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Ôóíäàìåíòàëüíèé ðîçâ'ÿçîê çàäà÷i Êîøi äëÿ ïàðàáîëi÷íîãî ðiâíÿííÿ

äðóãîãî ïîðÿäêó çi çðîñòàþ÷èìè êîåôiöi¹íòàìè òà ç îïåðàòîðàìè Áåññåëÿ

ðiçíèõ ïîðÿäêiâ

Çíàéäåíî â ÿâíîìó âèãëÿäi ôóíäàìåíòàëüíèé ðîçâ'ÿçîê çàäà÷i Êîøi äëÿ îäíîãî êëàñó

ïàðàáîëi÷íèõ ðiâíÿíü äðóãîãî ïîðÿäêó ç êîåôiöi¹íòàìè ïðè ìîëîäøèõ ïîõiäíèõ, ÿêi çðî-

ñòàþòü íà íåñêií÷åíîñòi çà îäíi¹þ ãðóïîþ çìiííèõ, òà ç îïåðàòîðàìè Áåññåëÿ ðiçíèõ ïî-

ðÿäêiâ çà iíøîþ ãðóïîþ çìiííèõ. Âèâ÷åíî äåÿêi âëàñòèâîñòi ôóíäàìåíòàëüíîãî ðîçâ'ÿçêó.
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Òåîðiÿ çàäà÷i Êîøi äëÿ ðiâíîìiðíî ïàðàáîëi÷íèõ ðiâíÿíü äðóãîãî ïîðÿäêó ç îáìå-

æåíèìè êîåôiöi¹íòàìè äîñòàòíüî ïîâíî äîñëiäæåíà [1, 2], íà âiäìiíó âiä òàêèõ ðiâíÿíü

ç íåîáìåæåíèìè êîåôiöi¹íòàìè. Îäíèì ç íàïðÿìêiâ äîñëiäæåíü ïðîôåñîðà Ñ.Ä. Iâà-

ñèøåíà òà ó÷íiâ éîãî íàóêîâî¨ øêîëè ¹ çíàõîäæåííÿ ôóíäàìåíòàëüíèõ ðîçâ'ÿçêiâ òà

äîñëiäæåííÿ êîðåêòíîñòi çàäà÷i Êîøi äëÿ êëàñiâ âèðîäæåíèõ ðiâíÿíü, ÿêi ¹ óçàãàëüíåí-

íÿìè êëàñè÷íîãî ðiâíÿííÿ äèôóçi¨ ç iíåðöi¹þ À.Ì. Êîëìîãîðîâà i ìiñòÿòü çà îñíîâíèìè

çìiííèìè äèôåðåíöiàëüíi âèðàçè, ïàðàáîëi÷íi çà I.Ã. Ïåòðîâñüêèì òà çà Ñ.Ä. Åéäåëü-

ìàíîì (Ñ.Ä. Iâàñèøåí, Ë.Ì. Àíäðîñîâà, I.Ï. Ìåäèíñüêèé, Î.Ã. Âîçíÿê, Â.Ñ. Äðîíü,

Â.Â. Ëàþê, Ã.Ñ. Ïàñi÷íèê òà iíøi). Òàêîæ äîñëiäæóâàëèñÿ ïàðàáîëi÷íi çà I.Ã. Ïåòðîâ-

ñüêèì ðiâíÿííÿ i ñèñòåìè ç îïåðàòîðîì Áåññåëÿ (Ñ.Ä. Iâàñèøåí, Â.Ï. Ëàâðåí÷óê, Ò.Ì.

Áàëàáóøåíêî, Ë.Ì. Ìåëüíè÷óê). Äåÿêi ðåçóëüòàòè öèõ äîñëiäæåíü íàâåäåíi â [3�6,8].

Çîêðåìà, ó ñòàòòi [5] çíàéäåíî ÿâíèé âèãëÿä òà âñòàíîâëåíî âëàñòèâîñòi ôóíäàìåí-

òàëüíîãî ðîçâ'ÿçêó çàäà÷i Êîøi äëÿ ïàðàáîëi÷íîãî ðiâíÿííÿ äðóãîãî ïîðÿäêó âiäíîñíî

ôóíêöi¨ u = u(t, x, y)

∂tu =
n∑

j,l=1

∂xj∂xl(ajlu) +
n∑
j=1

∂xj(xju) +Byu, t > 0, x ∈ Rn, y > 0,
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äå âñi ajl ñòàëi, à ìàòðèöÿ (ajl)
n
j,l=1 ñèìåòðè÷íà i äîäàòíî âèçíà÷åíà; By ≡ ∂2y+

2ν + 1

y
∂y �

îïåðàòîð Áåññåëÿ ïîðÿäêó ν ≥ 0. Ó ñòàòòi [6] ðiâíÿííÿ ìiñòèòü ñóìó îïåðàòîðiâ Áåññåëÿ

ïî çìiííèõ yj îäíàêîâîãî ïîðÿäêó ν.

Ó äàíié ñòàòòi äåÿêi âêàçàíi ðåçóëüòàòè ïîøèðþþòüñÿ íà êëàñ ðiâíÿíü iç çðîñòàþ-

÷èìè êîåôiöi¹íòàìè ó ìîëîäøèõ äîäàíêàõ, ÿêi ìiñòÿòü îïåðàòîðè Áåññåëÿ ïî êàëüêàõ

çìiííèõ yj ðiçíèõ ïîðÿäêiâ νj.

Íåõàé n, k,m � çàäàíi íàòóðàëüíi ÷èñëà, k ≤ m; x′ ≡ (x1, . . . , xk) ∈ Rk , x′′ ≡
(xk+1, . . . , xn) ∈ Rn−k, x ≡ (x′, x′′), y ≡ (y1, . . . , ym) ⊂ Rm

+ , äå Rm
+ := {y ∈ Rm | yj >

0, j ∈ {1, . . . ,m}}; Rn+m
+ := Rn × Rm

+ .

Ðîçãëÿíåìî çàäà÷ó Êîøi

∂tu(t, x, y) = a2
n∑
j=1

∂2xju+ b
k∑
j=1

∂xj(xju) + p
m∑
j=1

Byju,

t > 0, (x, y) ∈ Rn+m
+ , (1)

u(t, x, y)
∣∣∣
t=0

= ϕ(x, y), (x, y) ∈ Rn+m
+ , (2)

∂yju(t, x, y)
∣∣∣
yj=0

= 0, t > 0, x ∈ Rn, yl > 0(l 6= j), j ∈ {1, . . . ,m}, (3)

äå a, b, p (p > 0) � çàäàíi äiéñíi ÷èñëà, Byj ≡ ∂2yj +
2νj + 1

yj
∂yj � îïåðàòîðè Áåññåëÿ çà

çìiííèìè yj ïîðÿäêiâ νj ≥ 0, j ∈ {1, . . . ,m}.
Íåõàé ðiâíÿííÿ (1) ¹ ïàðàáîëi÷íèì. Âîíî ìà¹ íåîáìåæåíi ïðè |x| → ∞ êîåôiöi¹íòè

áiëÿ ïåðøèõ ïîõiäíèõ ∂xju òà íåîáìåæåíi â îêîëi òî÷êè y = 0 êîåôiöi¹íòè ïðè ïîõiäíèõ

∂yju.

Ïîçíà÷èìî |ν| := ν1 +ν2 + · · ·+νm. Âèçíà÷èìî îáåðíåíå ïåðåòâîðåííÿ Ôóð'¹-Áåññåëÿ

ôóíêöi¨ w: Rn+m
+ → R ðiâíiñòþ

F−1σ→xF
−1
B,η→y[w(σ, η)] ≡ F−1σ→x[F

−1
B,η→y[w(σ, η)]],

äå

F−1σ→x[f(σ)] =
1

(2π)n

∫
Rn

ei(x,σ)f(σ)dσ, x ∈ Rn,

F−1B,η→y[f(η)] =
1

22|ν|
m∏
l=1

Γ2(νl + 1)

∫
Rm
+

f(η)Jyη dη, y ∈ Rm
+ ,

äå i � óÿâíà îäèíèöÿ; (x, σ) =
n∑
j=1

xjσj; Γ(α) =

+∞∫
0

xα−1e−xdx � ãàìà-ôóíêöiÿ Åéëåðà;

Jyη :=
m∏
l=1

jνl(ηlyl)η
2νl+1
l ; jνl(z) ≡ 2νlΓ(νl + 1)z−νlJνl(z) � íîðìîâàíà ôóíêöiÿ Áåññåëÿ, à

Jνl(z) � ôóíêöiÿ Áåññåëÿ ïåðøîãî ðîäó ïîðÿäêó νl [7].
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Ïðÿìå ïåðåòâîðåííÿ Ôóð'¹-Áåññåëÿ ôóíêöi¨ w òàêå:

Fx→σFB,y→η[w(x, y)] ≡
∫

Rn+m
+

e−i(x,σ)w(x, y)Jηy dxdy.

Ðîçâ'ÿçîê çàäà÷i Êîøi (1) � (3) øóêà¹ìî ó âèãëÿäi îáåðíåíîãî ïåðåòâîðåííÿ Ôóð'¹-

Áåññåëÿ äåÿêî¨ ôóíêöi¨ v

u(t, x, y) = F−1σ→xF
−1
B,η→y[v(t, σ, η)] = A(n, ν)

∫
Rn+m
+

ei(x,σ)v(t, σ, η)Jyη dσdη,

t > 0, (x, y) ∈ Rn+n
+ , (4)

äå A(n, ν) :=
1

(2π)n22|ν|

m∏
l=1

Γ2(νl + 1).

Ââàæàþ÷è, ùî âñi îïåðàöi¨ çàêîííi, çíàéäåìî ïîõiäíi:

∂tu = A(n, ν)

∫
Rn+m
+

ei(x,σ)∂tv(t, σ, η)Jyη dσdη; (5)

∂2xju = A(n, ν)

∫
Rn+m
+

(−σ2
j )e

i(x,σ)v(t, σ, η)Jyη dσdη; (6)

∂xj(xju) = u+ xj∂xju = u+ A(n, ν)

∫
Rn+m
+

ixjσje
i(x,σ)v(t, σ, η)Jyη dσdη =

= u+ A(n, ν)

∫
Rn+m
+

σj∂σj(e
i(x,σ))v(t, σ, η)Jyη dσdη.

Iíòåãðóþ÷è ÷àñòèíàìè iíòåãðàë ïî σj i ââàæàþ÷è v òàêîþ, ùî lim
σj→∞

ei(x,σ)σjv = 0 (íà-

ïðèêëàä, ôiíiòíîþ), îäåðæèìî

∂xj(xju) = A(n, ν)

∫
Rn+m
+

ei(x,σ)(−σj)∂σjvJyη dσdη. (7)

Byju = A(n, ν)

∫
Rn+m
+

ei(x,σ)v(t, σ, η)Byj [J
y
η ]dσdη = A(n, ν)

∫
Rn+m
+

ei(x,σ)v(t, σ, η)×

×
( m∏

l=1
l6=j

jνl(ηlyl)η
2νl+1
l

)
Byj [jνj(ηjyj)]η

2νj+1
j dσdη.

Îñêiëüêè çà [7] By[jν(ηy)] = −η2jν(ηy), òî

Byju = A(n, ν)

∫
Rn+m
+

ei(x,σ)v(t, σ, η)Jyη (−η2j )dσdη. (8)
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Ïiäñòàâèâøè (5)�(8) â (1) i ïðèðiâíÿâøè ïiäiíòåãðàëüíi ôóíêöi¨, îäåðæèìî ðiâíÿííÿ

äëÿ v

∂tv(t, σ, η) + b
k∑
j=1

σj∂σjv(t, σ, η) = (−a2|σ|2 − p|η|2)v(t, σ, η), t > 0, (σ, η) ∈ Rn+m
+ , (9)

äå |σ|2 =
n∑
j=1

σ2
j , |η|2 =

m∑
j=1

η2j .

Ïiäñòàâèìî (4) â ïî÷àòêîâó óìîâó (2):

u(t, x, y)|t=0 = F−1σ→xF
−1
B,η→y[v(0, σ, η)] = ϕ(x, y), (x, y) ∈ Rn+m

+ .

Íåõàé ïî÷àòêîâà ôóíêöiÿ ϕ òàêà, ùî äëÿ íå¨ iñíó¹ ïåðåòâîðåííÿ Ôóð'¹-Áåññåëÿ Ψ. Òîäi

ìà¹ìî

v(t, σ, η)|t=0 = Fx→σFB,y→η[ϕ(x, y)] ≡ Ψ(σ, η), (σ, η) ∈ Rn+m
+ . (10)

Óìîâè (3) âèêîíóþòüñÿ, áî çà âëàñòèâiñòþ íîðìîâàíî¨ ôóíêöi¨ Áåññåëÿ ç [7]: ∂yljνl(ηlyl) =

0, l ∈ {1, . . . ,m}.
Çàäà÷ó (9), (10) äëÿ ðiâíÿííÿ ç ÷àñòèííèìè ïîõiäíèìè ïåðøîãî ïîðÿäêó ðîçâ'ÿæåìî

ìåòîäîì õàðàêòåðèñòèê. Âiäïîâiäíà ñèñòåìà õàðàêòåðèñòè÷íèõ ðiâíÿíü òàêà:

dt

1
=
dσ1
bσ1

= · · · = dσk
bσk

=
dσk+1

0
= · · · =

=
dσn
0

=
dη1
0

= · · · = dηm
0

=
dv

(−a2|σ|2 − p|η|2)v
. (11)

Ðîçâ'ÿæåìî öþ ñèñòåìó. Ðiâíÿííÿ bdt =
dσj
σj

ìàþòü ðîçâ'ÿçêè σj = Cje
bt, j ∈

{1, · · · k}; ðiâíÿííÿ dσj = 0 òà dηj = 0 ìàþòü ðîçâ'ÿçêè âiäïîâiäíî σj = Cj, j ∈
{k + 1, . . . , n}, òà ηj = Ĉj, j ∈ {1, . . . ,m}, âñi ñòàëi Cj, Ĉj � äîâiëüíi. Ùîá ðîçâ'ÿçàòè

îñòàíí¹ ðiâíÿííÿ ñèñòåìè (11), òîáòî ðiâíÿííÿ

(−a2|σ|2 − p|η|2)dt =
dv

v
,

ïiäñòàâèìî çíàéäåíi âèùå çíà÷åííÿ çìiííèõ σj òà ηj:

(−a2(C2
1 + · · ·+ C2

k)e2bt − a2(C2
k+1 + · · ·+ C2

n)− p(Ĉ2
1 + · · ·+ Ĉ2

m))dt =
dv

v
.

Çiíòåãðóâàâøè öå ðiâíÿííÿ, îäåðæèìî

−a
2

2b
(C2

1 + · · ·+ C2
k)e2bt − a2(C2

k+1 + · · ·+ C2
n)t− p(Ĉ2

1 + · · ·+ Ĉ2
m)t = ln

∣∣∣ v

Cn+1

∣∣∣.
Ïiäñòàâëÿþ÷è ñþäè Cj = σje

−bt, j ∈ {1, . . . , k}, Cj = σj, j ∈ {k + 1, . . . , n}, Ĉj = ηj,

j ∈ {1, . . . ,m}, îäåðæèìî

v = Cn+1 exp
{
− a2

2b
|σ′|2 − a2|σ′′|2t− p|η|2t

}
,
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äå σ′ = (σ1, . . . , σk), σ
′′ = (σk+1, . . . , σn).

Îòæå, ïåðøi iíòåãðàëè ñèñòåìè (11) òàêi:
Cj = σje

−bt, j ∈ {1, . . . , k},
Cj = σj, j ∈ {k + 1, . . . , n},
Ĉj = ηj, j ∈ {1, . . . ,m},

Cn+1 = v exp
{a2

2b
|σ′|2 + a2|σ′′|2t+ p|η|2t

}
.

(12)

Çàäîâîëüíèìî óìîâó (10):

v|t=0 = Cn+1 exp
{
− a2

2b
|σ′|2

}
= Ψ(σ, η).

Îñêiëüêè ç (12) ïðè t = 0 ìà¹ìî, ùî σj = Cj, j ∈ {1, . . . , n}, ηj = Ĉj, j ∈ {1, . . . ,m}, òî
ç îñòàííüî¨ ðiâíîñòi îäåðæèìî

Ψ(C1, . . . , Cn, Ĉ1, . . . , Ĉm) = Cn+1 exp
{
− a2

2b
(C2

1 + · · ·+ C2
k)
}
.

Ïiäñòàâèâøè òóò çàìiñòü ñòàëèõ âèðàçè ç (12), îäåðæèìî

v(t, σ, η) = exp
{
− a2

2b
|σ′|2(1− e−2bt)− a2|σ′′|2t− p|η|2t

}
Ψ(σ′e−bt, σ′′, η) ≡

≡ W (t, σ, η)Ψ(σ′e−bt, σ′′, η), t > 0, (σ, η) ∈ Rn+m
+ , (13)

� ðîçâ'ÿçîê çàäà÷i (9), (10).

Äàëi áóäåìî âèêîðèñòîâóâàòè òàêó âëàñòèâiñòü îáåðíåíîãî ïåðåòâîðåííÿ Ôóð'¹-Áåññåëÿ:

F−1σ→xF
−1
B,η→y[f1 · f2] = F−1σ→xF

−1
B,η→y[f1]⊗ F

−1
σ→xF

−1
B,η→y[f2], (14)

äå çãîðòêà ⊗ âèçíà÷à¹òüñÿ ðiâíiñòþ

(g1 ⊗ g2)(x, y) ≡
∫

Rn+m
+

T ηy [g1(x− σ, y)]g2(σ, η)
m∏
j=1

η
2νj+1
j dσdη, (15)

à îïåðàòîð óçàãàëüíåíîãî çñóâó âèçíà÷èìî ÿê ñóïåðïîçèöiþ òàêèõ îïåðàòîðiâ ïî êîæíié

êîìïîíåíòi çìiííî¨ y, òîáòî

T ηy [f(y)] ≡ T η1y1 [T η2y2 [. . . [T ηmym [f(y)]] . . . ]], {y, η} ⊂ Rm
+ ,

òóò

T ηjyj [fj(yj)] ≡
Γ(νj + 1)√
πΓ(νj + 1

2
)

π∫
0

fj(
√
y2j + η2j − 2yjηj cosϕ) sin2νj ϕdϕ.

Çîêðåìà, ÿêùî f(y) =
m∏
j=1

fj(yj), òî T
η
y [f(y)] =

m∏
j=1

T ηjyj [fj(yj)].
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Ùîá çíàéòè ðîçâ'ÿçîê u çàäà÷i (1)� (3), ïiäñòàâèìî (13) ó (4). Íà ïiäñòàâi (15) îäåð-

æèìî

u(t, x, y) = F−1σ→xF
−1
B,η→y[W (t, σ, η)]⊗ F−1σ→xF

−1
B,η→y[Ψ(σ′e−bt, σ′′, η)]. (16)

Ïîçíà÷èìî

F−1σ→xF
−1
B,η→y[W (t, σ, η)] = F−1σ→x

[
exp

{
− a2

2b
|σ′|2(1− e−2bt)− a2|σ′′|2t

}]
×

×F−1B,η→y[exp{−p|η|2t}] ≡ W1(t, x)W2(t, y). (17)

Äëÿ îá÷èñëåííÿ W1 âèêîðèñòà¹ìî iíòåãðàë Ïóàññîíà

+∞∫
−∞

e−z
2

dz =
√
π. Ìà¹ìî

W1(t, x) =
1

(2π)n

∫
Rn

exp
{
i(x, σ)− a2

2b
|σ′|2(1− e−2bt)− a2|σ′′|2t

}
dσ =

=
1

(2π)n

( k∏
j=1

exp
{
−

bx2j
2a2(1− e−2bt)

} +∞∫
−∞

exp
{
−
(a√1− e−2bt√

2b
σj− i

√
2bxj

2a
√

1− e−2bt
)2}

dσj

)
×

×
( n∏
j=k+1

exp
{
−

x2j
4a2t

} +∞∫
−∞

exp
{
−
(
a
√
tσj −

ixj

2a
√
t

)2}
dσj

)
=

=
1

(2π)n
exp

{
− b|x′|2

2a2(1− e−2bt)

}( √
2bπ

a
√

1− e−2bt
)k

exp
{
− |x

′′|2

4a2t

}(√π
a
√
t

)n−k
=

=
(
√
b)k

(a
√

2π)k(
√

1− e−2bt)k
exp

{
− b|x′|2

2a2(1− e−2bt)

} 1

(2a
√
πt)n−k

exp
{
− |x

′′|2

4a2t

}
. (18)

Îá÷èñëèìî W2, âèêîðèñòàâøè âiäîìèé iíòåãðàë Âåáåðà ç [7], çàïèñàíèé äëÿ íîðìî-

âàíî¨ ôóíêöi¨ Áåññåëÿ:

+∞∫
0

exp{−η2t}jν(ηy)η2ν+1dη =
Γ(ν + 1)

2tν+1
exp

{
− y2

4t

}
.

Òîäi îäåðæèìî

W2(t, y) =
1

22|ν|
m∏
l=1

Γ2(νl + 1)

∫
Rm
+

exp{−p|η|2t}
m∏
l=1

jνl(ηlyl)η
2νl+1
l dη =

=
1

22|ν|

m∏
l=1

1

Γ2(νl + 1)

+∞∫
0

exp{−pη2l t}jνl(ηlyl)η
2νl+1
l dηl =

=
1

22|ν|

m∏
l=1

1

Γ2(νl + 1)

Γ(νl + 1)

2(pt)νl+1
exp

{
− y2l

4pt

}
=
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=
1

22|ν|+m(pt)|ν|+m
m∏
l=1

Γ(νl + 1)
exp

{
− |y|

2

4pt

}
. (19)

Òåïåð îá÷èñëèìî äðóãèé åëåìåíò ó çãîðòöi (16), çäiéñíèâøè â iíòåãðàëi ïî σ çàìiíó

β′ = σ′e−bt, β′′ = σ′′:

F−1σ→xF
−1
B,η→y[Ψ(σ′e−bt, σ′′, η)] = A(n, ν)

∫
Rm
+

(∫
Rn

exp{i(x′, β′ebt)+i(x′′, β′′)}Ψ(β, η)ekbtdβ
)
Jηy dη =

= ekbtϕ(x′ebt, x′′, y), t > 0, (x, y) ∈ Rn+m
+ . (20)

Ïiäñòàâèâøè (17) � (20) ó (16) i óðàõóâàâøè îçíà÷åííÿ çãîðòêè (15), îäåðæèìî

u(t, x, y) =

∫
Rn+m
+

W1(t, x− σ)T ηy [W2(t, y)]ekbtϕ(σ′ebt, σ′′, η)
m∏
l=1

η2νl+1
l dσdη.

Çäiéñíèìî â iíòåãðàëàõ ïî σ çàìiíó ξ′ = σ′ebt, ξ′′ = σ′′, òîäi dσ = e−kbtdξ, òîìó ìà¹ìî

ðîçâ'ÿçîê çàäà÷i (1) � (3):

u(t, x, y) =

∫
Rn+m
+

W1(t, x
′ − ξ′e−bt, x′′ − ξ′′)T ηy [W2(t, y)]ϕ(ξ, η)

m∏
l=1

η2νl+1
l dξdη ≡

≡
∫

Rn+m
+

G(t, x, y; 0, ξ, η)ϕ(ξ, η)
m∏
l=1

η2νl+1
l dξdη, t > 0, (x, y) ∈ Rn+m

+ , (21)

äå

G(t, x, y; 0, ξ, η) ≡ G1(t, x
′, ξ′)G2(t, x

′′, ξ′′)G3(t, y, η), (22)

G1(t, x
′, ξ′) ≡

√
bk

(a
√

2π)k(
√

1− e−2bt)k
exp

{
− b|x′ − ξ′e−bt|2

2a2(1− e−2bt)

}
, t > 0, {x′, ξ′} ⊂ Rk, (23)

G2(t, x
′′, ξ′′) ≡ 1

(2a
√
πt)n−k

exp
{
− |x

′′ − ξ′′|2

4a2t

}
, t > 0, {x′′, ξ′′} ⊂ Rn−k, (24)

G3(t, y, η) ≡ 1

22|ν|+m(pt)|ν|+m
m∏
l=1

Γ(νl + 1)
T ηy

[
exp

{
− |y|

2

4pt

}]
, t > 0, {y, η} ⊂ Rm

+ . (25)

Îá÷èñëèâøè, ÿê ó [8], îïåðàòîð óçàãàëüíåíîãî çñóâó

T ηy

[
exp

{
− |y|

2

4pt

}]
=

m∏
l=1

T ηlyl

[
exp

{
− y2l

4pt

}]
=

m∏
l=1

exp
{
− y2l + η2l

4pt

}
jνl

(
− iηlyl

2pt

)
=

= exp
{
− |y|

2 + |η|2

4pt

} m∏
l=1

jνl

(
− iηlyl

2pt

)
,
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îäåðæèìî iíøå çîáðàæåííÿ äëÿ G3:

G3(t, y, η) =
1

22|ν|+m(pt)|ν|+m
m∏
l=1

Γ(νl + 1)
exp

{
− |y|

2 + |η|2

4pt

} m∏
l=1

jνl

(
− iηlyl

2pt

)
.

Ïðèïóñêàþ÷è, ùî ïî÷àòêîâà ôóíêöiÿ ϕ � íåïåðåðâíà i îáìåæåíà íà Rn+m
+ , ìîæíà

ïåðåêîíàòèñÿ, ùî (21) ñïðàâäi ¹ ðîçâ'ÿçêîì çàäà÷i Êîøi (1) � (3), òîáòî ùî G ¹ ôóíäà-

ìåíòàëüíèì ðîçâ'ÿçêîì öi¹¨ çàäà÷i. Öå òàêîæ âèïëèâà¹ ç òîãî, ùî G1, G2, G3 ¹ ôóíäà-

ìåíòàëüíèì ðîçâ'ÿçêîì çàäà÷ Êîøi âiäïîâiäíî äëÿ ðiâíÿíü

∂tu(t, x′) = a2
k∑
j=1

∂2xju(t, x′) + b

k∑
j=1

∂xj(xju(t, x′)), t > 0, x′ ∈ Rk,

∂tu(t, x′′) = a2
n∑

j=k+1

∂2xju(t, x′′), t > 0, x′′ ∈ Rn−k,

∂tu(t, y) = p
m∑
j=1

Byju(t, y), t > 0, y ∈ Rm
+ .

Iç çîáðàæåíü (22) � (25) âèïëèâàþòü òàêi îöiíêè ïîõiäíèõ ôóíäàìåíòàëüíîãî ðîç-

â'ÿçêó G:

|∂sxG(t, x, y; 0, ξ, η)| ≤ Cs(1− e−2bt)−
k+|s′|

2 t−
n−k+|s′′|

2
−|ν|−m×

× exp
{
− c1
|x′ − ξ′e−bt|2

1− e−2bt
− c2
|x′′ − ξ′′|2

t
− c3
|y − η|2

t

}
T ηy

[
exp

{
−
(1

4
− c3

)y2
pt

}]
,

äå s = (s′, s′′), s′ = (s1, . . . , sk), s
′′ = (sk+1, . . . , sn), |s′| = s1 + · · ·+sk, |s′′| = sk+1 + · · ·+sn,

Cs, c1, c2, c3 � äîäàòíi ñòàëi, c3 < 1/4.

Áåçïîñåðåäíüî îá÷èñëþþ÷è iíòåãðàëè çà äîïîìîãîþ (22) � (25), îäåðæó¹ìî âëàñòè-

âiñòü ∫
Rn+m
+

G(t, x, y; 0, ξ, η)
m∏
l=1

η2νl+1
l dξdη = ekbt.
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The theory of the Cauchy problem for uniformly parabolic equations of the second order with

limited coe�cients is su�ciently fully investigated, for example, in the works of S.D. Eidelman

and S.D. Ivasyshen, in contrast to such equations with unlimited coe�cients. One of the areas of

research of Professor S.D. Ivasyshen and students of his scienti�c school are �nding fundamental

solutions and investigating the correctness of the Cauchy problem for classes of degenerate

equations, which are generalizations of the classical Kolmogorov equation of di�usion with

inertia and contain for the main variables di�erential expressions, parabolic according to I.G.

Petrovskyi and according to S.D. Eidelman (S.D. Ivasyshen, L.M. Androsova, I.P. Medynskyi,

O.G. Wozniak, V.S. Dron, V.V. Layuk, G.S. Pasichnyk and others). Parabolic Petrovskii

equations with the Bessel operator were also studied (S.D. Ivasyshen, V.P. Lavrenchuk, T.M.

Balabushenko, L.M. Melnychuk).

The article considers a parabolic equation of the second order with increasing coe�cients

and Bessel operators. In this equation, the some of coe�cients for the lower derivatives of one

group of spatial variables x ∈ Rn are components of these variables, therefore, grow to in�nity.

In addition, the equation contains Bessel operators of di�erent orders in another group of

spatial variables y ∈ Rm
+ , due to which the coe�cients in the �rst derivatives of these variables

are unbounded around the point y = 0.

The paper de�nes a modi�ed Fourier-Bessel transform that takes into account di�erent

orders of Bessel operators on di�erent variables. With the help of this transformation and the

method of characteristics, the solution of the Cauchy problem of the speci�ed equation is found

in the form of the Poisson integral, and its kernel, which is the fundamental solution of the

Cauchy problem, is written out in an explicit form. Some properties of the found fundamental

solution, in particular, estimates of its derivatives, have been established. They will be used to

establish the correctness of the Cauchy problem.


