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MEJBHUYYK JI.M.

dyHmamMmeHTadbHI PO3B’sa30K 3amavi Koimi ajis mapabosivHoro piBHaHHS
APYroro mopgaiakKy 3i 3pocratrounmu Koedimientamu ta 3 oneparopamu Beccess

Pi3HUX NOPAIKIB

3uaiiieHo B sBHOMY BUIIsIl (DyHIaMEeHTAIbHIN PO3B’a30K 3aa4ai Kol qis ofHOro0 Kiacy
napaboiYHuX PiBHAHD JAPYrOro MOpsAAKy 3 KoedillieHTaMu IPH MOJIOAIINX ITOXiTHUX, SKi 3PO-
CTAIOTh HA HECKIHYEHOCTi 3a OJHIEI0 TPYMOI0 3MIHHUX, Ta 3 oneparopamMu Beccesst pisHuX mo-
PAIKIB 3a IHITOIO TPYITOI0 3MiHHUX. BuBYeHO AesKi BacTuBOCTI (byHIaMEHTAILHOTO PO3B’A3KY.

Karuosi crosa i ppasu: mapabosivuni piBHsgHHS, 3aga4a Ko, pyHgamenTaibHuil pO3B’ 30K,
oneparop Beccens.

Vkpaina, YepHiBenpkuii Hamionaapuuii yaisepcurer imeni FOpis @eaproBuua
e-mail: l.melnuchuk@chnu.edu.ua

Teopis 3amaui Komi g1s piBHOMIpHO Mapabo/iYHUX PIBHAHB JPYIOTO MOPSIKY 3 00Me-
KeHuMu KoedillleHTaMi JOCTATHRO OBHO JOCTIKeHa [1,2], Ha BijaMiHy BiJ TaKuX DiBHSIHD
3 HeoOMexkeHuMu koedimienramu. OpHuM 3 HANPIMKiB jgociimkens mpodecopa C.J1. Isa-
CHUIIIeHa Ta YYHIB flOT0 HAYKOBOI MIKOJIM € 3HAXO/KEHHS (PyHaMeHTaJbHUX PO3B SI3KiB Ta
JIOCJIIZKEHHS KOPEKTHOCTI 3a4a491 Kot /1j1d K1aciB BUPO/IZKeHUX PIBHAHD, dKi € y3arajJbHeH-
HSIMHU KJIACHIHOTO piBHAHHS audy3il 3 inepiiero A.M. Koamoroposa i MicTITh 38 OCHOBHHMEI
3MIHHEUMHI Audepeniiaibii Bupasu, napadomivni 3a [.IN TlerpoBebkum Ta 3a C.J. Eiixenb-
manoMm (C.J1. Isacumen, JI.M. Annpocosa, L.II. Menuucekuii, O.I. Bosusak, B.C. Ipous,
B.B. Jlawok, I.C. TTaciunuk Ta innt). Takox mocaimxkysamucs napaboiuni 3a 1.I. Tlerpos-
CbKHUM DiBHSIHHS 1 cucTeMu 3 onepatopoM Beccesst (C.[0. Isacumen, B.I1. JlaBpenuyk, T.M.
Banabymenko, JI.M. MeabHauuyk). leski pe3yibraTi [UX JOCTIIzKeHb HaBejeHl B [3-6, 8|.

3okpema, y crarri [5| 3HailjieHo aBHMIT BUIJIsIL TA BCTAHOBJICHO BJAACTUBOCTI (DyH/IaMeH-
TaJbHOIO PO3B’43KYy 3a/adi Kot g napadoivHoro piBHAHHS JIPYTOTO HOPSJIKY BiIHOCHO

byuxiiil © = u(t, z,y)

Oyu = Z Oz, O, (ajiu) + Za’%’ (zju) + Byu,t > 0,2 € R",y > 0,

j,l=1 j=1

VIIK 517.5, 519.21, 511.72
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2v+1

Jie BCi a;; cragti, a MaTpuILs (aﬂ);‘lzl CUMeTpUYHa i JI0IaTHO BU3HAYeHa; By = 8§+ oy —
oneparop Beccens nopsiiky v > 0. Y crarti [6] piBHstHHS MicTUTB cymy omeparopis Beccest
0 3MIHHHX ¥; OJHAKOBOI'O HOPAIKY V.

Y namiii cTaTTi MedKi BKaszaHl pe3yJIbTaTH MOMIUPIOIThCA Ha KJac PiBHAHB 13 3pOCTAIO-
YuMHU KoedilieHTaMu y MOJIOJAIINX JO/JAaHKaX, dKI MiCTITh oneparopu beccesist 110 KaJbKax

3MIHHHUX yj PIBHUX ITOPAAKIB Vj.

(r1,...,71) € RF | 2"

Hexait n, k,m — 3agani warypaabui umciaa, k < m; 2’ =
m) C RY, ne R? = {y € R™|y; >

(g1, .- xn) € R7F 2 = (22", y = (y1,...,
0,7 €{l,...,m}}; RFF™ :=R" x R
Posrngaunemo 3agaay Korri

m

n k
Owu(t, r,y) = a* Z 8§ju +b Z Oy, (zju) +p Z By u,

Jj=1 Jj=1 Jj=1

t>0,(z,y) € RE™, (1)

u(t, xw)LZO = ¢(z,y), (z,y) e RE™, (2)

Oy,u(t, =, y) o 0,t >0,z € R" 5 >001#j),j€{l,...,m}, (3)
21/]' + 1

ae a,b,p (p > 0) — 3azani gificui wmcna, B, = 02 +

” d,; — omeparopu Beccena 3a

3MminHnME y; mopgakis v; > 0, j € {1,...,m}. ’

Hexaii pisasinasg (1) € napabosiuanm. BoHo Mae HeoOMezkeHi npu |z| — 0o KoedinienTn
OL/Is IePINUX MOXiTHIX 8xju Ta HeoOMezKeHi B 0KoJIi ToUKH Yy = () KoedillieHTH MpH HOXiTIHUX
Oy U

[Mozuauumo |v| := v +vo+ - - - + Uy, Busnauumo obepuene nepersopentst Pyp’e-Beccest
byuxmii w: R — R pisnicrio

FyooFp s, w(on)]

o=z~ Bn—y

Foa[Fp gy [w(o )],

o=zl Bn—y

e

FoL[f ()] = / ¢ f(0)do, z € R”,
RTL

Fro o, lf()] = - / fn)Jidn,y € R,
22| H Fz(l/l + 1)R’+"
=1

—+00
n
ae i — yaBHa OJMHEN; (T,0) = ijdj; INa) = /xa_le_””dx — rama-pyHKIisa Eiinepa;
J=1 0

Jy = ij (nlyl)nl?””rl; Ju(2) = 2"T(v + 1)27"J,,(2) — nopmosana dyuknis Beccems, a
=1

J,,(z) — dyukuia Becceng nepimoro poxy mopsaky v [7].
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[Ipsime meperBopenns Pyp’e-Beccenst pyHKIT w Take:
FrsaFiynlu@y)] = [ @ ula,y)Tydody.
Ry

Posp’sa30k 3amadi Komii (1) — (3) mykaemo y Burisiai obepaeroro neperpoperts Pyp’e-
Beccena neskoi dyukiii v

ult,e,y) = F, 5 Fp o ot oon)] = A(n,v) / ¢ @Du(t,a,n)JYdodn,

Ry™
t>0,(z,y) € R, (4)
1 T
e A(n, 7/) = W l_le (Vl + 1)
Bpaxkaroun, 1m1o Bci omeparii 3aKOHHI, 3HaRAeMO ITOXiTHi:
Ou = A(n,v) / @t o, n)Jydodn; (5)
RT™

0;,u = A(n,v) / (—0)e'“Du(t, o,n) JYdodn; (6)

R';Lj»rn

O, (zju) = u + 2;0,,u = u+ A(n,v) / iz;o;e ™ (t, o, n)Jydodn =
RT™
=u-+ A(n,v) / aj&,j(ei(m"’))v(t, o,n)JYdodn.
RT™
InTerpyroun gacTuHaMu iHTerpaJs 1o 0; i BBasKalo4m v Takoo, mo lim ei(m’”)ajv = 0 (Ha-

0 —>00

npuKaa, DIHITHOW), 0JePKUMO

O, (zju) = A(n,v) / ei(m’”)(—aj)ﬁajv,]gdadn. (7)

n—+m
RY

By,u = A(n,v) / ei(:’:’”)v(t,a,n)Byj[Jg]dadn:A(n, V) / e @o(t, o, m)x

RO L
. v . 2ui+1
X <H]Vz (nlyl)le l+1>Byj []Vj (njyj)]ﬁj " dodn.
oy
Ockinbku 3a 7] Bylj,(ny)] = —n%5.(ny), 10

Byu=Awnv) [ Ot o)1) dody )

n—+m
R+
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[TigcraBusmn (5)—(8) B (1) 1 npupiBHsBIH HigiHTerpatbHi DYHKIIT, 0XePKUMO DIBHAHHSI
JUISL U

k
ow(t,o,n) + bz 0;05,0(t,0,n) = (—d’|o|* = p|n|*)v(t,o.n),t > 0, (o,n) € R,  (9)

J=1

n m
ne o2 =" nl*=> .
j=1 j=1

[TizcraBumo (4) B I0OYATKOBY yMOBY (2):

u(t, ,y)|i=o = FUH:EFB 1]—>y[ v(0,0,n)] = p(z,y), (z,y) € Ri+m

Hexaii nouarkoBa dyukis ¢ Taka, mo Js Hei icuye nepersopentst Pyp’e-Beccenss W. Toxi
Ma€EMO

U(tv g, n)|t:0 = F$—>O'FB,y—>’I7[SO(x7 y)] = \I[(O-v 77)> (Ua 77) € Ri—Hn' (10)
YMoBH (3) BUKOHYIOTBCS, 60 33 BiacTusicTio HOpMoBanol Gyukmii Beccens 3 [7]: 0y, 5., (ny) =
0,le{l,...,m}.
Bagaay (9), (10) aist piBHSAHHS 3 YACTHHHUMH MOXITHUMHE TEPIIOTO HOPSJIKY PO3B’IZKEMO

METOJIOM XapaKTepucTuk. BijloBijiHa cucTreMa XapaKTepUCTUYHUX PIBHIHDb TaKa:

dt B doq B - doy, . doji1 o -
1 boy  bop, O
_do, dm dngym dv (11)
000 (=a?aP —pv
dos
Posp’sizkemo 110 cuctemy. PiBusuus bdt = %95 \rarorn, pose’'sskn o; = Cie™, j €
0
{1,---k}; piBaauna do; = 0 1a dn; = 0 MaooTe po3B’sa3ku Biguosino o; = Cj, j €

{k+1,...,n}, Tan; = C’j, Jj € {Ll,...,m}, Bci cram Cj, C'j — gosinpai. o6 poss’sa3aTu

ocranne piBusHus cucremu (11), Tobro piBHsHHS

(ol = plnf*)dt = =,

IJICTAaBUMO 3Haji/IeHl BUIIE 3HAYeHHs 3MIHHHX 0 Ta 1);:

. N dv
(=a*(C; + -+ CR)e™ —a®(CRy + -+ C2) —p(C7 + -+ C2))dt = —.
SiHTerpyBaBIIN 1€ PiBHSIHHS, OJE€PKUAMO
2
a .
—— (O 4 CHE? — P (O + -+ Ot —p(CF 4+ C2 )t =1n
20 On-i—l

Iincrapmsoun ciomn C; = o,e ™, j € {1,...,k}, C; =0j,j € {k+1,...,n}, C; = n;,
j€{l,...,m}, onepKumo

CL2
v = Curexp { = Z|o'[* = a?lo” %t — pln[*t].
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7

e o = (01,...,Uk), g = (0k+17'-'70n)‘

Otke, nepri inTerpaan cucremu (11) taki:

C; =0 je{l,...,k},
Cj:aj,je{k+1,...,n},
Oj :ﬁj, je {1,...,m}, (12)

CL2
Co1 = vexp { 10’ + a|o” [t + plnl*t}.

BagoBosnbaEMO yMOBY (10):
a2 12
vheo = Conrexp { = Zlo'*} = W(ovm).

Ockinbkn 3 (12) mpu t = 0 maemo, mo o; = C}, j € {1,...,n}, n; = C'j, jeA{l,...,m}, To
3 OCTaHHbLOl PIBHOCTI OAEPIKUMO

CL2

\Ij(clv"wcn»éla"wém):On-‘rlexp{ 2%

(C3+--+CP}.

[TigcraBuBiim TyT 3amicTh craaux Bupasu 3 (12), ogepxumo
a2
o(t.ovm) = exp { = Z1o' (L= ) = a?lo”*t — plnft pU(o’e™ 0" m) =
=W(t,o,n)¥(a’e ™ 0" n),t>0,(0,n) € RU™, (13)
— po3s’a30k 3aza4i (9), (10).

JlaJti Oy1eMO BUKOPHCTOBYBAaTH TaKy BJIAaCTUBICTH obepHeHoro nepersopennsa Pyp’e-Becces:

Fol Fo - ol = F A Fg Al ©F L Fg Ll (14)

Jle 3rOpTKa & BU3HAYAETHCI PIBHICTIO

m

(91 ® go) () = / oz — 0, 9)]galo,m) [[ 2 dodn, (15)

n+m ]:1
R-‘r

a OIepaTop y3araJbHEHOIO 3CYBY BU3HAUNMO 4K CYNEPHO3UII0 TAKUX OITEPATOPIB MO KOXKHIMA
KOMIIOHEHTi 3MIiHHOT ¥, TOOTO

) =T p] - [ fw)ll - {y,n} CRY,

TYT

o ﬁF(yj +

Bokpema, skmo f(y) = [ [ fi(ws), vo TJF )] = [ [ T 1£(ui)].

J=1 Jj=1

, I'v, +1 r . o
T fi(y)] = b >1) /fj(\/y? + 177 — 2y;1; cos @) sin® pdip.
2
0
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IT06 3HaiiTn po3s’s30K u 3amadi (1) (3), migcrasumo (13) y (4). Ha migcrasi (15) oxep-
JKIMO
ut,z,y) = F L Fpy Wt o) @ F L Fg [U(0'e™, 0" )], (16)
[loznaunmo
2
Pt Witom) = B [exp { = 1o/ P(1— &) — ot} | x

oc—x" Bn—y

X Fyh o lexp{—pln*t}] = Wi(t, 2)Wa(t, y). (17)
+o00
Jlna obuucnenns Wy Bukopucraemo inrerpan llyaccona / e /7. Maeno

—0o0

Wi (t,x) = (Zi)nR[eXp {ite.0) - 3—210'12(1 — ) — a|o" [t bdor =
k oo — A
= (271T)" (jl_llexp { - %i_%t)}_/ exp { — <%o’j —i%f}dgﬁ X
X <j:1;£1 exp{ — 42—%}_4 exp{ — (a\/fgj _ %)2}@73») =

//|2

- (zi)n eXp{ N zaz(?f'e—%t)KW%YGXP{ N |4xa2t } (ai\;z)n_k -

(V)" bl |2 1 Bk
- (a QW)k(m)k eXp{ N 2a2(1 — e~2bt) } (2(1\/%)”*k exp{  4a2t } (18)

O6uncanvo Wy, Bukopucrasim Bigomuil iHTerpas Bebepa 3 [7], sanucanuit ajst HOpMo-

Banoi pyukiii Beccesrs:

—+00

; v F(V +1 y2
/ exp{—n*t}j, (ny)n* " dn = 275—+1) eXp{ N E}'
0
Toxai onepxuMO
1 L . y
W2(t7 y) - poey eXp{—p|77|2t} ijl (nlyl)'r]? l+1d77 _
22|V‘ H F2<Vl + 1)Rm =1
=1 +
- _ 2 . 27/[-{-1 o
92y 11;[ F2(l/l I 1) / eXp{ P t}]l/l (W/z)??l dn =

0

= 22‘y‘ E F2(Vl + 1) 2(pt)yl+1 exp{ 4_])t e
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1 2
= — exp{ - %} (19)
22vl+m (pt)v+m TT T(vy + 1) P
=1

Tenep obuncaumo apyruit esement y 3roprii (16), 3aificausinyg B inrerpasi o o 3aMiny
ﬁ _ U/e—bt ﬁ” =o'

Fi Pl [W(o’e ™, 0" m)] = A(n,v) / ( / exp{i(x',ﬂ’ebt)—i—z'(as”,6")}\11(6,77)ekbtdﬁ> Jdy =
RT R™
= Mp(a'e”, 2", y),t > 0, (x,y) € RE™. (20)

[Migcrapusmm (17) — (20) y (16) i ypaxysasim o3uadeHHs 3roptku (15), omepKnmo

u(t, z,y) / Wi(t,x — o)1 [Wa(t, y)le Mio(o'et, o ) H 2 dodn.

Rn+m

3uificanMo B inTerpasiax 1o o 3aMiny & = o'e, £ = o”, roni do = e ***d¢, Tomy mMaemo

po3s’s30k 3a1a4i (1) — (3):

u(t, z,y) / Wit " — T Wa(t, y)) H 2 dedn =
R =1
= / G(t,2,y;0,& (&) [ [ i+ ddn, t > 0, (2, y) € R, (21)
:Lij =1
zie

G(t,2,y;0,&,n) = Gi(t. 2/, §)Ga(t, 2", ") Gs(t, y,m), (22)

o — \/ﬁ b’$/ — gle_bt|2 !t k
Gl(tax 75) = (& QW)k(m)k eXp{ - m}at > Oa {"L‘ 75} CR ) (23)
Gy(t, 2", ¢") = 1 exp{ — M},t > 0,{2", "} c R, (24)

(2a+/mt)n—F 4a’t

1 2
Gs(t,y.n) = m TJ[eXp{—%H,wO?{y,n} CRY.  (25)
22lvl+m (pt)lwl+m TT Dy + 1) D
=1

O6uncausiim, sK y [8], oneparop y3araibHeHOTo 3CyBY

ly|? s yr - Y2 MY
TJ[GXP{‘TW}]:ETM[GXP{ ) =Tlew { =2 (=) =

=1

_ |y|2+|77|2} T ( .myz>
—eXp{ i qu ot )’

~
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OJIePKUMO iHITe 300pazkeHHst 11 (s

1 vl + n1*Y T . YL
Gs(t,y,n) = m eXp{_‘ ’475' | }H]W<_Zz_t>‘
22|V|+m(pt)|”|+m H F(Vl + 1) P =1 b
=1

[Ipunyckaroun, mo novyaTkosa yHKIIS ¢ — HemepepbHa i obmexkena Ha RTT", MorkHA
nepexonarucs, mo (21) cupasai € po3s’askom 3aaaui Komi (1) — (3), Tobro mo G € dbynga-
MEHTAJIbHUM PO3B’st3KoM 1€l 3amadi. Ile Takoxk Bumanbae 3 Toro, mo G, Go, G3 € pyHIa-

MEHTAJIbHUM PO3B’si3k0oM 3aj1a4 Korri BiAMOBiIHO /15 PIBHAHB

k k
Qult,x') = a® > 02 u(t,x) +b> 0y (zjult,2’)),t > 0,2" € R,

j=1 j=1

n
ou(t,2”") = a* Z 8§ju(t, "), t>0,2" € R"F,
j=k+1

Owu(t,y) = pz By u(t,y),t >0,y € RY.
j=1
I3 306pazxens (22) — (25) BUILIMBAIOTH TaKi OMIHKK TOXITHUX (DYHIAMEHTATIBHOTO PO3-
B’s3ky G-

E+ls'|  n—k+]|s"|

|a:lscG(t7 z,Y; 07 57 T])| S Cs(]. - e_zbt)_Tt_f_ly‘_mx
o e )y =P R
con{ e - oo { - (1) 1],

A€ s = (8/73//)7 S/ = (817 <o 7Sk); 8// = <8k+1a s 7Sn)7 |S/| = Sl_l_' : '_I_Sk; |$,/| = Sk+1+' : '+Sn7
Cs, c1, Co, c3 — moparHi craii, ¢3 < 1/4.

Besnocepeanbo obunciiondn inrerpanu 3a gonoMoroio (22) — (25), o1epKyeMo BIaCTH-
BICTD

[ Gteyocon [ o agan = .
=1

n+m
R+
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second order with increasing coefficients and with Bessel operators of different orders, Bukovi-
nian Math. Journal. 10, 2 (2022), 176-184.

The theory of the Cauchy problem for uniformly parabolic equations of the second order with
limited coefficients is sufficiently fully investigated, for example, in the works of S.D. Eidelman
and S.D. Ivasyshen, in contrast to such equations with unlimited coefficients. One of the areas of
research of Professor S.D. Ivasyshen and students of his scientific school are finding fundamental
solutions and investigating the correctness of the Cauchy problem for classes of degenerate
equations, which are generalizations of the classical Kolmogorov equation of diffusion with
inertia and contain for the main variables differential expressions, parabolic according to I.G.
Petrovskyi and according to S.D. Eidelman (S.D. Ivasyshen, L.M. Androsova, I.P. Medynskyi,
0.G. Wozniak, V.S. Dron, V.V. Layuk, G.S. Pasichnyk and others). Parabolic Petrovskii
equations with the Bessel operator were also studied (S.D. Ivasyshen, V.P. Lavrenchuk, T.M.
Balabushenko, L.M. Melnychuk).

The article considers a parabolic equation of the second order with increasing coefficients
and Bessel operators. In this equation, the some of coefficients for the lower derivatives of one
group of spatial variables x € R™ are components of these variables, therefore, grow to infinity.
In addition, the equation contains Bessel operators of different orders in another group of
spatial variables y € R, due to which the coefficients in the first derivatives of these variables
are unbounded around the point y = 0.

The paper defines a modified Fourier-Bessel transform that takes into account different
orders of Bessel operators on different variables. With the help of this transformation and the
method of characteristics, the solution of the Cauchy problem of the specified equation is found
in the form of the Poisson integral, and its kernel, which is the fundamental solution of the
Cauchy problem, is written out in an explicit form. Some properties of the found fundamental
solution, in particular, estimates of its derivatives, have been established. They will be used to
establish the correctness of the Cauchy problem.



