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Çãîðòêà äâîõ ñèíãóëÿðíèõ ðîçïîäiëiâ: êëàñè÷íîãî êàíòîðiâñüêîãî i

âèïàäêîâî¨ âåëè÷èíè ç íåçàëåæíèìè äåâ'ÿòiðêîâèìè öèôðàìè

Âèâ÷à¹òüñÿ ðîçïîäië âèïàäêîâî¨ âåëè÷èíè ξ = τ + η, äå τ i η íåçàëåæíi âèïàäêîâi âå-

ëè÷èíè, ïðè÷îìó τ ìà¹ êëàñè÷íèé êàíòîðiâñüêèé ðîçïîäië, à η ¹ âèïàäêîâîþ âåëè÷èíîþ ç

íåçàëåæíèìè îäíàêîâî ðîçïîäiëåíèìè öèôðàìè äåâ'ÿòiðêîâîãî çîáðàæåííÿ. Ïðè äîäàòêî-

âèõ óìîâàõ íà ðîçïîäiëè öèôð η âêàçóþòüñÿ äîñòàòíi óìîâè ñèíãóëÿðíîñòi êàíòîðiâñüêîãî

òèïó ðîçïîäiëó ξ . Äëÿ îáãðóíòóâàííÿ òâåðäæåíü çäiéñíþ¹òüñÿ òîïîëîãî-ìåòðè÷íèé àíàëiç

çîáðàæåííÿ ÷èñåë x ∈ [0; 2] ó ñèñòåìi ÷èñëåííÿ ç îñíîâîþ 9 òà ñiìíàäöÿòèñèìâîëüíèì àë-

ôàâiòîì (íàáîðîì öèôð). Ãåîìåòðiþ (ïîçèöiéíó òà ìåòðè÷íó) öüîãî çîáðàæåííÿ îïèñóþòü

âëàñòèâîñòi âiäïîâiäíèõ öèëiíäðè÷íèõ ìíîæèí.

Êëþ÷îâi ñëîâà i ôðàçè: s-êîâå çîáðàæåííÿ ÷èñåë, ñèñòåìà ÷èñëåííÿ ç íàäëèøêîâèì

àëôàâiòîì, ìíîæèíà Êàíòîðà, ìíîæèíà êàíòîðiâñüêîãî òèïó, ñèíãóëÿðíî ðîçïîäiëåíà âè-

ïàäêîâà âåëè÷èíà, ñïåêòð ðîçïîäiëó, àðèôìåòè÷íà ñóìà ìíîæèí.
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Âñòóï

Íåõàé As = {0, 1, ..., s − 1} � àëôàâiò (íàáið öèôð), Ls = As × As × ... � ïðîñòið
ïîñëiäîâíîñòåé åëåìåíòiâ àëôàâiòó, ∆s

α1α2...αn... � s-êîâå çîáðàæåííÿ ÷èñëà x ∈ [0; 1],

òîáòî x = ∆s
α1α2...αn... =

∞∑
n=1

αn

sn
, äå (αn) ∈ Ls. Âiäîìî, ùî àðèôìåòè÷íîþ ñóìîþ äâîõ

÷èñëîâèõ ìíîæèí A i B íàçèâà¹òüñÿ ìíîæèíà C = A ⊕ B = {x : x = a + b, a ∈
A, b ∈ B}. Öÿ îïåðàöiÿ íàä ÷èñëîâèìè ìíîæèíàìè ¹ äîñòàòíüî ïðîäóêòèâíîþ ó òåîði¨
íåñêií÷åííèõ çãîðòîê Áåðíóëëi [8], òåîði¨ ôðàêòàëiâ òà ãåîìåòði¨ ÷èñëîâèõ ðÿäiâ [3�5,7,
10].

Âiäîìî, ùî ìíîæèíà Êàíòîðà C = C[3; {0; 2}] = {x =
∞∑
k=1

2αn

3n
, (αn) ∈ L2} ¹ äîñêî-

íàëîþ íiäå íå ùiëüíîþ ìíîæèíîþ, íóëüîâî¨ ìiðè Ëåáåãà; àðèôìåòè÷íîþ ñóìîþ äâîõ
ìíîæèí Êàíòîðà ¹ âiäðiçîê [0; 2], à äâîõ ìíîæèí êàíòîðiâñüîãî òèïó
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C[4; {0; 3}] = {x =
∞∑
k=1

3αk

4k
, (αk) ∈ L2}, C[4; {0, 2}] = {x =

∞∑
k=1

2αk

4k
, (αk) ∈ L2}

¹ êàíòîðâàë [3] � ñïåöèôi÷íå îá'¹äíàííÿ íåñêií÷åííî¨ êiëüêîñòi iíòåðâàëiâ i ìíîæèíè
êàíòîðiâñüêîãî òèïó (äîñêîíàëî¨, íiäå íå ùiëüíî¨ ìíîæèíè íóëüîâî¨ ìiðè Ëåáåãà) [11].

Êëàñè÷íèì êàíòîðiâñüêèì ðîçïîäiëîì íàçèâà¹òüñÿ ðîçïîäië âèïàäêîâî¨ âåëè÷èíè

τ =
θ1
3

+
θ2
32

+ ...+
θn
3n

+ ... = ∆3
θ1θ2...θn...

,

äå (θn) � ïîñëiäîâíiñòü íåçàëåæíèõ âèïàäêîâèõ âåëè÷èí ç ðîçïîäiëàìè P{θn = 0} =
1
2

= P{θn = 2}, P{θn = 1} = 0. Âèïàäêîâà âåëè÷èíà τ ìà¹ ñèíãóëÿðíèé ðîçïîäië
(ôóíêöiÿ ðîçïîäiëó ¹ íåïåðåðíîþ i ìà¹ ïîõiäíó ðiâíó íóëþ ìàéæå ñêðiçü ó ðîçóìiííi
ìiðè Ëåáåãà). Éîãî ñïåêòðîì (ìíîæèíîþ òî÷îê ðîñòó ôóíêöi¨ ðîçïîäiëó) ¹ êëàñè÷íà
ìíîæèíà Êàíòîðà.

Çãîðòêà äâîõ ñèíãóëÿðíèõ ðîçïîäiëiâ âèïàäêîâèõ âåëè÷èí (öå ðîçïîäië ñóìè äâîõ
íåçàëåæíèõ âèïàäêîâèõ âåëè÷èí) ìà¹ ñâî¨ì ñïåêòðîì (ìiíiìàëüíèì çàìêíåíèì íîñi-
¹ì) ìíîæèíó, ÿêà ¹ àðèôìåòè÷íîþ ñóìîþ ñïåêòðiâ êîìïîíåíò çãîðòêè. Îñêiëüêè äîñi
íåâiäîìi êðèòåði¨ ñèíãóëÿðíîñòi (àáñîëþòíî¨ íåïåðåðâíîñòi) çãîðòêè äâîõ ñèíãóëÿðíèõ
ðîçïîäiëiâ, òî îêðåìi ÷àñòèííi âèïàäêè iíîäi ïðåäñòàâëÿþòü íàóêîâèé iíòåðåñ [1,2,8,9].

Êàæóòü, ùî âèïàäêîâà âåëè÷èíà X ìà¹ ñèíãóëÿðíèé ðîçïîäië êàíòîðiâñüêîãî òèïó,
ÿêùî ¨¨ ñïåêòð ¹ ìíîæèíîþ íóëüîâî¨ ìiðè Ëåáåãà.

Ó äàíié ðîáîòi ìè ðîçãëÿäà¹ìî çãîðòêó äâîõ ñèíãóëÿðíèõ ðîçïîäiëiâ êàíòîðiâñüêîãî
òèïó, äðóãà êîìïîíåíòà ÿêî¨ òåõíi÷íî çðó÷íà äëÿ êëàñè÷íîãî êàíòîðiâñüêîãî ðîçïîäiëó,
à ñàìå ðîçïîäië âèïàäêîâî¨ âëè÷èíè ξ = τ + η, äå τ , η � íåçàëåæíi âèïàäêîâi âårëè-
÷èíè, ïðè÷îìó τ ìà¹ êëàñè÷íèé êàíòîðiâñüèé ðîçïîäië, à η � âèïàäêîâà âåëè÷èíà ç
ñèíãóëÿðíèì ðîçïîäiëîì êàíòîðiâñüêîãî òèïó, öèôðè äåâ'ÿòiðêîâîãî çîáðàæåííÿ ÿêî¨ ¹
íåçàëåæíèìè îäíàêîâî ðîçïîäiëåíèìè âèïàäêîâèìè âåëè÷èíàìè. Íàñ öiêàâëÿòü óìîâè,
ïðè ÿêèõ ξ ìà¹ ñèíãóëÿðíèé ðîçïîäië êàíòîðiâñüêîãî òèïó.

Âèïåðåäæàþ÷è âèâ÷åííÿ îñíîâíèõ îá'¹êòiâ äîñëiäæåííÿ, ðîçãëÿíåìî ïðåäñòàâëåííÿ
÷èñåë ó ñèñòåìi ç îñíîâîþ 9 ñiìíàäöÿòèñèìâîëüíèì àëôàâiòîì: A17 = {0, 1, ..., 16}.

1 Ñèñòåìà çîáðàæåííÿ äiéñíèõ ÷èñåë ç íàäëèøêîâèì àëôàâiòîì

Äëÿ äîâiëüíîãî x ∈ [0; 2] iñíó¹ ïîñëiäîâíiñòü (γn) ∈ L17 òàêà, ùî

x =
γ1
9

+
γ2
92

+
γ3
93

+ ...+
γn
9n

+ ... ≡ ∆γ1,γ2,γ3,...,γn,.... (1)

Îáãðóíòóâàííÿ öüîãî òâåðäæåííÿ i àëãîðèòì ðîçêëàä ÷èñëà â ðÿä (1) ïðîâîäèòüñÿ àíà-
ëîãi÷íî äî ìiðêóâàíü, íàâåäåíèõ ó ðîáîòi [6]. Ðÿä (1) íàçèâà¹òüñÿ äåâ'ÿòiðêîâèì ïðåä-

ñòàâëåííÿì ç íàäëèøêîâèì ñiìíàäöÿòèñèìâîëüíèì àëôàâiòîì ÷èñëà x, à ñêîðî÷åí-
íèé çàïèñ ∆γ1,γ2,γ3,...,γn,... � éîãî äåâ'ÿòiðêîâèì çîáðàæåííÿì ç àëôàâiòîì A17 (êîðîòêî
(17/9)-çîáðàæåííÿì). Ãåîìåòðiþ (17/9)-çîáðàæåííÿ ÷àñòêîâî ðîçêðèâàþòü âëàñòèâîñòi
öèëiíäðè÷íèõ ìíîæèí.

Îçíà÷åííÿ 1. (17/9)-öèëiíäðîì ðàíãó m ç îñíîâîþ γ1, γ2, γ3, ..., γm íàçèâà¹òüñÿ ìíî-

æèíà ∆γ1,γ2,γ3,...,γm = {x ∈ [0; 2] : x = ∆γ1,γ2,γ3,...,γm,α1,α2,....∀(αn) ∈ L17.}
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Äëÿ (17/9)-öèëiíäðiâ ñïðàâåäëèâi íàñòóïíi âëàñòèâîñòi:

1) ∆γ1,...,γm =
16⋃
i=0

∆γ1,...,γm,i;

2) ∆γ1,γ2,γ3,...,γm = [a; a+ 2
9m

], äå a =
m∑
i=1

γi
9i
;

3) |∆γ1,γ2,γ3,...,γm| =
2

9m
;
|∆γ1,γ2,γ3,...,γm,i|
|∆γ1,γ2,γ3,...,γm|

=
1

9
;

4) äëÿ áóäü-ÿêî¨ ïîñëiäîâíîñòi (γm) ∈ L17

∞⋂
m=1

∆γ1,γ2,...,γm = x = ∆γ1,γ2,...,γm,...;

5) äëÿ äîâiëüíèõ òðüîõ ïîñëiäîâíèõ öèëiíäðiâ ∆γ1,γ2,...,γm−1,i−1, ∆γ1,γ2,...,γm−1,i i
∆γ1,γ2,...,γm−1,i+1, i ∈ A17 \ {0, 16} ìà¹ ìiñöå ðiâíiñòü:

∆γ1,γ2,...,γm−1,i ⊂ ∆γ1,γ2,...,γm−1,i−1 ∪∆γ1,γ2,...,γm−1,i+1. (2)

Ñïðàâäi, îñêiëüêè

∆γ1,γ2,...,γm−1,i−1 = [a+
i− 1

9m
; a+

i− 1

9m
+

2

9m
] = [a+

i− 1

9m
; a+

i+ 1

9m
],

∆γ1,γ2,...,γm−1,i = [a+
i

9m
; a+

γi
9m

+
2

9m
] = [a+

i

9m
; a+

γi+2

9m
],

∆γ1,γ2,...,γm−1,i+1 = [a+
i+ 1

9m
; a+

γi+1

9m
+

2

9m
] = [a+

i+ 1

9m
; a+

γi+3

9m
],

äå a =
m−1∑
k=1

γk
9k
, i max ∆γ1,γ2,...,γm−1,i−1 = min ∆γ1,γ2,...,γm−1,i+1, òî ðiâíiñòü (2) ¹ î÷åâèäíîþ.

6) Äëÿ öèëiíäðiâ (17/9)-çîáðàæåííÿ ìàþòü ìiñöå ðiâíîñòi:

8⋃
i=0

∆γ1,...,γm−1,2i = ∆γ1,...,γm−1 ; (3)

∆γ1,...,γm−1,0 ∪∆γ1,...,γm−1,16 ∪
8⋃
i=1

∆γ1,...,γm−1,2i−1 = ∆γ1,...,γm−1 . (4)

Ñïðàâäi, îñêiëüêè ìà¹ ìiñöå (2), òî ñïðàâåäëèâèìè ¹ ðiâíîñòi:

∆γ1,...,γm−1 =
16⋃
i=0

∆γ1,...,γm−1,i =
16⋃
i=0

∆γ1,...,γm−1,i \
8⋃
i=1

∆γ1,...,γm−1,2i−1 =
8⋃
i=0

∆γ1,...,γm−1,2i,

∆γ1,...,γm−1 =
16⋃
i=0

∆γ1,...,γm−1,i\
7⋃
i=1

∆γ1,...,γm−1,2i = ∆γ1,...,γm−1,0∪∆γ1,...,γm−1,16∪
8⋃
i=1

∆γ1,...,γm−1,2i−1.

7) ∆γ1,...,γm,i∩∆γ1,...,γm,i+1 =
8⋃
j=5

∆γ1,...,γm,i,2j−1∪∆γ1,...,γm,i,16 =
3⋃
j=0

∆γ1,...,γm,i,2j∪∆γ1,...,γm,i+1,7.

Ëåìà 1. ßêùî a, b, a+ 1, b− 9 íàëåæàòü àëôàâiòó A17, òî çàìiíà ïàðè a, b ïîñëiäîâíèõ

öèôð ó (17/9)-çîáðàæåííi ÷èñëà íà ïàðó öèôð a+ 1, b− 9 íå çìiíþ¹ éîãî çíà÷åííÿ.
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Äîâåäåííÿ. Òâåðäæåííÿ âèïëèâà¹ ç ðiâíîñòi

a

9m
+

b

9m+1
=
a+ 1

9m
+
b− 9

9m+1
,

ÿêà âèêîíó¹òüñÿ äëÿ âêàçàíèõ öèôð àëôàâiòó A17.

Íàñëiäîê 1. Äëÿ öèëiíäðiâ m-ãî ðàíãó ìàþòü ìiñöå ðiâíîñòi:

∆α1,α2,...,αm−2,i,9 = ∆α1,α2,...,αm−2,i+1,0, ∆α1,α2,...,αm−2,i,10 = ∆α1,α2,...,αm−2,i+1,1,

∆α1,α2,...,αm−2,i,11 = ∆α1,α2,...,αm−2,i+1,2, ∆α1,α2,...,αm−2,i,12 = ∆α1,α2,...,αm−2,i+1,3,

∆α1,α2,...,αm−2,i,13 = ∆α1,α2,...,αm−2,i+1,4, ∆α1,α2,...,αm−2,i,14 = ∆α1,α2,...,αm−2,i+1,5,

∆α1,α2,...,αm−2,i,15 = ∆α1,α2,...,αm−2,i+1,6, ∆α1,α2,...,αm−2,i,16 = ∆α1,α2,...,αm−2,i+1,7. (5)

Ëåìà 2. Öèëiíäð (m+ 1)-ãî ðàíãó ìà¹ íå áiëüøå 2m àëüòåðíàòèâíèõ çîáðàæåíü.

Äîâåäåííÿ. Î÷åâèäíî, ùî öèëiíäð ∆0...0 ìà¹ ¹äèíå çîáðàæåííÿ. Êiëüêiñòü ôîðìàëüíî
ðiçíèõ çîáðàæåíü îäíîãî i òîãî æ öèëiíäðà çàëåæèòü âiä íàÿâíîñòi ó éîãî çîáðàæåííi
ïàð ïîñëiäîâíèõ öèôð äëÿ ÿêèõ iñíóþòü åêâiâàëåíòíi çàìiíè. Ðîçãëÿíåìî âèïàäîê, êîëè
¨õ ìàêñèìàëüíà êiëüêiñòü. Ñêîðèñòà¹ìîñÿ ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨. Íåõàé m = 1.
Ðîçãëÿíåìî öèëiíäð ∆c1,c2 . Òîäi ∆c1,c2 = ∆c1−1,c2+9, ÿêùî c2 < 9 àáî ∆c1,c2 = ∆c1+1,c2−9,
ÿêùî c2 ≥ 9. Òàêèì ÷èíîì êiëüêiñòü çîáðàæåíü äîðiâíþ¹ 21.

Ïðèïóñòèìî, ùî ðiâíiñòü âèêîíó¹òüñÿ ïðè m = k, òîáòî êiëüêiñòü çîáðàæåíü äëÿ öè-
ëiíäðà (k+1)-ãî ðàíãó äîðiâíþ¹ 2k. Ðîçãëÿíåìî öèëiíäð (k+2)-ãî ðàíãó ∆c1,c2,...,ck+1,ck+2

.
Öèëiíäð ∆c1,c2,...,ck+1,ck+2

ìà¹ 2k ðiçíå çîáðàæåííÿ çîáðàæåííÿ:

∆c1,c2,...,ck+1,ck+2
= ∆c11,c

1
2,...,c

1
k+1,c

1
k+2

= ... = ∆
c2

k−1
1 ,c2

k−1
2 ,...,c1k+1,c

2k−1
k+2

,

äå cj1, c
j
2, ..., c

j
k+1, c

j
k+2 � j-òà êîìáiíàöiÿ j-òîãî çîáðàæåííÿ öèëiíäðà, j = 1, 2k − 1. Òîäi

çîáðàæåííÿ öèëiíäðiâ (k + 2)-ãî ðàíãó ìîæíà çàïèñàòè íàñòóïíèì ÷èíîì

∆0,c1,c2,...,ck+1,ck+2
= ∆

0,c11,c
1
2,...,c

1
k+1,c

1
k+2

= ... = ∆
0,c

2k−1
1 ,c2

k−1
2 ,...,c1k+1,c

2k−1
k+2

.

Äëÿ êîæíîãî iç çîáðàæåíü iñíó¹ àëüòåðíàòèâíå: ∆
0,c

j
1,c

j
2,...,c

j
k+1,c

j
k+2

= ∆
0−1,c11+9,c12,...,c

1
k+1,c

1
k+2

.

Òîäi êîæåí öèëiíäð (k+2)-ãî ðàíãó ìà¹ 2 ·2k çîáðàæåíü. Çãiäíî ïðèíöèïó ìàòåìàòè÷íî¨
iíäóêöi¨ óìîâè ëåìè âèêîíóþòüñÿ äëÿ áóäü-ÿêîãî íàòóðàëüíîãî k.

2 Àðèôìåòè÷íà ñóìà äâîõ ìíîæèí êàíòîðiâñüêîãî òèïó

Ðîçãëÿäà¹òüñÿ ìíîæèíà Êàíòîðà C = C[3; {0, 2}] i ìíîæèíà êàíòîðiâñüêîãî òèïó
C[9;V ] = {x ∈ [0; 1] : x = ∆9

β1β2...βn...
, βn ∈ V ⊂ A9}.

Òåîðåìà 1. Àðèôìåòè÷íà ñóìà ìíîæèí C i C1 = C[9; {0, 8}] ¹ ñàìîïîäiáíîþ ìíîæèíîþ

êàíòîðiâñüêîãîãî òèïó íóëüîâî¨ ìiðè Ëåáåãà ç ñàìîïîäiáíîþ ðîçìiðíiñòþ α = log9 7.
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Äîâåäåííÿ. Ïåðåêîäó¹ìî x ∈ C ó òðiéêîâié ñèñòåìi ÷èñëåííÿ, à ñàìå:

C 3 x =
α1

3
+
α2

32
+ ...+

α2k−1

32k−1 +
α2k

32k
+ ... =

3α1 + α2

9
+ ...+

3α2k−1 + α2k

32k
+ ... = ∆9

γ1...γk...
,

äå γk = 3α2k−1 + α2k =


0, ÿêùî (α2k−1, α2k) = (0, 0),

2, ÿêùî (α2k−1, α2k) = (0, 2),

6, ÿêùî (α2k−1, α2k) = (2, 0),

8, ÿêùî (α2k−1, α2k) = (2, 2).

Òàêèì ÷èíîì, C[3; {0, 2}] = C[9; {0, 2, 6, 8}]. Òîäi àðèôìåòè÷íà ñóìà C i C1

C ⊕ C1 = {x : x =
γ1 + β1

9
+
γ2 + β2

92
+ ...+

γn + βn
9n

+ ... = ∆9
d1d2...dn...

, }

äå dn = γn + βn =



0 ïðè γn = 0, βn = 0,

2 ïðè γn = 0, βn = 2,

6 ïðè γn = 0, βn = 6,

8 ïðè γn = 0, βn = 8 àáî γn = 8, βn = 0,

10 ïðè γn = 8, βn = 2,

14 ïðè γn = 8, βn = 6,

16 ïðè γn = 8, βn = 8.

Îñêiëüêè dn = 2cn, äå cn ∈ {0, 1, 3, 4, 5, 7, 8}, òî C⊕C1 = 2�C[9; {0, 1, 3, 4, 5, 7, 8}]. ßê
âiäîìî, ìíîæèíà C[9; {0, 1, 3, 4, 5, 7, 8}] ¹ ñàìîïîäiáíîþ ìíîæèíîþ êàíòîðiâñüêîãî òèïó
íóëüîâî¨ ìiðè Ëåáåãà ç ñàìîïîäiáíîþ ðîçìiðíiñòþ, ùî ¹ ðîçâ'ÿçêîì ðiâíÿííÿ 7 ·(1

9
)x = 1,

òîáòî x = log9 7. Îñêiëüêè ñàìîïîäiáíà ðîçìiðíiñòü ïîäiáíèõ ìíîæèí çáiãà¹òüñÿ, òî
ñàìîïîäiáíà ðîçìiðíiñòü ìíîæèíè C ⊕ C1 ðiâíà α = log9 7.

3 Çãîðòêà äâîõ ñèíãóëÿðíèõ ðîçïîäiëiâ êàíòîðiâñüêîãî òèïó

Íåõàé τ = ∆9
τ1τ2...τn...

i η = ∆9
η1η2...ηn...

� âèïàäêîâi âåëè÷èíè, äåâ'ÿòiðêîâi öèôðè τn
i ηn ÿêèõ ¹ íåçàëåæíèìè âèïàäêîâèìè âåëè÷èíàìè ç ðîçïîäiëàìè P{τn = i} = pi ≥ 0,

p21 + p23 + p24 + p25 + p26 = 0 i P{ηn = j} = qi ≥ 0, j ∈ 0, 16,
16∑
j=0

qj = 1, max
i
{qi} 6= 1.

Î÷åâèäíî, ùî ñïåêòðîì ôóíêöi¨ ðîçïîäiëó âèïàäêîâî¨ âåëè÷èíè τ ¹ êëàñè÷íà ìíî-
æèíà Êàíòîðà, ìiðà Ëåáåãà ÿêî¨ ðiâíà 0. Âèïàäêîâà âåëè÷èíà η ìà¹ íåïåðåðâíèé ðîç-

ïîäië, îñêiëüêè
∞∏
k=1

max
i
{P{τk = i}} = 0. �¨ ñïåêòðîì ðîçïîäiëó ¹ ìíîæèíà íóëüîâî¨ ìiðè

Ëåáåãà. Îòæå η ìà¹ ñèíãóëÿðíèé ðîçïîäië êàíòîðiâñüêîãî òèïó.
Ðîçãëÿäà¹òüñÿ âèïàäêîâà âåëè÷èíà ξ = τ + η. Î÷åâèäíî, ùî

ξ =
τ1 + η1

9
+
τ2 + η2

92
+ ...+

τn + ηn
9n

+ ... =
ξ1
9

+
ξ2
92

+ ...+
ξn
9n

+ ...,

äå ξn ≡ τn + ηn ∈ {ηn, ηn + 2, ηn + 6, ηn + 8}. Ñïåêòðîì Sξ âèïàäêîâî¨ âåëè÷èíè ξ ¹
àðèôìåòè÷íà ñóìà ñïåêòðiâ âèïàäêîâèõ âåëè÷èíè η i τ , òîáòî Sξ = Sη ⊕ Sτ .
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Ïðèêëàä 1. ßêùî η = ∆9
η1η2...ηn...

� âèïàäêîâà âåëè÷èíà, äåâ'ÿòiðêîâi öèôðè ηn
ÿêî¨ ¹ íåçàëåæíèìè âèïàäêîâèìè âåëè÷èíàìè ç ðîçïîäiëàìè: P{ηn = 0} = q0 > 0,

P{ηn = 8} = q8 > 0, P{ηn = i} = qi = 0, i = 1, 7,
8∑
i=0

qi = 1, òî ðîçïîäië öèôð âèïàäêîâî¨

âåëè÷èíè ξ = τ + η = ∆ξ1ξ2...ξn..., äå ξn ∈ {0, 2, 6, 8, 10, 14, 18} âèçíà÷à¹òüñÿ ðiâíîñòÿìè:
P{ξn = 0} = P{τn = 0 ∧ ηn = 0} = p0q0, P{ξn = 2} = P{τn = 2 ∧ ηn = 0} = p2q0,

P{ξn = 6} = P{τn = 6 ∧ ηn = 0} = p6q0,

P{ξn = 8} = P{τn = 8 ∧ ηn = 0}+ P{τn = 0 ∧ ηn = 8} = p8q0 + p0q8,

P{ξn = 10} = P{τn = 2 ∧ ηn = 8} = p2q8, P{ξn = 14} = P{τn = 6 ∧ ηn = 8} = p6q8,

P{ξn = 16} = P{τn = 8 ∧ ηn = 8} = p8q8, P{ξn = i} = 0, äå i ∈ {1, 3, 5, 7, 9, 11, 13, 15},
îñêiëüêè âèïàäêîâi âåëè÷èíè τn i ηn íåçàëåæíi.

Ââiâøè ïîçíà÷åííÿ äëÿ âèïàäêîâî¨ âåëè÷èíè: ξ = 2ζ, ìàòèìåìî, ùî ζ = ∆9
ζ1ζ2...ζn...

�
âèïàäêîâà âåëè÷èíà äåâ'ÿòiðêîâi öèôðè ÿêî¨ ¹ âèïàäêîâèìè âåëè÷èíàìè, ùî íàáóâàþòü
çíà÷åíü {0, 1, 3, 5, 7, 8} ç ðîçïîäiëàìè:

P{ζn = 0} = P{ξn = 0} = p0q0, P{ζn = 1} = P{ξn = 2} = p2q0 ≡ r0,
P{ζn = 3} = P{ξn = 6} = p6q0 ≡ r3, P{ζn = 4} = P{ξn = 8} = p8q0 + p0q8 ≡ r4,
P{ζn = 5} = P{ξn = 10} = p2q8 ≡ r5, P{ζn = 7} = P{ξn = 14} = p6q8 ≡ r7,
P{ζn = 8} = P{ξn = 16} = p8q8 ≡ r8, P{ζn = i} = 0, i ∈ {2, 6}.

Ëåìà 3. Âèïàäêîâà âåëè÷èíà ζ ìà¹ ñèíãóëÿðíî íåïåðåðâíèé ðîçïîäië êàíòîðiâñüêîãî

òèïó, ñïåêòðîì ÿêîãî ¹ äîñêîíàëà, íiäå íå ùiëüíà ìíîæèíà íóëüîâî¨ ìiðè Ëåáåãà C[9;A9\
{2, 6}].

Äîâåäåííÿ. Äîâåäåìî, ùî ζ ¹ íåïåðåðâíî ðîçïîäiëåíîþ âèïàäêîâîþ âåëè÷èíîþ. Äëÿ
öüîãî ïîêàæåìî, ùî éìîâiðíiñòü êîæíî¨ îäíîòî÷êîâî¨ ìíîæèíè ðiâíà íóëþ. Ðîçãëÿ-
íåìî öèëiíäð m-ãî ðàíãó äåâ'ÿòiðêîâî¨ ñèñòåìè çîáðàæåííÿ. Çãiäíî ç âëàñòèâîñòÿìè

öèëiíäðiâ
∞⋂
m=1

∆9
c1c2....cm

= x0 = ∆9
c1c2...cm...

. Éìîâiðíiñòü òîãî, ùî âèïàäêîâà âåëè÷íà ζ

íàáóâà¹ çíà÷åííÿ ç öèëiíäðà ∆9
c1c2...cm

îá÷èñëþ¹òüñÿ çà ôîðìóëîþ:

P{ζ ∈ ∆9
c1c2...cm

} = P{ζ1 = c1 ∧ ζ2 = c2 ∧ ... ∧ ζm = cm} =
m∏
i=1

P{ζi = ci} =
m∏
i=1

rci .

Òîäi

P{ζ = x0} = lim
m→∞

P{ζ ∈ ∆9
c1c2...cm

} =
∞∏
i=1

rci ≤
∞∏
i=1

max
i=0,3,4,5,7,8

{rci} = 0.

Îñêiëüêè ìíîæèíà C[9; {0, 1, 3, 5, 7, 8}] ¹ çàìêíåíîþ äîñêîíàëîþ ìíîæèíîþ, íà ÿêié çî-
ñåðåäæåíà éìîâiðíiñíà ìiðà, òî âîíà ¹ ñïåêòðîì Sζ âèïàäêîâî¨ âåëè÷èíè ζ. Ç óðàõóâà-
ííÿì íóëü-ìiðíiñòü ñïåêòðà âèïëèâà¹, ùî ζ ñèíãóëÿðíî ðîçïîäiëåíà. Îñêiëüêè P{ζn =

2} = P{ζn = 4} = P{ζn = 6} = 0 äëÿ n ∈ N , òî ζ ìà¹ êàíòîðiâñüêèé òèï ðîçïîäiëó.

Íàñëiäîê 2. Âèïàäêîâà âåëè÷èíà ξ = η + τ ìà¹ ñèíãóëÿðíî íåïåðåðâíèé ðîçïîäië

êàíòîðiâñüêîãî òèïó, ñïåêòðîì ÿêîãî ¹ ìíîæèíà Sη ⊕ Sτ = C2[9; {0, 2, 6, 8, 10, 14, 16}].

Ïðèêëàä 2. ßêùî η = ∆9
η1η2...ηn...

âèïàäêîâà âåëè÷èíà, äåâ'ÿòiðêîâi öèôðè ηn ÿêî¨
¹ íåçàëåæíèìè âèïàäêîâèìè âåëè÷èíàìè ç ðîçïîäiëàìè P{ηn = i} = qi ≥ 0, i = 0, 8,
8∑
i=0

qi = q0 +q1 +q7 +q8 = 1, òî ðîçïîäië öèôð âèïàäêîâî¨ âåëè÷èíè ξ = τ+η = ∆9
ξ1ξ2...ξn...

,
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äå ξn ∈ A17 \ {4, 5, 11, 12}} âèçíà÷à¹òüñÿ ç ñèñòåìè ðiâíîñòåé:
P{ξn = 0} = P{τn = 0 ∧ ηn = 0} = p0q0 ≡ p′0,

P{ξn = 1} = P{τn = 0 ∧ ηn = 1} = p0q1 ≡ p′1,

P{ξn = 2} = P{τn = 2 ∧ ηn = 0} = p2q0 ≡ p′2,

P{ξn = 3} = P{τn = 2 ∧ ηn = 1} = p2q1 ≡ p′3,

P{ξn = 6} = P{τn = 6 ∧ ηn = 0} = p6q0 ≡ p′6,

P{ξn = 7} = P{τn = 0 ∧ ηn = 7}+ P{τn = 6 ∧ ηn = 1} = p0q7 + p6q1 ≡ p′7,

P{ξn = 8} = P{τn = 8 ∧ ηn = 0}+ P{τn = 0 ∧ ηn = 8} = p8q0 + p0q8 ≡ p′8,

P{ξn = 9} = P{τn = 2 ∧ ηn = 7} = p2q7 ≡ p′9,

P{ξn = 10} = P{τn = 2 ∧ ηn = 8} = p2q8 ≡ p′10,

P{ξn = 13} = P{τn = 6 ∧ ηn = 7} = p6q7 ≡ p′13,

P{ξn = 14} = P{τn = 6 ∧ ηn = 8} = p6q8 ≡ p′14,

P{ξn = 15} = P{τn = 8 ∧ ηn = 7} = p8q7 ≡ p′15,

P{ξn = 16} = P{τn = 8 ∧ ηn = 8} = p8q8 ≡ p′16,

P{ξn = 4} = P{τn = 2 ∧ ηn = 2} = P{τn = 4 ∧ ηn = 0} = P{τn = 0 ∧ ηn = 4} = 0 ≡ p′4,

P{ξn = 5} = 0 ≡ p′5, P{ξn = 11} = 0 ≡ p′11, P{ξn = 12} = 0 ≡ p′12.

Ëåìà 4. ßêùî äëÿ (17/9)-çîáðàæåííÿ ÷èñëà x = ∆c1,c2,...,cm,cm+1,cm+2,... âèêîíóþòüñÿ óìî-

âè ci ∈ {0, 6, 13}, à ci+1 ∈ {0, 3, 6}, i ∈ N àáî ci ∈ {3, 10, 16}, à ci+1 ∈ {10, 13, 16}, i ∈ N
òà iñíó¹ öèôðà ck ∈ V = {4, 5, 11, 12}, òî êîæíå çîáðàæåííÿ ÷èñëà x ìiñòèòü öèôðè

ìíîæèíè V .

Äîâåäåííÿ. Íå ïîðóøóþ÷è çàãàëüíîñòi, íåõàé cm+1 ∈ V , cm+1 = 4. Òîäi ÷èñëî x ìà¹ äâà
çîáðàæåííÿ: ∆c1,c2,...,cm,4,cm+2,... = ∆c1,c2,...,cm−1,13,cm+2,.... Öèôðà cm − 1 ∈ V , ÿêùî cm = 0,
cm = 6, cm = 13. Ðîçãëÿíåìî iíøi çîáðàæåííÿ ÷èñëà, áåðó÷è äî óâàãè çíà÷åííÿ m-î¨
öèôðè:

1) ÿêùî cm < 9, òî cm = 0, 3, 6, òî

∆c1,c2,...,cm−1,cm,4,cm+2,... = ∆c1,c2,...,cm−1,cm−1,13,cm+2,....

Öèôðà cm−1 − 1 ∈ V , ÿêùî cm−1 = 0 (ó öüîìó âèïàäêó àëüòåðíàòèâíîãî çîáðàæåííÿ íå
iñíó¹), cm−1 = 6, cm−1 = 13;

2) ÿêùî cm > 9, òî cm = 10, 13, 16, òî

∆c1,c2,...,cm−1,cm,4,cm+2,... = ∆c1,c2,...,cm−1,cm−1,13,cm+2,....

Öèôðà cm−1 + 1 ∈ V , ÿêùî cm−1 = 3, cm−1 = 10, cm−1 = 16 (ó öüîìó âèïàäêó àëüòåðíà-
òèâíîãî çîáðàæåííÿ íå iñíó¹).

Áåðó÷è äî óâàãè çíà÷åííÿ m− 1-î¨ öèôðè, ïðîàíàëiçó¹ìî iíøi çîáðàæåííÿ ÷èñëà:
1) ÿêùî cm−1 < 9, òîáòî cm−1 = 0, 3, 6

∆c1,c2,...,cm−2,cm−1,cm,4,cm+2,... = ∆c1,c2,...,cm−2−1,cm−1+9,cm−1,13,cm+2,....

Öèôðà cm−2 − 1 ∈ V , ÿêùî cm−2 = 0 (ó öüîìó âèïàäêó àëüòåðíàòèâíîãî çîáðàæåííÿ íå
iñíó¹), cm−2 = 6, cm−2 = 13;



Çãîðòêà äâîõ ñèíãóëÿðíèõ ðîçïîäiëiâ 211

2) ÿêùî cm−1 > 9, òî cm−1 = 10, 13, 16, òî

∆c1,c2,...,cm−2,cm−1,cm,4,cm+2,... = ∆c1,c2,...,cm−2+1,cm−1−9,cm−1,13,cm+2,....

Öèôðà cm−2 + 1 ∈ V , ÿêùî cm−2 = 3, cm−2 = 10, cm−2 = 16 (ó öüîìó âèïàäêó àëüòåðíà-
òèâíîãî çîáðàæåííÿ íå iñíó¹).

Àíàëîãi÷íî ïðîàíàëiçóâàâøè âñi çíà÷åííÿ öèôð cm−3,...,c2, c1 îòðèìà¹ìî òå, ùî äëÿ
òîãî, ùîá êîæíå çîáðàæåííÿ ÷èñëà x ìiñòèëî öèôðè ìíîæèíè V , íåîáõiäíî ùîá öèôðè
çîáðàæåííÿ x = ∆c1,c2,...,cm,cm+1,cm+2,... çàäîâîëüíÿëè óìîâó ëåìó. Ó âèïàäêó, êîëè cm+1 =

5 àáî cm+1 = 11 àáî cm+1 = 12 ìiðêóâàííÿ àíàëîãi÷íi.

Ëåìà 5. Öèëiíäðiâ m-ãî ðàíãó ∆c1,c2,...,cm−1,i, äå i ∈ {4, 5, 11, 12}, óñi àëüòåðíàòèâíi çî-
áðàæåííÿ ÿêèõ ìiñòÿòü öèôðè ìíîæèíè V = {4, 5, 11, 12} iñíó¹ 2 · 3m−1.
Äîâåäåííÿ. Çãiäíî ç ëåìîþ 4 äëÿ òîãî, ùîá êîæíå àëüòåðíàòèâíå çîáðàæåííÿ öèëiíäðà
∆c1,c2,...,cm−1,i ìiñòèëî öèôðó ç ìíîæèíè íåîáõiäíî, ùî öèôðè ci ∈ {0, 3, 6, 10, 13, 16},
ïðè÷îìó, ÿêùî ci = 0, 6, 13, òî ci+1 = 0, 3, 6 àáî, ÿêùî ci = 3, 10, 16, òî ci+1 = 10, 13, 16

i = 1, 2, ...,m− 2. Òîäi çà ïðàâèëîì äîáóòêó òàêèõ öèëiíäðiâ ∆c1,c2,...,cm−1,i ç ôiêñîâàíèì
çíà÷åííÿì öèôðè i áóäå 6 · 3 · ... · 3 = 2 · 3m−1.
Òåîðåìà 2. Ñïåêòðó Sξ ðîçïîäiëó âèïàäêîâî¨ âåëè÷èíè ξ íàëåæèòü çëi÷åííà êiëüêiñòü

âiäðiçêiâ, çàãàëüíî¨ äîâæèíè 5
3
, à ñàìå: C[9;A17 \ V }] ⊂ Sξ.

Äîâåäåííÿ. Ç óðàõóâàííÿì ëåìè 4 i ñèñòåìè ðiâíîñòåé öèëiíäðiâ:
∆4,a = ∆5,a−9 i ∆3,a = ∆4,a−9,∆5,a = ∆6,a−9, äå a ∈ {9, 10, 11, 12, 13, 14, 15, 16};

àíàëîãi÷íî
∆11,a = ∆12,a−9 i ∆10,a = ∆11,a−9,∆11,a = ∆12,a−9, äå a ∈ {9, 10, 11, 12, 13, 14, 15, 16},

ìíîæèíà Sξ ìîæå áóòè îòðèìàíà ÿê ðiçíèöÿ âiäðiçêà [0; 2] i ñèñòåìè ïåðåòèíiâ
∞⋃
m=1

∆c1,c2,...,cm−1,4 ∩∆c1,c2,...,cm−1,5,
∞⋃
m=1

∆c1,c2,...,cm−1,11 ∩∆c1,c2,...,cm−1,12,

äå ci ∈ {0, 3, 6, 10, 13, 16}, ïðè÷îìó, ÿêùî ci ∈ {0, 6, 13}, òî ci+1 ∈ {0, 3, 6} àáî, ÿêùî
ci ∈ {3, 10, 16}, òî ci+1 ∈ {10, 13, 16}, i = 1, 2, ...,m− 2, òîáòî

Sξ = [0; 2] \ {
∞⋃
m=1

∆c1,c2,...,cm−1,4 ∩∆c1,c2,...,cm−1,5 ∪
∞⋃
m=1

∆c1,c2,...,cm−1,11 ∩∆c1,c2,...,cm−1,12}.

Òîäi

λ(Sξ) = λ([0; 2])− λ(
∞⋃
m=1

∆c1,...,cm−1,4 ∩∆c1,...,cm−1,5)− λ(
∞⋃
m=1

∆c1,...,cm−1,11 ∩∆c1,...,cm−1,12).

Îñêiëüêè, λ(∆c1,...,cm−1,4 ∩∆c1,...,cm−1,5) = 1
9m

= λ(∆c1,...,cm−1,11 ∩∆c1,...,cm−1,12), òî

λ(Sξ) = 2− (
2

91
− 2 · 3

92
− 2 · 32

93
− 2 · 33

94
− ...) = 2−

2
9

1− 3
9

=
5

3
.

Íàñëiäîê 3. Âèïàäîâà âåëè÷èíà ξ ¹ íåïåðåðâíîþ âèïàäêîâîþ âåëè÷èíîþ, ðîçïîäië

ÿêî¨ çîñåðåäæåíèé íà ìíîæèíi Sξ = C[9;A17 \ {4, 5, 11, 12}].

Çàóâàæåííÿ 1. Ñïåêòð Sξ ¹ ìíîæèíîþ íåïîâíèõ ñóì ðÿäó
∞∑
n=1

un, äå u4k−3 = 1
9k
, u4k−2 =

2
9k
, u4k−1 = 6

9k
, u4k = 7

9k
, k ∈ N .
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We consider distribution of random variable ξ = τ + η, where τ and η independent random

variables, moreover τ has classic Cantor type distribution and η is a random variable wi-

th independent identically distributed digits of the nine-digit representation. With additional

conditions for the distributions of the digits η, su�cient conditions for the singularity of the

Cantor type of the distribution ξ are speci�ed. To substantiate the statements, a topological-

metric analysis of the representation of numbers x ∈ [0; 2] in the numerical system with base 9

and a seventeen-symbol alphabet (a set of numbers) is carried out. The geometry (positional

and metric) of this representation is described by the properties of the corresponding cylindrical

sets.


