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ON SOLUTIONS OF THE NONHOMOGENEOUS CAUCHY PROBLEM

FOR PARABOLIC TYPE DIFFERENTIAL EQUATIONS IN A BANACH

SPACE

For a di�erential equation of the form u′(t) + Au(t) = f(t), t ∈ (0,∞), where A is the

in�nitesimal generator of a bounded analytic C0-semigroup of linear operators in a Banach

space B, f(t) is a B-valued polynomial, the behavior in the preassigned points of solutions of

the Cauchy problem u(0) = u0 ∈ B depending on f(t) is investigated.
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Introduction

The study of linear di�erential equations whose coe�cients are unbounded operators in

a Banach or Hilbert space is expedient not only because they include a number of partial

di�erential equations but also because it o�ers the possibility to look at ordinary as well as

partial di�erential operators from a single point of view. The origin of the theory of such

equations dates from the work of Hille (1948) [1], in which the �rst existence theorems were

obtained for the Cauchy problem for an equation u′ = Au with unbounded operator A in

a Banach space. They were formulated in terms of semigroups of operators. Appreciating

their role in mathematics, E. Hille had written: "I hail a semigroup when I see one and I

seem to see them everywhere". During the last 50 years, the theory of operator di�erential

equations, boundary value problems for them and semigroups related to them was enriched

with signi�cant results. It became a �eld of independent interest, attracting the attention

of many mathematicians.

We consider the Cauchy problem for a nonhomogeneous equation of the form

u′(t) + Au(t) = f(t), t ∈ [0,∞),
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where A is the generator of a bounded holomorphic semigroup of linear operators in a

Banach space B, and f(t) is a strongly di�erentiable B-valued function. The purpose of

the present paper is to investigate a behavior in the preassigned points of solutions of the

Cauchy problem u(0) = u0 ∈ B depending on f(t).

1. Preliminaries

Let B be a Banach space over the �eld C of complex numbers with norm ‖·‖. Recall that
a one-parameter family {U(t)}t≥0 of bounded linear operators on B forms a C0-semigroup

in B if:

1) U(0) = I (I is the identity operator in B) ;

2) ∀t, s > 0 : U(t+ s) = U(t)U(s);

3) ∀x ∈ B : lim
t→0
‖U(t)x− x‖ = 0.

(As for the theory of C0-semigroups see, for example, [2], [3], [4] and [5], [6], [7]).

The linear operator A de�ned as

Ax = lim
t→0

1

t
(U(t)x− x), D(A) =

{
x ∈ B : lim

t→0

1

t
(U(t)x− x) exists

}
,

(D(·) denotes the domain of an operator) is called the generating operator or, simply, the

generator of {U(t)}t≥0. This operator is closed, D(A) is dense in B and U(t)-invariant, that

is, ∀x ∈ D(A) : U(t)x ∈ D(A) (t ≥ 0) and AU(t)x = U(t)Ax. Moreover,

d

dt
U(t)x = AU(t)x, x ∈ D(A).

A C0-semigroup {U(t)}t≥0 in B is called (strongly) di�erentiable if for any x ∈ B, the

B-valued function U(t)x is strongly di�erentiable on (0,∞). As is known (see [3]), for such

a semigroup

∀x ∈ B,∀t > 0 : U(t)x ∈
⋂
n∈N

D(An),

the vector-valued function U(t)x is in�nitely di�erentiable on (0,∞), and

∀x ∈ B,∀t > 0,∀n ∈ N :
dnU(t)x

dtn
= AnU(t)x.

Let now θ ∈
(
0, π

2

]
. A C0-semigroup {U(t)}t≥0 in B is called holomorphic with angle θ

(or, simply,holomorphic) if the operator-valued function U(·) is de�ned in the sector Sθ =

{z ∈ C : | arg z| < θ} and:
1) ∀z1, z2 ∈ Sθ : U(z1 + z2) = U(z1)U(z2);

2) ∀x ∈ B : U(z)x is holomorphic in Sθ;

3) ∀x ∈ B : ‖U(z)x− x‖ → 0 as z → 0 in any closed subsector of Sθ.

If in addition the family U(z) is bounded on every sector Sψ with ψ < θ, then U(t) is called

a bounded holomorphic semigroup with angle θ.
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2. Main results

Consider now the nonhomogeneous Cauchy problem

u′(t) + Au(t) = f(t), t ∈ (0,∞), (1)

u(0) = y0, y0 ∈ B, (2)

where A is the generator of a bounded holomorphic semigroup {U(t)}t≥0 in B, and f(t) is a

strongly continuously di�erentiable on [0,∞) vector function with values inB. By a solution

of problem (1),(2) we mean a continuously di�erentiable function u(t) : [0,∞) 7→ D(A)
satisfying (1) and (2). As has been shown in [6], the general solution of this problem is

represented in the form

u(t) = U(t)y0 +

t∫
0

U(t− s)f(s)ds. (3)

We will be interested in a behavior in the given points of its solution depending on f(t). In so

doing, we will assume 0 ∈ ρ(A) (ρ(·) is the resolvent set of an operator). Then (see [5], [8])the

semigroup {U(t)}t≥0 is exponentially stable, that is,

∃c > 0,∃ω > 0, ∀t ∈ [0,∞) : ‖U(t)‖ ≤ ce−ωt (4)

(c and ω are constants).

Lemma 1. For any t ∈ (0,∞), there exists the operator (I − U(t))−1 (I is the identity

operator in B), which is de�ned and bounded on the whole space B.

Proof. Let x ∈ ker(I − U(t)). Then, by virtue of the semigroup property 2), U(nt)x =

Un(t)x = x(n ∈ N0) = N
⋃
{0}. It follows from (4) that x = lim

n→∞
U(nt)x = 0. So,

ker(I − U(t)) = {0}, that is, the operator (I − U(t))−1 exists.
Show now that R(I − U(t)) = B (R(·) is the range of an operator). It is not di�cult to

verify that

∀y ∈ B : (U(nt)− I)y = (U(t)− I)
n−1∑
k=0

U(kt)y. (5)

Moreover, the series
∞∑
k=0

U(kt)y converges to some element x ∈ B, because

∥∥∥∥∥
∞∑
k=n

U(kt)y

∥∥∥∥∥ ≤ c‖y‖
∞∑
k=n

e−ωkt → 0, n→∞.

The passage to the limit in (5) as n → ∞ yields the equality y = (I − U(t))x, i.e. y ∈
R(I − U(t)), as required. It remains to apply the closed graph theorem.

Lemma 2. Let in problem (1), (2) f(t) be such that ‖f(t)‖ → 0, t → ∞. Then for a

solution u(t) of this problem, ‖u(t)‖ → 0 as t→∞.
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Proof. According to what has been said above, u(t) is represented in the form (3). It follows

from (4) that the �rst summand in this representation tends to 0 as t → ∞. Let us show

that an analogous property holds for the second one, too. Indeed, choose in the equality

t∫
0

U(t− s)f(s)ds =
τ∫

0

U(t− s)f(s)ds+
t∫

τ

U(t− s)f(s)ds,

a su�ciently large τ such that ‖f(t)‖ < ε as t ≥ τ (ε > 0 is arbitrarily small). Then∥∥∥∥∥∥
t∫

0

U(t− s)f(s)ds

∥∥∥∥∥∥ ≤ max
s∈[0,τ ]

‖f(s)‖e−ω(t−τ) + ε

∞∫
0

‖U(s)‖ds.

This inequality shows that the second summand in (3) is as small as desired.

Lemma 3. Suppose that in the problem (1),(2),

f(t) = pn(t) + g(t),

where

pn(t) =
n∑
k=0

xkt
k, xk ∈ B, and ‖g(t)‖ → 0 as t→∞.

Then a solution u(t) of this problem can be represented in the form

u(t) = qn(t) + y(t),

where ‖y(t)‖ → 0 (t→∞), and

qn(t) =
n∑
k=0

akt
k, ak =

n−k∑
i=0

(−1)i (k + i)!

k!
A−(i+1)xk+i.

Proof. Put

v(t) = U(t)y0 +

t∫
0

U(t− s)g(s)ds.

Then the representation (3) for u(t) can be written as

u(t) = v(t) +

t∫
0

U(t− s)pn(t− s)ds = y(t) +

∞∫
0

U(s)pn(t− s)ds,

where

y(t) = v(t)−
∞∫
t

U(s)pn(t− s)ds = v(t)−
n∑
k=0

∞∫
t

U(s)xk(t− s)kds.
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Since v(t) is a solution of the problem (1),(2) with f(t) = g(t), in view of Lemma2, we have

‖v(t)‖ → 0 as t→∞. Integrating by parts k times the integral under the sign of
∑

in the

expression for y(t), we obtain

∞∫
t

(t− s)kU(s)xkds = (−1)kk!U(t)A−(k+1)xk,

whence

y(t) = v(t)− U(t)
n∑
k=0

(−1)kk!A−(k+1)xk.

For this reason ‖y(t)‖ → 0 as t→∞. It remains to prove that

∞∫
0

U(s)pn(t− s)ds = qn(t).

But
∞∫
0

U(s)pn(t− s)ds =
n∑
k=0

∞∫
0

(t− s)kU(s)xkds.

The integration by parts k times, taking into account the exponential stability of {U(t)}t≥0,
makes possible to conclude that

∞∫
0

(t− s)kU(s)xkds =
k∑
i=0

(−1)i k!

(k − i)!
tk−iA−(i+1)xk.

It follows from this equality that
∞∫
0

U(s)pn(t− s)ds is a polynomial:

∞∫
0

U(s)pn(t− s)ds =
n∑
k=0

k∑
j=0

(−1)k−j k!
j!
tjAk−j+1xk

=
n∑
k=0

tk
n−k∑
i=0

(−1)i (k + i)!

k!
A−(i+1)xk+i =

n∑
k=0

tkak = qn(t).

Corollary 1. Suppose that in the problem (1),(2), f(t) = x0 + tx1, (x0, x1 ∈ B). Then its

solution u(t) can be represented in the form

u(t) = U(t)y0 + (I − U(t))A−1x0 + (tA− I + U(t))A−2x1. (6)

The proof follows from Lemma3 if it is taken into account that in the case under consid-

eration g(t) ≡ 0 and n = 1.
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Theorem 1. For arbitrary t1 > 0, y0 ∈ B, yi ∈ D(A)(i = 1, 2), there exists a unique

function f(t) of the form f(t) = x0 + tx1 such that the solution u(t) of problem (1),(2) with

this function on the right-hand side of (1) satis�es the conditions

u(0) = y0, u(t1) = y1, lim
t→∞

u(t)

t
= y2. (7)

Proof. We shall seek vectors x0 and x1 for the solution u(t) of problem (1),(2) with f(t) =

x0 + tx1 to satisfy the relations (7). Because of (6),

lim
t→∞

u(t)

t
= lim

t→∞

U(t)y0
t

+ lim
t→∞

1

t
(I − U(t))A−1x0 + lim

t→∞

(
A− I − U(t)

t

)
A−2x1 = A−1x1.

Thus, x1 = Ay2. The representation (6) for t = t1 implies also the equality

(I − U(t1))A−1x0 = y1 − U(t1)y0 − (t1A− I + U(t1))A
−1y2.

By Lemma1, there exists a bounded operator (I − U(t1))−1. Therefore,

x0 = (I − U(t1))−1(Ay1 − AU(t1)y0 − (t1A− I + U(t1))y2).

So, a function f(t) of the desired form is found. Its uniqueness follows from the uniqueness

of searching procedure for x0 and x1.

Theorem 2. Assume that B = H is a Hilbert space with scalar product (·, ·), and let A be

a positive de�nite selfadjoint operator in it (so, (Ax, x) ≥ ε(x, x) for an arbitrary x ∈ D(A)
and some ε > 0). Then for any t2 > t1 > 0, y0 ∈ H and y1, y2 ∈ D(A), there exists a unique

function f(t) of the form f(t) = x0+ tx1 (x0, x1 ∈ H), such that the solution u(t) of problem

(1),(2) with this function satis�es the conditions

u(0) = y0, u(ti) = yi, i = 1, 2. (8)

Proof. As in the previous theorem, we seek x0 and x1 so that for the solution u(t) of problem

(1),(2) with f(t) = x0 + tx1 (by virtue of Corollary1, it can be represented in the form (6)),

to satisfy (8), i.e.

(I − U(ti))A−1x0 + (tiA− (I − U(ti)))A−2x1 = yi − U(ti)y0 (i = 1, 2). (9)

Applying to both sides of these equalities the operators I −U(t2) and I −U(t1) respectively
and subtracting the second equality from the �rst one, we obtain

(t1(I−U(t2))−t2(I−U(t1)))x1 = (I−U(t2))(Ay1−AU(t1)y0)−(I−U(t1))(Ay2−AU(t2)y0).
(10)

Since

U(t) =

∞∫
ε

e−λtdEλ



26 Gorbachuk V.M.

(Eλ is the resolution of identity of A), we have

t1(I − U(t2))− t2(I − U(t1)) = ϕ(A) =

∞∫
ε

ϕ(λ)dEλ,

where the function ϕ(λ) = t1(1− e−λt2)− t2(1− e−λt1) is such that

ϕ(0) = 0, lim
λ→∞

ϕ(λ) = t1 − t2 < 0, ϕ′(λ) = t1t2
(
e−λt2 − e−λt1

)
< 0.

Then the function 1
ϕ(λ)

is bounded on [ε,∞), and the operator (ϕ(A))−1 (the function

(ϕ(λ))−1 of the operator A) is bounded on H. Applying it to both sides of (10), we ar-

rive at the equality

x1 = (ϕ(A))−1((I − U(t2))(Ay1 − AU(t1)y0)− (I − U(t1))(Ay2 − AU(t2)y0)).

Taking into account that, by Lemma1, the operator (I −U(t1))−1 exists and it is de�ned on

the whole H, we can �nd x0 from (9). Namely,

x0 = (I − U(t1))−1(Ay1 − AU(t1)y0 − (t1A− (I − U(t1)))A−1x1).

The uniqueness of a function f(t) of the form mentioned above, which guarantees ful�lment

of the conditions (8), follows from the construction itself of x0 and x1.

References

[1] Hille E. Functional Analysis and Semi-groups. Amer. Math. Soc. Coll. Publ., Vol. 31, New York, 1948.

[2] Yosida K. Functional Analysis. Springer, Berlin-Góttingen-Heidelberg, 1965.
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Ãîðáà÷óê Â.Ì. Ïðî ðîçâ'ÿçêè íåîäíîðiäíî¨ çàäà÷i Êîøi äëÿ äèôåðåíöiàëüíîãî ðiâíÿííÿ

ïàðàáîëi÷íîãî òèïó ó áàíàõîâîìó ïðîñòîði // Áóêîâèíñüêè�è ìàòåì. æóðíàë � 2022. �

Ò.10, �2. � C. 20�27.

Äëÿ äèôåðåíöiàëüíîãî ðiâíÿííÿ âèãëÿäó u′(t)+Au(t) = f(t), t ∈ (0,∞), äå A � iíôiíiòå-

çiìàëüíèé ãåíåðàòîð îáìåæåíî¨ àíàëiòè÷íî¨ C0-ïiâãðóïè ëiíiéíèõ îïåðàòîðiâ ó áàíàõîâîìó

ïðîñòîðiB, f(t) �B-çíà÷íèé ïîëiíîì, äîñëiäæó¹òüñÿ ïîâåäiíêà ó íàïåðåä çàäàíèõ òî÷êàõ

ðîçâ'ÿçêiâ çàäà÷i Êîøi â çàëåæíîñòi âiä f(t).


