ∈ (0, T ), (12)

〈Au, v〉U(Q0,T ) :=

T∫
0

〈A(t)u(t), v(t)〉V t dt, u, v ∈ U(Q0,T ), (13)

Suppose that

h := min
{

2,
q0

q0 − 1

}
. (14)

Let (·, ·)Rn be a scalar product in the space Rn,

(u, v)Ω :=

∫
Ω

(u(x), v(x))Rn dx, u = (u1, . . . , un), v = (v1, . . . , vn) : Ω→ Rn. (15)
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De�nition 1. The pair of the functions {u, π} is called a weak solution of problem (1)-(5),

if u ∈ W (Q0,T ) ∩ L∞(0, T ;H), π ∈ Lh(Q0,T ), u satis�es (5) in H,

〈ut +Au, z〉U(Q0,T ) =

T∫
0

(F (t), z(t))Ω dt (16)

holds for z ∈ U(Q0,T ), π satis�es (1) in D∗div, and π satis�es (3) in D∗(0, T ).

Theorem 1 (existence). Let q ∈ Λt(Q0,T ), conditions (A)-(U) hold. Then problem (1)-(5)

has a weak solution {u, π}. Moreover, u ∈ C([0, T ];H).

Theorem 2 (uniqueness). Let q ∈ Λt(Q0,T ), conditions (A)-(G) hold. Then, problem

(1)-(5) can`t have more the one weak solution.

2 Auxiliary statements

For the Banach spaces X and Y the notation X 	 Y means the continuous embedding;

the notation X
_

	 Y means the continuous and densely embedding; the notation X
K

⊂ Y

means the compact embedding.

2.1 Projection operator

Suppose that H and Zs are determined from (6) and (7) respectively, where s ∈ N. From [12,

Ch. 1, �6.1], we obtain the embeddings

Zs 	 Z1 	 H ∼= H∗ 	 Z∗1 	 Z∗s .

Moreover, Zs ⊂ [Hs
0(Ω)]n and Zs

K

⊂ H. Let wµ, µ ∈ N, be eigenfunctions (associated to the

eigenvalues λµ > 0) of the spectral problem∫
Ω

∑
|α|=s

(Dαwµ, Dαv)Rn dx = λµ

∫
Ω

(wµ, v)Rn dx ∀ v ∈ Zs. (17)

For the sake of convenience we have assumed that {wµ}µ∈N is an orthonormal set in H.

Proposition 1. (see [12, Ch. 1, �6.3]). If s ∈ N and s ≥ n
2
, then the set {wµ}µ∈N of all

eigenfunctions of problem (17) is a basis for the space Zs.

Let m ∈ N be a �xed number, and M be a set of all linear combinations of the elements

from {w1, . . . , wm}. De�ne an unique orthogonal projection Pm : H → M by the rule

(see [13, p. 527])

Pmh :=
m∑
j=1

(h,wj)H w
j, h ∈ H. (18)

Since {wj}j∈N ⊂ V ≡ Zs, s ∈ N, then let us de�ne an operator P̂m : V → V by the rule

P̂mv := Pmv for every v ∈ V . (19)

For a conjugate operator P̂ ∗m : V∗ → V∗ we have P̂ ∗m(V∗) ⊂ V (see [14, p. 865]).
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Proposition 2. (see Lemma 3.9 [14, p. 865-866]). If ψm1 , . . . , ψ
m
m ∈ R, F ∈ V∗. and

zm :=
m∑
s=1

ψms w
s ∈ V satis�es


〈zm, w1〉V = 〈F,w1〉V ,
...

〈zm, wm〉V = 〈F,wm〉V ,

then the following equality is satis�ed zm = P̂ ∗mF in V∗.

Proposition 3. (see Lemma 1 [10, p. 111]). Suppose that Pm and P̂m are determined from

(18) and (19) respectively, where V = Zs, s ∈ N, and {wµ}µ∈N is an orthonormal basis for the

space H that consists of all eigenfunctions of problem (17). Then, for every w ∈ Lr(0, T ;Z∗s )

and r > 1, we have the inequality

||P̂ ∗mw;Lr(0, T ;Z∗s )|| ≤ ||w;Lr(0, T ;Z∗s )||. (20)

2.2 Cauchy's problem for system of ordinary di�erential equations

Take ` ∈ N and Q = (0, T )× R`. In this section we seek a weak solution ϕ : [0, T ] → R` of

the problem

ϕ′(t) + L(t, ϕ(t)) = M(t), t ∈ [0, T ], ϕ(0) = ϕ0, (21)

where M : [0, T ] → R` and L : Q → R` are some functions (for the sake of convenience we

have assumed that L(t, 0) = 0 for every t ∈ [0, T ]), and ϕ0 = (ϕ0
1, . . . , ϕ

0
`) ∈ R`.

De�nition 2. We shall say that a function L : Q→ R` satis�es the Carath�eodory condition

if for every ξ ∈ R` the function (0, T ) 3 t 7→ L(t, ξ) ∈ R` is measurable and if for a.e.

t ∈ (0, T ) the function R` 3 ξ 7→ L(t, ξ) ∈ R` is continuous.

De�nition 3. We shall say that a function L : Q → R` satis�es the Lp-Carath�eodory

condition if L satis�es the Carath�eodory condition and for every R > 0 there exists a

function hR ∈ Lp(0, T ) such that

|L(t, ξ)| ≤ hR(t)

for a.e. t ∈ (0, T ) and for every ξ ∈ DR := {y ∈ R` | |y| ≤ R}.

Lemma 1. Suppose that q ∈ Λt(Q0,T ), condition (G) holds, m ∈ N, ξ = (ξ1, . . . , ξm) ∈ Rm,

w1, . . . , wm ∈ Lq0
(Ω), w(x, ξ) =

m∑
l=1

ξlw
l(x), and z ∈ [Lq

0
(Ω)]n. Then the function

I(t, ξ) :=

∫
Ω

(
G(x, t)|w(x, ξ)|q(x,t)−2w(x, ξ), z(x)

)
Rn dx, t ∈ (0, T ), ξ ∈ Rm,

satis�es the L∞-Carath�eodory condition.
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Proof. We use the methods of Lemma 3.25 [14, p. 874]).

Step 1. Since

|w|q(x,t)−1 · |z| ≤ C1

(
|z|q0

+ |w|
q(x,t)−1
q0−1

q0)
≤ C2

(
|z|q0

+ |w|q0

+ 1
)
, (22)

the Fubini Theorem [15, p. 91] yields that I(·, ξ) ∈ L1(0, T ). Then [0, T ] 3 t 7→ I(t, ξ) ∈ R
is the measurable function.

Step 2. Let us prove that the function R 3 ξ1 7→ I(t, ξ1, . . . , ξm) ∈ R is continuous at the

point ξ0
1 ∈ R. Take ξ = (ξ1, ξ2, . . . , ξm), ξ0 = (ξ0

1 , ξ2, . . . , ξm), where |ξ − ξ0| ≤ 1.

By Theorem 2.1 [16, p. 2], we get

| |η1|q(x,t)−2η1 − |η2|q(x,t)−2η2| ≤ C3(|η1|+ |η2|)q(x,t)−1−β(x,t)|η1 − η2|β(x,t),

where 0 < β(x, t) ≤ min{1, q(x, t) − 1}, η1, η2 ∈ R, C3 > 0 is independent of η1, η2, x, t.

Hence,

|I(t, ξ)− I(t, ξ0)| =
∣∣∣∫
Ω

(
G
(
|w(x, ξ)|q(x,t)−2w(x, ξ)− |w(x, ξ0)|q(x,t)−2w(x, ξ0)

)
, z
)
Rn
dx
∣∣∣≤

≤ C4

∫
Ω

(
|w(x, ξ)|+ |w(x, ξ0)|

)q(x,t)−1−β(x,t)|w(x, ξ)− w(x, ξ0)|β(x,t)|z| dx =

= C4(I1(t) + I2(t)), (23)

where I1(t) :=
∫

Ω1(t)

h(x, t, ξ, ξ0) dx, I2(t) =
∫

Ω2(t)

h(x, t, ξ, ξ0) dx,

Ω1(t) = {x ∈ Ω | q(x, t) ≤ 2}, Ω2(t) = {x ∈ Ω | q(x, t) > 2}, and

h(x, t, ξ, ξ0) =
(
|w(x, ξ)|+ |w(x, ξ0)|

)q(x,t)−1−β(x,t)|w(x, ξ)− w(x, ξ0)|β(x,t)|z(x)|, x ∈ Ω.

Taking β(x, t) = q(x, t)− 1, x ∈ Ω1(t), gives (see also (22))

I1(t) =

∫
Ω1(t)

|w(x, ξ)−w(x, ξ0)|q(x,t)−1|z(x)| dx =

∫
Ω1(t)

|ξ1−ξ0
1 |q(x,t)−1|w1(x)|q(x,t)−1|z(x)| dx ≤

≤ |ξ1 − ξ0
1 |q0−1

∫
Ω1(t)

|w1(x)|q(x,t)−1|z(x)| dx = C5|ξ1 − ξ0
1 |q0−1 −→

ξ1→ξ0
1

0.

Taking β(x, t) = 1, x ∈ Ω2, gives

I2(t) =

∫
Ω2(t)

(
|w(x, ξ)|+ |w(x, ξ0)|

)q(x,t)−2|w(x, ξ)− w(x, ξ0)| · |z(x)| dx =

= |ξ1 − ξ0
1 |
∫

Ω2(t)

(
|w(x, ξ)|+ |w(x, ξ0)|

)q(x,t)−2|w1(x)| · |z(x)| dx ≤ C6(ξ0
1)|ξ1 − ξ0

1 | −→
ξ1→ξ0

1

0.

Therefore, by (23), we obtain that |I(t, ξ)− I(t, ξ0)| −→
ξ1→ξ0

1

0. Continuing in the same way, we

see that I is continuous with respect to ξ2, . . . , ξm.

Step 3. Taking into account the results of Step 1 and Step 2, we obtain that the function

I satis�es the Carath�eodory condition. Since g ∈ L∞(Q0,T ), the L∞-Carath�eodory condition

holds. �
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Proposition 4. (the Carath�eodory-LaSalle theorem, see Theorem 3.24 [14, p. 872]). Sup-

pose that p ≥ 2, function L : Q→ R` satis�es Lp-Carath�eodory condition,M ∈ Lp(0, T ;R`),

and ϕ0 ∈ R`. If there exist nonnegative functions α, β ∈ L1(0, T ) such that for every ξ ∈ R`

and for a.e. t ∈ [0, T ] the inequality

(L(t, ξ), ξ)R` ≥ −α(t)|ξ|2 − β(t) (24)

holds, then problem (21) has a global weak solution ϕ ∈ W 1,p(0, T ;R`).

2.3 Additional statements

Let Z≥−1 := {s ∈ Z | s ≥ −1}. The following Propositions are needed for the sequel.

Proposition 5. (the generalized De Rham theorem, see Theorem 4.1 [17], Remark 4.3 [17],

and Lemma 2 [18]). Suppose that Ω be an open bounded connected and Lipschitz subset of

Rn, T > 0, s1, s2 ∈ Z≥−1, h1, h2 ∈ [1,∞], and F ∈ W s1,h1(0, T ; [W s2,h2(Ω)]n). Then, if

〈F(·), v〉[D(Ω)]n = 0 in D∗(0, T ) (25)

for all v ∈ Cdiv, then there exists an unique

π ∈ W s1,h1(0, T ;W s2+1,h2(Ω)) (26)

such that

∇π = F in [D∗(Q0,T )]n, (27)∫
Ω

π(·) dx = 0 in D∗(0, T ). (28)

Moreover, there exists a positive number C7 (independent of F , π) such that

||π;W s1,h1(0, T ;W s2+1,h2(Ω))|| ≤ C7||F ;W s1,h1(0, T ; [W s2,h2(Ω)]n)||. (29)

Proposition 6. (the Aubin theorem, see [19] and [20, p. 393]). If s, h ∈ (1,∞) are �xed

numbers, W ,L,B are the Banach spaces, and W
K

⊂ L 	 B, then
{u ∈ Ls(0, T ;W) | ut ∈ Lh(0, T ;B)}

K

⊂ [Ls(0, T ;L) ∩ C([0, T ];B)].

Proposition 7. (Lemma 1.18 [11, p. 39]). If um −→
m→∞

u in Lp(Q0,T ) (1 ≤ p ≤ ∞), then

there exists a subsequence (we call it {um}m∈N again) such that um −→
m→∞

u a.e. in Q0,T .

Proposition 8. (Theorem 1 [21, p. 108]). If q ∈ Λt (Q0,T ), then for every u ∈ W (Q0,T ) we

have that u ∈ C([0, T ];H) and the following formula of integration by parts is true

〈ut, χt1,t2u〉U(Q0,T ) =
1

2

∫
Ω

|u(x, t2)|2 dx− 1

2

∫
Ω

|u(x, t1)|2 dx, 0 ≤ t1 < t2 ≤ T, (30)

where

χt1,t2(t) =

{
1, t ∈ [t1, t2];

0, t /∈ [t1, t2].
(31)
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It`s clear that if u = (u1, . . . , un) ∈ [L2(O)]n, where O = Ω or O = Q0,T , then

|| |u|;L2(O)||2 =

∫
O

|u|2 dy =
n∑
l=1

||ul;L2(O)||2 ≤ n||u; [L2(O)]n||2,

and so || |u|;L2(O)|| ≤
√
n||u; [L2(O)]n||.

Lemma 2. Let conditions (A)-(G) hold, {wj}j∈N ⊂ V t, m ∈ N, L = (L1, L2, . . . , Lm),

Lµ(t, ξ) = 〈A(t)zm, wµ〉V t , µ = 1,m, t ∈ (0, T ), ξ ∈ Rm,

and zm(x) =
m∑
µ=1

ξµw
µ(x) for x ∈ Ω. Then

(
L(t, ξ), ξ

)
Rm
≥
∫
Ω

[
a0

n∑
i=1

|zmxi |
2 + g0|zm|q(x,t)

]
dx, t ∈ (0, T ), ξ ∈ Rm. (32)

Proof. It`s clear that

(L(t, ξ), ξ)Rm = 〈A(t)zm, zm〉V t . (33)

Using condition (A), we get the following estimate:

n∑
i,j=1

(
Aiju

m
xi
, umxj

)
Rn
≥ a0

n∑
i=1

|umxi |
2. (34)

It follows from condition (G) that

(
G|um|q(x,t)−2um, um

)
Rn

=
n∑
l=1

gl(x, t)|um|q(x,t)−2|uml |2 ≥

≥ g0

n∑
l=1

|um|q(x,t)−2|uml |2 = g0|um|q(x,t). (35)

If we use conditions (À) and (G), then we get

〈A(t)zm, zm〉V t =

∫
Ω

[ n∑
i,j=1

(
Aij(x, t)z

m
xi

(x), zmxj(x)
)
Rn

+

+
(
G(x, t)|zm(x)|q(x,t)−2zm(x), zm(x)

)
Rn

]
dx ≥

∫
Ω

[
a0

n∑
i=1

|zmxi |
2 + g0|zm|q(x)

]
dx. (36)

Thus, (33)-(36) imply that (32) holds. �
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3 Proofs of main results

Proof of Theorem 1. The solution will be constructed via Faedo-Galerkin's method. Let

r− = min{2, q0}, r+ = max{2, q0}, r′− = r−
r−−1

, r′+ = r+
r+−1

,

V+ := Z1 ∩ [Lq
0

(Ω)]n, V− := Z1 ∩ [Lq0(Ω)]n (37)

(see notation (7)). Note that

Cdiv

_

	 V+

_

	 V t
_

	 V−
_

	 H
_

	 V ∗−
_

	 [V t]∗
_

	 V ∗+, t ∈ [0, T ], (38)

Lr+(0, T ;V+)
_

	 U(Q0,T )
_

	 Lr−(0, T ;V−)
_

	 L1(0, T ;V ∗+), (39)

Lr
′
−(0, T ;V ∗−)

_

	 [U(Q0,T )]∗
_

	 Lr
′
+(0, T ;V ∗+)

_

	 L1(0, T ;V ∗+). (40)

Thus, the elements from U(Q0,T ) and [U(Q0,T )]∗ are distributions on (0, T ) with value in

V ∗+. Then, similarly to Proposition 2.6.2 [22, p. 58], for u ∈ W (Q0,T ) we have that ut (see

(11)) is the distributional derivative in sense of the set of functions on (0, T ) with value in

V ∗+ + [L1(Ω)]n. Let

s ∈ N, s ≥ max
{

2,
n

2
, n
(1

2
− 1

q0

)}
. (41)

Note that (41) implies that Zs 	 V+ 	 V t.

Step 1 (construction of approximation). Let {wµ}µ∈N is taken from Proposition 1, s ∈ N
satis�es (41). By de�nition, put

um(x, t) :=
m∑
µ=1

ϕmµ (t)wµ(x), (x, t) ∈ Q0,T , m ∈ N,

where the unknown function ϕ := (ϕm1 , . . . , ϕ
m
m) satis�es (see notation (12) and (15))

(umt (t), wµ)Ω + 〈A(t)um(t), wµ〉V t = (F (t), wµ)Ω, t ∈ (0, T ), µ = 1,m, (42)

ϕm1 (0) = αm1 , . . . , ϕmm(0) = αmm. (43)

Here the numbers αm1 , . . . , α
m
m ∈ R we choose such that um0 −→

m→∞
u0 strongly in H, where

um0 (x) :=
∑m

j=1 α
m
j w

j(x), x ∈ Ω. It`s clear that (43) implies that

um(0) = um0 . (44)

Let us show that the mentioned function ϕ exists. Let L be a vector-valued function from

Lemma 2. Then Cauchy problem (42)-(43) takes form (21) if

M(t) = ((F (t), w1)Ω, . . . , (F (t), wm)Ω), t ∈ (0, T ).

It follows from condition (F) that M ∈ L2(0, T ;Rm). Conditions (A)-(G) and Lemma

1 yield that the function L satis�es the L∞-Carath�eodory condition. Using estimate (32),

conditions a0 > 0 and g0 > 0, we receive (L(t, ϕm), ϕm)Rm ≥ 0. Then estimate (24) with
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α(t) ≡ 0 and β(t) ≡ 0 holds, and from the Carath�eodory-LaSalle theorem (see Proposition

4) we have the existence of the solution

ϕ ∈ W 1,2(0, T ;Rm) (45)

of problem (21) and so problem (42)-(43).

Step 2 (�rst estimates). Multipling the µ-th equation of (42) by ϕmµ (t) and summing over

µ = 1,m, we get

m∑
µ=1

(
umt (t), wµϕmµ (t)

)
Ω

+
(
L(t, ϕm(t)), ϕm(t)

)
Rm

=
m∑
µ=1

(
F (t), wµϕmµ (t)

)
Ω
, t ∈ (0, T ).

After integrating for t ∈ (0, τ) ⊂ (0, T ) and some transformation, we receive∫
Q0,τ

(umt , u
m)Rn dxdt+

τ∫
0

(
L(t, ϕm), ϕm

)
Rm

dt =

∫
Q0,τ

(F, um)Rn dxdt, τ ∈ (0, T ]. (46)

Using (44), (45), we obtain∫
Q0,τ

(umt , u
m)Rn dxdt =

∫
Q0,τ

1

2

∂

∂t
(|um|2) dxdt =

1

2

∫
Ωτ

|um|2 dx− 1

2

∫
Ω

|um0 |2 dx. (47)

Clearly,

|(F, um)Rn| ≤ |F | · |um| ≤
|F |2

2
+
|um|2

2
. (48)

Using (32), (47)-(48), from equality (46), we obtain the following estimate

1

2

∫
Ω

|um(x, τ)|2 dx+

∫
Q0,τ

[
a0

n∑
i=1

|umxi |
2 + g0|um|q(x,t)

]
dxdt ≤

≤ 1

2

∫
Ω

|um0 |2 dx+
1

2

∫
Q0,τ

|F |2 dxdt+
1

2

∫
Q0,τ

|um|2 dxdt. (49)

Take y(t) :=
∫

Ω
|um(x, t)|2 dx, t ∈ [0, T ]. Then, from (49), we get an estimate

1

2
y(τ) ≤ C8 +

1

2

τ∫
0

y(t) dt, τ ∈ [0, T ].

Therefore, the Gronwall lemma implies that y(τ) ≤ C9, and so∫
Ω

|um(x, τ)|2 dx ≤ C9, τ ∈ (0, T ]. (50)

It follows from (49) and (50) that∫
Q0,τ

[ n∑
i=1

|umxi |
2 + |u|2 + |u|q(x,t)

]
dxdt ≤ C10, τ ∈ (0, T ], (51)
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This estimate yields that∫
Q0,τ

∣∣∣G|um|q(x,t)−2um
∣∣∣q′(x,t) dxdt ≤ C11

∫
Q0,τ

|um|q(x,t) dxdt ≤ C12. (52)

From (50) and (51) it follows the estimates

||um;L∞(0, T,H)||+ ||um;U(Q0,T )|| ≤ C13, (53)

Here the constants C8, . . . , C13 are independent of m.

By (52)-(53) we have existence of the subsequence {umk}k∈N ⊂ {um}m∈N such that

umk −→
k→∞

u ∗ −weakly in L∞(0, T ;H) and weakly in U(Q0,T ),

G|um|q(x,t)−2um −→
k→∞

χ1 weakly in [Lq
′(x,t)(Q0,T )]n. (54)

Step 3 (additional estimates). From (13) and (51) it follows an inequality

〈Aum, v〉U(Q0,T ) =

∫
Q0,T

[ n∑
i,j=1

(Aiju
m
xi
, vxj)Rn + (G|um|q(x,t)−2um, v)Rn

]
dxdt ≤

≤ C14

(
||um;L2(0, T ;Z1)|| · ||v;L2(0, T )Z1)||+

+ ||G|um|q(x,t)−2um; [Lq
′(x,t)(Q0,T )]n|| · ||v; [Lq(x,t)(Q0,T )]n||

)
≤ C15||v;U(Q0,T )||

and so

||Aum; [U(Q0,T )]∗|| ≤ C16. (55)

Since s satis�es (41), from (39) and the construction of the space U(Q0,T ), we obtain

U(Q0,T )
_

	 L2(0, T ;H)
_

	 [U(Q0,T )]∗, (56)

Lr+(0, T ;Zs)
_

	 Lr+(0, T ;V+)
_

	 U(Q0,T ).

Therefore,

[U(Q0,T )]∗
_

	 Lr
′
+(0, T ;Z∗s ). (57)

Using (39) and (53), we obtain

||um;Lr−(0, T ;V−)|| ≤ C17||u;U(Q0,T )|| ≤ C18. (58)

Using Proposition 2 and notation (12)-(13) and (18)-(19), in same way as in [12, Ch. 1,

�5.3], we rewrite (42) as

umt = P̂ ∗m(F −Aum).

Thus, from estimate (20), embeddings (57) and (56), and estimate (55), we get

||umt ;Lr
′
+(0, T ;Z∗s )|| = ||P̂ ∗m(F −Aum);Lr

′
+(0, T ;Z∗s )|| ≤
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≤ ||F −Aum;Lr
′
+(0, T ;Z∗s )|| ≤ C19||F −Aum; [U(Q0,T )]∗|| ≤

≤ C20

(
||F ;L2(0, T ;H)||+ ||Aum; [U(Q0,T )]∗||

)
≤ C21. (59)

Here the constant C16, . . . , C21 > 0 are independent of m.

Since V−
K

⊂ H 	 Z∗s , from (58), (59), the Aubin theorem (see Proposition 6), and

Proposition 7, we obtain

umk −→
k→∞

u in Lr−(0, T ;H) ∩ C([0, T ];Z∗s ) and a.e. in Q0,T .

Therefore, (5) holds and χ1 = G|u|q(x,t)−2u (see (54)).

Step 4 (passing to the limit). Take ψ ∈ C1([0, T ]) such that ψ(T ) = 0. When we multiply

equality (42) by ψ(t), integrate for t ∈ (0, T ), and the �rst term integrate by parts. We obtain

the following∫
Q0,T

[
−
(
um, wµ

)
Rn
ψt +

n∑
i,j=1

(
Aiju

m
xi
, wµxj

)
Rn
ψ+
(
G|um|q(x,t)−2um, wµ

)
Rn
ψ
]
dxdt+

=

∫
Ω

(
um0 , w

µ
)
Rn
ψ(0) dx+

∫
Q0,T

(
F,wµ

)
Rn
ψ dxdt.

Taking m = mk and letting k →∞, thanks to arbitrariness of ψ, we get

〈F , z〉U(Q0,T ) = 0 ∀ z ∈ U(Q0,T ), (60)

where F := F − ut − Au. Hence, ut ∈ [U(Q0,T )]∗, (16) holds and u ∈ C([0, T ];H). Taking

z(x, t) = w(x)ϕ(t), x ∈ Ω, t ∈ (0, T ), from (60), we obtain

T∫
0

〈F(t), w〉[D(Ω)]n ϕ(t) dt = 0, w ∈ Cdiv, ϕ ∈ D(0, T ),

and so (25) holds. Clearly, from (40) we get

F ∈ L2(0, T ; [H−1(Ω)]n) + [L
q0

q0−1 (Q0,T )]n ⊂ W 0,h(0, T ; [W−1,h(Ω)]n),

where h is taken from (14). Then, the generalized De Rham theorem (see Proposition 5)

yields that there exists π ∈ W 0,h(0, T ;W 0,h(Ω)) = Lh(Q0,T ) such that (27)-(28) hold. Thus,

π satis�es (1) in [D∗(Q0,T )]n and (3) in D∗(0, T ). Theorem 1 is proved. �
Proof of Theorem 2. Let {u1, π1} and {u2, π2} be weak solutions of problem (1)-(5). Set

u := u1 − u2. Take (16) for u1:

〈u1 t +Au1, z〉U(Q0,T ) =

T∫
0

(F (t), z(t))Ω dt. (61)
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Take (16) for u2:

〈u2 t +Au2, z〉U(Q0,T ) =

T∫
0

(F (t), z(t))Ω dt. (62)

Subtracting (62) from (61), setting z = χ0,τu (see notation (31)), τ ∈ (0, T ], we obtain

〈ut, χ0,τu〉U(Q0,T )+

τ∫
0

〈A(t)u1(t)−A(t)u2(t), u1(t)−u2(t)〉V t dt =

τ∫
0

(F (t), u(t))Ω dt, τ ∈ (0, T ].

Using (30) and simple transformations, in the same way as (49), from this equality, we get

1

2

∫
Ωτ

|u|2 dx+

∫
Q0,τ

[
a0

n∑
i=1

|uxi |2 + (G|u1|q(x,t)−2u1 −G|u2|q(x,t)−2u2, u1 − u2)Rn
]
dxdt ≤

≤ C22

∫
Q0,τ

|u|2 dxdt, τ ∈ (0, T ]. (63)

Let y(τ) :=
∫

Ωτ
|u|2 dx, τ ∈ (0, T ]. Then, from (63) it follows that 1

2
y(τ) ≤ C22

∫ τ
0
y(t) dt,

τ ∈ (0, T ]. Using the Gronwall lemma, we see that y(τ) ≤ 0 for τ ∈ [0, T ], and so u1 = u2.

Since π1 and π2 satisfy (1) in Ddiv, we obtain

(u1 − u2)t +Au1 −Au2 +∇(π1 − π2) = 0.

Then the equality u1 = u2 yields that ∇(π1 − π2) = 0. Therefore, for t ∈ (0, T ) we have

that π1(t)− π2(t) = C(t). It follows from condition (3) with π1 and π2 that C(t) = 0. Thus,

π1 = π2 and Theorem 2 is proved. �
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Õîìà Ì.Â., Áóãðié Î.Ì. Ñèñòåìè Ñòîêñà çi çìiííèìè ïîêàçíèêàìè íåëiíiéíîñòi //

Áóêîâèíñüêè�è ìàòåì. æóðíàë � 2022. � Ò.10, �2. � C. 28�42.

Ó ñòàòòi ðîçãëÿíóòî ìiøàíó çàäà÷ó äëÿ íåëiíiéíî¨ ñèñòåìè ðiâíÿíü ãiäðîäèíàìiêè, ÿêó

ïðèéíÿòî íàçèâàòè ñèñòåìîþ Ñòîêñà. Ìè çáóðþ¹ìî êëàñè÷íi ðiâíÿííÿ Ñòîêñà ìîíîòîí-

íèì íåëiíiéíèì äîäàíêîì çi çìiííèì ïîêàçíèêîì íåëiíiéíîñòi � ôóíêöi¹þ q = q(x, t). Öåé

ïîêàçíèê íåëiíiéíîñòi q çàëåæèòü âiä ïðîñòîðîâî¨ òà ÷àñîâî¨ çìiííî¨ i, çîêðåìà, çàäîâîëü-

íÿ¹ óìîâó Ëiïøèöÿ çà çìiííîþ t. Ó ðîáîòi äîñëiäæó¹ìî iñíóâàííÿ òà ¹äèíiñòü óçàãàëüíå-

íîãî ðîçâ'ÿçêó ðîçãëÿäóâàíî¨ çàäà÷i. Äîâåäåííÿ òåîðåìè iñíóâàííÿ ðîçâ'ÿçêó  ðóíòó¹òüñÿ
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íà ìåòîäi Ôàåäî-Ãàëüîðêiíà. Ïðè ïîáóäîâi ãàëüîðêiíñüêèõ íàáëèæåíü âèêîðèñòàíî òåîðå-

ìó Êàðàòåîäîði-Ëà Ñàëëÿ ïðî ãëîáàëüíó ðîçâ'ÿçíiñòü çàäà÷i Êîøi äëÿ ñèñòåìè çâè÷àéíèõ

äèôåðåíöiàëüíèõ ðiâíÿíü. Ïîáóäóâàâøè ãàëüîðêiíñüêi íàáëèæåííÿ äëÿ íàøî¨ ñèñòåìè,

äîâîäèìî ¨õ îáìåæåíiñòü ó âiäïîâiäíèõ ôóíêöiéíèõ ïðîñòîðàõ ôóíêöié çi çìiííèì ïîêà-

çíèêîì ñóìîâíîñòi. Çàòèì ïîêàçó¹ìî çáiæíiñòü íàáëèæåíü äî óçàãàëüíåíîãî ðîçâ'ÿçêó

çàäà÷i. Òåîðåìó ¹äèíîñòi ðîçâ'ÿçêó ìiøàíî¨ çàäà÷i äîâîäèìî ìåòîäîì âiä ñóïðîòèâíîãî.


