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Áàãàòîòî÷êîâà çà ÷àñîì çàäà÷à äëÿ îäíîãî êëàñó åâîëþöiéíèõ ðiâíÿíü ó

ïðîñòîðàõ òèïó S

Äîâåäåíî êîðåêòíó ðîçâ'ÿçíiñòü áàãàòîòî÷êîâî¨ çà ÷àñîì çàäà÷i äëÿ åâîëþöiéíèõ ðiâ-

íÿíü ç ôóíêöiÿìè âiä îïåðàòîðà äèôåðåíöiþâàííÿ, çîêðåìà, ç îïåðàòîðàìè äðîáîâîãî

äèôåðåíöiþâàííÿ, òà ïî÷àòêîâîþ ôóíêöi¹þ, ÿêà ¹ åëåìåíòîì ïðîñòîðó óçàãàëüíåíèõ ôóí-

êöié òèïó S′. Äîñëiäæåíî ïîâåäiíêó ðîçâ'ÿçêó çàçíà÷åíî¨ çàäà÷i ïðè t→ +∞ ó ïðîñòîðàõ

òèïó S′ (ñëàáêà ñòàáiëiçàöiÿ). Çíàéäåíî óìîâó íà ïî÷àòêîâó ôóíêöiþ, ïðè âèêîíàííi ÿêî¨

ðîçâ'ÿçîê ñòàáiëiçó¹òüñÿ äî íóëÿ ðiâíîìiðíî íà R.
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Âñòóï. Ó òåîði¨ çàäà÷i Êîøi äëÿ ðiâíîìiðíî ïàðàáîëi÷íèõ ðiâíÿíü òà ñèñòåì ðiâíÿíü

íà ñüîãîäíi îäåðæàíî äîñèòü ïîâíi ðåçóëüòàòè ùîäî êîðåêòíî¨ ðîçâ'ÿçíîñòi, iíòåãðàëüíî-

ãî çîáðàæåííÿ ðîçâ'ÿçêiâ òà äîñëiäæåííÿ ¨õ âëàñòèâîñòåé. Ïðè öüîìó ïî÷àòêîâi óìîâè �

ïî÷àòêîâi ôóíêöi¨ - ÷àñòî ìàþòü îñîáëèâîñòi ó îäíié àáî äåêiëüêîõ òî÷êàõ i äîïóñêàþòü

ðåãóëÿðèçàöiþ ó ïåâíèõ ïðîñòîðàõ óçàãàëüíåíèõ ôóíêöié òèïó ðîçïîäiëiâ Ñîáîë¹âà-

Øâàðöà, óëüòðàðîçïîäiëiâ, ãiïåðôóíêöié òîùî. Îòæå, çàäà÷à Êîøi äëÿ òàêèõ ðiâíÿíü

ìà¹ ïðèðîäíó ïîñòàíîâêó i ó êëàñàõ ïî÷àòêîâèõ óìîâ, ÿêi ¹ óçàãàëüíåíèìè ôóíêöiÿìè

ñêií÷åííîãî àáî íåñêií÷åííîãî ïîðÿäêiâ.

Ïðè äîñëiäæåííi ïðîáëåìè ïðî êëàñè ¹äèíîñòi òà êëàñè êîðåêòíîñòi çàäà÷i Êîøi äëÿ

ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè ïàðàáîëi÷íîãî òèïó àáî ñèíãóëÿðíèõ ïàðàáîëi÷íèõ

ðiâíÿíü ç îïåðàòîðîì Áåññåëÿ (B-ïàðàáîëi÷íèõ ðiâíÿíü [1]) ÷àñòî âèêîðèñòîâóþòüñÿ

ïðîñòîðè òèïó S, ââåäåíi I.Ì. Ãåëüôàíäîì òà Ã.�. Øèëîâèì â [2]. Ôóíêöi¨ ç òàêèõ

ïðîñòîðiâ íà äiéñíié îñi ðàçîì ç óñiìà ñâî¨ìè ïîõiäíèìè ñïàäàþòü ïðè |x| → ∞ øâèäøå,

íiæ exp{−a|x|α}, a, α > 0, x ∈ R. Ó ïðàöÿõ [3�8] âñòàíîâëåíî, ùî ïðîñòîðè òèïó S òà S ′

� òîïîëîãi÷íî ñïðÿæåíi äî S, ¹ ïðèðîäíèìè ìíîæèíàìè ïî÷àòêîâèõ äàíèõ çàäà÷i Êîøi

äëÿ øèðîêèõ êëàñiâ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè, ïðè ÿêèõ ðîçâ'ÿçêè ¹ öiëèìè

ôóíêöiÿìè çà ïðîñòîðîâèìè çìiííèìè.
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Òåîðiÿ ëiíiéíèõ ïàðàáîëi÷íèõ òà B-ïàðàáîëi÷íèõ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè

áåðå ñâié ïî÷àòîê iç äîñëiäæåííÿ ðiâíÿííÿ òåïëîïðîâiäíîñòi. Êëàñè÷íà òåîðiÿ çàäà-

÷i Êîøi òà êðàéîâèõ çàäà÷ äëÿ òàêèõ ðiâíÿíü i ñèñòåì ðiâíÿíü ïîáóäîâàíà â ïðàöÿõ

I.Ã. Ïåòðîâñüêîãî, Ñ.Ä. Åéäåëüìàíà, Ñ.Ä. Iâàñèøåíà, Ì.I. Ìàòié÷óêà, Ì.Â. Æèòàðà-

øó, À. Ôðiäìàíà, Ñ. Òåêëiíäà, I.À. Êiïðiÿíîâà, Â.Â. Êðåõiâñüêîãî òà ií. Çàäà÷à Êîøi

ç ïî÷àòêîâèìè óìîâàìè ó ïðîñòîðàõ óçàãàëüíåíèõ ôóíêöié òèïó ðîçïîäiëiâ òà óëüòðà-

ðîçïîäiëiâ âèâ÷àëàñÿ Ã.�. Øèëîâèì, Á.Ë. Ãóðåâè÷åì, Ì.Ë. Ãîðáà÷óêîì, Â.I. Ãîðáà÷óê,

Î.I. Êàøïiðîâñüêèì, ß.I. Æèòîìèðñüêèì, Â.Â. Ãîðîäåöüêèì, Î.Â. Ìàðòèíþê òà ií.

Óçàãàëüíåííÿì çàäà÷i Êîøi äëÿ òàêèõ ðiâíÿíü ¹ íåëîêàëüíà áàãàòîòî÷êîâà çà ÷àñîì

çàäà÷à, êîëè ïî÷àòêîâà óìîâà u(t, ·)|t=0 = f çàìiíþ¹òüñÿ óìîâîþ

m∑
k=0

αku(t, ·)|t=tk = f, (1)

äå t0 = 0, {t1, ..., tm} ⊂ (0,∞), {α0, α1, . . . , αm} ⊂ R, m ∈ N � ôiêñîâàíi ÷èñëà (ÿêùî

α0 = 1, α1 = · · · = αm = 0, òî ìà¹ìî, î÷åâèäíî, çàäà÷ó Êîøi), ïðè öüîìó óìîâà (1) òðà-

êòó¹òüñÿ ó êëàñè÷íîìó ðîçóìiííi àáî â ñëàáêîìó ñåíñi, ÿêùî f � óçàãàëüíåíà ôóíêöiÿ.

Çàçíà÷èìî, ùî íåëîêàëüíà áàãàòîòî÷êîâà çà ÷àñîì çàäà÷à âiäíîñèòüñÿ äî íåëîêàëüíèõ

çàäà÷ äëÿ äèôåðåíöiàëüíî-îïåðàòîðíèõ ðiâíÿíü òà ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè.

Òàêi çàäà÷i âèíèêàþòü ïðè ìîäåëþâàííi áàãàòüîõ ïðîöåñiâ òà çàäà÷ ïðàêòèêè êðàéîâè-

ìè çàäà÷àìè ç íåëîêàëüíèìè óìîâàìè, ïðè îïèñi âñiõ êîðåêòíèõ çàäà÷ äëÿ êîíêðåòíîãî

îïåðàòîðà, ïðè ïîáóäîâi çàãàëüíî¨ òåîði¨ êðàéîâèõ çàäà÷ (äèâ., íàïð., [9�15] îãëÿä ðå-

çóëüòàòiâ, ÿêi ñòîñóþòüñÿ íåëîêàëüíèõ çàäà÷, äèâ. ó [15]).

Ôîðìàëüíèì ðîçøèðåííÿì êëàñó ëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü ¹ åâîëþöiéíi ðiâ-

íÿííÿ ç îïåðàòîðîì ϕ
(
i
∂

∂x

)
, ïîáóäîâàíèìè çà ôóíêöiÿìè, ÿêi çàäîâîëüíÿþòü ïåâíó

óìîâó. Ó öié ñòàòòi äîñëiäæó¹òüñÿ íåëîêàëüíà áàãàòîòî÷êîâà çà ÷àñîì çàäà÷à äëÿ ðiâ-

íÿííÿ
∂u(t, x)

∂t
+ ϕ

(
i
∂

∂x

)
u(t, x) = 0, (t, x) ∈ (0,∞)× R. (2)

Çàóâàæèìî, ùî äî ðiâíÿíü (2) âiäíîñÿòüñÿ i ðiâíÿííÿ ïàðàáîëi÷íîãî òèïó ç îïåðàòîðàìè

äèôåðåíöiþâàííÿ �íåñêií÷åííîãî ïîðÿäêó� [16], à òàêîæ ðiâíÿííÿ ç îïåðàòîðàìè äðî-

áîâîãî äèôåðåíöiþâàííÿ. Âñòàíîâëåíî âëàñòèâîñòi ôóíäàìåíòàëüíîãî ðîçâ'ÿçêó áàãà-

òîòî÷êîâî¨ çà ÷àñîì çàäà÷i äëÿ ðiâíÿííÿ (2), äîâåäåíî êîðåêòíó ðîçâ'ÿçíiñòü çàçíà÷åíî¨

çàäà÷i ç ïî÷àòêîâîþ ôóíêöi¹þ, ÿêà ¹ åëåìåíòîì ïðîñòîðó óçàãàëüíåíèõ ôóíêöié òèïó

S ′, çíàéäåíî àíàëiòè÷íå çîáðàæåííÿ ðîçâ'ÿçêó. Äîñëiäæåíî ïîâåäiíêó ðîçâ'ÿçêó u(t, ·)
ïðè t → +∞ ó ïðîñòîði óçàãàëüíåíèõ ôóíêöié òèïó S ′ (ñëàáêà ñòàáiëiçàöiÿ), à òàêîæ

ðiâíîìiðíó ñòàáiëiçàöiþ ðîçâ'ÿçêó äî íóëÿ íà R.
1. Ïðîñòîðè òèïó S òà S ′. I.Ì. Ãåëüôàíä òà Ã.�.Øèëîâ ââåëè â [2] ñåðiþ ïðîñòîðiâ,

íàçâàíèõ íèìè ïðîñòîðàìè òèïó S. Âîíè ñêëàäàþòüñÿ ç íåñêií÷åííî äèôåðåíöiéîâíèõ

íà R ôóíêöié, ÿêi çàäîâîëüíÿþòü óìîâó

∃c = c(ϕ) > 0 ∃A = A(ϕ) > 0 ∃B = B(ϕ) > 0 ∀x ∈ R ∀{k, n} ⊂ Z+ :

|xkϕ(n)(x)| ≤ cAkBnmkn (3)

äå mkn = kkαnnβ , α, β > 0 � ôiêñîâàíi ïàðàìåòðè.
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Ââåäåíi ïðîñòîðè ìîæíà îõàðàêòåðèçóâàòè ùå é òàê [2].

Sβα ñêëàäà¹òüñÿ ç òèõ é ëèøå òèõ íåñêií÷åííî äèôåðåíöiéîâíèõ íà R ôóíêöié, ÿêi

çàäîâîëüíÿþòü íåðiâíîñòi

|ϕ(n)(x)| ≤ cBnnnβ exp{−a|x|1/α}, n ∈ Z+, (4)

äå ñòàëi c, a, B > 0 çàëåæàòü ëèøå âiä ôóíêöi¨ ϕ.

ßêùî 0 < β < 1 i α ≥ 1−β, òî Sβα ñêëàäà¹òüñÿ ç òèõ é ëèøå òèõ ôóíêöié ϕ ∈ C∞(R),

ÿêi àíàëiòè÷íî ïðîäîâæóþòüñÿ â êîìïëåêñíó ïëîùèíó C i äëÿ ÿêèõ

|ϕ(x+ iy)| ≤ c exp{−a|x|1/α + b|y|1/(1−β)}, c, a, b > 0, {x, y} ⊂ R.

S1
α, α > 0, ñêëàäà¹òüñÿ ç ôóíêöié ϕ ∈ C∞(R), ÿêi àíàëiòè÷íî ïðîäîâæóþòüñÿ â

äåÿêó ñìóãó |Im z| < δ, z = x + iy (çàëåæíó âiä ϕ) êîìïëåêñíî¨ ïëîùèíè, ïðè öüîìó

ñïðàâäæó¹òüñÿ îöiíêà

|ϕ(x+ iy)| ≤ c exp{−a|x|1/α}, c, a > 0, |y| < δ, x ∈ R.

Ïðîñòîðè Sβα íåòðèâiàëüíi ïðè α + β ≥ 1 i óòâîðþþòü ùiëüíi â L2(R) ìíîæèíè.

Òîïîëîãi÷íà ñòðóêòóðà â Sβα âèçíà÷à¹òüñÿ òàê. Ñèìâîëîì Sβ,Bα,A , A,B > 0, ïîçíà÷èìî

ñóêóïíiñòü ôóíêöié ϕ ∈ Sβα, ÿêi çàäîâîëüíÿþòü óìîâó

∀A > A, ∀B > B : |xkϕ(n)(x)| ≤ cA
k
B
n
kkαnnβ, {k, n} ⊂ Z+, x ∈ R.

Öÿ ìíîæèíà ïåðåòâîðþ¹òüñÿ â ïîâíèé çëi÷åííî-íîðìîâàíèé äîñêîíàëèé ïðîñòið, ÿêùî

íîðìè â íié ââåñòè çà äîïîìîãîþ ñïiââiäíîøåíü

‖ϕ‖δρ = sup
x,k,n

|xkϕ(n)(x)|
(A+ δ)k(B + ρ)nkkαnnβ

, {δ, ρ} ⊂
{

1,
1

2
,
1

3
, . . .

}
.

Âêàçàíó ñèñòåìó íîðì iíîäi çàìiíþþòü åêâiâàëåíòíîþ ¨é ñèñòåìîþ íîðì

‖ϕ‖′δρ = sup
x,k,n

exp{a(1− δ)|x|1/α}|ϕ(n)(x)|
(B + ρ)nnnβ

, {δ, ρ} ⊂
{1

2
,
1

3
, . . .

}
.

ßêùî A1 < A2, B1 < B2, òî S
β,B1

α,A1
íåïåðåðâíî âêëàäà¹òüñÿ â Sβ,B2

α,A2
i Sβα =

⋃
A,B>0

Sβ,Bα,A ,

òîáòî â Sβα ââîäèòüñÿ òîïîëîãiÿ iíäóêòèâíî¨ ãðàíèöi ïðîñòîðiâ Sβ,Bα,A . Îòæå, çáiæíiñòü

ïîñëiäîâíîñòi {ϕν , ν ≥ 1} ⊂ Sβα äî íóëÿ â ïðîñòîði Sβα � öå çáiæíiñòü çà òîïîëîãi¹þ

îäíîãî ç ïðîñòîðiâ Sβ,Bα,A , äî ÿêîãî íàëåæàòü âñi ôóíêöi¨ ϕν . Iíøèìè ñëîâàìè (äèâ. [2]),

ϕν → 0 ïðè ν → +∞ ó ïðîñòîði Sβα òîäi i òiëüêè òîäi, êîëè ïîñëiäîâíiñòü {ϕ(n)
ν , ν ≥ 1}

(ïðè êîæíîìó n ∈ Z+) çáiãà¹òüñÿ ïðè ν → +∞ ðiâíîìiðíî äî íóëÿ íà äîâiëüíîìó

âiäðiçêó [a, b] ⊂ R i äëÿ äåÿêèõ c, a, B > 0, íå çàëåæíèõ âiä ν, ñïðàâäæó¹òüñÿ íåðiâíiñòü

|ϕ(n)
ν (x)| ≤ cBnnnβ exp{−a|x|1/α}, n ∈ Z+, x ∈ R.

Ôóíêöiÿ g ∈ C∞(R) íàçèâà¹òüñÿ ìóëüòèïëiêàòîðîì ó ïðîñòîði Sβα, ÿêùî gψ ∈
Sβα äëÿ äîâiëüíî¨ ôóíêöi¨ ψ ∈ Sβα i âiäîáðàæåííÿ ψ → gψ ¹ ëiíiéíèì i íåïåðåðâíèì

îïåðàòîðîì ó Sβα.
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Ìíîæèíà F ⊂ Sβα íàçèâà¹òüñÿ îáìåæåíîþ, ÿêùî âîíà ìiñòèòüñÿ â äåÿêîìó çëi÷åííî-

íîðìîâàíîìó ïðîñòîði Sβ,Bα,A i â íüîìó îáìåæåíà, òîáòî, äëÿ âñiõ ôóíêöié ç F ñïðàâäæó-

þ¹òüñÿ îöiíêà (3) (àáî (4)) ç îäíèìè é òèìè æ ñòàëèìè c, A,B > 0 (c, B, a > 0).

Ó ïðîñòîðàõ Sβα êëàñ ëiíiéíèõ îáìåæåíèõ îïåðàòîðiâ çáiãà¹òüñÿ ç êëàñîì ëiíiéíèõ

íåïåðåðâíèõ îïåðàòîðiâ [2].

Ó öèõ ïðîñòîðàõ âèçíà÷åíà i íåïåðåðâíà îïåðàöiÿ ìíîæåííÿ íà íåçàëåæíó çìiííó,

äèôåðåíöiþâàííÿ, çñóâó àðãóìåíòà Tx: ϕ(ξ)→ ϕ(ξ + x), ∀ϕ ∈ Sβα. Öÿ îïåðàöiÿ ¹ òàêîæ

äèôåðåíöiéîâíîþ (íàâiòü íåñêií÷åííî äèôåðåíöiéîâíîþ) ó òîìó ðîçóìiííi, ùî ãðàíè÷íi

ñïiââiäíîøåííÿ âèãëÿäó

(ϕ(x+ h)− ϕ(x))h−1 → ϕ′(x), h→ 0,

ñïðàâäæóþòüñÿ äëÿ êîæíî¨ ôóíêöi¨ ϕ ∈ Sβα â ñåíñi çáiæíîñòi çà òîïîëîãi¹þ ïðîñòîðó

Sβα (äèâ. [2]).

Ïðîñòîðè Sβα ïîâ'ÿçàíi ìiæ ñîáîþ ïåðåòâîðåííÿì Ôóð'¹, à ñàìå, ïðàâèëüíîþ ¹ ôîð-

ìóëà F [Sβα] = Sαβ , äå

F [Sβα] :=
{
ψ : ψ(σ) =

+∞∫
−∞

ϕ(x)eiσxdx, ϕ ∈ Sβα
}
,

ïðè öüîìó îïåðàòîð F : Sβα → Sαβ , α, β > 0, ¹ íåïåðåðâíèì.

Ñèìâîëîì Pω, äå ω ∈ (0, 1] � äîâiëüíî ôiêñîâàíèé ïàðàìåòð, ïîçíà÷èìî ìíîæèíó

ôóíêöié ϕ: R→ (0,∞), ÿêi çàäîâîëüíÿþòü óìîâè: 1) ϕ ∈ C∞(R), 2) ∀σ ∈ R: ϕ(σ) > |σ|ω,
3) ∀ε > 0 ∃cε > 0 ∀σ ∈ R: ϕ(σ) ≤ cε exp{ε|σ|ω}, 4) ∃c0, B0 > 0 ∀n ∈ N ∀σ ∈ R:
|ϕ(n)(σ)| ≤ c0B

n
0n!.

Óðàõóâàâøè ôîðìóëó Ñòiðëiíãà, óìîâó 4) ìîæíà çàïèñàòè ó âèãëÿäi

4′) ∃c1, B1 > 0 ∀n ∈ N ∀σ ∈ R: |ϕ(n)(σ)| ≤ c1B
n
1n

n

(ïðèêëàäè ôóíêöié, ÿêi çàäîâîëüíÿþòü óìîâè 1) �4), àáî 1) � 4′), íàâåäåìî ïiçíiøå).

Ëåìà 1. Êîæíà ôóíêöiÿ ϕ ∈ Pω � ìóëüòèïëiêàòîð ó ïðîñòîði S1
1/ω, à òàêîæ ó êîæíîìó

ïðîñòîði Sγ1/ω, äå γ > 1.

Äîâåäåííÿ. Íàñàìïåðåä äîâåäåìî, ùî ϕψ ∈ S1
1/ω äëÿ äîâiëüíî¨ ôóíêöi¨ ψ ∈ S1

1/ω. Ôóí-

êöiÿ ψ, çãiäíî ç îçíà÷åííÿì ïðîñòîðó S1
1/ω, çàäîâîëüíÿ¹ óìîâó

∃a > 0 ∃c > 0 ∃B > 0 ∀n ∈ Z+ ∀σ ∈ R :

|ψ(n)(σ)| ≤ cBnnn exp{−a|σ|ω}. (5)

Óðàõóâàâøè ôîðìóëó Ëåéáíiöà äèôåðåíöiþâàííÿ äîáóòêó äâîõ ôóíêöié, óìîâè 3),

4′), îäåðæèìî

|(ϕ(σ)ψ(σ))(n)| =
∣∣∣ n∑
k=0

Ck
nϕ

(k)(σ)ψ(n−k)(σ)
∣∣∣ ≤

≤ |ϕ(σ)| · |ψ(n)(σ)|+
n∑
k=1

Ck
n|ϕ(k)(σ)||ψ(n−k)(σ)

∣∣∣ ≤
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≤ c1cεB
nnn exp{ε|σ|ω − a|σ|ω}+ c1cε

n∑
k=1

Ck
nB

k
1k

kBn−k(n− k)n−k exp{−a|σ|ω}.

Âçÿâøè ε = a/2, ïðèéäåìî äî íåðiâíîñòi

|(ϕ(σ)ψ(σ))(n)| ≤ c̃B̃nnn exp{−ã|σ|ω}, (6)

äå c̃ = c1cε, B̃ = max{B,B2}, B2 = 2 max{B,B1}, ã = a/2. Ç (6) âèïëèâà¹, ùî ϕψ ∈ S1
1/ω,

à òàêîæ òå, ùî îïåðàòîð ψ → ϕψ âiäîáðàæà¹ êîæíó îáìåæåíó ìíîæèíó ïðîñòîðó S1
1/ω ó

îáìåæåíó ìíîæèíó öüîãî æ ïðîñòîðó, òîáòî öåé îïåðàòîð ¹ íåïåðåðâíèì. Öå i îçíà÷à¹,

ùî ϕ � ìóëüòèïëiêàòîð ó ïðîñòîði S1
1/ω, à òàêîæ ó êîæíîìó ïðîñòîði Sγ1/ω, äå γ > 1.

Ëåìó 1 äîâåäåíî.

Íåõàé ϕ � äîâiëüíî ôiêñîâàíà ôóíêöiÿ ç êëàñó Pω. Íàãàäà¹ìî, ùî i∂/∂x � ñàìîñïðÿ-

æåíèé ó L2(R) çi ùiëüíîþ ó L2(R) îáëàñòþ âèçíà÷åííÿ

D(i∂/∂x) = {ψ ∈ L2(R) : ∃ψ′ ∈ L2(R)}.

ßêùî Eλ, λ ∈ R, � ñïåêòðàëüíà ôóíêöiÿ îïåðàòîðà i∂/∂x, òî, âíàñëiäîê îñíîâíî¨ ñïå-

êòðàëüíî¨ òåîðåìè äëÿ ñàìîñïðÿæåíèõ îïåðàòîðiâ òà îïåðàöiéíîãî ÷èñëåííÿ äëÿ òàêèõ

îïåðàòîðiâ

ϕ
(
i
∂

∂x

)
ψ =

+∞∫
−∞

ϕ(λ)dEλψ, ∀ψ ∈ D
(
ϕ
(
i
∂

∂x

))
.

Çâiäñè âèïëèâà¹, ùî ϕ
(
i
∂

∂x

)
� ñàìîñïðÿæåíèé ó L2(R) îïåðàòîð. Âiäîìî ( [17]), ùî

Eλψ =
1

2π

λ∫
−∞

{ +∞∫
−∞

ψ(τ)eiστdτ
}
e−itσdσ =

1

2π

λ∫
−∞

F [ψ](σ)e−itσdσ.

Îòæå, dEλψ =
1

2π
F [ψ](λ)e−itλdλ, òîáòî

ϕ
(
i
∂

∂x

)
ψ =

1

2π

+∞∫
−∞

ϕ(λ)F [ψ](λ)e−itλdλ = F−1[ϕ(λ)F [ψ]].

ßêùî ψ ∈ S
1/ω
2 , òî F [ψ] ∈ S2

1/ω. Îñêiëüêè ϕ � ìóëüòèïëiêàòîð ó ïðîñòîði S2
1/ω, òî

ϕF [ψ] ∈ S2
1/ω, à F−1[ϕF [ψ]] ∈ S

1/ω
2 . Íåõàé Â := ϕ

(
i
∂

∂x

)
|
S
1/ω
2

� çâóæåííÿ îïåðàòîðà

ϕ
(
i
∂

∂x

)
íà ïðîñòið S

1/ω
2 . Iç îçíà÷åííÿ ìóëüòèïëiêàòîðà òà âëàñòèâîñòåé ïåðåòâîðåííÿ

Ôóð'¹ (ïðÿìîãî òà îáåðíåíîãî) ó ïðîñòîðàõ òèïó S âèïëèâà¹, ùî Â: S
1/ω
2 → S

1/ω
2 �

ëiíiéíèé, íåïåðåðâíèé îïåðàòîð, ÿêèé çáiãà¹òüñÿ iç ïñåâäîäèôåðåíöiàëüíèì îïåðàòîðîì

ó ïðîñòîði S
1/ω
2 , ïîáóäîâàíèì çà ôóíêöi¹þ-ñèìâîëîì ϕ ∈ Pω.
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Ñèìâîëîì (Sβα)′ ïîçíà÷àòèìåìî ïðîñòið óñiõ ëiíiéíèõ íåïåðåðâíèõ ôóíêöiîíàëiâ íà

Sβα çi ñëàáêîþ çáiæíiñòþ. Åëåìåíòè ïðîñòîðó (Sβα)′ íàçèâàòèìåìî óçàãàëüíåíèìè ôóí-

êöiÿìè òèïó óëüòðàðîçïîäiëiâ. ßêùî f ∈ (Sβα)′, òî äî öüîãî æ ïðîñòîðó íàëåæèòü òàêîæ

êîæíà ïîõiäíà f (p), p ∈ N, äå f (p) âèçíà÷à¹òüñÿ çà äîïîìîãîþ ôîðìóëè:

〈f (p), ψ〉 := (−1)p〈f, ψ(p)〉, ∀ψ ∈ Sβα

(òóò 〈f (p), ψ〉 ïîçíà÷à¹ äiþ ôóíêöiîíàëà f (p) íà îñíîâíó ôóíêöiþ ψ). Îñêiëüêè â îñíîâ-

íîìó ïðîñòîði Sβα âèçíà÷åíà îïåðàöiÿ çñóâó, òî çãîðòêó óçàãàëüíåíî¨ ôóíêöi¨ f ∈ (Sβα)′

iç îñíîâíîþ ôóíêöi¹þ ψ ∈ Sβα çàäàìî ôîðìóëîþ

(f ∗ ϕ)(x) := 〈fξ, T−xϕ̌(ξ)〉 = 〈fξ, ϕ(x− ξ)〉, ϕ̌(ξ) := ϕ(−ξ).

Iç âëàñòèâîñòi íåñêií÷åííî¨ äèôåðåíöiéîâíîñòi îïåðàöi¨ çñóâó àðãóìåíòà ó ïðîñòîði

Sβα âèïëèâà¹, ùî çãîðòêà f ∗ϕ ¹ çâè÷àéíîþ íåñêií÷åííî äèôåðåíöiéîâíîþ íà R ôóíêöi-

¹þ.

Ïåðåòâîðåííÿ Ôóð'¹ óçàãàëüíåíî¨ ôóíêöi¨ f ∈ (Sβα)′ âèçíà÷à¹òüñÿ çà äîïîìîãîþ ñïiâ-

âiäíîøåííÿ

〈F [f ], ψ〉 = 〈f, F [ψ]〉, ∀ψ ∈ Sαβ .

Iç âëàñòèâîñòi ëiíiéíîñòi i íåïåðåðâíîñòi ôóíêöiîíàëà f òà âëàñòèâîñòåé ïåðåòâîðåííÿ

Ôóð'¹ îñíîâíèõ ôóíêöié âèïëèâà¹ ëiíiéíiñòü i íåïåðåðâíiñòü ôóíêöiîíàëà F [f ], âèçíà÷å-

íîãî íà ïðîñòîði îñíîâíèõ ôóíêöié Sαβ . Îòæå, ïåðåòâîðåííÿ Ôóð'¹ óçàãàëüíåíî¨ ôóíêöi¨

f ∈ (Sβα)′ ¹ óçàãàëüíåíîþ ôóíêöi¹þ, çàäàíîþ íà Sαβ , òîáòî F [f ] ∈ (Sαβ )′.

Íåõàé f ∈ (Sβα)′. ßêùî f ∗ ψ ∈ Sβα äëÿ äîâiëüíî¨ ôóíêöi¨ ψ ∈ Sβα i iç ñïiââiäíîøåííÿ

ψν → 0 ïðè ν → +∞ çà òîïîëîãi¹þ ïðîñòîðó Sβα âèïëèâà¹, ùî f ∗ ψν → 0 ïðè ν → +∞
çà òîïîëîãi¹þ ïðîñòîðó Sβα, òî ôóíêöiîíàë f íàçèâà¹òüñÿ çãîðòóâà÷åì ó ïðîñòîði Sβα.

ßêùî f ∈ (Sβα)′ � çãîðòóâà÷ ó ïðîñòîði Sβα, òî äëÿ äîâiëüíî¨ ôóíêöi¨ ψ ∈ Sβα ïðàâèëüíîþ
¹ ôîðìóëà F [f ∗ ψ] = F [f ] · F [ψ], ïðè öüîìó F [f ] � ìóëüòèïëiêàòîð ó ïðîñòîði Sαβ .

2. Áàãàòîòî÷êîâà çà ÷àñîì çàäà÷à. Ðîçãëÿíåìî åâîëþöiéíå ðiâíÿííÿ

∂u(t, x)/∂t+ Âu(t, x) = 0, (t, x) ∈ (0,+∞)× R ≡ Ω, (7)

äå Â = ϕ
(
i
∂

∂x

)
|
S
1/ω
2

= F−1[ϕF ], ϕ ∈ Pω (äèâ. ï. 1). Ïiä ðîçâ'ÿçêîì ðiâíÿííÿ (7) ðî-

çóìi¹ìî ôóíêöiþ u(t, x), (t, x) ∈ Ω, ÿêà âîëîäi¹ âëàñòèâîñòÿìè: 1) u(t, ·) ∈ C1(0,+∞)

ïðè êîæíîìó x ∈ R; 2) u(·, x) ∈ S
1/ω
2 ïðè êîæíîìó t ∈ (0,∞); 3) u(t, x), (t, x) ∈ Ω,

çàäîâîëüíÿ¹ ðiâíÿííÿ (7).

Äëÿ ðiâíÿííÿ (7) ïîñòàâèìî íåëîêàëüíó áàãàòîòî÷êîâó çà ÷àñîì çàäà÷ó: çíàéòè

ðîçâ'ÿçîê ðiâíÿííÿ (7), ÿêèé çàäîâîëüíÿ¹ óìîâó:

µu(0, x)− µ1u(t1, x)− · · · − µmu(tm, x) = f(x), x ∈ R, f ∈ S1/ω
2 , (8)

äå u(0, x) := lim
t→+0

u(t, x), x ∈ R, {µ, µ1, . . . , µm} ⊂ (0,+∞), {t1, . . . , tm} ⊂ (0,+∞), m ∈ N

� ôiêñîâàíi ÷èñëà, 0 < t1 < t2 < · · · < tm < +∞, µ >
m∑
k=1

µk.
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Ðîçâ'ÿçîê çàäà÷i (7), (8) øóêà¹ìî çà äîïîìîãîþ ïåðåòâîðåííÿ Ôóð'¹, ââiâøè ïîçíà-

÷åííÿ: F [u(t, ·)] = v(t, ·). Äëÿ ôóíêöi¨ v: Ω→ R äiñòàíåìî çàäà÷ó ç ïàðàìåòðîì σ:

dv(t, σ)

dt
+ ϕ(σ)v(t, σ) = 0, (t, σ) ∈ Ω, (9)

µv(0, σ)−
m∑
k=1

µkv(tk, σ) = f̃(σ), σ ∈ R, (10)

äå f̃(σ) = F [f ](σ). Çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ (9) ìà¹ âèãëÿä

v(t, σ) = c exp{−tϕ(σ)}, (t, σ) ∈ Ω, (11)

äå c = c(σ) âèçíà÷èìî ç óìîâè (10). Ïiäñòàâèâøè (11) ó (10) çíàéäåìî, ùî

c = f̃(σ)
(
µ−

m∑
k=1

µk exp{−tkϕ(σ)}
)−1

, σ ∈ R.

Ââåäåìî ïîçíà÷åííÿ:G(t, x) = F−1[Q(t, σ)],Q(t, σ) := Q1(t, σ)Q2(σ),Q1(t, σ) = exp{−tϕ(σ)},

Q2(σ) =
(
µ−

m∑
k=1

µk exp{−tkϕ(σ)}
)−1

. Äàëi, ìiðêóþ÷è ôîðìàëüíî, ïðèéäåìî äî ñïiââiä-

íîøåííÿ:

u(t, x) =

∫
R

G(t, x− ξ)f(ξ)dξ = G(t, x) ∗ f(x), (t, x) ∈ Ω.

Ñïðàâäi,

u(t, x) = (2π)−1

∫
R

Q(t, σ)
(∫

R

f(ξ)eiσξdξ
)
e−iσxdσ =

=

∫
R

(
(2π)−1

∫
R

Q(t, σ)e−iσ(x−ξ)dσ
)
f(ξ)dξ =

=

∫
R

G(t, x− ξ)f(ξ)dξ = G(t, x) ∗ f(x), (t, x) ∈ Ω. (12)

Êîðåêòíiñòü ïðîâåäåíèõ òóò ïåðåòâîðåíü, à, îòæå, ïðàâèëüíiñòü ôîðìóëè (12) âèïëèâà¹

ç âëàñòèâîñòåé ôóíêöi¨ Q, ÿêi íàâåäåíî íèæ÷å.

Ëåìà 2. Äëÿ ïîõiäíèõ ôóíêöi¨ Q1(t, σ), (t, σ) ∈ Ω, ïðàâèëüíèìè ¹ îöiíêè

|Ds
σQ1(t, σ)| ≤ cAstνsss exp{−t|σ|ω}, s ∈ N, (13)

äå ν = 0, ÿêùî 0 < t ≤ 1 i ν = 1, ÿêùî t > 1, ñòàëi c, A > 0 íå çàëåæàòü âiä t.

Äîâåäåííÿ. Äëÿ äîâåäåííÿ òâåðäæåííÿ ñêîðèñòà¹ìîñü ôîðìóëîþ Ôàà äå Áðóíî äèôå-

ðåíöiþâàííÿ ñêëàäåíî¨ ôóíêöi¨

Ds
σF (g(σ))=

s∑
p=1

dpF (g)

dgp

∑ s!

p1! . . . pl!

( d
dσ
g(σ)

)p1
. . .
( 1

l!

dl

dσl
g(σ)

)pl
, s ∈ N (14)
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(çíàê ñóìè ïîøèðþ¹òüñÿ íà âñi ðîçâ'ÿçêè â öiëèõ íåâiä'¹ìíèõ ÷èñëàõ ðiâíÿííÿ p1 +2p2 +

· · ·+ lpl = s, p1 + p2 + · · ·+ pl = m), äå ïîêëàäåìî F = eg, g = −tϕ(σ). Òîäi

Ds
σe
−tϕ(σ) = e−tϕ(σ)

s∑
p=1

∑ s!

p1! . . . pl!
Λ,

äå ñèìâîëîì Λ ïîçíà÷åíî âèðàç:

Λ :=
( d
dσ

(−tϕ(σ))
)p1( 1

2!

d2

dσ2
(−tϕ(σ))

)p2
. . .
( 1

l!

dl

dσl
(−tϕ(σ))

)pl
.

Óðàõóâàâøè âëàñòèâîñòi ôóíêöi¨ ϕ ∈ Pω çíàéäåìî, ùî

|Λ| ≤ cp1+···+pl
0 Bp1+2p2+···+lpl

0 tp1+···+pl ≤ c̃s0t
pBs

0, (15)

äå c̃0 = max{1, c0}. Ñêîðèñòàâøèñü (15), íåðiâíiñòþ ϕ(σ) > |σ|ω, σ ∈ R, òà ôîðìóëîþ

Ñòiðëiíãà, ïðèéäåìî äî íåðiâíîñòi

|Ds
σQ1(t, σ)| ≤ c̃0B

s
0t
νss! exp{−tϕ(σ)} ≤ cAstνsss exp{−t|σ|ω}, σ ∈ R, (16)

äå ν = 0, ÿêùî 0 < t ≤ 1 i ν = 1, ÿêùî t > 1, ñòàëi c, A > 0 íå çàëåæàòü âiä t. Ëåìó 2

äîâåäåíî.

Çàóâàæåííÿ 1. Iç îöiíîê (16) âèïëèâà¹, ùî Q1(t, ·) ∈ S1
1/ω ïðè êîæíîìó t > 0.

Ëåìà 3. Ôóíêöiÿ Q2 � ìóëüòèïëiêàòîð ó ïðîñòîði S2
1/ω.

Äîâåäåííÿ. Äëÿ äîâåäåííÿ òâåðäæåííÿ çäiéñíèìî îöiíêó ïîõiäíèõ ôóíêöi¨ Q2. Äëÿ öüî-

ãî ñêîðèñòà¹ìîñÿ ôîðìóëîþ (14), ó ÿêié ïîêëàäåìî F = ϕ−1, ϕ = R, äå

R(σ) = µ−
m∑
k=1

µk exp{−tkϕ(σ)} ≡ µ−
m∑
k=1

µkQ1(tk, σ).

Òîäi Q2(σ) = F (ϕ) ≡ R−1 i

|Ds
σQ2(σ)| =

∣∣∣ s∑
p=1

dp

dRp
R−1

∑ s!

p1! . . . pl!

( d
dσ
R(σ)

)p1
· · · · ·

( 1

l!

dl

dσl
R(σ)

)pl∣∣∣.
Âðàõóâàâøè íåðiâíîñòi (16), îäåðæèìî∣∣∣ 1

j!

dj

dσj
R(σ)

∣∣∣ ≤ 1

j!

m∑
k=1

µk|Dj
σQ1(tk, σ)| ≤ c̃0

m∑
k=1

µkB
j
0t
νj
m ≤ c̃B̃j,

äå c̃ = c̃0µ, B̃ = B0t̃m, t̃m = max{1, tm} (òóò âðàõîâàíà íåðiâíiñòü
m∑
k=1

µk < µ, à òàêîæ òå,

ùî 0 < t1 < t2 < · · · < tm < +∞). Òîäi∣∣∣( d
dσ
R(σ)

)p1
. . .
( 1

l!

dl

dσl
R(σ)

)pl∣∣∣ ≤ (c̃B̃)p1(c̃B̃2)p2 . . . (c̃B̃l)pl =
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= c̃p1+···+plB̃p1+2p2+···+lpl ≤ ˜̃csB̃s, ˜̃c = max{1, c̃}.

Êðiì òîãî,
dp

dRp
R−1 = (−1)pp!R−(p+1) i

R−1(σ) = Q2(σ) =
(
µ−

m∑
k=1

µk exp{−tkϕ(σ)}
)−1

≤
(
µ−

m∑
k=1

µk

)−1

≡ β0 > 0,

îñêiëüêè, çà óìîâîþ, µ >
m∑
k=1

µk. Îòæå,

∣∣∣ dp
dRp

R−1
∣∣∣ ≤ βp+1

0 p!, |Ds
σQ2(σ)| ≤ ˜̃csB̃ss!

s∑
p=1

βp+1
0 p! ≤ c1β

2
1(s!)2 ≤ c2β

s
2s

2s, s ∈ N.

Ç îñòàííüî¨ íåðiâíîñòi òà îáìåæåíîñòi ôóíêöi¨ Q2 íà R âèïëèâà¹, ùî Q2 � ìóëüòèïëiêà-

òîð ó ïðîñòîði S2
1/ω.

Ëåìó 3 äîâåäåíî.

Íàñëiäîê 1. Ïðè êîæíîìó t > 0 ôóíêöiÿ Q(t, σ) = Q1(t, σ)Q2(σ), σ ∈ R, ¹ åëåìåíòîì
ïðîñòîðó S2

1/ω, ïðè öüîìó ñïðàâäæóþòüñÿ îöiíêè

|Ds
σQ(t, σ)| ≤ c̃Ãstνss2s exp{−t|σ|ω}, s ∈ Z+, (t, σ) ∈ Ω,

äå ñòàëi c̃, Ã > 0 íå çàëåæàòü âiä t.

Óðàõóâàâøè âëàñòèâîñòi ïåðåòâîðåííÿ Ôóð'¹ (ïðÿìîãî òà îáåðíåíîãî) òà ôîðìóëó

F−1[S2
1/ω] = S

1/ω
2 , îäåðæèìî, ùî G(t, ·) ∈ S1/ω

2 ïðè êîæíîìó t > 0. Âèäiëèìî â îöiíêàõ

ïîõiäíèõ ôóíêöi¨ G (çà çìiííîþ x) çàëåæíiñòü âiä ïàðàìåòðà t, ââàæàþ÷è, ùî t > 1.

Äëÿ öüîãî ñêîðèñòà¹ìîñÿ ñïiââiäíîøåííÿì

xkDs
xF [ϕ](x) = ik+sF [(σsϕ(σ))(k)] =

= ik+s

∫
R

(σsϕ(σ))(k)eiσxdσ, {k, s} ⊂ Z+, ϕ ∈ S2
1/ω.

Îòæå,

xkDs
xG(t, x) = (2π)−1ik+s(−1)s

∫
R

(σsQ(t,−σ))(k)eiσxdσ.

Çàñòîñóâàâøè ôîðìóëó Ëåéáíiöà äèôåðåíöiþâàííÿ äîáóòêó äâîõ ôóíêöié òà îöiíêè

ïîõiäíèõ ôóíêöi¨ Q(t, σ), îäåðæèìî

|(σsQ(t,−σ))(k)| =
∣∣∣ k∑
p=0

Cp
k(σs)(p)Q(k−p)(t,−σ)

∣∣∣ ≤
≤ |σsQ(k)(t,−σ)|+ ks|σs−1Q(k−1)(t,−σ)|+ k(k − 1)

2!
s(s− 1)×

×|σs−2Q(k−2)(t,−σ)|+ · · · ≤ c̃
[
ÃktνkB̃st−s/ωmks + ksÃk−1tν(k−1)B̃s−1t−(s−1)/ωmk−1,s−1+
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+
1

2!
k(k − 1)s(s− 1)Ãk−2tν(k−2)B̃s−2t−(s−2)/ωmk−2,s−2 + . . .

]
e−

t
2
|σ|ω ,

äå mks = k2kss/ω; òóò âðàõîâàíà òàêîæ íåðiâíiñòü

|σ|s exp{−t|σ|ω} ≤ B̃st−s/ωss/ω exp
{
− t

2
|σ|ω

}
, B̃ = 21/ω.

Âðàõóâàâøè ðåçóëüòàòè, íàâåäåíi â [2, ñ. 236�241], îäåðæèìî , ùî ïîäâiéíà ïîñëiäîâíiñòü

mks = k2kss/ω çàäîâîëüíÿ¹ íåðiâíiñòü

ks
mk−1,s−1

mks

≤ γ̃(k + s), γ̃ > 0.

Óðàõóâàâøè îñòàííþ íåðiâíiñòü, à òàêîæ òå, ùî t > 1, ìàòèìåìî

|(σsQ(t,−σ))(k)| ≤ c̃ÃktkB̃smks

(
1 +

ks

ÃB̃

mk−1,s−1

mks

+ · · ·+

+
1

2!
k(k − 1)s(s− 1)

1

Ã2B̃2

mk−2,s−2

mks

+ . . .
)
e−

t
2
|σ|ω ≤ c̃ÃktkB̃smks×

×
(

1 +
ks

ÃB̃

mk−1,s−1

mks

+
1

2!

1

Ã2B̃2
ks
mk−1,s−1

mks

(k − 1)(s− 1)
mk−2,s−2

mk−1,s−1

+ . . .
)
e−

t
2
|σ|ω ≤

≤ c̃ÃktkB̃smks

(
1 +

γ̃

ÃB̃
(k + s) +

1

2!

γ̃2

Ã2B̃2
(k + s)2 + . . .

)
e−

t
2
|σ|ω ≤

≤ c1A
k
tkB

k
mkse

− t
2
|σ|ω , A = Ã exp

{ γ̃

ÃB̃

}
, B = B̃ exp

{ γ̃

ÃB̃

}
.

Îòæå,

|xkDs
xG(t, x)| ≤ (2π)−1c1A

k
tkB

s
mks

∫
R

e−
t
2
|σ|ωdσ ≤ c2A

k
tkB

s
t−1/ωk2kss/ω, {k, s} ⊂ Z+.

Òîäi

|Ds
xG(t, x)| ≤ c2B

s
t−1/ωss/ω inf

k

A
k
k2k

(t−1|x|)k
≤ c3B

s
t−1/ωss/ω exp{−a0t

−1/2|x|1/2},

äå c3, B, a0 > 0 íå çàëåæàòü âiä t; òóò ìè ñêîðèñòàëèñÿ âiäîìîþ íåðiâíiñòþ ç [2, ñ. 204]:

exp{−α
e
|ξ|1/α} ≤ inf

k

Lkkkα

|ξ|k
≤ c exp{−α

e
|ξ|1/α}, c = e

αe
2 ,

â ÿêié α = 2, L = A. Òàêèì ÷èíîì, ïðàâèëüíèì ¹ òâåðäæåííÿ

Ëåìà 4. Ïîõiäíi ôóíêöi¨ G(t, x) (çà çìiííîþ x) ïðè t > 1 çàäîâîëüíÿþòü íåðiâíîñòi

|Ds
xG(t, x)| ≤ c3B

s
t−1/ωss/ω exp{−a0t

−1/2|x|1/2}, s ∈ Z+, (17)

ñòàëi c3, B, a0 > 0 íå çàëåæàòü âiä t.

Íàâåäåìî ùå äåÿêi âëàñòèâîñòi ôóíêöi¨ G.
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Ëåìà 5. Ôóíêöiÿ G(t, x), (t, x) ∈ Ω, ÿê àáñòðàêòíà ôóíêöiÿ ïàðàìåòðà t iç çíà÷åííÿìè

â ïðîñòîði S
1/ω
2 , äèôåðåíöiéîâíà ïî t.

Äîâåäåííÿ. Iç âëàñòèâîñòi íåïåðåðâíîñòi ïåðåòâîðåííÿ Ôóð'¹ (ïðÿìîãî òà îáåðíåíîãî) ó

ïðîñòîðàõ òèïó S âèïëèâà¹, ùî äëÿ äîâåäåííÿ òâåðäæåííÿ äîñèòü âñòàíîâèòè, ùî ôóí-

êöiÿ F [G(t, ·)] = Q(t, ·), ÿê àáñòðàêòíà ôóíêöiÿ ïàðàìåòðà t çi çíà÷åííÿìè â ïðîñòîði

S2
1/ω, äèôåðåíöiéîâíà ïî t. Iíøèìè ñëîâàìè, ïîòðiáíî äîâåñòè, ùî ãðàíè÷íå ñïiââiäíî-

øåííÿ

Φ∆t(σ) :=
1

∆t
[Q(t+ ∆t, ·)−Q(t, ·)]→ ∂

∂t
Q(t, ·), ∆t→ 0,

âèêîíó¹òüñÿ â òîìó ðîçóìiííi, ùî:

1)Ds
σΦ∆t(σ)−→

∆t→0
Ds
σ(−ϕ(σ)Q(t, σ)), s ∈ Z+, ðiâíîìiðíî íà êîæíîìó âiäðiçêó [a, b] ⊂ R;

2) |Ds
σΦ∆t(σ)| ≤ c̄B̄ss2s exp{−ā|σ|ω}, s ∈ Z+, äå ñòàëi c̄, B̄, ā > 0 íå çàëåæàòü âiä ∆t,

ÿêùî ∆t äîñèòü ìàëå.

Ôóíêöiÿ Q(t, σ), (t, σ) ∈ Ω, äèôåðåíöiéîâíà ïî t ó çâè÷àéíîìó ðîçóìiííi, òîìó âíà-

ñëiäîê òåîðåìè Ëàãðàíæà ïðî ñêií÷åííi ïðèðîñòè

Φ∆t(σ) = −ϕ(σ)Q(t+ θ∆t, σ), 0 < θ < 1.

Îòæå,

Ds
σΦ∆t(σ) = −

s∑
l=0

C l
sD

l
σϕ(σ)Ds−l

σ Q(t+ θ∆t, σ) (18)

i

Ds
σ

(
Φ∆t(σ)− ∂

∂t
Q(t, σ)

)
= −

s∑
l=0

C l
sD

l
σϕ(σ)[Ds−l

σ Q(t+ θ∆t, σ)−Ds−l
σ Q(t, σ)].

Îñêiëüêè

Ds−l
σ Q(t+ θ∆t, σ)−Ds−l

σ Q(t, σ) = Ds−l+1
σ Q(t+ θ1∆t, σ)θ∆t, 0 < θ1 < 1,

òî çâiäñè òà ç îöiíîê (17) âèïëèâà¹, ùî

Ds−l+1
σ Q(t+ θ1∆t, σ)θ∆t→ 0,∆t→ 0,

ðiâíîìiðíî íà äîâiëüíîìó âiäðiçêó [a, b] ⊂ R. Òîäi i

Ds
σΦ∆t(σ)→ Ds

σ

( ∂
∂t
Q(t, σ)

)
, ∆t→ 0,

ðiâíîìiðíî íà êîæíîìó âiäðiçêó [a, b] ⊂ R. Îòæå, óìîâà 1) âèêîíó¹òüñÿ.
Âðàõóâàâøè (18) òà îöiíêè, ÿêi çàäîâîëüíÿþòü ôóíêöi¨ ϕ(σ), Q(t, σ) òà ¨õíi ïîõiäíi,

çíàéäåìî, ùî

|Ds
σΦ∆t(σ)| ≤ c0c̃

s∑
l=1

C l
sB

l
0l
lÃs−ltν(s−l)(s− l)2(s−l) exp{−(t+ θ∆t)|σ|ω}+

+cεc̃Ã
ss2stνs exp{−(t+ θ∆t)|σ|ω + ε|σ|ω}
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(òóò ε > 0 � äîâiëüíî ôiêñîâàíèé ïàðàìåòð). Âiçüìåìî ε = t/2. Òîäi

|Ds
σΦ∆t(σ)| ≤ cL

s
s2s exp{−a|σ|ω},

äå c = max{c0c̃, cε}, L = max{B,A}, B = 2 max{B0, Ã}, a = t/2, ïðè÷îìó âñi ñòàëi íå

çàëåæàòü âiä ∆t.

Òâåðäæåííÿ äîâåäåíî.

Íàñëiäîê 2. Ïðàâèëüíîþ ¹ ôîðìóëà

∂

∂t
(f ∗G(t, ·)) = f ∗ ∂

∂t
G(t, ·), ∀f ∈ (S

1/ω
2 )′, t > 0.

Äîâåäåííÿ. Çãiäíî ç îçíà÷åííÿì çãîðòêè óçàãàëüíåíî¨ ôóíêöi¨ ç îñíîâíîþ

f ∗G(t, ·) = 〈fξ, T−xǦ(t, ξ)〉, Ǧ(t, ξ) = G(t,−ξ).

Òîäi
∂

∂t
(f ∗G(t, ·)) = lim

∆t→0

1

∆t
[(f ∗G(t+ ∆t, ·))− (f ∗G(t, ·))] =

= lim
∆t→0
〈fξ,

1

∆t
[T−xǦ(t+ ∆t, ξ)− T−xǦ(t, ξ)]〉.

Âíàñëiäîê ëåìè 5 ãðàíè÷íå ñïiââiäíîøåííÿ

1

∆t
[T−xǦ(t+ ∆t, ξ)− T−xǦ(t, ξ)] −→ ∂

∂t
T−xǦ(t, ξ),∆t→ 0

âèêîíó¹òüñÿ â ñåíñi çáiæíîñòi çà òîïîëîãi¹þ ïðîñòîðó S
1/ω
2 . Òîìó

∂

∂t
(f ∗G(t, ·)) = 〈fξ, lim

∆t→0

1

∆t
[T−xǦ(t+ ∆t, ξ)− T−xǦ(t, ξ)]〉 =

= 〈fξ,
∂

∂t
T−xǦ(t, ξ)〉 = 〈fξ, T−x

∂

∂t
Ǧ(t, ξ)〉 = f ∗G(t, ·).

Òâåðäæåííÿ äîâåäåíî.

Ëåìà 6. Ó ïðîñòîði (S
1/ω
2 )′ âèêîíóþòüñÿ ñïiââiäíîøåííÿ:

1) G(t, ·)→ F−1[Q2], t→ +0;

2) µG(t, ·)−
m∑
k=1

µkG(tk, ·)→ δ, t→ +0 (19)

(òóò δ � äåëüòà-ôóíêöiÿ Äiðàêà).

Äîâåäåííÿ. 1. Óðàõóâàâøè âëàñòèâiñòü íåïåðåðâíîñòi ïåðåòâîðåííÿ Ôóð'¹ (ïðÿìîãî òà

îáåðíåíîãî) ó ïðîñòîðàõ òèïó S ′, äëÿ äîâåäåííÿ òâåðäæåííÿ äîñèòü âñòàíîâèòè, ùî

F [G(t, ·)] = Q1(t, ·)Q2(·)→ Q2(·), t→ +0,
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ó ïðîñòîði (S2
1/ω)′. Äëÿ öüîãî âiçüìåìî äîâiëüíó ôóíêöiþ ψ ∈ S2

1/ω i, ñêîðèñòàâøèñü

òèì, ùî Q2 � ìóëüòèïëiêàòîð ó ïðîñòîði S2
1/ω, à òàêîæ òåîðåìîþ Ëåáåãà ïðî ãðàíè÷íèé

ïåðåõiä ïiä çíàêîì iíòåãðàëà Ëåáåãà, çíàéäåìî, ùî

〈Q1(t, ·)Q2(·), ψ〉 = 〈Q1(t, ·), Q2(·)ψ〉 =

=

∫
R

Q1(t, σ)Q2(σ)ψ(σ)dσ−→
t→+0

∫
R

Q2(σ)ψ(σ)dσ = 〈Q2, ψ〉

(òóò Q(t, ·) = Q1(t, ·)Q2(·) òðàêòó¹òüñÿ ÿê ðåãóëÿðíèé ôóíêöiîíàë ç ïðîñòîðó (S2
1/ω)′).

Çâiäñè âæå âèïëèâà¹ òâåðäæåííÿ 1 ëåìè 6.

2. Óðàõóâàâøè òâåðäæåííÿ 1, îäåðæèìî

µG(t, ·)−
m∑
k=1

µkG(tk, ·)−→
t→+0

µF−1[Q2]−
m∑
k=1

µkG(tk, ·) =

= µF−1[Q2]−
m∑
k=1

µkF
−1[Q1(tk, ·)Q2(·)] =

= F−1
[
µQ2 −

m∑
k=1

µkQ1(tk, ·)Q2(·)
]

= F−1
[(
µ−

m∑
k=1

µkQ1(tk, ·)
)
Q2(·)

]
=

= F−1
[(
µ−

m∑
k=1

µkQ1(tk, ·)
)(
µ−

m∑
k=1

µkQ1(tk, ·)
)−1]

= F−1[1] = δ.

Îòæå, ñïiââiäíîøåííÿ (19) âèêîíó¹òüñÿ â ïðîñòîði (S
1/ω
2 )′.

Òâåðäæåííÿ äîâåäåíî.

Çàóâàæåííÿ 2. ßêùî µ = 1, µ1 = · · · = µm = 0, òî çàäà÷à (7), (8) � çàäà÷à Êîøi

äëÿ ðiâíÿííÿ (7). Ó öüîìó âèïàäêó Q2(σ) = 1, σ ∈ R, G(t, ·) = F−1[e−tϕ(σ)] i G(t, ·) →
F−1[1] = δ, t→ +0, ó ïðîñòîði (S

1/ω
1 )′.

Íàñëiäîê 3. Íåõàé

ω(t, x) = f ∗G(t, x), f ∈ (S
1/ω
2,∗ )′, (t, x) ∈ Ω

(òóò (S
1/ω
2,∗ )′ � êëàñ çãîðòóâà÷iâ ó ïðîñòîði S

1/ω
2 ). Òîäi ó ïðîñòîði (S

1/ω
2 )′ âèêîíó¹òüñÿ

ãðàíè÷íå ñïiââiäíîøåííÿ

µω(t, ·)−
m∑
k=1

µkω(tk, ·)→ f, t→ +0.

Äîâåäåííÿ. Äëÿ äîâåäåííÿ òâåðäæåííÿ äîñèòü âñòàíîâèòè, ùî ãðàíè÷íå ñïiââiäíîøåí-

íÿ

F
[
µω(t, ·)−

m∑
k=1

µkω(tk, ·)
]
→ F [f ], t→ +0,
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âèêîíó¹òüñÿ ó ïðîñòîði (S2
1/ω)′ = F [(S

1/ω
2 )′]. Çãiäíî ç óìîâîþ, óçàãàëüíåíà ôóíêöiÿ f �

çãîðòóâà÷ ó ïðîñòîði S
1/ω
2 , G(t, ·) ∈ S1/ω

2 (ïðè êîæíîìó t > 0), òîìó

F [ω(t, x)] = F [f ∗G(t, x)] = F [f ] ·Q(t, ·).

Îñêiëüêè Q(t, ·) → Q2(·) ïðè t → +0 ó ïðîñòîði (S2
1/ω)′ (äèâ. äîâåäåííÿ òâåðäæåííÿ

1 ëåìè 6), à F [f ] � ìóëüòèïëiêàòîð ó ïðîñòîði S2
1/ω, òî â ïðîñòîði (S2

1/ω)′ âèêîíó¹òüñÿ

ãðàíè÷íå ñïiââiäíîøåííÿ

F [µω(t, ·)−
m∑
k=1

µkω(tk, ·)] = F [f ]
(
µQ(t, ·)−

m∑
k=1

µkQ(tk, ·)
)
−→
t→+0

−→
t→+0

F [f ]
(
µQ2(·)−

m∑
k=1

µkQ1(tk, ·)Q2(·)
)

= F [f ]Q2(·)
(
µ−

m∑
k=1

µkQ1(tk, ·)
)

=

= F [f ]
(
µ−

m∑
k=1

µkQ1(tk, ·)
)−1(

µ−
m∑
k=1

µkQ1(tk, ·)
)

= F [f ].

Òâåðäæåííÿ äîâåäåíî.

Ôóíêöiÿ ω(t, x), (t, x) ∈ Ω, ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (7). Ñïðàâäi, îñêiëüêè f � çãîðòóâà÷

ó ïðîñòîði S
1/ω
2 , òî

Âω(t, x) = F−1[ϕ(σ)F [f ∗G(t, ·)]] = F−1[ϕ(σ)F [f ]Q(t, ·)] = −F−1
[ ∂
∂t
Q(t, ·)F [f ]

]
=

= −F−1
[
F
[ ∂
∂t
G(t, ·)

]
F [f ]

]
= −F−1

[
F
[
f ∗ ∂

∂t
G(t, ·)

]]
= −f ∗ ∂G(t, ·)

∂t
.

Ç iíøîãî áîêó (äèâ. íàñëiäîê 2),

∂

∂t
ω(t, ·) =

∂

∂t
(f ∗G(t, ·)) = f ∗ ∂G(t, ·)

∂t
.

Çâiäñè âèïëèâà¹, ùî ôóíêöiÿ ω(t, x), (t, x) ∈ Ω, çàäîâîëüíÿ¹ ðiâíÿííÿ (7).

Ç íàñëiäêó 3 âèïëèâà¹, ùî äëÿ ðiâíÿííÿ (7) m-òî÷êîâó çàäà÷ó ìîæíà ñòàâèòè òàê:

çíàéòè ðîçâ'ÿçîê ðiâíÿííÿ (7), ÿêèé çàäîâîëüíÿ¹ óìîâó

µ lim
t→+0

u(t, ·)−
m∑
k=1

µku(tk, ·) = f, f ∈ (S
1/ω
2,∗ )′, (20)

äå ãðàíè÷íå ñïiââiäíîøåííÿ (20) ðîçãëÿäà¹òüñÿ ó ïðîñòîði (S
1/ω
2 )′ (îáìåæåííÿ íà ïàðà-

ìåòðè µ, µ1, . . . , µm, t1, . . . , tm òàêi æ, ÿê i ó âèïàäêó çàäà÷i (7), (8)).

Iç äîâåäåíîãî ðàíiøå âèïëèâà¹, ùî ôóíêöiÿ u(t, x) = f∗G(t, x), (t, x) ∈ Ω, ¹ ðîçâ'ÿçêîì

ðiâíÿííÿ (7). ßêùî f = δ ∈ (S
1/ω
2,∗ )′, òî f ∗ G(t, x) = G(t, x), òîáòî G(t, x) òàêîæ ¹

ðîçâ'ÿçêîì ðiâíÿííÿ (7). Óðàõóâàâøè öåé ôàêò, à òàêîæ ñïiââiäíîøåííÿ (19). ôóíêöiþ

G(t, x) íàçèâàòèìåìî ôóíäàìåíòàëüíèì ðîçâ'ÿçêîì çàäà÷i (7), (20).

Òåîðåìà 1. Çàäà÷à (7), (20) êîðåêòíî ðîçâ'ÿçíà, ðîçâ'ÿçîê äà¹òüñÿ ôîðìóëîþ

u(t, x) = f ∗G(t, x), (t, x) ∈ Ω.
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Äîâåäåííÿ. Ôóíêöiÿ f ∗ G(t, x) çàäîâîëüíÿ¹ ðiâíÿííÿ (7). Ðîçâ'ÿçîê íåïåðåðâíî çàëå-

æèòü âiä f â óìîâi (20) ó òîìó ðîçóìiííi, ùî ÿêùî {f, fn, n ≥ 1} ⊂ (S
1/ω
2,∗ )′ i fn → f ïðè

n → ∞ ó ïðîñòîði (S
1/ω
2 )′, òî un = fn ∗ G(t, x) → u = f ∗ G(t, x) ïðè n → ∞ ó ïðîñòîði

(S
1/ω
2 )′. Öÿ âëàñòèâiñòü âèïëèâà¹ ç âëàñòèâîñòi íåïåðåðâíîñòi çãîðòêè.

Çàëèøèëîñÿ ïåðåêîíàòèñÿ â òîìó, ùî çàäà÷à (7), (20) ìà¹ ¹äèíèé ðîçâ'ÿçîê. Äëÿ

öüîãî ðîçãëÿíåìî çàäà÷ó Êîøi

∂v

∂t
= Â∗v, (t, x) ∈ [0, t0)× R, 0 ≤ t < t0 < +∞ (21)

v(t, ·)|t=t0 = ψ, ψ ∈ (S
1/ω
2,∗ )′, (22)

äå Â∗ � çâóæåííÿ ñïðÿæåíîãî îïåðàòîðà äî îïåðàòîðà Â íà ïðîñòið S
1/ω
2 ⊂ (S

1/ω
2,∗ )′. Óìîâó

(22) ðîçóìi¹ìî â ñëàáêîìó ñåíñi. Çàäà÷à Êîøi (21), (22) ¹ ðîçâ'ÿçíîþ ïðè êîæíîìó

t ∈ [0, t0).

Íåõàé Qt
t0
: (S

1/ω
2,∗ )′ → S

1/ω
2 � îïåðàòîð, ÿêèé çiñòàâëÿ¹ ôóíêöiîíàëó ψ ∈ (S

1/ω
2,∗ )′

ðîçâ'ÿçîê çàäà÷i (21), (22). Îïåðàòîð Qt
t0
¹ ëiíiéíèì i íåïåðåðâíèì, âií âèçíà÷åíèé äëÿ

äîâiëüíèõ 0 ≤ t < t0 < +∞ i âîëîäi¹ âëàñòèâîñòÿìè:

∀ψ ∈ (S
1/ω
2,∗ )′ :

dQt
t0
ψ

dt
= Â∗Qt

t0
ψ, lim

t→t0
Qt
t0
ψ = ψ

(ãðàíèöÿ ðîçãëÿäà¹òüñÿ â ïðîñòîði (S
1/ω
2,∗ )′).

Ðîçâ'ÿçîê u(t, x), (t, x) ∈ Ω, ðîçóìiòèìåìî ÿê ðåãóëÿðíèé ôóíêöiîíàë ç ïðîñòîðó

(S
1/ω
2,∗ )′ ⊃ S

1/ω
2 . Äîâåäåìî, ùî çàäà÷à (7), (20) ìîæå ìàòè ëèøå ¹äèíèé ðîçâ'ÿçîê ó ïðî-

ñòîði (S
1/ω
2,∗ )′. Äëÿ öüîãî äîñèòü äîâåñòè, ùî ¹äèíèì ðîçâ'ÿçêîì ðiâíÿííÿ (7) ïðè íóëüîâié

ïî÷àòêîâié óìîâi ìîæå áóòè ëèøå ôóíêöiîíàë u(t, x) = 0 (ïðè êîæíîìó t ∈ (0,∞)). Çà-

ñòîñó¹ìî ôóíêöiîíàë u äî ôóíêöi¨ Qt
t0
ψ, äå ψ � äîâiëüíèé åëåìåíò ç ïðîñòîðó S

1/ω
2 ⊂

(S
1/ω
2,∗ )′. Äèôåðåíöiþþ÷è ïî t i âèêîðèñòîâóþ÷è ðiâíÿííÿ (7), (21), îòðèìó¹ìî

∂

∂t
〈u(t, ·), Qt

t0
ψ〉 =

〈∂u
∂t
,Qt

t0
ψ
〉

+
〈
u,
∂Qt

t0
ψ

∂t

〉
= 〈−Âu,Qt

t0
ψ〉+ 〈u, Â∗Qt

t0
ψ〉 =

= 〈−Âu,Qt
t0
ψ〉+ 〈Âu,Qt

t0
ψ〉 = 0, t ∈ [0, t0).

Çâiäñè âèïëèâà¹, ùî 〈u(t, ·), Qt
t0
ψ〉 ¹ ñòàëîþ âåëè÷èíîþ. Iç âëàñòèâîñòåé àáñòðàêòíèõ

ôóíêöié [2] âèïëèâà¹ ñïiââiäíîøåííÿ

lim
t→t0
〈u(t, ·), Qt

t0
ψ〉 = 〈u(t0, ·), ψ〉 = c0 = c0(t0)

ó äîâiëüíié òî÷öi t0 ∈ (0,∞). Îòæå, ÿêùî â (20) f = 0, òî

µ lim
t→+0
〈u(t, ·), ψ〉 −

m∑
k=1

µk〈u(tk, ·), ψ〉 = µc0 −
m∑
k=1

µkck = 0.

Çâiäñè âèïëèâà¹, ùî c0 = c1 = · · · = cm = 0. Ñïðàâäi, íåõàé öå íå òàê. Íàïðèêëàä,

c0 6= 0. Òîäi ìà¹ìî ñïiââiäíîøåííÿ:

µ−
m∑
k=1

µkβk = 0,



Áàãàòîòî÷êîâà çà ÷àñîì çàäà÷à . . . 105

äå βk = ck/c0, òîáòî µ =
m∑
k=1

µkβk. Îñêiëüêè, çà óìîâîþ µ >

m∑
k=1

µk, äå µ1, . . . , µm �

ôiêñîâàíi, òî îäåðæàíå ïðîòèði÷÷ÿ äîâîäèòü, ùî c0 = 0. Àíàëîãi÷íî ïåðåêîíó¹ìîñÿ

â òîìó, ùî c1 = · · · = cm = 0. Òàêèì ÷èíîì, 〈u(t0, ·), ψ〉 = 0 äëÿ äîâiëüíîãî ψ ∈ S1/ω
2 ,

òîáòî u(t0, ·) � íóëüîâèé ôóíêöiîíàë ç ïðîñòîðó (S
1/ω
2,∗ )′. Îñêiëüêè t0 ∈ (0,∞) i t0 âèáðàíå

äîâiëüíèì ÷èíîì, òî u(t, x) = 0 äëÿ âñiõ t ∈ (0,∞). Òåîðåìó 1 äîâåäåíî.

Òåîðåìà 2. Íåõàé u(t, x), (t, x) ∈ Ω, � ðîçâ'ÿçîê çàäà÷i (7), (20). Òîäi u(t, x) → 0 ïðè

t→ +∞ ó ïðîñòîði (S
1/ω
2 )′ .

Äîâåäåííÿ. Ðîçâ'ÿçîê çàäà÷i (7), (20) äà¹òüñÿ ôîðìóëîþ

u(t, x) = f ∗G(t, x) = 〈fξ, G(t, x− ξ)〉, f ∈ (S
1/ω
2,∗ )′, (t, x) ∈ Ω.

Äîâåäåìî, ùî 〈u(t, ·), ψ〉 → 0 ïðè t→ +∞ äëÿ äîâiëüíî¨ ôóíêöi¨ ψ ∈ S1/ω
2 (öå i îçíà÷à-

òèìå, ùî u(t, ·)→ 0 ïðè t→ +∞ ó ïðîñòîði (S
1/ω
2 )′). Ââåäåìî ïîçíà÷åííÿ

Ψt(ξ) :=

+∞∫
−∞

G(t, x− ξ)ψ(x)dx, Ψt,R(ξ) :=

R∫
−R

G(t, x− ξ)ψ(x)dx, R > 0,

i äîâåäåìî, ùî: à) ïðè êîæíîìó t > 1 i R > 0 ôóíêöiÿ Ψt,R(ξ) ¹ åëåìåíòîì ïðîñòîðó

S
1/ω
2 . Ψt,R(ξ)→ Ψt(ξ) ïðè R→ +∞ ó ïðîñòîði S

1/ω
2 ; á) Ψt(ξ) ∈ S1/ω

2 ïðè êîæíîìó t > 1.

Çâiäñè äiñòà¹ìî, ùî

〈u(t, ·), ψ〉 =

+∞∫
−∞

〈fξ, G(t, x− ξ)〉ψ(x)dx = 〈fξ,
+∞∫
−∞

G(t, x)ψ(x+ ξ)dx〉 =

= 〈fξ,
+∞∫
−∞

G(t,−y)ψ(−(y − ξ))dy〉 = 〈fξ,
+∞∫
−∞

G(t,−y)ψ̌(y − ξ)dy〉, ψ̌(z) = ψ(−z),

(òóò u(t, ·) òðàêòó¹òüñÿ ÿê ðåãóëÿðíà óçàãàëüíåíà ôóíêöiÿ ç ïðîñòîðó (S
1/ω
2 )′ ïðè êî-

æíîìó t > 0).

Îòæå, âñòàíîâèìî âëàñòèâiñòü à). Ïðè ôiêñîâàíèõ {k,m} ⊂ Z+ ìà¹ìî:

|ξkDm
ξ Ψt,R(ξ)| ≤

R∫
−R

|ξkψ(x)Dm
ξ G(t, x− ξ)|dx ≤

+∞∫
−∞

|ξkψ(ξ + η)Dm
η G(t, η)|dη.

Îñêiëüêè ψ ∈ S1/ω
2 , òî ïðè äåÿêèõ c, L,B > 0

|ξkDm
ξ ψ(ξ)| ≤ cLkBmk2kmm/ω, {k,m} ⊂ Z+.

Çâiäñè, ïðè êîæíîìó η ∈ R:

sup
ξ∈R
|ξkψ(ξ + η)| − sup

y∈R
|(y − η)kψ(y)| = sup

y∈R

∣∣∣ k∑
l=0

C l
ky

l(−η)k−lψ(y)
∣∣∣ ≤
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≤
k∑
l=0

C l
k|η|k−l sup

y∈R
|ylψ(y)| ≤ c

k∑
l=0

C l
kL

ll2l|η|k−l.

Äàëi ñêîðèñòà¹ìîñÿ îöiíêàìè (17). Òîäi

|ξkDm
ξ Ψt,R(ξ)| ≤ c

k∑
l=0

C l
kL

ll2l
+∞∫
−∞

|η|k−l|Dm
η G(t, η)|dη ≤

≤ cc3B
m
t−1mm/ω

k∑
l=0

C l
kl

2lLl
+∞∫
−∞

|η|k−l exp{−a0t
−1/2|η|1/2}dη.

Çà äîïîìîãîþ áåçïîñåðåäíiõ îá÷èñëåíü çíàõîäèìî, ùî

+∞∫
−∞

|η|k−l exp{−a0t
−1/2|η|1/2}dη ≤ c4L̃

k−l(k − l)2(k−l)tk−l+1, c4, L̃ > 0.

Òàêèì ÷èíîì,

|ξkDm
ξ Ψt,R(ξ)| ≤ cc3c4B

m
mm/ω

k∑
l=0

C l
kL

lL̃k−ltk−ll2l(k − l)2(k−l) ≤

≤ cB
m
L
k
k2kmm/ω, (23)

äå c = cc3c4, L = 2 max{L, L̃t}. Îòæå, Ψt,R(ξ) ∈ S1/ω
2 ïðè êîæíîìó t > 1 i äîâiëüíîìó

R > 0. Äàëi áåçïîñåðåäíüî ïåðåêîíó¹ìîñÿ â òîìó, ùî Ψt,R(ξ) → Ψt(ξ) ïðè R → +∞
ðiâíîìiðíî ïî ξ ðàçîì ç óñiìà ñâî¨ìè ïîõiäíèìè íà êîæíîìó âiäðiçêó [a, b] ⊂ R. Êðiì
òîãî, ñóêóïíiñòü ôóíêöié {ξkDm

ξ Ψt,R(ξ)}, {k,m} ⊂ Z+, ðiâíîìiðíî îáìåæåíà (âiäíîñíî

R) ó ïðîñòîði S
1/ω
2 (öÿ âëàñòèâiñòü âèïëèâà¹ ç îöiíîê (21), ó ÿêèõ ñòàëi c, B, L > 0 íå

çàëåæàòü âiä R). Öå i îçíà÷à¹ âèêîíàííÿ óìîâè à).

Ç óìîâè à) âèïëèâà¹ óìîâà á), îñêiëüêè â äîñêîíàëîìó ïðîñòîði êîæíà îáìåæåíà

ìíîæèíà ¹ êîìïàêòíîþ.

Âèêîðèñòîâóþ÷è âëàñòèâîñòi à), á), îòðèìà¹ìî ñïiââiäíîøåííÿ

〈u(t, ·), ψ〉 =

+∞∫
−∞

G(t,−y)(f ∗ ψ̌)(y)dy.

Îñêiëüêè f � çãîðòóâà÷ ó ïðîñòîði S
1/ω
2 , òî f ∗ ψ̌ ∈ S1/ω

2 . Òîäi, âðàõóâàâøè îöiíêè (17)

(ïðè s = 0), îäåðæèìî

|〈u(t, ·), ψ〉| ≤
+∞∫
−∞

|G(t,−y)| |(f ∗ψ̌)(y)|dy ≤ ct−1/ω

+∞∫
−∞

|(f ∗ψ̌)(y)|dy ≤ c0t
−1/ω → 0, t→ +∞,

äëÿ äîâiëüíî¨ ôóíêöi¨ ψ ∈ S1/ω
2 , òîáòî u(t, ·)→ 0 ïðè t→ +∞ ó ïðîñòîði (S

1/ω
2 )′. Òåîðåìó

2 äîâåäåíî.



Áàãàòîòî÷êîâà çà ÷àñîì çàäà÷à . . . 107

ßêùî óçàãàëüíåíà ôóíêöiÿ f â óìîâi (20) ¹ ôiíiòíîþ (òîáòî íîñié f (suppf) � îáìå-

æåíà ìíîæèíà â R), òî ìîæíà ãîâîðèòè ïðî ðiâíîìiðíå ïðÿìóâàííÿ äî íóëÿ íà R ïðè

t → +∞ ðîçâ'ÿçêó u(t, x) çàäà÷i (7), (20). Çàóâàæèìî, ùî êîæíà ôiíiòíà óçàãàëüíå-

íà ôóíêöiÿ ¹ çãîðòóâà÷åì ó ïðîñòîðàõ òèïó S. Öÿ âëàñòèâiñòü âèïëèâà¹ iç çàãàëüíîãî

ðåçóëüòàòó, ÿêèé ñòîñó¹òüñÿ òåîði¨ äîñêîíàëèõ ïðîñòîðiâ (äèâ. [2, ñ. 173]): ÿêùî Φ �

äîñêîíàëèé ïðîñòið iç äèôåðåíöiéîâíîþ îïåðàöi¹þ çñóâó, òî êîæíèé ôiíiòíèé ôóíêöiî-

íàë ¹ çãîðòóâà÷åì ó ïðîñòîði Φ. Ôiíiòíi ôóíêöiîíàëè óòâîðþþòü äîñèòü øèðîêèé êëàñ.

Çîêðåìà, êîæíà îáìåæåíà çàìêíåíà ìíîæèíà ¹ íîñi¹ì äåÿêî¨ ôiíiòíî¨ óçàãàëüíåíî¨ ôóí-

êöi¨ [5].

Òåîðåìà 3. Íåõàé u(t, x) � ðîçâ'ÿçîê çàäà÷i (7), (20) ç óçàãàëüíåíîþ ôóíêöi¹þ f , ÿêà

¹ åëåìåíòîì ïðîñòîðó (S
1/ω
2,∗ )′, äå ω ∈ (0, 1). Òîäi u(t, x)→ 0 ïðè t→ +∞ ðiâíîìiðíî íà

R.

Íàâåäåìî ñõåìó äîâåäåííÿ ñôîðìóëüîâàíîãî òâåðäæåííÿ. Íåõàé supp f ⊂ [a1, b1] ⊂
[a2, b2] ⊂ R. Ðîçãëÿíåìî ôóíêöiþ ψ ∈ S

1/ω
2 òàêó, ùî ψ(x) = 1, x ∈ [a1, b1], supp ψ ⊂

[a2, b2]. Òàêà ôóíêöiÿ iñíó¹, îñêiëüêè ïðîñòið S
1/ω
2 ïðè 1/ω > 1 ìiñòèòü ôiíiòíi ôóíêöi¨

[2]. Ïîäàìî ôóíêöiþ u(t, x) ó âèãëÿäi

u(t, x) = 〈fξ, ψ(ξ)G(t, x− ξ)〉+ 〈fξ, γ(ξ)G(t, x− ξ)〉,

äå γ = 1− ψ. Îñêiëüêè

supp (γ(ξ)G(t, x− ξ)) ∩ suppf = ∅,

òî

u(t, x) = t−1/ω〈fξ, t1/ωψ(ξ)G(t, x− ξ)〉.

Äëÿ äîâåäåííÿ òâåðäæåííÿ äîñèòü ïåðåêîíàòèñÿ â òîìó, ùî ñóêóïíiñòü ôóíêöié

Φt,x(ξ) = t1/ωψ(ξ)G(t, x− ξ) îáìåæåíà â ïðîñòîði S1/ω
2 ïðè âåëèêèõ çíà÷åííÿõ t, x ∈ R i

ξ ∈ R \ [a1, b1] (öÿ âëàñòèâiñòü âèïëèâà¹ ç îöiíîê (17)).

Ïðèêëàä. Ðîçãëÿíåìî ôóíêöiþ

ϕω,p(σ) =
( p∑
k=0

σ2k
)ω/(2p)

, σ ∈ R,

äå ω ∈ (0, 1], p ∈ N � äîâiëüíî ôiêñîâàíi ÷èñëà. Î÷åâèäíî, ùî ϕω,p ∈ C∞(R), ϕ(σ) > |σ|ω,
σ ∈ R. ßêùî |σ| ≤ 1, òî

ϕω,p(σ) ≤ (p+ 1)ω/(2p) ≤ (p+ 1) ≤ (p+ 1)eε|σ|
ω

äëÿ äîâiëüíî ôiêñîâàíîãî ε > 0. ßêùî |σ| > 1, òî

ϕω,p(σ) ≤ (p+ 1)|σ|ω ≤ 1

ε
(p+ 1)eε|σ|

ω

.

Îòæå,

∀ε > 0 ∀σ ∈ R : ϕω,p(σ) ≤ cεe
ε|σ|ω ,
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äå cε = (p+ 1) max{1, 1/ε}. Êðiì òîãî, áåçïîñåðåäíüî ïåðåêîíó¹ìîñÿ â òîìó, ùî ïîõiäíi

ôóíêöi¨ ϕω,p çàäîâîëüíÿþòü óìîâó

∃c0, B0 > 0 ∀n ∈ N ∀σ ∈ R : |ϕ(n)
ω,p(σ)| ≤ c0B

n
0n!

(ñòàëi c0, B0 çàëåæàòü âiä p, ω). Îòæå, ϕω,p ∈ Pω (ïðè äîâiëüíî ôiêñîâàíîìó p ∈ N).
Ñêîðèñòàâøèñü ñïåêòðàëüíîþ òåîðåìîþ äëÿ ñàìîñïðÿæåíèõ îïåðàòîðiâ òà îïåðà-

öiéíèì ÷èñëåííÿì äëÿ òàêèõ îïåðàòîðiâ îäåðæèìî

ϕω,p

(
i
∂

∂x

)
=
(
I +

p∑
k=1

(
i
∂

∂x

)2k)ω/(2p)
=
(
I +

p∑
k=1

(−1)k
∂2k

∂x2k

)ω/(2p)
(òóò I � îäèíè÷íèé îïåðàòîð). Íàïðèêëàä,

ϕ1,1

(
i
∂

∂x

)
=
(
I − ∂2

∂x2

)1/2

.

Öåé îïåðàòîð ÷àñòî âèêîðèñòîâó¹òüñÿ â òåîði¨ äðîáîâîãî iíòåãðî-äèôåðåíöiþâàííÿ i

íàçèâà¹òüñÿ îïåðàòîðîì Áåññåëÿ äðîáîâîãî äèôåðåíöiþâàííÿ ïîðÿäêó 1/2 (äèâ. [18]).

Iíøi ïðèêëàäè:

ϕ4/7,2

(
i
∂

∂x

)
=
(
I − ∂2

∂x2
+

∂4

∂x4

)1/7

,

ϕ5/6,3

(
i
∂

∂x

)
=
(
I − ∂2

∂x2
+

∂4

∂x4
− ∂6

∂x6

)5/36

,

îïåðàòîðè ϕω,p

(
i
∂

∂x

)
ïðèðîäíî íàçèâàòè îïåðàòîðàìè äðîáîâîãî äèôåðåíöiþâàííÿ. Çãi-

äíî ç òåîðåìîþ 1, íåëîêàëüíà m-òî÷êîâà çà ÷àñîì çàäà÷à äëÿ ðiâíÿííÿ (7), íàïðèêëàä,

ç îïåðàòîðîì ϕ5/6,3

(
i
∂

∂x

)
êîðåêòíî ðîçâ'ÿçíà, ÿêùî ïî÷àòêîâà ôóíêöiÿ f â óìîâi (20)

¹ åëåìåíòîì ïðîñòîðó (S
5/6
2,∗ )′.

Íàâåäåìî ùå ïðèêëàä óçàãàëüíåíî¨ ôóíêöi¨ ç ïðîñòîðó (S
1/ω
2,∗ )′. Íåõàé

fα(x) =

{
exp{|x|−α}, x ∈ [−1, 1] \ {0}, α > 0,

0, |x| > 1.

Âiäîìî [19], ùî fα äîïóñêà¹ ðåãóëÿðèçàöiþ ó ïðîñòîði (Sβ2 )′, äå 1 < β < 1 + 1/α, òîáòî

fα ¹ ðåãóëÿðíîþ óçàãàëüíåíîþ ôóíêöi¹þ ç ïðîñòîðó (Sβ2 )′. ßêùî ââàæàòè, ùî ω ∈ (0, 1)

i ïîêëàñòè β = 1/ω > 1, òî

1

α
>

1

ω
− 1 =

1− ω
ω

, α <
ω

1− ω
.

Îòæå, ÿêùî α <
ω

1− ω
, òî fα ∈ (S

1/ω
2 )′. Äëÿ ïðèêëàäó âiçüìåìî α =

ω

2(1− ω)
i ïîêëà-

äåìî ω = 1/2; òîäi α = 1/2. Îòæå, ôóíêöiÿ

f 1
2
(x) =

{
exp{|x|−1/2}, x ∈ [−1, 1] \ {0},
0, |x| > 1,
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ïîðîäæó¹ ðåãóëÿðíèé ôóíêöiîíàë ç ïðîñòîðó (S2
2)′. Îñêiëüêè íîñié (supp)f1/2 � âiäðiçîê

[−1, 1], òî f1/2 � ôiíiòíà óçàãàëüíåíà ôóíêöiÿ, à, îòæå, f1/2 � çãîðòóâà÷ ó ïðîñòîði

S2
2 . Çãiäíî ç òåîðåìàìè 1, 3, çàäà÷à (7), (20) ç îïåðàòîðîì ϕ1/2,p

(
i
∂

∂x

)
i ïî÷àòêîâîþ

ôóíêöi¹þ f1/2 ∈ (S2
2,∗)
′ � êîðåêòíî ðîçâ'ÿçíà, ïðè öüîìó u(t, x) → 0 ïðè t → +∞

ðiâíîìiðíî íà R.
Âèñíîâêè. Ôîðìàëüíîãî ðîçøèðåííÿ êëàñó ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè ïà-

ðàáîëi÷íîãî òèïó ìîæíà äîìîãòèñÿ, çàëó÷èâøè åâîëþöiéíi ðiâíÿííÿ ç îïåðàòîðàìè

ϕ
(
i
∂

∂x

)
, ïîáóäîâàíèìè çà ïîâíèìè ôóíêöiÿìè. Çâóæåííÿ òàêèõ îïåðàòîðiâ íà ïåâíi

ïðîñòîðè òèïó S (ïðîñòîðè Sβα) çáiãàþòüñÿ iç ïñåâäîäèôåðåíöiàëüíèìè îïåðàòîðàìè ó

òàêèõ ïðîñòîðàõ, ïîáóäîâàíèõ çà ôóíêöiÿìè ϕ, ÿêi ¹ ìóëüòèïëiêàòîðàìè ó ïðîñòîðàõ

Sαβ . Òàêèé ïiäõiä äîçâîëÿ¹ åôåêòèâíî âèêîðèñòàòè ìåòîä ïåðåòâîðåííÿ Ôóð'¹ äëÿ äîñëi-

äæåííÿ áàãàòîòî÷êîâî¨ çà ÷àñîì çàäà÷i äëÿ åâîëþöiéíèõ ðiâíÿíü ç îïåðàòîðàìè äðîáî-

âîãî äèôåðåíöiþâàííÿ i ïî÷àòêîâîþ ôóíêöi¹þ, ÿêà ìîæå ìàòè â îäíié òî÷öi îñîáëèâiñòü

íàâiòü �åêñïîíåíöiàëüíîãî� ïîðÿäêó.
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The goal of this paper is to study evolution equations of the parabolic type with operators

ϕ
(
i
∂

∂x

)
built according to certain functions (di�erent from polynomials), in particular, with

operators of fractional di�erentiation. It is found that the restriction of such operators to

certain S-type spaces match with pseudo-di�erential operators in such spaces constructed by

these functions, which are multipliers in spaces that are Fourier transforms of S-type spaces.

The well-posedness of the nonlocal multipoint by time problem is proved for such equations with

initial functions that are elements of spaces of generalized functions of S-type. The properties

of the fundamental solutions of the speci�ed problem, the behavior of the solution at t→ +∞
in spaces of S′-type (weak stabilization) were studied. We found conditions under which the

solution stabilizes to zero uniformly on R.


