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Íåëîêàëüíà êðàéîâà çàäà÷à ó ïðîñòîðàõ åêñïîíåíöiéíîãî òèïó ðÿäiâ

Äiðiõëå-Òåéëîðà äëÿ ðiâíÿííÿ ç îïåðàòîðîì êîìïëåêñíîãî

äèôåðåíöiþâàííÿ

Äîñëiäæåíî íåëîêàëüíó êðàéîâó çàäà÷ó äëÿ ðiâíÿííÿ ç ÷àñòèííèìè ïîõiäíèìè ç îïå-

ðàòîðîì óçàãàëüíåíîãî äèôåðåíöiþâàííÿ B = z
∂

∂z
, ÿêèé äi¹ íà ôóíêöi¨ ñêàëÿðíî¨ êîìï-

ëåêñíî¨ çìiííî¨ z. Âñòàíîâëåíî óìîâè ðîçâ'ÿçíîñòi äàíî¨ çàäà÷i ó ïðîñòîðàõ ðÿäiâ Äiðiõëå-
Òåéëîðà, ïîáóäîâàíî ôîðìóëè äëÿ ðîçâ'ÿçêó. Ïîêàçàíî, ùî ðîçãëÿäóâàíà çàäà÷à ¹ êîðå-
êòíîþ çà Àäàìàðîì. Ìàëi çíàìåííèêiâ, ÿêi âèíèêàþòü ïðè ïîáóäîâi ðîçâ'ÿçêó, íå ¹ ìàëèìè
i îöiíþþòüñÿ çíèçó äåÿêèìè ñòàëèìè.

Êëþ÷îâi ñëîâà i ôðàçè: íåëîêàëüíà êðàéîâà çàäà÷à, êîìïëåêñíà çìiííà, ïðîñòîðè åêñ-
ïîíåíöiéíîãî òèïó, îïåðàòîð óçàãàëüíåíîãî äèôåðåíöiþâàííÿ.
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Âñòóï

Âñòàíîâëåííÿ óìîâ ðîçâ'ÿçíîñòi íåëîêàëüíèõ êðàéîâèõ çàäà÷ äëÿ äèôåðåíöiàëüíèõ
ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè òà äèôåðåíöiàëüíî-îïåðàòîðíèõ ðiâíÿíü ¹ àêòóàëüíèì
íàïðÿìîì ðîçâèòêó òåîði¨ äèôåðåíöiàëüíèõ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè [1, 2, 4, 6,
10]. Ó çàãàëüíîìó âèïàäêó òàêi çàäà÷i ¹ íåêîðåêòíèìè çà Àäàìàðîì, à ¨õ ðîçâ'ÿçíiñòü
çàëåæèòü âiä ïðîáëåìè ìàëèõ çíàìåííèêiâ i êîðåêòíiñòü çàáåçïå÷ó¹òüñÿ âèáîðîì îáëàñòi
ðîçãëÿäó òà íàêëàäàííÿì äîäàòêîâèõ óìîâ íà êîåôiöi¹íòè ðiâíÿíü òà ïàðàìåòðè íåëî-
êàëüíèõ óìîâ.

Âàãîìèé âíåñîê ó äîñëiäæåííÿõ êðàéîâèõ çàäà÷ äëÿ áàãàòüîõ êëàñiâ ðiâíÿíü òà ñè-
ñòåì ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè ó îáìåæåíèõ çà ïðîñòîðîâîþ çìiííîþ îáëàñòÿõ
íàëåæèòü Á. É. Ïòàøíèêó òà éîãî ó÷íÿì, ÿêi íà îñíîâi ìåòðè÷íîãî ïiäõîäó âñòàíîâèëè
óìîâè îäíîçíà÷íî¨ ðîçâ'ÿçíîñòi ðîçãëÿäóâàíèõ çàäà÷ ó ðiçíèõ ôóíêöiîíàëüíèõ ïðîñòî-
ðàõ äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà) âåêòîðiâ, êîìïîíåíòàìè ÿêèõ ¹ ïàðàìåòðè
îáëàñòåé, êîåôiöi¹íòè ðiâíÿíü òà êðàéîâèõ óìîâ [3, 8, 9, 11].

ÓÄÊ 517.946

2010 Mathematics Subject Classi�cation: 35A01, 35A02.

© Iëüêiâ Â.Ñ., Ñòðàï Í.I., Âîëÿíñüêà I.I., 2022



44 Iëüêiâ Â.Ñ., Ñòðàï Í.I., Âîëÿíñüêà I.I.

Íåëîêàëüíi êðàéîâi çàäà÷i äëÿ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè çi ñòàëèìè òà çìií-
íèìè êîåôiöi¹íòàìè äîñëiäæóþòüñÿ òàêîæ i ó íåîáìåæåíèõ îáëàñòÿõ. Çîêðåìà, äëÿ
êîíñòðóêòèâíî¨ ïîáóäîâè ðîçâ'ÿçêiâ íåëîêàëüíèõ çàäà÷ ó ïðàöÿõ [5, 7] çàñòîñîâàíî äè-
ôåðåíöiàëüíî-ñèìâîëüíèé ìåòîä âiäîêðåìëåííÿ çìiííèõ. Ó ðîáîòi [12] îòðèìàíî óìîâè
êîðåêòíî¨ ðîçâ'ÿçíîñòi çàäà÷i ç íåëîêàëüíèìè çà ÷àñîâîþ çìiííîþ óìîâàìè äëÿ ðiâíÿ-
ííÿ iç ÷àñòèííèìè ïîõiäíèìè äðóãîãî ïîðÿäêó â íåîáìåæåíié çà ïðîñòîðîâîþ çìiííîþ
ñìóçi, ó ïðèïóùåííi, ùî äiéñíi ÷àñòèíè êîðåíiâ õàðàêòåðèñòè÷íîãî ðiâíÿííÿ íå ¹ íó-
ëüîâèìè.

Äàíà ðîáîòà ïðèñâÿ÷åíà äîñëiäæåííþ óìîâ êîðåêòíî¨ ðîçâ'ÿçíîñòi çàäà÷i ç íåëîêàëü-
íè-ìè êðàéîâèìè óìîâàìè äëÿ äèôåðåíöiàëüíî-îïåðàòîðíîãî ðiâíÿííÿ ç ÷àñòèííèìè
ïîõiäíèìè ó âèïàäêó îäíi¹¨ ïðîñòîðîâî¨ çìiííî¨. Äîâåäåíî òåîðåìó ¹äèíîñòi òà òåîðåìè
iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i ó ïðîñòîðàõ ðÿäiâ Äiðiõëå-Òåéëîðà. Ïîêàçàíî êîðåêòíiñòü
çà Àäàìàðîì çàäà÷i, ùî âiäðiçíÿ¹ ¨¨ âiä íåêîðåêòíî¨ çà Àäàìàðîì çàäà÷i ç áàãàòüìà
ïðîñòîðîâèìè êîìïëåêñíèìè çìiííèìè, ðîçâ'ÿçíiñòü ÿêî¨ ïîâ'ÿçàíà ç ïðîáëåìîþ ìàëèõ
çíàìåííèêiâ.

1 Ïðîñòîðè ôóíêöié, ïîñòàíîâêà çàäà÷i

Ïîçíà÷èìî S � îáëàñòü ç ìíîæèíè C \ {0}, D = [0, T ]× S, äå T > 0.
Ââåäåìî òà çàôiêñó¹ìî ìíîæèíó

N = {νk ∈ R : k ∈ Z}

ïîïàðíî ðiâíèõ äiéñíèõ ÷èñåë, ÿêó áóäåìî íàçèâàòè ñïåêòðîì ôóíêöié, ÿêùî âîíà íåìà¹
ñêií÷åííèõ òî÷îê ñêóï÷åííÿ, òîáòî |νk| → +∞ ïðè |k| → +∞, ïîñëiäîâíiñòü νk çðîñòà¹
ïðè çðîñòàííi k, ν0 = 0 i νk/k > 0, ÿêùî k > 0. Âèêîðèñòà¹ìî öþ ìíîæèíó ïðè îçíà÷åííi
ïðîñòîðiâ Äiðiõëå�Òåéëîðà, ó ïîçíà÷åííi ÿêèõ âiäïîâiäíî ïðèñóòíÿ áóêâà N .

Íåõàé WN � ëiíiéíèé ïðîñòið ñêií÷åííèõ ñóì âèãëÿäó P (z) =
∑
k

Pkz
νk , äå z ∈

S, Pk � êîìïëåêñíi êîåôiöi¹íòè, k ∈ Z. Öå ïðîñòið îñíîâíèõ ôóíêöié. Òîìó êîæíó
îñíîâíó ôóíêöiþ P (z) ìîæíà ïîäàòè ñóìîþ òðüîõ äîäàíêiâ P (z) = P0 +P1(z)+P2(1/z),
äå P1(z) =

∑
k>0

Pkz
νk i P2(w) =

∑
k<0

Pkw
−νk � àíàëiòè÷íi â îáëàñòi S ôóíêöi¨, ïðè÷îìó

P1(0) = P2(0) = 0.
Ïðîñòið WN ′ � ñïðÿæåíèé ïðîñòið ç ïðîñòîðîì WN ; öå ïðîñòið óçàãàëüíåíèõ ôóíê-

öié, ÿêi ¹ ôîðìàëüíèìè ðÿäàìè

Q(z) =
∑
k∈Z

Qkz
νk =

∞∑
k=−∞

Qkz
νk ,

ùî äiþòü íà îñíîâíó ôóíêöiþ P ∈WN çà òàêèì ïðàâèëîì: 〈Q,P 〉 =
∑
k

QkP̄k.

Ââåäåìî ôóíêöiîíàëüíi ïðîñòîðè åêñïîíåíöiéíîãî òèïó: EN β
q (S), äå β ∈ R, q ∈ R,

� ãiëüáåðòiâ ïðîñòið ôóíêöié ψ = ψ(z) =
∑
k∈Z

ψkz
νk çi ñïåêòðîì N , ÿêèé îòðèìàíèé
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ïîïîâíåííÿì ìíîæèíè îñíîâíèõ ôóíêöié WN çà íîðìîþ

‖ψ‖ENβq (S) =
(∑
k∈Z

ν̃2q
k e

2ν̃kβ|ψk|2
)1/2

, ν̃k =
√

1 + ν2
k ;

EN β
q,n(D), äå β : [0, T ]→ R, q ∈ R, n ∈ Z+, � áàíàõiâ ïðîñòið òàêèõ ôóíêöié u = u(t, z),

ïîõiäíi
∂ru

∂tr
ÿêèõ âèçíà÷åíi äëÿ r = 0, 1, . . . , n ôîðìóëîþ

∂ru

∂tr
=
∑
k∈Z

u
(r)
k (t)zνk , i ôóíêöi¨

t 7→
∥∥∥∂ru(t, ·)

∂tr

∥∥∥2

ENβ(t)
q−r(S)

¹ íåïåðåðâíèìè íà [0, T ]. Êâàäðàò íîðìè ôóíêöi¨ u ó ïðîñòîði

EN β
q,n(D) îá÷èñëþ¹òüñÿ çà ôîðìóëîþ

‖u‖2

ENβq,n(D)
=

n∑
r=0

max
[0,T ]

∥∥∥∂ru(t, ·)
∂tr

∥∥∥2

ENβ(t)
q−r(S)

.

Ôóíêöiÿ β âêàçó¹ íà åêñïîíåíöiéíó (ïîêàçíèêîâó) ãëàäêiñòü åëåìåíòiâ ïðîñòîðó
EN β

q,n(D), à ÷èñëî q � íà ñòåïåíåâó ãëàäêiñòü. Çðîñòàííÿ q ÷è β îçíà÷à¹ çâóæåííÿ
çãàäàíîãî ïðîñòîðó òà ïðîñòîðó EN β

q (S).

Çàóâàæèìî, ùî Bsψ ∈ EN β
q−s(S) äëÿ âñiõ s ∈ N, ÿêùî ψ ∈ EN β

q (S), äå B � îïåðàòîð

óçàãàëüíåíîãî äèôåðåíöiþâàííÿ, òîáòî Bψ = z
∂ψ

∂z
, à ñòåïåíi îïåðàòîðà B âèçíà÷åíî

ñòàíäàðòíèìè ôîðìóëàìè B0ψ = ψ, Bsψ = B(Bs−1ψ) ïðè s ∈ N. Çîêðåìà, äëÿ äî-
âiëüíîãî ν ∈ R ìà¹ìî Bs

(
zν
)

= νszν , òîìó zν � âëàñíi ôóíêöi¨ îïåðàòîðà B, ÿêèì
âiäïîâiäàþòü âëàñíi çíà÷åííÿ ν.

Â îáëàñòi D ðîçãëÿíóòî çàäà÷ó ç íåëîêàëüíèìè óìîâàìè

Lu =
∑

s0+s1≤n

as0,s1B
s1
∂s0u

∂ts0
= 0, (1)

Mmu = µ
∂mu

∂tm

∣∣∣
t=0
− ∂mu

∂tm

∣∣∣
t=T

= ϕm, m = 0, 1, . . . , n− 1, (2)

äå as0,s1 ∈ C, µ ∈ C \ {0}, an,0 = 1, u = u(t, z) � øóêàíà ôóíêöiÿ, à ϕ0, ϕ1, . . . , ϕn−1 �
çàäàíi ôóíêöi¨ çìiííî¨ z.

ßêùî âèêîíó¹òüñÿ óìîâà u ∈ EN β
q,n(D) äëÿ åëåìåíòà u =

∑
k∈Z

uk(t)z
νk , òî âiðíèìè ¹

ôîðìóëè Bu =
∑
k∈Z

νkuk(t)z
νk ∈ EN β

q−1,n(D), Lu =
∑
k∈Z

L
( d
dt
, νk

)
uk(t)z

νk ∈ EN β
q−n,0(D) i

Mmu =
∑
k∈Z

Mmuk(t)z
νk ∈ EN β

q−m(S) äëÿ m = 0, 1, . . . , n− 1.

Ïiä ðîçâ'ÿçêîì çàäà÷i (1), (2) áóäåìî ðîçóìiòè ôóíêöiþ u = u(t, z) ∈ Cn([0, T ],WN ′),
ÿêà çàäîâîëüíÿ¹ ðiâíÿííÿ (1) i óìîâè (2) òà íàëåæèòü äî ïðîñòîðó EN β

q,n(D).

Äëÿ iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i (1), (2) íåîáõiäíî, ùîá ôóíêöi¨ ϕm íàëåæàëè äî
ïðîñòîðiâ EN β

q−m(S) ïðè m = 0, 1, . . . , n − 1 âiäïîâiäíî. Öå òâåðäæåííÿ ¹ íàñëiäêîì ç
îçíà÷åííÿ ðîçâ'ÿçêó çàäà÷i òà âëàñòèâîñòåé ïðîñòîðiâ EN β

q,n(D) i EN β
q (S).
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2 Ïîáóäîâà ðîçâ'ÿçêó, òåîðåìà ¹äèíîñòi

Ðîçâ'ÿçîê çàäà÷i (1), (2) ìà¹ âèãëÿä ðÿäó

u(t, z) =
∑
k∈Z

uk(t)z
νk , (3)

äå êîåôiöi¹íòè uk = uk(t) � íåâiäîìi ôóíêöi¨, ÿêi òðåáà âèçíà÷èòè.

Çàïèøåìî îïåðàòîð L ç ðiâíÿííÿ (1) ó âèãëÿäi ñóìè Lu =
n∑
j=0

bj(B)
∂n−j

∂tn−j
, äå îïåðàòîð

bj(B) =

j∑
s1=0

an−j,s1B
s1 , j = 0, 1, . . . , n, ¹ ìíîãî÷ëåíîì íå âèùå j-ãî ñòåïåíÿ âiä îïåðàòîðà

B, çîêðåìà, b0(B) � îäèíè÷íèé îïåðàòîð.
Ôóíêöiÿ uk ç ôîðìóëè (3) äëÿ êîæíîãî k ∈ Z ¹ êëàñè÷íèì ðîçâ'ÿçêîì âiäïîâiäíî¨

çàäà÷i äëÿ çâè÷àéíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ, à ñàìå çàäà÷i:

u
(n)
k +

n∑
j=1

bj(νk)u
(n−j)
k = 0, (4)

µu
(m)
k

∣∣
t=0
− u(m)

k

∣∣
t=T

= ϕmk, m = 0, 1, . . . , n− 1, (5)

äå äëÿ êîæíîãî ν ∈ R ìíîãî÷ëåíè bj(ν) =

j∑
s1=0

an−j,s1ν
s1 ¹ ìíîãî÷ëåíàìè ñòåïåíÿ íå âèùå

j, ϕmk � êîåôiöi¹íòè Ôóð'¹ ôóíêöi¨ ϕm ç ôóíêöiîíàëüíîãî ðÿäó ϕm(z) =
∑
k∈Z

ϕmkz
νk .

�äèíiñòü ðîçâ'ÿçêó uk çàäà÷i (4), (5) ó ïðîñòîði Cn[0, T ] äëÿ âñiõ k ∈ Z ¹ íåîáõiäíîþ
i äîñòàòíüîþ óìîâîþ ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i (1), (2) ó ïðîñòîði EN β

q,n(D) äëÿ äîâiëü-
íîãî q ∈ R. Ñàìå òîìó, ÿêùî õî÷à á äëÿ îäíîãî νk iñíó¹ íåòðèâiàëüíèé ðîçâ'ÿçîê ûk =

ûk(t) îäíîðiäíî¨ çàäà÷i (4), (5), òî îäíîðiäíà çàäà÷à (1), (2) òàêîæ ìà¹ íåòðèâiàëüíèé
ðîçâ'ÿçîê û = û(t, z), ÿêèé âèçíà÷à¹òüñÿ ôîðìóëîþ û(t, z) = ûk(t)z

νk i ðîçâ'ÿçîê çàäà÷i
(1), (2) íå ìîæå áóòè ¹äèíèì.

Äëÿ ïîáóäîâè ðîçâ'ÿçêó çàäà÷i (4), (5) ó ðiâíÿííi ïðîíîðìó¹ìî êîåôiöi¹íòè b1(ν), . . . ,
bn(ν) i ïîäàìî ¨õ ó âèãëÿäi äîáóòêó bj(ν) = ν̃j b̃j(ν). Ôóíêöi¨ b̃j(ν) i êîåôiöi¹íòè bj(ν),
ëiíiéíî çàëåæàòü âiä ïàðàìåòðiâ an−j,0, an−j,1, . . . , an−j,j, çîêðåìà b̃j ðiâíîìiðíî îáìåæåíi
çà ν òà as0,s. Î÷åâèäíî, ñïðàâäæó¹òüñÿ íåðiâíiñòü

∣∣b̃j(ν)
∣∣ ≤ j∑

s1=0

∣∣an−j,s1∣∣ |ν|s1ν̃j
≤ max

s1=0,1,...,j

∣∣an−j,s1∣∣ j∑
s1=0

|ν|s1
ν̃j

.

ßêùî êîåôiöi¹íòè as0,s1 ∈ C ðiâíÿííÿ (1) ðîçãëÿäàòè ó êðóçi äåÿêîãî ðàäióñà A ç öåíò-
ðîì ó ïî÷àòêó êîîðäèíàò êîìïëåêñíî¨ ïëîùèíè, òî äëÿ j = 1, . . . , n îòðèìà¹ìî îöiíêè∣∣b̃j(0)

∣∣ =
∣∣an−j,0∣∣ ≤ A,∣∣b̃j(±1)

∣∣ ≤ j + 1

2j/2
A ≤ 3

2
A,
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∣∣b̃j(ν)
∣∣ ≤ A

ν̃j
|ν|j+1

|ν| − 1
<
|ν|j

ν̃j
A < A, ν 6∈ {−1, 0, 1},

òîáòî
∣∣b̃j(ν)

∣∣ < 2A äëÿ âñiõ ν ∈ R. Çâiñè âèïëèâà¹, ùî äëÿ âñiõ (ç âðàõóâàííÿì êðàòíîñòi)
êîðåíiâ λ1(ν), . . . , λn(ν) ìíîãî÷ëåíà

Pν(λ) =
n∏
j=1

(λ− λj(ν)) = λn +
n∑
j=1

b̃j(ν)λn−j

âèêîíóþòüñÿ íåðiâíîñòi:

|λj(ν)| ≤ 1 + max {|b̃1(ν)|, . . . , |b̃n(ν)|} ≤ 1 + 2A. (6)

Î÷åâèäíî, ùî ÷èñëà γj(ν) = ν̃kλj(ν) ¹ êîðåíÿìè âiäïîâiäíîãî õàðàêòåðèñòè÷íîãî ðiâíÿ-
ííÿ γn + b1(ν)γn−1 + . . .+ bn(ν) = 0 äëÿ äèôåðåíöiàëüíîãî ðiâíÿííÿ (4).

Ïîçíà÷èìî ÷åðåç N∆ ìíîæèíó òèõ ν ∈ N , äëÿ ÿêèõ ìíîãî÷ëåí Pν(λ) ìà¹ êðàòíèé
êîðiíü, à âiäïîâiäíó ìíîæèíó çíà÷åíü k � ÷åðåç K∆, òîäi ðiâíîñèëüíèìè ¹ òâåðäæåííÿ
k ∈ K∆ i νk ∈ N∆.

Äëÿ ðiçíèõ êîðåíiâ λ1(ν), . . . , λn(ν) çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ (4) ìà¹ âèãëÿä

uk(t) =
n∑
l=1

Ckle
ν̃kλl(νk)t, k ∈ Z \K∆, (7)

äå Ckl � äîâiëüíi êîìïëåêñíi ñòàëi.
ßêùî uk(t) � ðîçâ'ÿçîê çàäà÷i (4), (5), òî ÷èñëà C̃kl =

(
µ−eν̃kλl(νk)T

)
Ckl, l = 1, 2, . . . , n,

óòâîðþþòü ðîçâ'ÿçîê ñèñòåìè ëiíiéíèõ àëãåáðè÷íèõ ðiâíÿíü

n∑
l=1

λml (νk)C̃kl =
ϕmk
ν̃mk

, m = 0, 1, . . . , n− 1 (8)

ç ìàòðèöåþ Âàíäåðìîíäà
(
λm−1
l (νk)

)n
m,l=1

. Íàâïàêè, ÿêùî ÷èñëà C̃kl, äå l = 1, 2, . . . , n,
óòâîðþþòü ðîçâ'ÿçîê ñèñòåìè ëiíiéíèõ àëãåáðà¨÷íèõ ðiâíÿíü (8), òî ôóíêöiÿ uk(t), ùî

âèçíà÷åíà ôîðìóëîþ (7), â ÿêié Ckl =
C̃kl

µ− eν̃kλl(νk)T
, ¹ ðîçâ'ÿçêîì çàäà÷i (4), (5).

Ðîçâ'ÿçóþ÷è ñèñòåìó (8) çà ïðàâèëîì Êðàìåðà, îäåðæó¹ìî ðiâíîñòi

C̃kl =
n−1∑
j=0

∆jl(νk)

∆(νk)

ϕjk

ν̃jk
,

äå ∆(ν) =
∏

1≤r<q≤n

(
λq(ν)− λr(ν)

)
6= 0 � âèçíà÷íèê Âàíäåðìîíäà, à ∆jl(ν) � éîãî âiäïî-

âiäíi àëãåáðè÷íi äîïîâíåííÿ, j = 0, 1, . . . , n− 1, l = 1, 2, . . . , n.
Äëÿ òîãî, ùîá çàäà÷à (4), (5) ìàëà ¹äèíèé êëàñè÷íèé ðîçâ'ÿçîê äëÿ ν ∈ N \ N∆

íåîáõiäíî i äîñòàòíüî, ùîá âèêîíóâàëàñü óìîâà µ 6= eν̃λl(ν)T äëÿ l = 1, . . . , n. Ç öi¹¨ óìîâè

âèïëèâà¹, ùî lnµ 6= ν̃λl(ν)T + i2πm àáî ÷èñëà
lnµ− i2πm

ν̃T
íå ¹ êîðåíÿìè ìíîãî÷ëåíà

Pν äëÿ äîâiëüíèõ ν ∈ N \ N∆ òà m ∈ Z.
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Ó ïðîòèëåæíîìó âèïàäêó, êîëè µ = eν̃λl(ν)T äëÿ äåÿêîãî l, iñíó¹ òàêå ÷èñëîm ∈ Z, ùî
êîðiíü λl(ν) âèçíà÷à¹òüñÿ çà ôîðìóëîþ: λl(ν) =

lnµ− i2πm
ν̃T

. Òîìó âèêîíó¹òüñÿ ðiâíiñòü

(lnµ− i2πm)n

T nν̃n
+

n∑
j=1

b̃j(ν)
(lnµ− i2πm)n−j

T n−j ν̃n−j
= 0

÷è åêâiâàëåíòíà ¨é ðiâíiñòü

(lnµ− i2πm)n +
n∑
j=1

bj(ν)T j(lnµ− i2πm)n−j = 0, m ∈ Z. (9)

Äëÿ êðàòíèõ êîðåíiâ (ν ∈ N∆) çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ (4) òàêîæ áóäå ìàòè
âèãëÿä (7), â ÿêîìó, çàëåæíî âiä êðàòíîñòi êîðåíiâ λl(ν), çàìiñòü ÷èñëîâèõ êîåôiöi¹íòiâ
Ckl áóäóòü ìíîãî÷ëåííi êîåôiöi¹íòè Ckl(t), ñòåïåíÿ íà îäèíèöþ ìåíøîãî âiä êðàòíî-
ñòi êîðåíÿ λl(ν). Ïîêàæåìî, ùî âiäñóòíiñòü ðîçâ'ÿçêiâ ðiâíÿííÿ (9) áóäå íåîáõiäíîþ i
äîñòàòíüîþ óìîâîþ ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i (4), (5) i äëÿ êîðåíiâ äîâiëüíî¨ êðàòíîñòi.

Îòæå, äëÿ êîðåíiâ λ1, . . . , λN êðàòíîñòåé n1 = n1(k), . . . , nN = nN(k) âiäïîâiäíî,
çîáðàçèìî öåé ðîçâ'ÿçîê ôîðìóëîþ

uk(t) =
N∑
l=1

eγl(νk)tCkl(t) =
N∑
l=1

eγl(νk)t
(

1 t . . .
tnl−1

(nl − 1)!

)
Ckl, k ∈ Z, (71)

äå Ckl � äîâiëüíi êîìïëåêñíi ñòîâïöi âèñîòè nl, n1 + · · ·+ nN = n. Òîäi

uk(t) =
N∑
l=1

eγl(νk)teᵀ1(nl)θl(t)Ckl,

äå ej(r) � ñòîâïåöü ç íîìåðîì j îäèíè÷íî¨ ìàòðèöi Ir ïîðÿäêó r, óíiïîòåíòíà ìàòðèöÿ
θl(t) ìà¹ ïîðÿäîê nl i âèçíà÷à¹òüñÿ êîæíîþ ç ðiâíîñòåé

θl(t) =

nl−1∑
j=0

tj

j!
J jl , col

(
Ckl(t), C

′
kl(t), . . . , C

(nl−1)
kl (t)

)
= θl(t)Ckl,

ïðè÷îìó Jl =
(
0 e1(nl) . . . enl−1(nl)

)
� íiëüïîòåíòíà ìàòðèöÿ (Jnll = 0) ïîðÿäêó nl i,

î÷åâèäíî, dθl/dt = Jlθl = θlJl, çîêðåìà dnlθl/dtnl = 0.
Íåõàé M = M(γ) � ìíîãî÷ëåí, òîäi

M
( d
dt

)
uk(t) =

N∑
l=1

eγl(νk)tM
(
γl(νk) +

d

dt

)
Ckl(t).

Çà ôîðìóëîþ Òåéëîðà ìà¹ìî

M
( d
dt

)
uk(t) =

N∑
l=1

eγl(νk)t
(
M(γ) M ′(γ) . . .

Mnl−1(γ)

(nl − 1)!

)∣∣∣
γ=γl(νk)

×

× col
(
Ckl(t), C

′
kl(t), . . . , C

(nl−1)
kl (t)

)
=

=
N∑
l=1

eγl(νk)t
(
M(γ) M ′(γ) . . .

Mnl−1(γ)

(nl − 1)!

)∣∣∣
γ=γl(νk)

θl(t)Ckl.
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Âèêîðèñòà¹ìî îñòàíí¹ çîáðàæåííÿ äëÿ âèïàäêó M(γ) = γm i çàïèøåìî

Mmuk = µ
N∑
l=1

(
γm (γm)′ . . .

(γm)nl−1

(nl − 1)!

)∣∣∣
γ=γl(νk)

Ckl−

−
N∑
l=1

eγl(νk)T
(
γm (γm)′ . . .

(γm)nl−1

(nl − 1)!

)∣∣∣
γ=γl(νk)

θl(T )Ckl.

àáî

Mmuk =
N∑
l=1

(
γm (γm)′ . . .

(γm)nl−1

(nl − 1)!

)∣∣∣
γ=γl(νk)

(
µInl − eν̃λl(ν)T θl(T )

)
Ckl.

Ïîçíà÷èìî Wk = (Wk1 . . . WkN) óçàãàëüíåíó ìàòðèöþ Âàíäåðìîíäà, äå Wkl � ìàòðèöÿ
ðîçìiðó n×nl, ïåðøèé ñòîâïåöü ÿêî¨

(
1 γl(νk) . . . γ

n−1
l (νk)

)ᵀ
, à iíøi ¹ ïîõiäíèìè, çîêðåìà

ñòîâïåöü ç íîìåðîì j ìà¹ âèãëÿä
1

(j − 1)!

dj−1
(
1 γ . . . γn−1

)ᵀ
dγj−1

∣∣∣
γ=γl(νk)

.

Ìàòðèöÿ Wk ¹ íåâèðîäæåíîþ, òîìó âåêòîð C̃k = col (C̃k1, . . . , C̃kN), äå

C̃kl =
(
µInl − eν̃λl(ν)T θl(T )

)
Ckl,

çîáðàæà¹ ôîðìóëà C̃k = W−1
k col (ϕ0k, ϕ1k, . . . , ϕn−1,k).

Îñêiëüêè
det
(
µInl − eν̃λl(ν)T θl(T )

)
= (µ− eν̃λl(ν)T )nl ,

òî ç íåâèêîíàííÿ ðiâíîñòi (9) âèïëèâà¹ iñíóâàííÿ ¹äèíîãî ðîçâ'ÿçêó çàäà÷i (4), (5) ç
âåêòîðàìè Ckl =

(
µInl − eν̃λl(ν)T θl(T )

)−1
C̃kl.

Òåîðåìà 1. Äëÿ ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i (1), (2) ó ïðîñòîði EN β
q,n(D) íåîáõiäíî

i äîñòàòíüî, ùîá ðiâíÿííÿ (9) íå ìàëî ðîçâ'ÿçêiâ (m, ν) íà ìíîæèíi Z×N .

Äîâåäåííÿ. Íåîáõiäíiñòü. Íåõàé îäíîðiäíà çàäà÷à (1), (2) ó ïðîñòîði EN β
q,n(D) ìà¹

ëèøå òðèâiàëüíèé ðîçâ'ÿçîê. Òîäi âñi ôóíêöi¨ uk(t) çíàõîäÿòüñÿ îäíîçíà÷íî, òîáòî îäíî-
ðiäíà çàäà÷à (4), (5) ó ïðîñòîði Cn[0, T ] äëÿ âñiõ k ∈ Z ìà¹ ¹äèíèé òðèâiàëüíèé ðîçâ'ÿçîê.

Îòæå, íåíóëüîâèì ¹ âèçíà÷íèê ∆(ν) ·
n∏
l=1

(
µ−eν̃λl(ν)T

)
äëÿ ν ∈ N \N∆, òîáòî µ 6= eν̃λl(ν)T

äëÿ l = 1, . . . , n. Çíà÷èòü, ðiâíÿííÿ (9) íå ìà¹ ðîçâ'ÿçêiâ íà ìíîæèíi Z×N . Àíàëîãi÷íi
íåðiâíîñòi îòðèìó¹ìî ïðè ν ∈ N∆.

Äîñòàòíiñòü. Äîâåäåìî ìåòîäîì âiä ñóïðîòèâíîãî. Íåõàé ïàðà (m∗, νk∗) ¹ ðîçâ'ÿç-

êîì ðiâíÿííÿ (9) íà ìíîæèíi Z×N . Òîäi ìîæíà ââàæàòè, ùî λ1(k∗) =
lnµ− i2πm∗

ν̃k∗T
, à

îäíîðiäíà çàäà÷à (4), (5) ìà¹ ðîçâ'ÿçîê eν̃k∗λ1(νk∗ )t = e(lnµ−i2πm∗)t/T . Çâiäñè âèïëèâà¹, ùî
çàäà÷à (1), (2) ó ïðîñòîði EN β

q,n(D) ÿêùî ìà¹, òî áåçëi÷ ðîçâ'ÿçêiâ, îñêiëüêè u∗(t, z) =

Czνk∗e(lnµ−i2πm∗)t/T , äå C � äîâiëüíà êîìïëåêñíà ñòàëà, ¹ ðîçâ'ÿçêàìè âiäïîâiäíî¨ îäíî-
ðiäíî¨ çàäà÷i. Òåîðåìó äîâåäåíî.

Äëÿ ôiêñîâàíèõ µ òà T ðiâíÿííÿ (9) âèçíà÷àþòü çëi÷åííó êiëüêiñòü ãiïåðïëîùèí ó
ïðîñòîði êîåôiöi¹íòiâ as0,s1 äèôåðåíöiàëüíîãî ðiâíÿííÿ (1), à äëÿ ôiêñîâàíèõ as0,s1 �
çëi÷åííó êiëüêiñòü òî÷îê íà ïëîùèíi çìiííî¨ lnµ çà ôiêñîâàíîãî T , àáî çëi÷åííó êiëü-
êiñòü òî÷îê íà îñi çìiííî¨ T çà ôiêñîâàíîãî µ. Òîìó ìíîæèíè êîåôiöi¹íòiâ ÷è ïàðàìåòðiâ
çàäà÷i (1), (2), äëÿ ÿêèõ íå âèêîíóþòüñÿ óìîâè ¹äèíîñòi ìàþòü íóëüîâó ìiðó.
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Çà óìîâ òåîðåìè 1 äëÿ äîâiëüíîãî k ∈ Z ðîçâ'ÿçîê uk(t) çàäà÷i (4), (5) iñíó¹, à ïðè
k ∈ Z \K∆ éîãî ïîõiäíi ìàþòü òàêèé âèãëÿä:

u
(r)
k (t) =

n∑
l=1

n−1∑
j=0

∆jl(νk)λ
r
l (νk)∏

1≤r<q≤n

(
λq(νk)− λr(νk)

) eν̃kλl(νk)t

µ− eν̃kλl(νk)T
ν̃r−jk ϕjk, r = 0, 1, . . . , n. (10)

Çà ôîðìóëîþ (3) ôîðìàëüíèé ðîçâ'ÿçîê çàäà÷i (1), (2) ïîäà¹òüñÿ ó âèãëÿäi ðÿäó

u(t, z) =
∑
k∈K∆

uk(t)z
νk +

∑
k∈Z\K∆

n∑
l=1

n−1∑
j=0

∆jl(νk)

∆(νk)

eν̃kλl(νk)t

µ− eν̃kλl(νk)T
ν̃−jk ϕjkz

νk . (11)

3 Îöiíþâàííÿ ðîçâ'ÿçêó i âñòàíîâëåííÿ ãëàäêîñòi

Äîâåäåìî íàëåæíiñòü ðîçâ'ÿçêó (11) çàäà÷i (1), (2) äî ïðîñòîðó EN β
q,n(D). Âðàõîâóþ-

÷è, ùî K∆ � ñêií÷åííà ìíîæèíà (áóäå ïîêàçàíî äàëi), îöiíèìî àáñîëþòíó âåëè÷èíó
ôóíêöié uk òà ¨õ ïîõiäíèõ äî ïîðÿäêó n ëèøå äëÿ k ∈ Z \K∆, çîêðåìà

∣∣u(r)
k (t)

∣∣ ≤ ν̃rk
|∆(νk)|

max
j,l
|∆jl(νk)|

n∑
l=1

∣∣λrl (k)eν̃kλl(νk)t
∣∣∣∣µ− eν̃kλl(νk)T
∣∣ n−1∑
j=0

∣∣ν̃−jk ϕjk
∣∣, t ∈ [0, T ].

Ïiäíåñåìî îáèäâi ÷àñòèíè íåðiâíîñòi äî êâàäðàòó i ïåðåòâîðèìî äî âèãëÿäó

∣∣u(r)
k (t)|2 ≤ n3(1 + 2A)2r ν̃2r

k

|∆(νk)|2
max
j,l
|∆jl(νk)|2 max

l

∣∣∣ eν̃kλl(νk)t

µ− eν̃kλl(νk)T

∣∣∣2 n−1∑
j=0

∣∣ν̃−jk ϕjk
∣∣2. (12)

Îñêiëüêè äëÿ äîâiëüíèõ ν ∈ R âèçíà÷íèêè ∆jl(ν) ¹ âèçíà÷íèêàìè ïîðÿäêó n− 1, ùî
ìàþòü îáìåæåíi åëåìåíòè, ÿêi ¹ ñòåïåíÿìè ÷èñåë λ1, . . . , λn, òî ç (6) ìà¹ìî

|∆jl(ν)| ≤ (n− 1)!(1 + 2A)(n−1)n/2. (13)

Äëÿ ïîäàëüøî¨ îöiíêè |uk| ðîçãëÿíåìî âèðàç ∆2(ν), ν ∈ R, ó ôîðìóëi (12), ÿêèé ¹
äèñêðèìiíàíòîì D(ν) ïîëiíîìà Pν(λ) i äëÿ ÿêîãî ñïðàâåäëèâi òàêi äâà çîáðàæåííÿ:

∆2(ν) = D(ν) =
∏

1≤r<q≤n

(
λq(ν)− λr(ν)

)2
= ν̃−n(n−1)

∏
1≤r<q≤n

(
ν̃λq(ν)− ν̃λr(ν)

)2
,

D(ν) = ±

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 b̃1(ν) . . . b̃n−1(ν) b̃n(k) 0 . . . 0

0 1 . . . b̃n−2(ν) b̃n−1(ν) b̃n(ν) . . . 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
0 0 . . . b̃1(ν) b̃2(ν) b̃3(ν) . . . b̃n(ν)

n (n− 1)b̃1(ν) . . . b̃n−1(ν) 0 0 . . . 0

0 n . . . 2b̃n−2(ν) b̃n−1(ν) 0 . . . 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
0 0 . . . n (n− 1)b̃1(ν) (n− 2)b̃2(ν) . . . b̃n−1(ν)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,
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äå çíàê ïåðåä âèçíà÷íèêîì âèçíà÷à¹ ôîðìóëà (−1)(n−1)n/2.
Äèñêðèìiíàíò D(ν) ïîäàìî ó âèãëÿäi ìíîãî÷ëåíà:

D(ν) = D0

(ν
ν̃

)n(n−1)

+
D1

ν̃

(ν
ν̃

)n(n−1)−1

+
D2

ν̃2

(ν
ν̃

)n(n−1)−2

+ . . .+
Dn(n−1)

ν̃n(n−1)
=

=
(ν
ν̃

)n(n−1)(
D0 +

D1

ν
+
D2

ν2
+ . . .+

Dn(n−1)

νn(n−1)

)
, (14)

äå D0, D1, D2, . . . , Dn(n−1) � êîìïëåêñíi ÷èñëà, ÿêi ¹ ìíîãî÷ëåíàìè âiä as0,s1 , ïðè÷îìó D0

� äèñêðèìiíàíò ìíîãî÷ëåíà λn +
n∑
j=1

an−j,jλ
n−j (öåé ìíîãî÷ëåí áóäó¹òüñÿ çà ãîëîâíîþ

÷àñòèíîþ ðiâíÿííÿ (1)):

D0 = (−1)
(n−1)n

2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 an−1,1 . . . a1,n−1 a0,n 0 . . . 0

0 1 . . . a2,n−2 a1,n−1 a0,n . . . 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
0 0 . . . an−1,1 an−2,2 an−3,3 . . . a0,n

n (n−1)an−1,1 . . . a1,n−1 0 0 . . . 0

0 n . . . 2a2,n−2 a1,n−1 0 . . . 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
0 0 . . . n (n−1)an−1,1 (n−2)an−2,2 . . . a1,n−1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,

Dn(n−1) � äèñêðèìiíàò ìíîãî÷ëåíà λn +
n∑
j=1

an−j,0λ
n−j (ìíîãî÷ëåí áóäó¹òüñÿ çà êîåôiöi-

¹íòàìè áiëÿ ÷èñòèõ çà t ïîõiäíèõ):

Dn(n−1) = (−1)
(n−1)n

2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 an−1,0 . . . a1,0 a0,0 0 . . . 0

0 1 . . . a2,0 a1,0 a0,0 . . . 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
0 0 . . . an−1,0 an−2,0 an−3,0 . . . a0,0

n (n−1)an−1,0 . . . a1,0 0 0 . . . 0

0 n . . . 2a2,0 a1,0 0 . . . 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
0 0 . . . n (n−1)an−1,0 (n−2)an−2,0 . . . a1,0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.

Íåõàé D0 6= 0, òîäi äèñêðèìiíàíò D(ν) ïðè ν 6= 0 ôàêòîðèçó¹ìî òàê:

D(ν) =
D0

2

(ν
ν̃

)n(n−1)(
2 +

2D1

D0ν
+

2D2

D0ν2
+ . . .+

2Dn(n−1)

D0νn(n−1)

)
=

=
D0

2

(ν
ν̃

)n(n−1)(
2 +

2

νD0

(
D1 +

D2

ν
+ . . .+

Dn(n−1)

νn(n−1)−1

))
.

Ç îñòàííüî¨ ôîðìóëè âèïëèâà¹ íåðiâíiñòü |D(ν)| ≥ |D0|
2
·
( |ν|
ν̃

)n(n−1)

ïðè |ν| ≥ D̃0

|D0|
,

äå D̃0 = 2(|D1|+ |D2|+ . . .+ |Dn(n−1)|).
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Äëÿ äðîáó |ν|/ν̃ ñïðàâåäëèâîþ ¹ îöiíêà

|ν|
ν̃
≥ 1√

2
, |ν| ≥ 1. (15)

Âðàõóâàâøè íåðiâíiñòü (15), îöiíèìî ìîäóëü D(ν) çíèçó

|D(ν)| ≥ |D0|
2
·
( 1√

2

)n(n−1)

=
(√

2
)−n(n−1)−2|D0|, |ν| ≥ max

(
1,

D̃0

|D0|

)
. (16)

Îòðèìàíà îöiíêà ¹ òî÷íîþ çà ν ïðè |ν| ≥ max
(

1,
D̃0

|D0|

)
, îñêiëüêè îöiíêà çâåðõó, ÿêà

âèïëèâà¹ iç çîáðàæåííÿ äèñêðèìiíàíòà D(ν), ìà¹ òàêèé âèãëÿä |D(ν)| ≤ 3|D0|/2.
Ç îöiíêè (16) âèïëèâà¹ òàêîæ ñêií÷åííiñòü ìíîæèíè N∆, êiëüêiñòü åëåìåíòiâ ÿêî¨

íå ïåðåâèùó¹ êiëüêîñòi åëåìåíòiâ ìíîæèíè N , ìîäóëü ÿêèõ ìåíøèé max(1, D̃0/|D0|).

Ó ôîðìóëi (12) çàëèøà¹òüñÿ îöiíèòè çâåðõó äðîáè
eν̃λl(ν)t

µ− eν̃λl(ν)T
äëÿ ν ∈ R i µ 6= 0,

îñêiëüêè
∣∣∣ eν̃λl(ν)t

µ− eν̃λl(ν)T

∣∣∣ = e−ν̃Reλl(ν)(T−t) äëÿ µ = 0.

Ç ðiâíîñòi 2Reλj(ν)=λj(ν) + λ̄j(ν) = λj(ν)−(−λ̄j(ν)) i òîãî, ùî −λ̄1(ν), . . . ,−λ̄n(ν) ¹
êîðåíÿìè ìíîãî÷ëåíà

P1ν(λ) =
n∏
j=1

(λ+ λ̄j(ν)) = λn +
n∑
j=1

(−1)−j¯̃bj(ν)λn−j,

îòðèìà¹ìî, ùî ÷èñëà 2Reλj(ν) ¹ ìíîæíèêàìè ðåçóëüòàíòà

R(ν) =
n∏
j=1

n∏
l=1

(λj(ν)− (−λ̄l(ν)))

ìíîãî÷ëåíiâ Pν òà P1ν . Öåé ðåçóëüòàíò äîðiâíþ¹ òàêîìó âèçíà÷íèêó:

R(ν) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 b̃1(ν) . . . b̃n−1(ν) b̃n(ν) 0 . . . 0

0 1 . . . b̃n−2(ν) b̃n−1(ν) b̃n(ν) . . . 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
0 0 . . . b̃1(ν) b̃2(ν) b̃3(ν) . . . b̃n(k)

1 −¯̃b1(ν) . . . (−1)n−1¯̃bn−1(ν) (−1)n¯̃bn(ν) 0 . . . 0

0 1 . . . (−1)n−2¯̃bn−2(ν) (−1)n−1¯̃bn−1(ν) (−1)n¯̃bn(ν) . . . 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

0 0 . . . −¯̃b1(ν) −¯̃b2(ν) −¯̃b3(ν) . . . (−1)n¯̃bn(ν)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.

Äëÿ äîâiëüíîãî j = 1, . . . , n îöiíèìî ìîäóëü äàíîãî ðåçóëüòàíòà çâåðõó

|R(ν)| ≤ 2n
2

(1 + 2A)n
2−1|Reλj|.

Äëÿ îöiíêè çíèçó ïîäàìî ðåçóëüòàíò ó âèãëÿäi

R(ν) =
(ν
ν̃

)n2(
R0 +

R1

ν
+
R2

ν2
+ . . .+

Rn2

νn2

)
, ν 6= 0, (17)
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äå R0 äîðiâíþ¹ òàêîìó âèçíà÷íèêó:

R0 =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 an−1,1 . . . a1,n−1 a0,n 0 . . . 0

0 1 . . . a2,n−2 a1,n−1 a0,n . . . 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
0 0 . . . an−1,1 an−2,2 an−3,3 . . . 0

1 −ān−1,1 . . . (−1)n−1ā1,n−1 (−1)nā0,n 0 . . . 0

0 1 . . . (−1)n−2ā2,n−2 (−1)n−1ā1,n−1 (−1)nā0,n . . . 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
0 0 . . . −ān−1,1 −ān−2,2 −ān−3,3 . . . (−1)nā0,n

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,

i ó âèïàäêó R0 6= 0 ìà¹ìî äîáóòîê

R(ν) =
R0

2

(ν
ν̃

)n2(
2 +

2

νR0

(
R1 +

R2

ν
+ . . .+

Rn2

νn2−1

))
.

ßêùî ν ∈ R i |ν| ≥ max
(

1,
R̃0

|R0|

)
, äå R̃0 = 2(|R1|+ |R2|+ . . .+ |Rn2|), òî ñïðàâäæó¹òüñÿ

íåðiâíiñòü

2n
2

(1 + 2A)n
2−1|Reλj| ≥ |R(ν)| ≥ |R0|

2

( |ν|
ν̃

)n2

≥ (
√

2)−n
2−2|R0|.

Îñêiëüêè |Reλj(ν)| ≥ Ã, äå

Ã = (1 + 2A)1−n2 · 2−3n2/2−1|R0|,

i ν̃ →∞ ðàçîì ç |ν|, òî çâiäñè âèïëèâà¹ àñèìïòîòèêà, ÿêùî |ν| → ∞, òî

ν̃|Reλj(ν)| ≥ ν̃Ã→∞.

Äëÿ øóêàíî¨ îöiíêè äðîáiâ âðàõîâó¹ìî àñèìïòîòèêó i çíàê Reλl(ν). ßêùî Reλl(ν)>0,
òî ñïðàâäæó¹òüñÿ íà [0, T ] îöiíêà∣∣∣ eν̃λl(ν)t

µ− eν̃λl(ν)T

∣∣∣ ≤ eν̃Reλl(ν)t∣∣µ− eν̃λl(ν)T
∣∣ =

eν̃Reλl(ν)(t−T )∣∣∣µe−ν̃λl(ν)T − 1
∣∣∣ ≤ 2e−ν̃|Reλl(ν)|(T−t)

ïðè ν̃ ≥ M1

|R0|
i |ν| ≥ max

(
1,

R̃0

|R0|

)
, äå M1 =

ln(2|µ|)
TÃ

.

ßêùî æ Reλl(ν) < 0, òî∣∣∣ eν̃λl(ν)t

µ− eν̃λl(ν)T

∣∣∣ =
eν̃Reλl(ν)t∣∣µ− eν̃λl(ν)T

∣∣ ≤ 2

|µ|
eν̃Reλl(ν)t

ïðè ν̃ ≥ M2

|R0|
i |ν| ≥ max

(
1,

R̃0

|R0|

)
, äå M2 =

ln(2/|µ|)
TÃ

.

Îòæå, ïðè âèêîíàííi óìîâ

ν̃ ≥ max
(M1,M2)

|R0|
=

(
√

2)3n2+2(1 + 2A)n
2−1

T |R0|
ln(2 max(1/|µ|, |µ|)

)
,
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|ν| ≥ max
(

1,
R̃0

|R0|

)
äëÿ âèðàçó

∣∣∣ eν̃λl(ν)t

µ− eν̃λl(ν)T

∣∣∣ ñïðàâäæóþòüñÿ òàêi íåðiâíîñòi:

∣∣∣ eν̃λl(ν)t

µ− eν̃λl(ν)T

∣∣∣ ≤ 2e
−ν̃min

l
|Reλl(ν)|(T−t) ≤ 2e−ν̃Ã(T−t) äëÿ Reλl(ν) > 0,

∣∣∣ eν̃λl(ν)t

µ− eν̃λl(ν)T

∣∣∣ ≤ 2

|µ|
e
−ν̃min

l
|Reλl(ν)|t ≤ 2

|µ|
e−ν̃Ãt äëÿ Reλl(ν) < 0.

t

β/Ã

0

T

T

Ã(T − tµ)

tµ

t

β/(1 + 2A)

0

−T

T

Ðèñ. 1: Êóñêîâî-ëiíiéíà çàëåæíiñòü
β

Ã
âiä t äëÿ |µ| > 0 òà ëiíiéíà çàëåæíiñòü

β

1 + 2A
âiä

t äëÿ µ = 0, äå tµ =
T

1 + ln |µ|
, ïðè÷îìó tµ → 0 ó ðàçi |µ| → ∞ i tµ → T ó ðàçi |µ| → 1.

Îá'¹äíàâøè äàíi ðåçóëüòàòè, çàïèøåìî íàñòóïíó îöiíêó:

max
l

∣∣∣ eν̃λl(ν)t

µ− eν̃λl(ν)T

∣∣∣ ≤ 2 max
(
e−ν̃Ã(T−t),

1

|µ|
e−ν̃Ãt

)
≤ 2e−ν̃Ãmin

(
T−t, t ln |µ|

)
.

Ïîçíà÷èâøè β(t) = Ãmin
(
T − t, t ln |µ|

)
äëÿ µ 6= 0 i β(t) = (1+2A)(t−T ) äëÿ µ = 0,

îòðèìà¹ìî

max
l

∣∣∣ eν̃λl(ν)t

µ− eν̃λl(ν)T

∣∣∣ ≤ 2e−ν̃β(t). (18)

Íà ðèñóíêàõ çîáðàæåíî çàëåæíiñòü âiä t åêïîíåíöiéíî¨ ãëàäêîñòi ðîçâ'ÿçêó β = β(t)

ç íåðiâíîñòi ó ôîðìóëi (18).
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4 Îñíîâíèé ðåçóëüòàò, òåîðåìà iñíóâàííÿ òà ¹äèíîñòi ðîçâ'ÿçêó

Âðàõîâóþ÷è íåðiâíîñòi (12), (13), (16) i (18), äëÿ âñiõ t ∈ [0, T ] i k ∈ Z\K∆
00, äå K

∆
00 �

ìíîæèíà òèõ k, ÿêi çàäîâîëüíÿþòü õî÷à á îäíó ç íåðiâíîñòåé

|νk| ≤ max
(

1,
D̃0

|D0|
,
R̃0

|R0|

)
, ν̃k ≤ max

(M1,M2)

|R0|
,

îòðèìà¹ìî îöiíêè ðîçâ'ÿçêó çàäà÷i (4), (5) òà éîãî ïîõiäíèõ äî ïîðÿäêó n

ν̃−2r
k e2ν̃kβ(t)|u(r)

k (t)|2 ≤ n3

√
2
n(n−1)+6

|D0|
((n− 1)!)2 (1 + 2A)n(n−1)+2r

n−1∑
j=0

|ν̃k|−2j|ϕjk|2. (19)

Òåîðåìà 2. Íåõàé D0R0 6= 0 i äëÿ âñiõ k ∈ K∆
00 ðiâíÿííÿ (9) íå ìà¹ ðîçâ'ÿçêiâ íà

ìíîæèíi Z × N , à òàêîæ ϕ0 ∈ EN 0
q(S), ϕ1 ∈ EN 0

q−1(S),. . . , ϕn−1 ∈ EN 0
q−n+1(S). Òîäi

iñíó¹ ëèøå îäèí ðîçâ'ÿçîê çàäà÷i (1), (2), ÿêèé íàëåæèòü äî ïðîñòîðó EN β
q,n(D), äå

β = Ãmin
(
T − t, t ln |µ|

)
i β = (1 + 2A)(t − T ) ó ðàçi µ = 0. Öåé ðîçâ'ÿçîê íåïåðåðâíî

çàëåæèòü âiä ïðàâèõ ÷àñòèí ϕ0, ϕ1, . . . , ϕn−1 óìîâ (2).
Äîâåäåííÿ. Çà óìîâè D0R0 6= 0 ñïðàâäæó¹òüñÿ îöiíêà (19) ðîçâ'ÿçêó uk çàäà÷i (4),

(5) äëÿ k ∈ Z \K∆
00. ßêùî k ∈ K∆

00, òî ðîçâ'ÿçîê çàäà÷i íàëåæèòü äî ïðîñòîðó Cn[0, T ].

Ç íåðiâíîñòi (12) âèïëèâà¹
∣∣u(r)
k (t)|2 ≤ Cr(k)

n−1∑
j=0

∣∣ν̃−jk ϕjk
∣∣2, äå

Cr(k) = max
t
n3(1 + 2A)2r ν̃2r

k

|∆(νk)|2
max
j,l
|∆jl(νk)|2 max

l

∣∣∣ eν̃kλl(νk)t

µ− eν̃kλl(νk)T

∣∣∣2.
Âðàõîâóþ÷è ôîðìóëó (11) òà íåðiâíiñòü (19), îöiíèìî çâåðõó êâàäðàò íîðìè ðîçâ'ÿç-

êó çàäà÷i (1), (2):

‖u‖2

ENβq,n(D)
≤

n∑
r=0

max
[0,T ]

∑
k∈K∆

00

ν̃
2(q−r)
k e2β(t)ν̃k |u(r)

k (t)|2+

+
n∑
r=0

∑
k∈Z\K∆

00

ν̃2q
k n

3 ((n− 1)!)2 (1 + 2A)2r+n(n−1)2(n2−n+6)/2

n−1∑
j=0

ν̃−2j
k |ϕjk|

2 ≤

≤
n∑
r=0

∑
k∈K∆

00

Cr(k)
n−1∑
j=0

ν̃−2j
k |ϕjk|

2 +
C1

|D0|
∑

k∈Z\K∆
00

n−1∑
j=0

ν̃−2j
k |ϕjk|

2 ≤

≤ C2

|D0|

n−1∑
j=0

‖ϕj‖2
EN 0

q−j(S),

(20)

äå
C1 = n3(n+ 1) ((n− 1)!)2 (1 + 2A)n(n−1)2(n2−n+6)/2,

C2 = max
{
C1, |D0|

n∑
r=0

max
k∈K∆

00

Cr(k)ν̃
2(q−r)
k e2β(t)ν̃k

}
.
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Îñòàííÿ íåðiâíiñòü ó ôîðìóëi (20) âèïëèâà¹ çi ñêií÷åííîñòi ìíîæèíè K∆
00. Òåîðåìó

äîâåäåíî.
Ç äîâåäåííÿ òåîðåìè âèïëèâàþòü âëàñòèâîñòi (åêïîíåíöiéíî¨) ãëàäêîñòi β ðîçâ'ÿçêó

çàäà÷i (1), (2).
Ïðè |µ| > 1 ãëàäêiñòü β(t) ôóíêöi¨ u(t, ·) íà âiäðiçêó [0, tµ] ëiíiéíî çðîñòà¹ âiä 0 äî

Ã(T − tµ), à íà âiäðiçêó [tµ, T ] ëiíiéíî ñïàäà¹ äî 0, äå tµ = T/(1 + ln |µ|). Ïðè |µ| = 1

ãëàäêiñòü íå çàëåæèòü âiä t, ïðè |µ| < 1 ãëàäêiñòü ëiíiéíî ñïàäà¹ âiä 0 äî ÃT ln |µ|, à
ïðè µ = 0 ãëàäêiñòü ëiíiéíî çðîñòà¹ âiä (−1− 2A)T äî 0.

Îòæå, ïðè |µ| > 1 íà iíòåðâàëi (0, T ) ãëàäêiñòü äîäàòíÿ, ïðè |µ| = 1 ãëàäêiñòü
íóëüîâà, ïðè |µ| < 1 ãëàäêiñòü âiä'¹ìíà.

Ðîçãëÿäóâàíà çàäà÷à ó âèïàäêó áàãàòüîõ êîìïëåêñíèõ çìiííèõ ¹ íåêîðåêòíîþ çà
Àäàìàðîì, à ¨¨ ðîçâ'ÿçíiñòü çàëåæèòü âiä ìàëèõ çíàìåííèêiâ, ÿêi âèíèêàþòü ïðè ïîáó-
äîâi ðîçâ'ÿçêó. ßê áà÷èìî, ó âèïàäêó îäíi¹¨ çìiííî¨ âiäïîâiäíi çíàìåííèêè íå ¹ ìàëèìè
i îöiíþþòüñÿ çíèçó äåÿêèìè ñòàëèìè.
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Problems with nonlocal conditions for partial di�erential equations represent an important
part of the present-day theory of di�erential equations. Such problems are mainly ill possed in
the Hadamard sence, and their solvability is connected with the problem of small denominators.
A speci�c feature of the present work is the study of a nonlocal boundary-value problem for
partial di�erential equations with the operator of the generalized di�erentiation B = zd/dz,
which operate on functions of scalar complex variable z. A criterion for the unique solvability
of these problems and a su�cient conditions for the existence of its solutions are established
in the spaces of functions, which are Dirichlet-Taylor series. The unity theorem and existence
theorems of the solution of problem in these spaces are proved. The considered problem in
the case of many generalized di�erentiation operators is incorrect in Hadamard sense, and its
solvability depends on the small denominators that arise in the constructing of a solution. In
the article shown that in the case of one variable the corresponding denominators are not small
and are estimated from below by some constants. Correctness after Hadamard of the problem
is shown. It distinguishes it from an ill-conditioned after Hadamard problem with many spatial
variables.


