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Ðîçãëÿíóòî äèñêðåòíó ëîãiñòè÷íó ìîäåëü òà ìîäåëü Ðiêåðà çi çáîðîì óðîæàþ. Äëÿ

íèõ çíàéäåíî ñòàöiîíàðíi òà ïåðiîäè÷íi ðîçâ'ÿçêè, äîñëiäæåíî ¨õ ñòiéêîñòi. Ç ìîäåëÿìè
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Ñó÷àñíi äîñÿãíåííÿ â åêîëîãi¨ ñòàëè ìîæëèâèìè çàâäÿêè âèêîðèñòàííþ ìåòîäiâ
ìàòåìàòè÷íîãî ìîäåëþâàííÿ. Ìàòåìàòè÷íi ìîäåëi ñëóãóþòü îñíîâíèì iíñòðóìåíòîì
ðîçâ'ÿçàííÿ åêîëîãi÷íèõ, åêîëîãî-åêîíîìi÷íèõ ïðîáëåì. Âîíè äàþòü ìîæëèâiñòü áiëüø
ãëèáîêî çðîçóìiòè ñóòü åêîëîãi÷íèõ ïðîöåñiâ, îöiíèòè ¨õ ñòiéêiñòü òà çäiéñíèòè ïðîãíîç
ðîçâèòêó åêîñèñòåìè ïðè ðiçíèõ çîâíiøíiõ âïëèâàõ i ñïîñîáàõ óïðàâëiííÿ. Íàéáiëüøå
ìàòåìàòè÷íi ìåòîäè ïðîíèêëè â äîñëiäæåííÿ äèíàìiêè ÷èñåëüíîñòi áiîëîãi÷íèõ ïîïó-
ëÿöié [1].

Áiëüøiñòü ìàòåìàòè÷íèõ ìîäåëåé åêîëîãi÷íèõ ñèñòåì ôîðìóëþ¹òüñÿ ó âèãëÿäi äèôå-
ðåíöiàëüíèõ òà ðiçíèöåâèõ ðiâíÿíü, ÿêi äîçâîëÿþòü âèâ÷àòè äèíàìiêó ïðîöåñiâ ó ðåæèìi
ðåàëüíîãî ÷àñó.

Ïiäõiä, ùî áàçó¹òüñÿ íà àïàðàòi äèôåðåíöiàëüíèõ ðiâíÿíü, çàñòîñîâó¹òüñÿ äëÿ ìîäå-
ëþâàííÿ äèíàìiêè ïîïóëÿöié iç ïåðåêðèâíèìè ïîêîëiííÿìè. Îäíàê äëÿ áàãàòüîõ áiîëî-
ãi÷íèõ ïîïóëÿöié ïîñëiäîâíi ïîêîëiííÿ íå ïåðåêðèâàþòüñÿ i ðiñò ÷èñåëüíîñòi ïîïóëÿöié
âiäáóâà¹òüñÿ â äèñêðåòíi ìîìåíòè ÷àñó. Öÿ ñèòóàöiÿ ìà¹ ìiñöå äëÿ ïîïóëÿöié áåç äîâãèõ
äiàïàóç ó æèòò¹âîìó öèêëi. Äî òàêèõ ïîïóëÿöié ìîæíà âiäíåñòè áàãàòî âèäiâ êîìàõ. �õ
äîðîñëi îñîáèíè æèâóòü íåäîâãî, âiäêëàäàþòü ÿéöÿ i äî ìîìåíòó ïîÿâè íà ñâiò íîâîãî
ïîêîëiííÿ ïðèïèíÿþòü ñâî¹ iñíóâàííÿ.
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Òîìó òàêi ìîäåëi ïîâ'ÿçóþòü ÷èñåëüíiñòüNt+1 ó ìîìåíò ÷àñó t+1 iç ÷èñåëüíiñòþ â ïî-
ïåðåäíi ìîìåíòè ÷àñó. Öå ïðèâîäèòü äî ðîçãëÿäó ðiçíèöåâèõ ðiâíÿíü, ÿêi â ïðîñòiøîìó
âèïàäêó ìàþòü âèãëÿä

Nt+1 = F (Nt), Nt ∈ R+, F : R+ → R+, R+ = [0,∞), (1)

äå F � ãëàäêà äiéñíà ôóíêöiÿ äiéñíîãî àðãóìåíòó.
Ìàòåìàòè÷íà çàäà÷à ïîëÿãà¹ â ïîáóäîâi âiäîáðàæåííÿ i çíàõîäæåííi òðà¹êòîði¨ íå-

ëiíiéíèõ âiäîáðàæåíü ïðè çàäàíîìó N0 > 0. Ç ïðàêòè÷íî¨ òî÷êè çîðó, ÿêùî âiäîìèé
âèãëÿä ôóíêöi¨ F (Nt), òî âèçíà÷åííÿ ÷èñåëüíîñòi íàñòóïíèõ ïîêîëiíü ïîëÿãà¹ â ïîñëi-
äîâíîìó âèêîðèñòàííi ôîðìóëè (1), òîáòî øëÿõîì iòåðóâàííÿ.

Â àíàëiòè÷íîìó âèãëÿäi, ÿê ïðàâèëî, ðiâíÿííÿ (1) íå âäà¹òüñÿ ðîçâ'ÿçàòè, ïðîòå
ìîæíà çíàéòè ñòàöiîíàðíi òà ïåðiîäè÷íi ðîçâ'ÿçêè i äîñëiäèòè ¨õ íà ñòiéêiñòü.

Ñòàöiîíàðíi ðîçâ'ÿçêè N∗ = const ¹ íåðóõîìèìè òî÷êàìè âiäîáðàæåííÿ F i çíàõî-
äÿòüñÿ ç ðiâíÿííÿ

N∗ = F (N∗). (2)

Ëiíåàðèçàöiÿ ðiâíÿííÿ (1) â îêîëi ðiâíîâàãè N∗ ìà¹ âèãëÿä

xt+1 =
dF

dN

∣∣∣∣
N∗
xt.

Âåëè÷èíó λ =
dF

dN

∣∣∣∣
N∗

íàçèâàþòü ìóëüòèïëiêàòîðîì íåðóõîìî¨ òî÷êè äèíàìi÷íî¨ ñè-

ñòåìè ç äèñêðåòíèì ÷àñîì. Âií âèçíà÷à¹ õàðàêòåð ñòiéêîñòi ðîçâ'ÿçêó N∗. ßêùî |λ| < 1,
òî N∗ ñòiéêèé (àñèìïòîòè÷íî), ÿêùî |λ| > 1, òî � íåñòiéêèé. Îêðiì ñòàöiîíàðíèõ
ðîçâ'ÿçêiâ, âàæëèâi ùå ïåðiîäè÷íi ðîçâ'ÿçêè ðiâíÿííÿ (1).

Îçíà÷åííÿ 1. Ðîçâ'ÿçîê Nt íàçèâà¹òüñÿ ïåðiîäè÷íèì iç ïåðiîäîì T (iç äîâæèíîþ T àáî

T -öèêëîì), ÿêùî Nt+T = Nt äëÿ âñiõ t = 0, 1, 2, . . . i Nt+j 6= Nt äëÿ j = 1, 2, . . . , T − 1.

Îñîáëèâó ðîëü ñåðåä ïåðiîäè÷íèõ ðîçâ'çêiâ âiäiãðàþòü ðîçâ'ÿçêè ç ïåðiîäàìè T = 2

òà T = 3, îñêiëüêè, çà òåîðåìîþ Øàðêîâñüêîãî, ç ¨õ iñíóâàííÿ ìîæíà îäåðæàòè iíôîð-
ìàöiþ ïðî iñíóâàííÿ ïåðiîäè÷íèõ ðîçâ'ÿçêiâ iíøèõ ïåðiîäiâ [7]

Öèêëè äîâæèíîþ T = 2 iñíóþòü, ÿêùî ñèñòåìà

N2 = F (N1), N1 = F (N2),

ìà¹ äâà ðiçíèõ äîäàòíèõ ðîçâ'ÿçêè: N∗
1 i N∗

2 .
Óìîâà ñòiéêîñòi ïåðiîäè÷íîãî ðîçâ'ÿçêó ç ïåðiîäîì T = 2 ìà¹ âèãëÿä∣∣∣∣∣ dFdN

∣∣∣∣
N∗

1

· dF
dN

∣∣∣∣
N∗

2

∣∣∣∣∣ < 1.

Äëÿ çíàõîäæåííÿ öèêëiâ äîâæèíîþ 3 (äëÿ íèõ âèêîíó¹òüñÿ óìîâà Nt+3 = Nt) ìà¹ìî
ñèñòåìó

N3 = F (N2), N2 = F (N1), N1 = F (N3).
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Ñòiéêiñòü ïåðiîäè÷íîãî ðîçâ'ÿçêó N∗
1 , N

∗
2 , N

∗
3 ç ïåðiîäîì 3 âèçíà÷à¹òüñÿ óìîâîþ∣∣∣∣∣ dFdN

∣∣∣∣
N∗

1

· dF
dN

∣∣∣∣
N∗

2

· dF
dN

∣∣∣∣
N∗

3

∣∣∣∣∣ < 1.

Ó öié ðîáîòi ðîçãëÿäàþòüñÿ äèñêðåòíi ìîäåëi ïîïóëÿöié çi çáîðîì óðîæàþ, îñêiëüêè
ó ñâî¨é äiÿëüíîñòi ëþäèíà âèêîðèñòîâó¹ ðiçíi ïðèðîäíi ðåñóðñè. Ïðè öüîìó âàæëèâî íå
çíèùèòè áiîëîãi÷íó ïîïóëÿöiþ. Òîìó íàäçâè÷àéíî âàæëèâèé åêîëîãi÷íî îá ðóíòîâàíèé
ïiäõiä äî ðàöiîíàëüíîãî âèêîðèñòàííÿ âiäíîâëþâàëüíîãî ðåñóðñó.

Íåõàé ç äåÿêî¨ ïîïóëÿöi¨ âiäëîâëþ¹òüñÿ ïåâíà êiëüêiñòü îñîáèí, ïðè öüîìó ââàæà-
òèìåìî, ùî iíòåíñèâíiñòü ïðîìèñëó íå çàëåæèòü âiä ÷àñó. Â öüîìó âèïàäêó ðiâíÿííÿ,
ÿêå îïèñó¹ çìiíó ÷èñåëüíîñòi ïîïóëÿöi¨, ìà¹ âèãëÿä

Nt+1 = F (Nt)− C(Nt, α),

äå C(Nt, α) � iíòåíñèâíiñòü âiäëîâó îñîáèí iç ïîïóëÿöi¨, ïàðàìåòð α õàðàêòåðèçó¹ öþ
iíòåíñèâíiñòü.

Çàäà÷à ìîäåëþâàííÿ ïîëÿãà¹ â òîìó, ùîá óñòàíîâèòè òàêó øâèäêiñòü çáîðó óðîæàþ,
ÿêà áóäå ïiäòðèìóâàòè ïîïóëÿöiþ â ñòàíi ïðèðîñòó.

Ðîçãëÿíåìî ìîäåëi çáîðó óðîæàþ â ïîïóëÿöiÿõ, äèíàìiêà ÷èñåëüíîñòi ÿêèõ îïèñó¹-
òüñÿ äèñêðåòíèì ëîãiñòè÷íèì ðiâíÿííÿì òà ðiâíÿííÿì Ðiêåðà. Öi äâà ïðèêëàäè äèíà-
ìi÷íèõ ñèñòåì íàé÷àñòiøå âèêîðèñòîâóþòüñÿ íà ïðàêòèöi [1].

Ìîäåëü ëîãiñòè÷íîãî ðîñòó äåìîíñòðó¹ ñêëàäíó äèíàìiêó ÷èñåëüíîñòi ïîïóëÿöi¨ i
äîçâîëÿ¹ äîáðå àïðîêñèìóâàòè äèíàìiêó áàãàòüîõ áiîëîãi÷íèõ ïðîöåñiâ. Äîñëiäæåííþ
äèñêðåòíî¨ ëîãiñòè÷íî¨ ìîäåëi ïðèñâÿ÷åíî áàãàòî ïðàöü, íàïðèêëàä, [2], [3], [4]. Â íèõ
âèâ÷àþòüñÿ ïèòàííÿ iñíóâàííÿ ñòàöiîíàðíèõ ñòàíiâ, ïåðiîäè÷íèõ ðîçâ'ÿçêiâ òà ¨õ ñòié-
êiñòü, à òàêîæ âèíèêíåííÿ õàîòè÷íèõ ïîâåäiíîê ðîçâ'ÿçêó.

Ìîäåëü Ðiêåðà (ïðåäñòàâëåíà â 1954 ðîöi) âèâ÷àëàñü, çîêðåìà, â ïðàöÿõ [5], [6].

1 Àíàëiç ëîãiñòè÷íî¨ ìîäåëi çi çáîðîì óðîæàþ

Äèñêðåòíå ëîãiñòè÷íå ðiâíÿííÿ ïîñòiéíîãî çáîðó âðîæàþ ìà¹ âèãëÿä

Nt+1 = rNt(1−Nt)− c. (3)

Äëÿ (3) òî÷êà ðiâíîâàãè N = N∗ = const øóêà¹òüñÿ ç ðiâíÿííÿ

N = rN(1−N)− c,

àáî

rN2 − (r − 1)N + c = 0.

Çâiäêè çíàõîäèìî

N∗
1,2 =

r − 1±
√

(r − 1)2 − 4rc

2r
.
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Äëÿ iñíóâàííÿ äîäàòíèõ òî÷îê ñïîêîþ ñòàâèìî óìîâè r > 1 i (r − 1)2 − 4rc > 0. Öå
òå ñàìå, ùî c < (r − 1)2/4r.

Çi ñïiââiäíîøåííÿ

∣∣∣∣∣ dFdN
∣∣∣∣
N∗

1,2

∣∣∣∣∣ < 1 çíàõîäèìî óìîâè ñòiéêîñòi ñòàöiîíàðíèõ ñòàíiâ.

Ìà¹ìî
dF

dN

∣∣∣∣
N∗

1

= r(1− 2N∗
1 ) = 1 +

√
(r − 1)2 − 4rc > 1,

òîáòî ðîçâ'ÿçîê N = N∗
1 � íåñòiéêèé.

Äëÿ N = N∗
2

dF

dN

∣∣∣∣
N∗

2

= r(1− 2N∗
2 ) = 1−

√
(r − 1)2 − 4rc.

Ç óìîâè ñòiéêîñòi
∣∣∣1−√(r − 1)2 − 4rc

∣∣∣ < 1 îäåðæó¹ìî ñïiââiäíîøåííÿ r2−2r−4rc < 3.

Çíàéäåìî çíà÷åííÿ N∗
1 , N

∗
2 , ùî ñêëàäàþòü öèêë äîâæèíîþ 2. Âîíè âèçíà÷àþòüñÿ ç

óìîâè Nt+2 = Nt, òîáòî ç ðiâíÿííÿ

N = r
[
(rN − rN2 − c)− (rN − rN2 − c)2

]
− c,

àáî òå ñàìå, ùî ç ðiâíÿííÿ

r3N4 − 2r3N3 + (r3 + r2 + 2r2c)N2 + (1− r2 − 2r2c)N + rc+ rc2 + c = 0. (4)

Îñêiëüêè çíàéäåíi çíà÷åííÿ äëÿ ñòàöiîíàðíèõ ðîâ'ÿçêiâ çàäîâîëüíÿþòü ðiâíÿííÿ (4),
âèðàç rN2−(r−1)N+c ¹ äiëüíèêîì ëiâî¨ ÷àñòèíè (4). Âèêîíàâøè öå äiëåííÿ, îäåðæó¹ìî
ðiâíÿííÿ äëÿ çíàõîäæåííÿ N∗

1 , N
∗
2 . ùî ñêëàäàþòü öèêë äîâæèíîþ 2.

Ìà¹ìî
r2N2 − r(r + 1)N + (r + rc+ 1) = 0.

Çâiäñè

N∗
1,2 =

r + 1±
√

(r + 1)2 − 4(r + rc+ 1)

2r
.

Äîäàòíi N∗
1,2 iñíóþòü, ÿêùî

(r + 1)2 − 4(r + rc+ 1) > 0,

àáî
r > 1 + 2c+

√
(1 + 2c)2 + 3.

Ñòiéêiñòü ïåðiîäè÷íîãî ðîçâ'ÿçêó ïðè T = 2 äîñëiäæó¹ìî øëÿõîì ïåðåâiðêè íåðiâ-
íîñòi ∣∣∣∣∣ dFdN

∣∣∣∣
N∗

1

· dF
dN

∣∣∣∣
N∗

2

∣∣∣∣∣ = r2 |(1− 2N∗
1 )(1− 2N∗

2 )| < 1,

çâiäêè îäåðæó¹ìî óìîâó ñòiéêîñòi â ïàðàìåòðàõ r, c ó âèãëÿäi

|4 + 2r + 4rc− r2| < 1
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àáî

1 + 2c+
√
(1 + 2c)2 + 3 < r < 1 + 2c+

√
(1 + 2c)2 + 5.

Ïðè c = 0 ìà¹ìî 3 < r < 1+
√
6, ùî çáiãà¹òüñÿ ç óìîâîþ ñòiéêîñòi ïåðiîäè÷íîãî ðîçâ'ÿçêó

ìîäåëi áåç çáîðó âðîæàþ.
Äëÿ çíàõîäæåííÿ öèêëiâ äîâæèíîþ 3 (óìîâà Nt+3 = Nt) íåîáõiäíî çíàéòè ðîçâ'ÿçêè

ñèñòåìè

Nt = rNt+2(1−Nt+2)− c,

Nt+2 = rNt+1(1−Nt+1)− c,

Nt+1 = rNt(1−Nt)− c.

Öå àíàëîãi÷íå îá÷èñëåííþ êîðåíiâ ðiâíÿííÿ

N = r (−r(c+ r(N − 1)N)(c+ r(N − 1)N + 1)− c)×

× (r(c+ r(N − 1)N)(c+ r(N − 1)N + 1) + c+ 1)− c.

Äâà êîðåíi öüîãî ðiâíÿííÿ

N∗
1 =

r − 1 +
√
r2 − 2r + 1− 4rc

2r
,

N∗
2 =

r − 1−
√
r2 − 2r + 1− 4rc

2r

âiäîìi i çàäàþòü äâà ñòàöiîíàðíi ñòàíè ðiâíÿííÿ (3).
Iíøi êîðåíi âäà¹òüñÿ çíàéòè ëèøå íà êîìï'þòåði.
Ç ìîäåëëþ (3) áóëè ïðîâåäåíi ÷èñëîâi åêñïåðèìåíòè.
Ïðè r = 2, c = 0, 1 îäåðæóþòüñÿ ñòàöiîíàðíi çíà÷åííÿN∗

1 = 0, 361803,N∗
2 = 0, 138197,

ïðè÷îìó N∗
1 ñòiéêèé, N∗

2 íåñòiéêèé (ðèñ. 1).

Ðèñ. 1. Ãðàôiêè ñòàöiîíàðíèõ ñòàíiâ ïðè r = 2, c = 0, 1, N∗ = 0, 361803
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Ïðè r = 3, 4, c = 0, 1 iñíóþòü äâà íåñòiéêèõ ñòàöiîíàðíèõ ñòàíè N∗
1 = 0, 661414, N∗

2 =

0, 044468 i ç'ÿâëÿ¹òüñÿ ïåðiîäè÷íèé ðîçâ'ÿçîê iç ïåðiîäîì 2 (ðèñ. 2). Éîãî ñêëàäàþòü
÷èñëà N∗

1 = 0, 740067 òà N∗
2 = 0, 5540501. Ïðè÷îìó öåé ðîçâ'ÿçîê ñòiéêèé, îñêiëüêè

r2 |(1− 2N∗
1 )(1− 2N∗

2 )| = 0, 6 < 1.

Ðèñ. 2. Ãðàôiê ñòiéêîãî ïåðiîäè÷íîãî ðîçâ'ÿçêó ç ïåðiîäîì T = 2 ïðè r = 3, 4, c = 0, 1

Ïðè r = 4, c = 0, 0625 iñíóþòü äâà ñòàöiîíàðíèõ ðîçâ'ÿçêè: N∗
1 = 0, 0214466, N∗

2 =

0, 728554, ïðè÷îìó i N∗
1 , i N

∗
2 íåñòiéêi. Ó öüîìó âèïàäêó, êðiì ñòàöiîíàðíèõ ñòàíiâ, iñíó¹

ùå ïåðiîäè÷íèé ðîçâ'ÿçîê iç ïåðiîäîì T = 3. Éîãî ñêëàäàþòü òðè ÷èñëà: N∗
1 = 0, 174516,

N∗
2 = 0, 51374, N∗

3 = 0, 936744.
Öåé ðîçâ'ÿçîê íåñòiéêèé (ðèñ. 3), îñêiëüêè∣∣∣∣∣ dFdN

∣∣∣∣
N∗

1

· dF
dN

∣∣∣∣
N∗

2

· dF
dN

∣∣∣∣
N∗

3

∣∣∣∣∣ = 1, 00003 > 1.

Ðèñ. 3. Ãðàôiê íåñòiéêîãî ïåðiîäè÷íîãî ðîçâ'ÿçêó iç ïåðiîäîì T = 3 ïðè r = 4,
c = 0, 0625

Çà òåîðåìîþ Øàðêîâñüêîãî [7], äëÿ ðiâíÿííÿ (3) ç óìîâè iñíóâàííÿ T -öèêëiâ ïðè
T = 3 âèïëèâà¹ iñíóâàííÿ ïåðiîäè÷íèõ ðîçâ'ÿçêiâ áóäü-ÿêîãî ïåðiîäó.
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Çîêðåìà, ïðè r = 3, 8, c = 0, 1 çíàõîäèìî äâà íåñòiéêèõ ñòàöiîíàðíèõ ñòàíè N∗
1 =

0, 0376367, N∗
2 = 0, 6992059, îäèí íåñòiéêèé ïåðiîäè÷íèé ðîçâ'ÿçîê iç ïåðiîäîì 2 (N∗

1 =

0, 431164, N∗
2 = 0, 831994) i ïåðiîäè÷íèé ðîçâ'ÿçîê ç ïåðiîäîì T = 4, ùî âèçíà÷à¹òüñÿ

÷èñëàìè N∗
1 = 0, 385182, N∗

2 = 0, 799904, N∗
3 = 0, 508219, N∗

4 = 0, 849745 (ðèñ. 4).

Ðèñ. 4. Ãðàôiê ñòiéêîãî ïåðiîäè÷íîãî ðîçâ'ÿçêó ç ïåðiîäîì T = 4 ïðè r = 3, 8, c = 0, 1

Öåé ðîçâ'ÿçîê ñòiéêèé, îñêiëüêè∣∣∣∣∣ dFdN
∣∣∣∣
N∗

1

· dF
dN

∣∣∣∣
N∗

2

· dF
dN

∣∣∣∣
N∗

3

· dF
dN

∣∣∣∣
N∗

4

∣∣∣∣∣ = 0, 3302 < 1.

À ïðè r = 4, c = 0, 1, êðiì äâîõ íåñòiéêèõ ñòàöiîíàðíèõ ðîçâ'ÿçêiâ, îäíîãî íåñòiéêîãî
ðîçâ'ÿçêó ç ïåðiîäîì T = 2, îäåðæó¹ìî ùå íåñòiéêèé ðîçâ'ÿçîê iç ïåðiîäîì T = 4.
Éîãî çàäàþòü òàêi ÷èñëîâi çíà÷åííÿ: N∗

1 = 0, 330399, N∗
2 = 0, 784942, N∗

3 = 0, 575233,
N∗

4 = 0, 87736.

2 Ìîäåëü Ðiêåðà çi çáîðîì óðîæàþ

Ìîäåëü Ðiêåðà çi çáîðîì ïîñòiéíîãî âðîæàþ ìà¹ âèãëÿä

Nt+1 = Nt exp

(
r

(
1− Nt

K

))
− c, (5)

äå Nt � ÷èñåëüíiñòü îñîáèí ó ìîìåíò ÷àñó t; r � êîåôiöi¹íò ïðèðîäíîãî ïðèðîñòó; K �
ïàðàìåòð ¹ìíîñòi ñåðåäîâèùà; c � iíòåíñèâíiñòü çáîðó âðîæàþ.

Ñòàíè ðiâíîâàãè ÷èñåëüíîñòi N∗ â ìîäåëi (5) çíàõîäÿòüñÿ ç ðiâíÿííÿ

exp

(
r

(
1− N∗

K

))
= 1 +

c

N∗ ,

ÿêå ìîæíà ðîçâ'ÿçàòè ëèøå ÷èñåëüíî. Çîêðåìà, ïðè K = 10, r = 1 i ðiçíèõ çíà÷åííÿõ c
çíàéäåíî êîðåíi, íàâåäåíi â òàáë. 1.
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Òàáëèöÿ 1

c 0,1 0,2 0,3 0,4
N∗

1 9,89949 9,79793 9,69526 9,59142
N∗

2 0,058742 0,118608 0,179653 0,24194

Ïðè÷îìó ñòàöiîíàðíèé ðîçâ'ÿçîê N∗
1 � ñòiéêèé, à N∗

2 � íåñòiéêèé, îñêiëüêè∣∣∣∣∣ dFdN
∣∣∣∣
N∗

1

∣∣∣∣∣ < 1, à

∣∣∣∣∣ dFdN
∣∣∣∣
N∗

2

∣∣∣∣∣ > 1,

äå F (N) = N exp

(
r

(
1− N

K

))
− c.

Ãðàôiêè ðîçâ'ÿçêiâ Nt ðiâíÿííÿ (5) ïðè K = 10, r = 1, c = 0, 3 ïîäàíi íà ðèñ. 5.

Ðèñ. 5. Ãðàôiêè ñòiéêîãî òà íåñòiéêîãî ñòàöiîíàðíèõ ñòàíiâ ðiâíÿííÿ (5)

Çíàéäåìî ïåðiîäè÷íi ðîçâ'ÿçêè ðiâíÿííÿ (5) iç ïåðiîäîì T = 2.
Ç óìîâè Nt+2 = Nt i (5) ìà¹ìî

Nt = Nt exp

[
r

(
2− Nt

K

(
1 + exp

(
r

(
1− Nt

K

))
+

c

K

))]
−

−c exp

(
r

(
1−

Nt exp
(
r
(
1− Nt

K

))
− c

K

))
− c. (6)

ßêùî öå ðiâíÿííÿ äîïóñêà¹ äâà ðiçíèõ ðîçâ'ÿçêè N∗
1 i N∗

2 , âiäìiííi âiä ñòàöiîíàðíèõ
çíà÷åíü, òî iñíó¹ ñòàöiîíàðíèé ðîçâ'ÿçîê iç ïåðiîäîì 2.

Êîìï'þòåðíèé àíàëiç ðiâíÿííÿ (6) ïðè K = 10, r = 2, 2, c = 0, 5 ïîêàçàâ iñíóâàííÿ
òàêîãî ïåðiîäè÷íîãî ðîçâ'ÿçêó: N∗

1 = 4, 838006, N∗
2 = 14, 561492.

Öåé ïåðiîäè÷íèé ðîçâ'ÿçîê ñòiéêèé, îñêiëüêè∣∣∣∣∣ dFdN
∣∣∣∣
N∗

1

· dF
dN

∣∣∣∣
N∗

2

∣∣∣∣∣ < 1.

Êðiì ïåðiîäè÷íîãî ðîçâ'ÿçêó ç T = 2 iñíóþòü i äâà ñòàöiîíàðíèõ ñòàíèN∗ = 0, 0632894,
N∗ = 9, 77321, àëå îáèäâà âîíè íåñòiéêi.

Ãðàôiêè ðîçâ'ÿçêiâ (5) ïðè K = 10, r = 2, 2, c = 0, 5 çîáðàæåíi íà ðèñ. 6.
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Ðèñ. 6. Ãðàôiê ñòiéêîãî ïåðiîäè÷íîãî ðîçâ'ÿçêó ç ïåðiîäîì T = 2 äëÿ ðiâíÿííÿ (5)

Íàòîìiñòü ïðè r = 3, K = 10, c = 0, 5 iñíóþ÷èé ïåðiîäè÷íèé ðîçâ'ÿçîê ç ïåðiîäîì
T = 2 (N∗

1 = 1, 34045, N∗
2 = 17, 50897) íåñòiéêèé, îñêiëüêè∣∣∣∣∣ dFdN

∣∣∣∣
N∗

1

· dF
dN

∣∣∣∣
N∗

2

∣∣∣∣∣ = 3, 59 > 1.

Òàê æå ñàìî íåñòiéêi é ñòàöiîíàðíi ðîçâ'ÿçêè N∗ = 0, 0264173 i N∗ = 9, 8346.
Ïåðiîäè÷íi ðîçâ'ÿçêè ç ïåðiîäîì T = 3 çíàõîäÿòüñÿ iç ñèñòåìè

Nt = Nt+2 exp

(
r

(
1− Nt+2

K

))
− c,

Nt+2 = Nt+1 exp

(
r

(
1− Nt+1

K

))
− c, (7)

Nt+1 = Nt exp

(
r

(
1− Nt

K

))
− c.

ßêùî ñèñòåìà äîïóñêà¹ òðè ðiçíi ðîçâ'ÿçêè N∗
1 = Nt, N∗

2 = Nt+1, N∗
3 = Nt+2, âiäìiííi

âiä ñòàöiîíàðíèõ ñòàíiâ, òî iñíó¹ ïåðiîäè÷íèé ðîçâ'ÿçîê iç ïåðiîäîì T = 3.
×èñëîâèé àíàëiç ñèñòåìè (7) ïðè K = 10, r = 3, 2, c = 0, 4 ïîêàçàâ, ùî ðiâíÿííÿ

(5) ìà¹ äâà ïåðiîäè÷íèõ ðîçâ'ÿçêè ç ïåðiîäîì T = 3. Öi ðîçâ'ÿçêè çàäàþòüñÿ ÷èñëàìè:
N∗

1 = 6, 177487, N∗
2 = 20, 591458, N∗

3 = 0, 294620 i N∗
1 = 1, 449938, N∗

2 = 21, 965970,
N∗

3 = 0, 0773078.
Çíàõîäÿ÷è äîáóòîê ïîõiäíèõ ïðàâî¨ ÷àñòèíè (5) â öèõ òî÷êàõ, âñòàíîâëþ¹ìî, ùî öi

ðîçâ'ÿçêè ç ïåðiîäîì 3 íåñòiéêi.
Ïðè iñíóâàííi ïåðiîäè÷íèõ ðîçâ'ÿçêiâ ç ïåðiîäîì T = 3 çãiäíî ç òåîðåìîþ Li Yorke [8]

iñíóþòü õàîòè÷íi ðîçâ'ÿçêè.
Ñòàöiîíàðíi ðîçâ'ÿçêè, ÿêi iñíóþòü ïðè öüîìó, òåæ íåñòiéêi. Ãðàôiêè ðîçâ'ÿçêiâ ðiâ-

íÿííÿ (5) ïðè K = 10, r = 3, 2, c = 0, 4 íàâåäåíi íà ðèñ. 7, à õàîòè÷íèé ðîçâ'ÿçîê ïðè
r = 3 � íà ðèñ. 8.
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Ðèñ. 7. Ïåðiîäè÷íi ðîçâ'ÿçêè ðiâíÿííÿ (5) ç ïåðiîäîì T = 3 i ñòàöiîíàðíèé ðîçâ'ÿçîê

Ðèñ. 8. Õàîòè÷íèé ðîçâ'ÿçîê ðiâíÿííÿ (5)
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Matsenko V.G.Modeling harvesting processes for populations with non-overlapping generations,

Bukovinian Math. Journal. 10, 2 (2022), 165�175.

Di�erence equations are used in order to model the dynamics of populations with non-

overlapping generations, since the growth of such populations occurs only at discrete points in

time.

In the simplest case such equations have the form Nt+1 = F (Nt), where Nt > 0 is the

population size at a moment of time t, and F is a smooth function.

Among such equations the discrete logistic equation and Ricker's equation are most often

used in practice.

In the given paper, these equations are considered width taking into account an e�ect of

harvesting, that is, the equations of the form below are studied Nt+1 = rNt(1 − Nt) − c and

Nt+1 = Nt exp(r(1−Nt/K))−c, where the parameters r, K > 0, c > 0 are harvesting intensity.

Positive equilibrium points and conditions for their stability for these equations were found.

These kinds of states are often realized in nature.

For practice, periodic solutions are also important, especially with periods T = 2(Nt+2 =

Nt) and T = 3(Nt+3 = Nt), since, with their existence, by Sharkovskii's theorem, one can do

conclusions about the existence of periodic solutions of other periods.

For the discrete logistic equation in analytical form, the values that make up the periodic

solution with period T = 2 were found. We used numerical methods in order to �nd solutions

with period T = 3. For Ricker's model, the question of the existence of periodic solutions can

be investigated by computer analysis only.

In the paper, a number of computer experiments were conducted in which periodic solutions

were found and their stability was studied. For Ricker's model with harvesting, chaotic solutions

were also found.

As we can see, the study of di�erence equations gives many unexpected results.


