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Çàëåæíiñòü âiä çëi÷åííî¨ êiëüêîñòi êîîðäèíàò íàðiçíî íåïåðåðâíèõ ôóíêöié

òðüîõ êîìïàêòíèõ çìiííèõ

Îäåðæàíî íåîáõiäíi i äîñòàòíi óìîâè çàëåæíîñòi âiä çëi÷åííî¨ êiëüêîñòi êîîðäèíàò äëÿ

ôóíêöié òðüîõ çìiííèõ, êîæíà ç ÿêèõ ¹ äîáóòêîì êîìïàêòíèõ ïðîñòîðiâ Êåìïiñòîãî.

Êëþ÷îâi ñëîâà i ôðàçè: íàðiçíî íåïåðåðâíi ôóíêöi¨, çàëåæíiñòü âiä çëi÷åííî¨ êiëüêîñòi

êîîðäèíàò, ïðîñòîðè Êåìïiñòîãî, êîìïàêòíi ïðîñòîðè.
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1 Âñòóï

Çàëåæíiñòü íåïåðåðâíèõ âiäîáðàæåíü íà äîáóòêàõ âiä ïåâíî¨ êiëüêîñòi êîîðäèíàò

iíòåíñèâíî âèâ÷àëèñü ìàòåìàòèêàìè ñåðåäèíè ÕÕ ñòîëiòòÿ (I. Ìiáó, Ñ. Ìàçóð, Ã. Êîðñîí

i Äæ. Içáåëë, Ê. Ðîññ i À. Ñòîóí, Ð. Åí åëüêií , À. Ìiùåíêî, Í. Íîáë i Ì. Óëüìåð) i

ñòàëà çðó÷íèì iíñòðóìåíòîì äëÿ äîñëiäæåíü âëàñòèâîñòåé íåïåðåðâíèõ âiäîáðàæåíü.

Íàéáiëüø çàãàëüíi ðåçóëüòàòè ó öüîìó íàïðÿìêó áóëè îòðèìàíi ó ðîáîòi [5], äå, çîêðåìà,

áóëè îäåðæàíi íåîáõiäíi i äîñòàòíi óìîâè çàëåæíîñòi íàðiçíî íåïåðåðâíèõ ôóíêöié íà

äîáóòêàõ âiä ïåâíî¨ êiëüêîñòi êîîðäèíàò.

Àíàëîãi÷íi ïèòàííÿ çàëåæíîñòi äëÿ íàðiçíî íåïåðåðâíèõ âiäîáðàæåíü âïðîäîâæ

êiëüêîõ äåñÿòèëiòü çàëèøàëèñü ïîçà óâàãîþ äîñëiäíèêiâ ïèòàíü òåîði¨ íàðiçíî íåïå-

ðåðâíèõ âiäîáðàæåíü. Ïî÷èíàþ÷è ç ðîáîòè [8] çàëåæíiñòü íàðiçíî íåïåðåðâíèõ ôóíêöié

âiä ïåâíî¨ êiëüêîñòi êîîðäèíàò ñòàëà ïðåäìåòîì äîñëiäæåíü ó ×åðíiâåöüêîìó óíiâåðñè-

òåòi i äëÿ ôóíêöié äâîõ çìiííèõ íàéçàãàëüíiøi ðåçóëüòàòè áóëè îäåðæàíi â [10]. Ñëiä

çàóâàæèòè, ùî, çàçâè÷àé ó áàãàòüîõ çàäà÷àõ òåîði¨ íàðiçíî íåïåðåðâíèõ âiäîáðàæåíü ïå-

ðåõiä âiä äâîõ çìiííèõ äî òðüîõ çìiííèõ ìiñòèòü çíà÷íi òðóäíîùi. Çàëåæíiñòü âiä ïåâíî¨

êiëüêîñòi êîîðäèíàò íàðiçíî íåïåðåðâíèõ ôóíêöié òðüîõ i áiëüøå çìiííèõ âèâ÷àëàñü â

ðîáîòi [7], äå áóëè îòðèìàíi íåîáõiäíi i äîñòàòíi óìîâè ëèøå ó âèïàäêó ìåòðèçîâíîñòi

âñiõ ìíîæíèêiâ, ùî çàëèøà¹ âåëèêèé ïðîñòið äëÿ ïîäàëüøèõ äîñëiäæåíü.
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Ó äàíié ðîáîòi ìè âèâ÷àòèìåìî çàëåæíiñòü âiä çëi÷åííî¨ êiëüêîñòi êîîðäèíàò íàðiçíî

íåïåðåðâíèõ ôóíêöié áàãàòüîõ çìiííèõ, ÿêi ¹ äîáóòêàìè êîìïàêòíèõ ïðîñòîðiâ, i îäåð-

æèìî íåîáõiäíi i äîñòàòíi óìîâè òàêî¨ çàëåæíîñòi äëÿ ôóíêöié òðüîõ çìiííèõ, êîæíà ç

ÿêèõ ¹ äîáóòêîì êîìïàêòíèõ ïðîñòîðiâ Êåìïiñòîãî.

2 Íåîáõiäíi óìîâè çàëåæíîñòi

Ñïî÷àòêó îçíà÷èìî äåÿêi ïîíÿòòÿ i ââåäåìî ïîçíà÷åííÿ.

Íåõàé (Xs)s∈S � ñiì'ÿ ìíîæèí, X =
∏
s∈S

Xs, Y � ìíîæèíà i f : X → Y � âiäîáðàæåííÿ.

Êàçàòèìåìî, ùî âiäîáðàæåííÿ f çîñåðåäæåíå íà ìíîæèíi T ⊆ S, ÿêùî f(x′) = f(x′′),

ÿê òiëüêè x′, x′′ ∈ X i x′|T = x′′|T . ßêùî ìíîæèíà T � íå áiëüø, íiæ çëi÷åííà, òî êàæóòü,

ùî f çàëåæèòü âiä çëi÷åííî¨ êiëüêîñòi êîîðäèíàò.

Íåõàé X1, . . . , Xn−1, Y � ìíîæèíè, (Ps)s∈S � ñiì'ÿ ìíîæèí, Xn =
∏
s∈S

Ps i f : X1×· · ·×

Xn → Y � âiäîáðàæåííÿ. Êàæåìî, ùî âiäîáðàæåííÿ f çîñåðåäæåíå íà ìíîæèíi T ⊆ S

âiäíîñíî n-òî¨ çìiííî¨, ÿêùî

f(x1, . . . , xn−1, x
′
n) = f(x1, . . . , xn−1, x

′′
n)

äëÿ äîâiëüíèõ x1 ∈ X1, . . . , xn−1 ∈ Xn−1 i x′n, x
′′
n ∈ Xn ç x′n|T = x′′n|T . ßêùî ìíîæèíà

T � íå áiëüø, íiæ çëi÷åííà, òî êàæåìî, ùî f çàëåæèòü âiä çëi÷åííî¨ êiëüêîñòi êîîð-

äèíàò âiäíîñíî n-òî¨ çìiííî¨. Àíàëîãi÷íî ââîäèòüñÿ ïîíÿòòÿ çàëåæíîñòi âiä çëi÷åííî¨

êiëüêîñòi êîîðäèíàò âiäíîñíî i-òî¨ çìiííî¨, äå 1 ≤ i ≤ n− 1.

Ñiì'þ ìíîæèí (As : s ∈ S) íàçèâàòèìåìî ñêií÷åííîþ, ÿêùî ìíîæèíà

{s ∈ S : As 6= ∅}

¹ ñêií÷åííîþ.

Äëÿ äîâiëüíèõ ïiäìíîæèíè A äîáóòêó
n∏
k=1

Xk, iíäåêñà i ∈ {1, . . . , n} i òî÷êè

p = (x1, . . . , xi−1, xi+1, . . . , xn) ∈
i−1∏
k=1

Xk ×
n∏

k=i+1

Xk

ïîêëàäåìî

A(i)
p = {x ∈ Xi : (x1, . . . , xi−1, x, xi+1, . . . , xn) ∈ A}.

Ñiì'þ ìíîæèí (As : s ∈ S) â äîáóòêó
n∏
k=1

Xk òîïîëîãi÷íèõ ïðîñòîðiâ Xk íàçèâàòèìå-

ìî (ëîêàëüíî) ñêií÷åííîþ âiäíîñíî i-òî¨ çìiííî¨, ÿêùî äëÿ äîâiëüíî¨ òî÷êè

p = (x1, . . . , xi−1, xi+1, . . . , xn) ∈
i−1∏
k=1

Xk ×
n∏

k=i+1

Xk

ñiì'ÿ (Bs : s ∈ S) ìíîæèí Bs = (As)
(i)
p ¹ (ëîêàëüíî) ñêií÷åííîþ â ïðîñòîði Xi. Ñiì'þ

(As : s ∈ S) â äîáóòêó
n∏
k=1

Xk, ÿêà ¹ (ëîêàëüíî) ñêií÷åííîþ âiäíîñíî êîæíî¨ çìiííî¨
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íàçèâàòèìåìî íàðiçíî (ëîêàëüíî) ñêií÷åííîþ. Çðîçóìiëî, ùî êîæíà íàðiçíî ñêií÷åííà

ñiì'ÿ ìíîæèí ¹ íàðiçíî ëîêàëüíî ñêií÷åííîþ.

Äëÿ òîïîëîãi÷íîãî ïðîñòîðó X i ôóíêöi¨ f : X → R ÷åðåç supp f ìè ïîçíà÷à¹ìî

ìíîæèíó

{x ∈ X : f(x) 6= 0},

ÿêà íàçèâà¹òüñÿ íîñi¹ì ôóíêöi¨ f .

Äëÿ áàçèñíî¨ âiäêðèòî¨ ìíîæèíè U =
∏
s∈S

Us â òîïîëîãi÷íîìó äîáóòêó X =
∏
s∈S

Xs

÷åðåç R(U) ìè ïîçíà÷à¹ìî ñêií÷åííó ìíîæèíó {s ∈ S : Us 6= Xs}. Äàëi, ÿêùî B ⊆ S, òî

÷åðåç U |B ïîçíà÷àòèìåìî ìíîæèíó
∏
s∈B

Us â äîáóòêó
∏
s∈B

Xs.

Òîïîëîãi÷íèé ïðîñòið X íàçèâàòèìåìî íåòðèâiàëüíèì, ÿêùî |X| ≥ 2.

Òâåðäæåííÿ 1. Íåõàé X � äîáóòîê ñiì'¨ (Xs : s ∈ S) öiëêîì ðåãóëÿðíèõ ïðîñòîðiâ

Xs, t ∈ S, ïðîñòið Xt � íåòðèâiàëüíèé i U � íåïîðîæíÿ áàçèñíà âiäêðèòà ìíîæèíà â

ïðîñòîði X. Òîäi i ñíó¹ íåïåðåðâíà ôóíêöiÿ f : X → R òàêà, ùî supp f ⊆ U , ôóíêöiÿ f

çîñåðåäæåíà íà ìíîæèíi R(U) ∪ {t} i f íå çîñåðåäæåíà íà ìíîæèíi S \ {t}.

Äîâåäåííÿ. Âiçüìåìî äîâiëüíó íåïåðåðâíó ôóíêöiþ g : X → R òàêó, ùî ∅ 6= supp g ⊆ U

i f çîñåðåäæåíà íà ìíîæèíi R(U). ßêùî g íå çîñåðåäæåíà íà ìíîæèíi S \ {t}, òî
ïîêëàäåìî f = g.

Íåõàé ôóíêöiÿ g çîñåðåäæåíà íà ìíîæèíi S \ {t}. Âiçüìåìî äîâiëüíó íåïåðåðâíó

íåñòàëó ôóíêöiþ ϕ : Xt → R i ðîçãëÿíåìî íåïåðåðâíó ôóíêöiþ f : X → R,

f((xs)s∈S) = g((xs)s∈S) · ϕ(xt).

Çðîçóìiëî, ùî f çîñåðåäæåíà íà ìíîæèíi R(U) ∪ {t}. Ïîêàæåìî, ùî f íå çîñåðåäæåíà

íà ìíîæèíi S \ {t}. Âiçüìåìî äîâiëüíó òî÷êó x = (xs)s∈S ∈ X òàêó, ùî g(x) 6= 0, à

òàêîæ âèáåðåìî òî÷êè a, b ∈ Xt òàêi, ùî ϕ(a) 6= ϕ(b). Ðîçãëÿíåìî òî÷êè y, z ∈ X, ÿêi

îçíà÷àþòüñÿ íàñòóïíèì ÷èíîì:

y(s) =

{
x(s), ÿêùî s 6= t;

a, ÿêùî s = t,
i z(s) =

{
x(s), ÿêùî s 6= t;

b, ÿêùî s = t.

Çðîçóìiëî, ùî y|S\{t} = x|S\{t} = z|S\{t} i, çîêðåìà, g(y) = g(z) = g(x) 6= 0. Êðiì òîãî,

f(y)− f(z) = g(x)(ϕ(a)− ϕ(b)) 6= 0.

Íà çàâåðøàëüíîìó åòàïi ïîáóäîâ ìè áóäåìî âèêîðèñòîâóâàòè íàñòóïíèé äîïîìiæíèé

ôàêò.

Òâåðäæåííÿ 2. Íåõàé (Xk)
n
k=1 � ñiì'ÿ òîïîëîãi÷íèõ ïðîñòîðiâ Xk,

(f1,s : s ∈ S), . . . , (fn,s : s ∈ S)
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� ñiì'¨ íåïåðåðâíèõ ôóíêöié fk,s : Xk → R òàêi, ùî ñiì'ÿ (Us : s ∈ S) ìíîæèí

Us = supp f1,s × · · · × supp fn,s

¹ íàðiçíî ëîêàëüíî ñêií÷åííîþ â ïðîñòîði X =
n∏
k=1

Xk. Òîäi ôóíêöiÿ f :
n∏
k=1

Xk → R,

îçíà÷åíà ôîðìóëîþ

f(x1, . . . , xn) =
∑
s∈S

n∏
k=1

fk,s(xk),

¹ íàðiçíî íåïåðåðâíîþ.

Äîâåäåííÿ. Çàôiêñó¹ìî iíäåêñ i ∈ {1, . . . , n} i òî÷êó

p = (x1, . . . , xi−1, xi+1, . . . , xn) ∈
i−1∏
k=1

Xk ×
n∏

k=i+1

Xk.

Îñêiëüêè ñiì'ÿ (Vs : s ∈ S) ìíîæèí Vs = (Us)
(i)
p ¹ ëîêàëüíî ñêií÷åííîþ â ïðîñòîði Xi, òî

ôóíêöiÿ g : Xi → R,
g(t) = f(x1, . . . , xi−1, t, xi+1, . . . , xn),

¹ íåïåðåîðâíîþ. Îòæå, ôóíêöiÿ f ¹ íåïåðåðâíîþ âiäíîñíî i-òî¨ çìiííî¨.

Íàì áóäå ïîòðiáíèé íàñòóïíèé äîïîìiæíèé ðåçóëüòàò, ÿêèé òðàäèöiéíî âèêîðèñòî-

âó¹òüñÿ ïðè äîñëiäæåííi çàëåæíîñòi âiäîáðàæåíü âiä çëi÷åííî¨ êiëüêîñòi êîîðäèíàò (äè-

âèñü [1, c. 185], [2, ëåìà VII] i [8, ëåìà 10]).

Òâåðäæåííÿ 3 (Ëåìà Øàíiíà). Íåõàé I � íåçëi÷åííà ìíîæèíà i (Ai : i ∈ I) � ñiì'ÿ

ñêií÷åííèõ ìíîæèí. Òîäi iñíóþòü ñêií÷åííà ìíîæèíà B i íåçëi÷åííà ìíîæèíà J ⊆ I

òàêi, ùî Ai ∩ Aj = B äëÿ äîâiëüíèõ ðiçíèõ i, j ∈ J .

Íåîáõiäíi óìîâè çàëåæíîñòi íàðiçíî íåïåðåðâíèõ ôóíêöié âiä çëi÷åííî¨ êiëüêîñòi

êîîðäèíàò äà¹ íàñòóïíèé ðåçóëüòàò.

Òåîðåìà 1. Íåõàé X1, . . . , Xn−1 � öiëêîì ðåãóëÿðíi ïðîñòîðè, Xn � äîáóòîê ñiì'¨ (Yt :

t ∈ T ) öiëêîì ðåãóëÿðíèõ íåòðèâiàëüíèõ ïðîñòîðiâ Yt, ìíîæèíà T � íåçëi÷åííà i (Gi :

i ∈ I) � íåçëi÷åííà íàðiçíî ëîêàëüíî ñêií÷åííà ñiì'ÿ âiäêðèòèõ íåïîðîæíiõ ìíîæèí

Gi ⊆ X1 × · · · ×Xn. Òîäi iñíó¹ íàðiçíî íåïåðåðâíà ôóíêöiÿ f : X1 × · · · ×Xn → R, ÿêà
íå çàëåæèòü âiä çëi÷åííî¨ êiëüêîñòi êîîðäèíàò âiäíîñíî n-òî¨ çìiííî¨.

Äîâåäåííÿ. Äëÿ êîæíîãî i ∈ I âèáåðåìî ôóíêöiîíàëüíî âiäêðèòi íåïîðîæíi ìíîæèíè

U1,i, . . . , Un−1,i â öiëêîì ðåãóëÿðíèõ ïðîñòîðàõ X1, . . . , Xn−1 âiäïîâiäíî, à òàêîæ áàçèñíó

âiäêðèòó ìíîæèíó Un,i â ïðîñòîði Xn òàê, ùî

U1,i × · · · × Un,i ⊆ Gi.

Äî ñiì'¨ (Ai : i ∈ I) ñêií÷åííèõ ìíîæèí Ai = R(Un,i) çàñòîñó¹ìî òâåðäæåííÿ 3 i çíàéäåìî

íîìåð n ∈ N, ñêií÷åííó ìíîæèíó B ⊆ T i ìíîæèíó J ⊆ I ïîòóæíîñòi ℵ1 òàêi, ùî âñi

ìíîæèíè Ai ¹ n-åëåìåíòíèìè i Ai ∩ Aj = B äëÿ äîâiëüíèõ ðiçíèõ i, j ∈ J .
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Çàóâàæèìî, ùî iñíó¹ ciì'ÿ (tj : j ∈ J) ðiçíèõ iíäåêñiâ tj ∈ T \B òàêà, ùî

(Ai ∪ {ti}) ∩ (Aj ∪ {tj}) = B

äëÿ äîâiëüíèõ ðiçíèõ i, j ∈ J . Ñïðàâäi, ÿêùî |B| < n, òî Aj \ B 6= ∅ i äîñòàòíüî âçÿòè

äîâiëüíó òî÷êó tj ∈ Aj \ B äëÿ êîæíîãî j ∈ J . ßêùî æ |B| = n, òîáòî Aj = B äëÿ

êîæíîãî j ∈ J , òî äîñòàòíüî âèáðàòè äîâiëüíó ciì'þ (tj : j ∈ J) ðiçíèõ iíäåêñiâ tj ∈ T \B.
Ïîêëàäåìî S = {tj : j ∈ J}. Êðiì òîãî, äëÿ êîæíîãî s ∈ S ïîçíà÷èìî ÷åðåç js iíäåêñ

j ∈ J òàêèé, ùî s = tj, i ïîêëàäåìî Bs = Ajs ∪ {s} i Vk,s = Uk,js äëÿ âñiõ k = 1, . . . , n.

Íåõàé

(f1,s : s ∈ S), . . . , (fn−1,s : s ∈ S)

� ñiì'¨ íåïåðåðâíèõ ôóíêöié fk,s : Xk → R òàêi, ùî supp fk,s = Vk,s äëÿ äîâiëüíèõ

k ≤ n − 1 i s ∈ S. Êðiì òîãî, ç äîïîìîãîþ òâåðäæåííÿ 1 âèáåðåìî ñiì'þ (fn,s : s ∈ S)

íåïåðåðâíèõ ôóíêöié fn,s : Xn → R òàêi, ùî supp fn,s = Vn,s, ôóíêöiÿ fn,s çîñåðåäæåíà

íà ìíîæèíi Bs i íå çîñåðåäæåíà íà ìíîæèíi T \ {s} äëÿ êîæíîãî s ∈ S.

Ðîçãëÿíåìî ôóíêöiþ f :
n∏
k=1

Xk → R,

f(x1, . . . , xn) =
∑
s∈S

n∏
k=1

fk,s(xk),

ÿêà çà òâåðäæåííÿì 2 ¹ íàðiçíî íåïåðåðâíîþ.

Çàëèøèëîñü äîâåñòè, ùî ôóíêöiÿ f íå çàëåæèòü âiä çëi÷åííî¨ êiëüêîñòi êîîðäèíàò

âiäíîñíî n-òî¨ çìiííî¨. Íåõàé T̃ � äîâiëüíà ìíîæèíà, íà ÿêié çîñåðåäæåíà ôóíêöiÿ f

âiäíîñíî n-òî¨ çìiííî¨. Äîñòàòíüî ïîêàçàòè, ùî S ⊆ T̃ . Çàôiêñó¹ìî s ∈ S i âiçüìåìî

äîâiëüíi òî÷êè

x1 ∈ V1,s, . . . , xn−1 ∈ Vn−1,s.

Êðiì òîãî, âèáåðåìî òî÷êè y, z ∈ Xn òàêi, ùî y|T\{s} = z|T\{s} i fn,s(y) 6= fn,s(z). Çàóâà-

æèìî, ùî fn,t(y) = fn,t(z) äëÿ êîæíîãî t ∈ S\{s}, àäæå êîæíà ôóíêöiÿ fn,t çîñåðåäæåíà

íà ìíîæèíi Bt, ÿêà íå ìiñòèòü s. Òåïåð ìà¹ìî

f(x1, . . . , xn−1, y)− f(x1, . . . , xn−1, z) =
∑
t∈S

(
n−1∏
k=1

fk,t(xk)× (fn,t(y)− fn,t(z))

)
=

=
n−1∏
k=1

fk,s(xk)× (fn,s(y)− fn,s(z)) 6= 0.

Îòæå, T̃ 6⊆ S \ {s}, òîáòî s ∈ T̃ .

3 Äîñòàòíi óìîâè çàëåæíîñòi

Íàñòóïíèé ôàêò ëåãêî âèïëèâà¹ ç òåîðåìè Òèõîíîâà ïðî êîìïàêòíiñòü äîáóòêó êîì-

ïàêòíèõ ïðîñòîðiâ.
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Òâåðäæåííÿ 4. Íåõàé (Xs)s∈S � ñiì'ÿ êîìïàêòíèõ ïðîñòîðiâ, X =
∏
s∈S

Xs, f : X → R

i ε > 0. Òîäi iñíó¹ ñêií÷åííà ìíîæèíà T ⊆ S òàêà, ùî |f(x) − f(y)| < ε äëÿ äîâiëüíèõ

x, y ∈ X ç x|T = y|T .

Íàñòóïíå òâåðäæåííÿ âiäiãðà¹ âàæëèâó ðîëü ïðè ïåðåõîäi âiä âiäîáðàæåíü òðüîõ

çìiííèõ äî âiäîáðàæåíü äâîõ çìiííèõ.

Òâåðäæåííÿ 5. ÍåõàéX, Y � êîìïàêòíi ïðîñòîðè,A ⊆ X×Y � âñþäè ùiëüíà ìíîæèíà,

Z � äîáóòîê ñiì'¨ (Zt : t ∈ T ) òîïîëîãi÷íèõ ïðîñòîðiâ Zt i f : X × Y × Z → R � íàðiçíî

íåïåðåðâíà ôóíêöiÿ òàêà, ùî çâóæåííÿ g = f |A×Z çîñåðåäæåíå íà ìíîæèíi S ⊆ T

âiäíîñíî çìiííî¨ z. Òîäi ôóíêöiÿ f òàêîæ çîñåðåäæåíà íà ìíîæèíi S âiäíîñíî çìiííî¨

z.

Äîâåäåííÿ. Íåõàé u, v ∈ Z � òàêi, ùî u|S = v|S. Îñêiëüêè ôóíêöiÿ g çîñåðåäæåíà íà

ìíîæèíi S, òî g(a, u) = g(a, v) äëÿ êîæíîãî a ∈ A, òîáòî íàðiçíî íåïåðåðâíi ôóíêöi¨

fu : X × Y → R, fu(x, y) = f(x, y, u), i fv : X × Y → R, fv(x, y) = f(x, y, v), çáiãàþòüñÿ

íà âñþäè ùiëüíié ìíîæèíi A. Òîìó çãiäíî ç [6, íàñëiäîê 4], fu = fv, òîáòî f(x, y, u) =

f(x, y, v) äëÿ âñiõ x ∈ X i y ∈ Y .

Òîïîëîãi÷íèé ïðîñòið Y íàçèâà¹òüñÿ ïðîñòîðîì Êåìïiñòîãî, ÿêùî äëÿ äîâiëüíîãî

áåðiâñüêîãî ïðîñòîðó X i êîæíî¨ ôóíêöi¨ f : X × Y → R, ÿêà êâàçiíåïåðåðâíà âiäíîñíî
ïåðøî¨ çìiííî¨ i íåïåðåðâíà âiäíîñíî äðóãî¨ çìiííî¨, iñíó¹ âñþäè ùiëüíà Gδ-ìíîæèíà A

â ïðîñòîði X òàêà, ùî ôóíêöiÿ f ñóêóïíî íåïåðåðâíà â êîæíié òî÷öi ìíîæèíè A× Y .

Çàóâàæèìî, â [3] áóëî ïîêàçàíî, ùî äîâiëüíèé êîìïàêò Âàëäiâià ¹ ïðîñòîðîì Êåìïiñòî-

ãî, i ùî äîáóòîê äîâiëüíî¨ ñiì'¨ êîìïàêòíèõ ïðîñòîðiâ Êåìïiñòîãî òàêîæ ¹ ïðîñòîðîì

Êåìïiñòîãî.

Íàñòóïíà òåîðåìà çàéìà¹ öåíòðàëüíå ìiñöå ó äàíîìó ïóíêòi i äà¹ äîñòàòíi óìîâè

çàëåæíîñòi äëÿ íàðiçíî íåïåðåðâíèõ ôóíêöié òðüîõ çìiííèõ.

Òåîðåìà 2. ÍåõàéX, Y � êîìïàêòíi ïðîñòîðè, Z � äîáóòîê ñiì'¨ (Zt : t ∈ T ) êîìïàêòíèõ

ïðîñòîðiâ Êåìïiñòîãî Zt òàêi, ùî êîæíà íàðiçíî ñêií÷åííà ñiì'ÿ âiäêðèòèõ íåïîðîæíiõ

ìíîæèí â äîáóòêó X × Y ×Z ¹ íå áiëüø, íiæ çëi÷åííîþ. Òîäi êîæíà íàðiçíî íåïåðåðâ-

íà ôóíêöiÿ f : X × Y × Z → R çàëåæèòü âiä çëi÷åííî¨ êiëüêîñòi êîîðäèíàò âiäíîñíî

çìiííî¨ z.

Äîâåäåííÿ. Íåõàé f : X × Y × Z → R � íàðiçíî íåïåðåðâíà ôóíêöiÿ. Çàóâàæèìî, ùî ç

òåîðåìè Íàìiîêè [4] âèïëèâà¹, ùî êîæíà íàðiçíî íåïåðåðâíà ôóíêöiÿ íà äîáóòêó X×Y

¹ êâàçiíåïåðåðâíîþ íà P = X×Y . Òîìó ôóíêöiÿ g : P×Z → R, g((x, y), z) = f(x, y, z), ¹

êâàçiíåïåðåðâíîþ âiäíîñíî ïåðøî¨ çìiííî¨ i íåïåðåðâíîþ âiäíîñíî äðóãî¨ çìiííî¨. Êðiì

òîãî, çãiäíî ç [3, òåîðåìà 4.6], ïðîñòið Z ¹ ïðîñòîðîì Êåìïiñòîãî. Òîìó iñíó¹ âñþäè

ùiëüíà Gδ-ìíîæèíà A â ïðîñòîði P òàêà, ùî ôóíêöiÿ g, à îòæå, i ôóíêöiÿ f , ¹ ñóêóïíî

íåïåðåðâíèìè â êîæíié òî÷öi ìíîæèíè A × Z. Òåïåð ç òâåðäæåííÿ 5 âèïëèâà¹, ùî

äîñòàòíüî ïîêàçàòè, ùî ôóíêöiÿ h = g|A×Z çàëåæèòü âiä çëi÷åííî¨ êiëüêîñòi êîîðäèíàò

âiäíîñíî çìiííî¨ z.
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Ìiðêóâàòèìåìî âiä ñóïðîòèâíîãî. Ïðèïóñòèìî, ùî íåïåðåðâíà ôóíêöiÿ h íå çàëå-

æèòü âiä çëi÷åííî¨ êiëüêîñòi êîîðäèíàò âiäíîñíî çìiííî¨ z. Òîäi çãiäíî ç [9, íàñëiäîê],

ìíîæèíà

T̃ = {t ∈ T : (∃at ∈ A)(∃ut, vt ∈ Z)(ut|T\{t} = vt|T\{t} i h(at, ut) 6= h(at, vt)}

¹ íåçëi÷åííîþ. Òîìó iñíó¹ ε > 0 òàêå, ùî ìíîæèíà

S = {t ∈ T̃ : |h(at, ut)− (at, vt)| > 4ε}

¹ íåçëi÷åííîþ. Äëÿ êîæíîãî s ∈ S, âèêîðèñòîâóþ÷è ñóêóïíó íåïåðåðâíiñòü ôóíêöi¨ f â

òî÷êàõ (xs, ys, us) i (xs, ys, vs), äå (xs, ys) = as, âèáåðåìî âiäêðèòi îêîëè Gs i Hs òî÷îê xs
i ys â ïðîñòîðàõ X i Y âiäïîâiäíî, à òàêîæ áàçèñíi âiäêðèòi îêîëè

Us =
∏
t∈T

U
(s)
t i Vs =

∏
t∈T

V
(s)
t

òî÷îê us i vs âiäïîâiäíî òàêi, ùî

R(Us) = R(Vs), U
(s)
t = V

(s)
t

äëÿ êîæíîãî t 6= s,

|f(x, y, u)− f(x, y, v)| > 2ε

äëÿ äîâiëüíèõ x ∈ Gs, y ∈ Hs, u ∈ Us i v ∈ Vs.

Äî ñiì'¨ (Rs : s ∈ S) ñêií÷åííèõ ìíîæèí Rs = R(Us) çàñòîñó¹ìî òâåðäæåííÿ 3 i

çíàéäåìî ñêií÷åííó ìíîæèíó B ⊆ T i íåçëi÷åííó ìíîæèíó S0 ⊆ S òàêi, ùî Rs ∩Rt = B

äëÿ äîâiëüíèõ ðiçíèõ s, t ∈ S0. Äëÿ îäåðæàííÿ ïîòðiáíî¨ íàì ñóïåðå÷íîñòi çàëèøèëîñü

ïîêàçàòè, ùî ñiì'ÿ (Ws : s ∈ S0) âiäêðèòèõ íåïîðîæíiõ ìíîæèí Ws = Gs × Hs × Us ¹

íàðiçíî ñêií÷åííîþ â X × Y × Z.

Ñïî÷àòêó ïîêàæåìî, ùî ñiì'ÿ (Ws : s ∈ S0) ¹ ñêií÷åííîþ âiäíîñíî çìiííî¨ z. Çàôi-

êñó¹ìî òî÷êó p = (x, y) ∈ X × Y i ïîêëàäåìî

Sp = {s ∈ S0 : p ∈ Gs ×Hs}.

Äî íåïåðåðâíî¨ ôóíêöi¨ fp : Z → R, fp(z) = f(x, y, z), çàñòîñó¹ìî òâåðäæåííÿ 4 i çíà-

éäåìî ñêií÷åííó ìíîæèíó Tp ⊆ T òàêó, ùî

|fp(u)− fp(v)| < ε

äëÿ äîâiëüíèõ u, v ∈ Z ç u|Tp = v|Tp . Îñêiëüêè

|f(x, y, us)− f(x, y, vs)| > 2ε

i us|T\{s} = vs|T\{s} äëÿ êîæíîãî s ∈ Sp, òî Sp ⊆ Tp, i òîìó, ìíîæèíà Sp � ñêií÷åííà.

Òåïåð ïîêàæåìî, ùî ñiì'ÿ (Ws : s ∈ S0) ¹ ñêií÷åííîþ âiäíîñíî çìiííî¨ x. Çàôiêñó¹ìî

òî÷êó q = (y, u) ∈ Y × Z i ïîêëàäåìî

Sq = {s ∈ S0 : q ∈ Hs × Us}.
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Ïðèïóñòèìî, ùî ìíîæèíà Sq íåñêií÷åííà. Òîäi ñiì'ÿ (xs : s ∈ Sq) ó êîìïàêòíîìó ïðî-

ñòîði X ìà¹ õî÷à á îäíó òî÷êó íàêîïè÷åííÿ x̃, òîáòî òî÷êó, êîæíèé îêië ÿêî¨, ìiñòèòü

íåñêií÷åííó êiëüêiñòü åëåìåíòiâ öi¹¨ ñiì'¨. Ïîêëàäåìî p̃ = (x̃, y) i äî íåïåðåðâíî¨ ôóíêöi¨

fp̃ : Z → R, fp̃(z) = f(x̃, y, z), çàñòîñó¹ìî òâåðäæåííÿ 4 i çíàéäåìî ñêií÷åííó ìíîæèíó

Tp̃ ⊆ T òàêó, ùî

|fp̃(u)− fp̃(v)| < ε

äëÿ äîâiëüíîãî v ∈ Z ç u|Tp̃ = v|Tp̃ . Ïîçíà÷èìî T0 = Sq \ (B ∪ Tp̃) i çàóâàæèìî, ùî x̃ ¹

òî÷êîþ íàêîïè÷åííÿ ñiì'¨ (xs : s ∈ T0), àäæå ìíîæèíà B ∪ Tp̃ � ñêií÷åííà.

Ðîçãëÿíåìî òî÷êó ṽ ∈ Z, ÿêà îçíà÷à¹òüñÿ íàñòóïíèì ÷èíîì:

ṽ(t) =

{
vt(t), ÿêùî t ∈ T0;

u(t), ÿêùî t ∈ T \ T0.

Çàóâàæèìî, ùî u|Tp̃ = ṽ|Tp̃ i òîìó,

|f(x̃, y, u)− f(x̃, y, ṽ)| = |fp̃(u)− fp̃(ṽ)| < ε.

Çàôiêñó¹ìî s ∈ T0 i ïåðåêîíàéìîñÿ, ùî ṽ ∈ Vs. Äëÿ öüîãî äîñòàòíüî ïåðåâiðèòè, ùî

ṽ(t) ∈ V
(s)
t äëÿ êîæíîãî t ∈ R(Vs) = R(Us) = Rs. Íåõàé t ∈ R(Vs) \ T0. Îñêiëüêè u ∈ Us i

U
(s)
t = V

(s)
t , àäæå t 6= s, òî

ṽ(t) = u(t) ∈ U
(s)
t = V

(s)
t .

Òåïåð íåõàé t ∈ R(Vs) ∩ T0. Çàóâàæèìî, ùî U
(t)
t 6= V

(t)
t i òîìó, t ∈ R(Vt). Îòæå,

t ∈ R(Vs) ∩R(Vt) ∩ T0.

Òîäi t = s, àäæå iíàêøå ïðè t 6= s ìà¹ìî, ùî

R(Vs) ∩R(Vt) ∩ T0 = B ∩ T0 = ∅.

Òàêèì ÷èíîì,

ṽ(t) = ṽ(s) = vs(s) ∈ V (s)
s = V

(s)
t .

Îòæå, ṽ ∈ Vs äëÿ êîæíîãî s ∈ T0. Êðiì òîãî, y ∈ Hs i u ∈ Us, i òîìó,

|f(xs, y, u)− f(xs, y, ṽ)| > 2ε

äëÿ êîæíîãî s ∈ T0. Îñêiëüêè òî÷êà x̃ ¹ òî÷êîþ íàêîïè÷åííÿ ñiì'¨ (xs : s ∈ T0) i ôóíêöiÿ

f ¹ íåïåðåðâíîþ âiäíîñíî çìiííî¨ x, òî

|f(x̃, y, u)− f(x̃, y, ṽ)| ≥ 2ε,

ùî äà¹ íàì ñóïåðå÷íiñòü.

Àíàëîãi÷íî äîâîäèòüñÿ, ùî ñiì'ÿ (Ws : s ∈ S0) ¹ ñêií÷åííîþ âiäíîñíî çìiííî¨ y.

Òåïåð ç òåîðåì 1 i 2 íåãàéíî âèïëèâà¹ íàñòóïíèé ðåçóëüòàò.
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Òåîðåìà 3. Íåõàé X, Y i Z � äîáóòêè ñiìåé (Xs : s ∈ S), (Yt : t ∈ T ) i (Zr : r ∈
R) íåòðèâiàëüíèõ ãàóñäîðôîâèõ êîìïàêòíèõ ïðîñòîðiâ Êåìïiñòîãî Xs, Yt i Zr òàêi, ùî

ìíîæèíà S ∪ T ∪R ¹ íåçëi÷åííîþ. Òîäi íàñòóïíi óìîâè ¹ ðiâíîñèëüíèìè:

(i) êîæíà íàðiçíî ñêií÷åííà ñiì'ÿ âiäêðèòèõ íåïîðîæíiõ ìíîæèí â äîáóòêóX×Y ×Z
¹ íå áiëüø, íiæ çëi÷åííîþ;

(ii) êîæíà íàðiçíî íåïåðåðâíà ôóíêöiÿ f : X × Y × Z → R çàëåæèòü âiä çëi÷åííî¨

êiëüêîñòi êîîðäèíàò.

Ó çâ'ÿçêó ç öi¹þ òåîðåìîþ ïðèðîäíî âèíèêà¹ íàñòóïíå ïèòàííÿ.

Ïèòàííÿ 1. Íåõàé X, Y i Z � äîáóòêè ñiìåé (Xs : s ∈ S), (Yt : t ∈ T ) i (Zr : r ∈ R)

íåòðèâiàëüíèõ ãàóñäîðôîâèõ êîìïàêòíèõ ïðîñòîðiâ Xs, Yt i Zr òàêi, ùî êîæíà íàði-

çíî ñêií÷åííà ñiì'ÿ âiäêðèòèõ íåïîðîæíiõ ìíîæèí â äîáóòêó X × Y × Z ¹ íå áiëüø,

íiæ çëi÷åííîþ. ×è îáîâ'ÿçêîâî êîæíà íàðiçíî íåïåðåðâíà ôóíêöiÿ f : X × Y × Z → R
çàëåæèòü âiä çëi÷åííî¨ êiëüêîñòi êîîðäèíàò?

Ñïèñîê ëiòåðàòóðè

1. Engelking R. General Topology, Revised and completed edition, Heldermann Verlag, Berlin (1989).

2. Mazur S. On continuous mappings on Cartesian products, Fund. Math. 39 (1952) 229-238.

3. Mykhaylyuk V.V. Namioka spaces and topological games, Bull. Austral. Math. Soc. 73 (2006) 263-272.

4. Namioka I. Separate continuity and joint continuity, Pacif. J. Math. 51 (2) (1974) 515-531.

5. Noble N., Ulmer M. Factoring functions on Cartesian products, Trans. Amer. Math. Soc. 163 (1972)

329�339.

6. Karlova O., Mykhaylyuk V. A generalization of Sierpi�nski theorem on unique determining of a separately

continuous function, Bukoviniam Math. Journal 9 (1) (2021) 250-263.

7. Maslyuchenko V., Mykhaylyuk V. Separately continuous functions of many variables on product spaces

which are products of metrizable multipliers, Math. Bull. Shevchenko Sci. Soc. 1 (2004) 77-84 (in Ukrai-

nian).

8. Maslyuchenko V., Mykhaylyuk V., Sobchuk O. Inverse problem of theory of separately continuous functi-

ons, Ukr. Math. Journ. 44 (9) (1992) 1209-1220 (in Ukrainian).

9. Mykhaylyuk V.V. Dependence on n coordinates of separately continuous functions on products of

compacts, Ukr. Math. Journ. 50 (6) (1998) 822-829 (in Ukrainian).

10. Mykhaylyuk V.V. Separately continuous functions on products and its dependence on ℵ coordinates, Ukr.
Math. Journ. 56 (10) (2004) 1357-1368 (in Ukrainian).

Íàäiéøëî 28.10.2022



194 Ìèõàéëþê Â.Â. 1,2

Mykhaylyuk V.V.Dependence on countable many of coordinates of separately continuous functi-

ons of three variables, Bukovinian Math. Journal. 10, 2 (2022), 185�194.

The dependence of continuous mappings on a certain number of coordinates was intensively

studied in the works of many mathematicians in the middle of the 20th century. It has become

a convenient tool in the study of properties of continuous mappings. The most general results

in this direction were obtained in [5], where the necessary and su�cient conditions for the

dependence of continuous functions on products from a certain number of coordinates were

obtained.

Starting with [8] the dependence of separately continuous mappings on a certain number of

coordinates became the subject of research at the Chernivtsi University. For functions of two

variables the most general results were obtained in [10]. The dependence on a certain number

of coordinates of separately continuous functions of three or more variables was studied in [7],

where the necessary and su�cient conditions were established only in the case of metrizability

of all factors, which leaves a lot of room for further research.

We obtain necessary and su�cient conditions of dependence on countable many of coordi-

nates of functions on the product of three spaces each of which is the product of a family of

compact Kempisty spaces.


