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Íåëîêàëüíà çàäà÷à ñïðÿæåííÿ äëÿ ëiíiéíîãî ïàðàáîëi÷íîãî ðiâíÿííÿ

äðóãîãî ïîðÿäêó òèïó Êîëìîãîðîâà ç ðîçðèâíèìè êîåôiöi¹íòàìè

Ó ñòàòòi äîâåäåíî òåîðåìè ïðî iñíóâàííÿ i ¹äèíiñòü êëàñè÷íîãî ðîçâ'ÿçêó îäíi¹¨ íåëî-

êàëüíî¨ çàäà÷i ñïðÿæåííÿ äëÿ îäíîâèìiðíîãî (çà ïðîñòîðîâîþ çìiííîþ) îáåðíåíîãî ðiâ-

íÿííÿ Êîëìîãîðîâà ç ðîçðèâíèìè êîåôiöi¹íòàìè. Âèêîðèñòîâóþ÷è ðîçâ'ÿçîê öi¹¨ çàäà÷i,

âèçíà÷åíî äâîïàðàìåòðè÷íó íàïiâãðóïó îïåðàòîðiâ, ÿêà îïèñó¹ íà ïðÿìié äiéñíèõ ÷èñåë

äåÿêèé íåîäíîðiäíèé ìàðêîâñüêèé ïðîöåñ.
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Âñòóï

Ìåòîþ ñòàòòi ¹ ïîáóäîâà òà äîñëiäæåííÿ âëàñòèâîñòåé äâîïàðàìåòðè÷íî¨ íàïiâãðó-

ïè Ôåëëåðà, ÿêié âiäïîâiäà¹ íåîäíîðiäíèé ìàðêîâñüêèé ïðîöåñ íà ïðÿìié òàêèé, ùî

âñåðåäèíi iíòåðâàëiâ, ðîçäiëåíèõ ìiæ ñîáîþ òî÷êàìè, ïîëîæåííÿ ÿêèõ íà ïðÿìié çà-

ëåæèòü âiä ÷àñîâî¨ çìiííî¨, âií çáiãà¹òüñÿ iç çàäàíèìè òàì çâè÷àéíèìè äèôóçiéíèìè

ïðîöåñàìè, à éîãî ïîâåäiíêà â ìåæîâèõ òî÷êàõ öèõ iíòåðâàëiâ âèçíà÷à¹òüñÿ çàäàíèìè

óìîâàìè ñïðÿæåííÿ òèïó Ôåëëåðà-Âåíòöåëÿ (äèâ. [1�3]). Ó ðîçãëÿäóâàíîìó íàìè âè-

ïàäêó öi óìîâè ¹ íåëîêàëüíèìè, êîæíà ç íèõ ìiñòèòü ëèøå iíòåãðàëüíèé ÷ëåí, ÿêèé

âiäïîâiäà¹ çà ñòðèáêîïîäiáíå ïîâåðíåííÿ ïðîöåñó ç ìåæi âñåðåäèíó îáëàñòi. Îïèñàíó

ïðîáëåìó ùå íàçèâàþòü çàäà÷åþ ïðî ñêëåþâàííÿ äèôóçiéíèõ ïðîöåñiâ íà ïðÿìié àáî

çàäà÷åþ ïðî ïîáóäîâó ìàòåìàòè÷íî¨ ìîäåëi ôiçè÷íîãî ÿâèùà äèôóçi¨ â ñåðåäîâèùi ç

ìåìáðàíàìè (äèâ. [4]). Ó íàøîìó ðîçóìiííi òåðìií ðóõîìà ìåìáðàíà îçíà÷à¹, ùî ¨¨

ïîëîæåííÿ íà ÷èñëîâié ïðÿìié ìîæå çìiíþâàòèñÿ, âîíî âèçíà÷à¹òüñÿ äåÿêîþ çàäàíîþ

ôóíêöi¹þ ÷àñîâî¨ çìiííî¨.

Öåíòðàëüíå ìiñöå â ðîáîòi çàéìà¹ äîñëiäæåííÿ ñôîðìóëüîâàíî¨ â ï.1 íåëîêàëüíî¨

ïàðàáîëi÷íî¨ çàäà÷i ñïðÿæåííÿ, äî ÿêî¨ ðåäóêó¹òüñÿ âèõiäíà ïðîáëåìà. Îñîáëèâiñòü öi¹¨
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çàäà÷i â òîìó, ùî ðiâíÿííÿ, ÿêi ðîçãëÿäàþòüñÿ ¹ îáåðíåíèìè ðiâíÿííÿìè Êîëìîãîðîâà,

îáëàñòi íà ïëîùèíi, â ÿêèõ çàäàíi ðiâíÿííÿ ¹ êðèâîëiíiéíèìè, à ôóíêöi¨ ÷àñîâî¨ çìiííî¨,

ÿêi âèçíà÷àþòü ìåæi öèõ îáëàñòåé çàäîâîëüíÿþòü ëèøå óìîâó Ãåëüäåðà ç ïîêàçíèêîì

áiëüøèì, íiæ 1
2
. Òàêîæ âiäçíà÷èìî, ùî òi âàðiàíòè óìîâ ñïðÿæåííÿ Ôåëëåðà-Âåíòöåëÿ,

ÿêi ðîçãëÿäàþòüñÿ ó ñòàòòi, íå ìiñòÿòü ÷ëåíiâ ç ïîõiäíèìè ôóíêöi¨, à îòæå ¨õ ìîæíà

âiäíåñòè äî êëàñó òàê çâàíèõ íåòðàíñâåðñàëüíèõ íåëîêàëüíèõ óìîâ.

Ðîçâ'ÿçîê îñòàííüî¨ çàäà÷i îòðèìàíî ìåòîäîì ãðàíè÷íèõ iíòåãðàëüíèõ ðiâíÿíü i äî-

âåäåíî, ùî âií âîëîäi¹ íàïiâãðóïîâîþ âëàñòèâiñòþ. Âèêîðèñòîâóþ÷è iíòåãðàëüíå çîáðà-

æåííÿ çíàéäåíî¨ íàïiâãðóïè, îáãðóíòîâàíî òâåðäæåííÿ (äèâ. ï.2) ïðî òå, ùî öÿ íàïiâ-

ãðóïà ïîðîäæó¹ äåÿêèé íåîäíîðiäíèé ìàðêîâñüêèé ïðîöåñ íà ïðÿìié.

Çàóâàæèìî, ùî öÿ ñòàòòÿ óçàãàëüíþ¹ ðåçóëüòàòè ñòàòòi [5], ó ÿêié àíàëîãi÷íà çàäà÷à

âèâ÷àëàñÿ äëÿ âèïàäêó îäíi¹¨ ðóõîìî¨ ìåìáðàíè (äèâ. òàêîæ [6,7], äå ðîçãëÿäàëèñÿ iíøi

âàðiàíòè óìîâ ñïðÿæåííÿ Ôåëëåðà-Âåíòöåëÿ). Îêðiì âêàçàíèõ ñòàòåé, ìè âiäçíà÷à¹ìî

ùå ðîáîòè [8] i [9], ïðèñâÿ÷åíi iíøèì ïiäõîäàì äî ïîáóäîâè ìàðêîâñüêèõ ïðîöåñiâ ç íå-

ëîêàëüíèìè êðàéîâèìè óìîâàìè Âåíòöåëÿ, ÿêi ñïèðàþòüñÿ íà âèêîðèñòàííÿ ìåòîäiâ

ôóíêöiîíàëüíîãî i ñòîõàñòè÷íîãî àíàëiçó âiäïîâiäíî, à òàêîæ ðîáîòó [10], ó ÿêié íàâå-

äåíî îãëÿä ïðàöü, ïðèñâÿ÷åíèõ çàñòîñóâàííþ ìåòîäó ãðàíè÷íèõ iíòåãðàëüíèõ ðiâíÿíü

äî äîñëiäæåííÿ ïî÷àòêîâî-êðàéîâèõ çàäà÷ äëÿ ïàðàáîëi÷íèõ ðiâíÿíü.

1 Ïîñòàíîâêà çàäà÷i, äîïîìiæíi âiäîìîñòi i ïðèïóùåííÿ

Ðîçãëÿíåìî íà ïëîùèíi (s, x) îáëàñòü

St = {(s, x) : 0 ≤ s < t ≤ T, −∞ < x <∞}

(T � ôiêñîâàíå äîäàòíå ÷èñëî) i ïîçíà÷èìî ÷åðåç St ¨ ¨ çàìèêàííÿ. Ïðèïóñòèìî, ùî ST
ìiñòèòü â ñîái íåïåðåðâíi êðèâi x = ri(s), 0 ≤ s ≤ T, i = 1, . . . , n, n ∈ N, ïðè÷îìó

r1(s) < r2(s) < . . . < rn(s) äëÿ âñiõ s ∈ [0, T ]. Öi êðèâi ðîçäiëÿþòü St íà n+ 1 îáëàñòåé

S
(i)
t = {(s, x) : 0 ≤ s < t ≤ T, x ∈ D(i)

s },

äå D
(1)
s = (−∞, r1(s)), D(2)

s = (r1(s), r2(s)), . . . , D
(n+1)
s = (rn(s),∞).

Íåõàé â îáëàñòi S
(i)
t çàäàíî ïàðàáîëi÷íå ðiâíÿííÿ

∂u

∂s
+

1

2
bi(s, x)

∂2u

∂x2
+ ai(s, x)

∂u

∂x
= 0, (s, x) ∈ S(i)

t , i = 1, . . . , n+ 1. (1)

Ïîñòàâèìî çàäà÷ó ïðî çíàõîäæåííÿ ôóíêöi¨ u(s, x, t) ((s, x) ∈ St), ÿêà çàäîâîëüíÿ¹

ðiâíÿííÿ (1), "ïî÷àòêîâó" óìîâó

lim
s↑t

u(s, x, t) = ϕ(x), x ∈ R, (2)

i óìîâè ñïðÿæåííÿ

u(s, ri(s)− 0, t) = u(s, ri(s) + 0, t), 0 ≤ s < t ≤ T, i = 1, . . . , n, (3)∫
D

(i)
s ∪D

(i+1)
s

(u(s, ri(s), t)− u(s, y, t))µi(s, dy) = 0, 0 ≤ s < t ≤ T, i = 1, . . . , n. (4)

Áóäåìî ââàæàòè âèêîíàíèìè íàñòóïíi óìîâè.
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I. Ðiâíÿííÿ (1) ïàðàáîëi÷íîãî òèïó â îáëàñòi ST , òîáòî iñíóþòü äîäàòíi ñòàëi b i

B òàêi, ùî b ≤ bi(s, x) ≤ B ïðè âñiõ (s, x) ∈ ST , i = 1, . . . , n + 1. Êðiì òîãî,

êîåôiöi¹íòè ai(s, x) îáìåæåíi â ST , i = 1, . . . , n+ 1.

II. Êîåôiöi¹íòè ai(s, x) òà bi(s, x) (i = 1, . . . , n + 1) íàëåæàòü äî êëàñó Ãåëüäåðà

H
α
2
,α(ST ), 0 < α < 1 (îçíà÷åííÿ êëàñiâ Ãåëüäåðà äèâ. ó [11, ñ. 16]).

III. Ôóíêöiÿ ϕ ç (2) íàëåæèòü äî ïðîñòîðó îáìåæåíèõ íåïåðåðâíèõ íà R ôóíêöié,

ÿêèé ïîçíà÷àòèìåìî ÷åðåç Cb(R). Íîðìà â öüîìó ïðîñòîði âèçíà÷à¹òüñÿ ðiâíiñòþ

‖ϕ‖ = sup
x∈R
|ϕ(x)|.

IV. Âèêîíàíi óìîâè óçãîäæåííÿ:
∫

D
(i)
t ∪D

(i+1)
t

(ϕ(ri(t))− ϕ(y))µi(t, dy) = 0, i = 1, . . . , n.

V. Êðèâi ri(s) íàëåæàòü äî êëàñó Ãåëüäåðà H
1+α
2 ([0, T ]), i = 1, . . . , n.

VI. Â óìîâàõ (4) µi(s, ·) � éìîâiðíiñíi ìiðè íà D
(i)
s ∪ D(i+1)

s , s ∈ [0, T ], i = 1, . . . , n,

ÿêi ìàþòü òàêó âëàñòèâiñòü: iíòåãðàë âiä áóäü-ÿêî¨ ôóíêöi¨ f ∈ Cb(R) ïî Dj
s (j =

i, i+1) âiäíîñíî ìiðè µi(s, ·), ÿê ôóíêöiÿ çìiííî¨ s, íàëåæàòü äî êëàñó H
1+α
2 ([0, T ]).

Çàóâàæèìî, ùî çàäà÷ó (1)-(4) ìîæíà ðîçãëÿäàòè ÿê çàäà÷ó ïîáóäîâè äâîïàðàìåò-

ðè÷íî¨ íàïiâãðóïè Ôåëëåðà Ts,t, 0 ≤ s ≤ t ≤ T, ÿêà ïîðîäæó¹ íà ïðÿìié R äåÿêèé

íåîäíîðiäíèé ìàðêîâñüêèé ïðîñåñ. Âèêîíàííÿ äëÿ ôóíêöi¨ u(s, x, t) ≡ Ts,tϕ(x) ðiâíÿííÿ

(1) âêàçó¹ íà òå, ùî ó âíóòðiøíiõ òî÷êàõ îáëàñòi D
(i)
s öåé ïðîöåñ çáiãà¹òüñÿ iç çàäàíèì

òàì äèôóçiéíèì ïðîöåñîì, êåðîâàíèì îïåðàòîðîì 1
2
bi(s, x) ∂2

∂x2
+ai(s, x) ∂

∂x
(i = 1, . . . , n+

1), à óìîâà (2) óçãîäæó¹òüñÿ ç ðiâíiñòþ Tt,t = I, äå I � òîòîæíèé îïåðàòîð. Óìîâà

ñïðÿæåííÿ (3) âiäîáðàæà¹ âëàñòèâiñòü ôåëëåðîâîñòi ïðîöåñó, à óìîâà ñïðÿæåííÿ (4) ¹

íåëîêàëüíîþ óìîâîþ ñïðÿæåííÿ Ôåëëåðà-Âåíòöåëÿ, ÿêà âiäïîâiäà¹ çà ñòðèáêîïîäiáíèé

õàðàêòåð ïîâåðíåííÿ ïðîöåñó ç ñïiëüíî¨ ìåæi îáëàñòåé D
(i)
s i D

(i+1)
s , äå ðîçòàøîâàíà

ìåìáðàíà, â ñåðåäèíó îäíi¹¨ ç öèõ îáëàñòåé.

Óìîâè I, II çàáåçïå÷óþòü iñíóâàííÿ ôóíäàìåíòàëüíîãî ðîçâ'ÿçêó êîæíîãî ç ðiâíÿíü

â (1), ÿêèé ïîçíà÷èìî ÷åðåç Gi(s, x, t, y) (0 ≤ s < t ≤ T, x, y ∈ R, i = 1, . . . , n + 1).

Íàãàäà¹ìî, ùî ôóíêöiÿ Gi ïðè ôiêñîâàíèõ t ∈ (0, T ], y ∈ R, ÿê ôóíêöiÿ àðãóìåíòiâ

(s, x) ∈ [0, t)× R çàäîâîëüíÿ¹ ðiâíÿííÿ (1) i äîïóñêà¹ çîáðàæåííÿ

Gi(s, x, t, y) = Zi,0(s, x, t, y) + Zi,1(s, x, t, y), i = 1, . . . , n+ 1, (5)

äå

Zi,0(s, x, t, y) = [2πbi(t, y)(t− s)]−
1
2 exp

{
− (y − x)2

2bi(t, y)(t− s)

}
,

Zi,1(s, x, t, y) =

t∫
s

dτ

∫
R

Zi,0(s, x, τ, z)Qi(τ, z, t, y)dz,

à ôóíêöiÿ Qi(s, x, t, y) ¹ ðîçâ'ÿçêîì äåÿêîãî ñèíãóëÿðíîãî iíòåãðàëüíîãî ðiâíÿííÿ Âîëü-

òåððè äðóãîãî ðîäó.
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Âiäçíà÷èìî îöiíêè

|Dr
sD

p
xZi,0(s, x, t, y)| ≤ C(t− s)−

1+2r+p
2 exp

{
−c(y − x)2

t− s

}
, (6)

|Dr
sD

p
xZi,1(s, x, t, y)| ≤ C(t− s)−

1+2r+p−α
2 exp

{
−c(y − x)2

t− s

}
, (7)

äå 0 ≤ s < t ≤ T, x, y ∈ R, i = 1, . . . , n + 1, c i C � äîäàòíi ñòàëi (òóò i íàäàëi ÷åðåç

c i C áóäóòü ïîçíà÷àòèñÿ ñòàëi, ùî çàëåæàòü âiä äàíèõ çàäà÷i (1)-(4), áåç óòî÷íåííÿ ¨õ

êîíêðåòíîãî çíà÷åííÿ); r i p � öiëi íåâiä'¹ìíi ÷èñëà òàêi, ùî 2r + p ≤ 2, Dr
s � ñèìâîë

÷àñòèííî¨ ïîõiäíî¨ çà çìiííîþ s ïîðÿäêó r, Dp
x � ñèìâîë ÷àñòèííî¨ ïîõiäíî¨ çà çìiííîþ

x ïîðÿäêó p.

2 Ðîçâ'ÿçóâàííÿ çàäà÷i (1)-(4)

Ðîçâ'ÿçîê çàäà÷i (1)-(4) áóäåìî øóêàòè ó âèãëÿäi

u(s, x, t) = ui(s, x, t) = ui,0(s, x, t) +
1∑
j=0

u
(j)
i,1 (s, x, t), (s, x) ∈ S(i)

t , i = 1, . . . , n+ 1, (8)

äå ui,0 � òåïëîâèé ïîòåíöiàë Ïóàññîíà, ïîðîäæåíèé ôóíäàìåíòàëüíèì ðîçâ'ÿçêîì Gi

ðiâíÿííÿ (1),

ui,0(s, x, t) =

∫
R

Gi(s, x, t, y)ϕ(y)dy, (9)

à u
(j)
i,1 � ïîòåíöiàëè ïðîñòîãî øàðó

u
(j)
i,1 (s, x, t) =

t∫
s

Gi(s, x, τ, ri+j−1(τ))V2i+j−2(τ, t)dτ. (10)

Â îñòàííié ôîðìóëi V1, V2, . . . , V2n � íåâiäîìi ôóíêöi¨; V0 ≡ V2n+1 ≡ 0, r0 ≡ rn+1 ≡ 0.

Ôóíêöi¨ u
(0)
1,1 òà u

(1)
n+1,1, ÿêi òîòîæíî äîðiâíþþòü íóëåâi, ïîòðiáíi íàì ëèøå äëÿ òîãî,

ùîá ìàòè çìîãó çàïèñàòè ôîðìóëó äëÿ u(s, x, t) ó çðó÷íîìó äëÿ íàñ âèãëÿäi (8) i íå

ðîçãëÿäàòè ïðè öüîìó îêðåìî âèïàäêè, êîëè i = 1 òà i = n+ 1.

Ïðèïóñòèìî a priori, ùî íåâiäîìi ôóíêöi¨ Vp(s, t), p = 1, . . . , 2n, ¹ íåïåðåðâíèìè â

îáëàñòi 0 ≤ s < t ≤ T i ìàþòü òàêó âëàñòèâiñòü:

(A) äëÿ áóäü-ÿêèõ t ∈ (0, T ] i ε > 0 iñíó¹ s0 ∈ [0, t) òàêå, ùî ïðè âñiõ s ∈ [s0, t)

âèêîíó¹òüñÿ íåðiâíiñòü

|Vp(s, t)| ≤ εC(t− s)−
1
2 ,

äå C � äîäàòíà ñòàëà, ÿêà íå çàëåæèòü âiä ε.
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Öi ïðèïóùåííÿ ðàçîì ç óìîâîþ III äîçâîëÿþòü ñòâåðäæóâàòè (äèâ. âëàñòèâîñòi òå-

ïëîâèõ ïîòåíöiàëiâ, íàâåäåíi, íàïðèêëàä, ó [4, 11]), ùî ôóíêöiÿ ui(s, x, t), çàäàíà ðiâ-

íiñòþ (8), çàäîâîëüíÿ¹ â îáëàñòi (s, x) ∈ S
(i)
t (i = 1, . . . , n + 1) ðiâíÿííÿ (1) ç "ïî÷àò-

êîâîþ" óìîâîþ (2). Îòæå, äëÿ òîãî, ùîá çíàéòè ðîçâ'ÿçîê çàäà÷i (1)-(4), íàì ïîòðiáíî

âèçíà÷èòè ôóíêöi¨ V1, V2, . . . , V2n ç óìîâ ñïðÿæåííÿ (3), (4).

Âèêîðèñòîâóþ÷è óìîâè (3), (4), à òàêîæ âëàñòèâiñòü VI ìiðè µi (i = 1, . . . , n), îòðè-

ìó¹ìî íàñòóïíi ñïiââiäíîøåííÿ (0 ≤ s < t ≤ T, i = 1, . . . , n, m = i, i+ 1):

um(s, ri(s), t) =
i+1∑
k=i

∫
D

(k)
s

uk(s, y, t)µi(s, dy). (11)

Ïiäñòàâèâøè ïðàâó ÷àñòèíó âèðàçó (8) â (11), îòðèìó¹ìî òàêó ñèñòåìó iíòåãðàëüíèõ

ðiâíÿíü Âîëüòåððè ïåðøîãî ðîäó äëÿ V1, V2, . . . , V2n:

1∑
j=0

( t∫
s

Gm(s, ri(s), τ, rm+j−1(τ))V2m+j−2(τ, t)dτ

−
i+1∑
k=i

t∫
s

V2k+j−2(τ, t)dτ

∫
D

(k)
s

Gk(s, y, τ, rk+j−1(τ))µi(s, dy)

)
= Φm,i(s, t),

(12)

äå 0 ≤ s < t ≤ T, i = 1, . . . , n, m = i, i+ 1,

Φm,i(s, t) =
i+1∑
k=i

∫
D

(k)
s

uk,0(s, y, t)µi(s, dy)− um,0(s, ri(s), t).

Çà äîïîìîãîþ ïðèéîìó Ãîëüìãðåíà çâåäåìî ñèñòåìó ðiâíÿíü (12) äî åêâiâàëåíòíî¨ ñè-

ñòåìè ðiâíÿíü Âîëüòåððè äðóãîãî ðîäó. Ç öi¹þ ìåòîþ ââåäåìî iíòåãðî-äèôåðåíöiàëüíèé

îïåðàòîð E , ÿêèé äi¹ çà ïðàâèëîì

E(s, t)Φi =

√
2

π

∂

∂s

t∫
s

(ρ− s)−
1
2f(ρ, t)dρ, 0 ≤ s < t ≤ T.. (13)

Ðîçãëÿíåìî ñïî÷àòêó äiþ îïåðàòîðà E íà ïðàâi ÷àñòèíè ðiâíÿíü (12), òîáòî íà ôóí-

êöi¨ Φm,i(s, t) (0 ≤ s < t ≤ T, i = 1, . . . , n, m = i, i + 1). Äëÿ öüîãî íàì çíàäîáèòüñÿ

íàñòóïíà ëåìà.

Ëåìà 1. Äëÿ ôóíêöié Φm,i(s, t) (0 ≤ s < t ≤ T, i = 1, . . . , n, m = i, i + 1) âèêîíóþòüñÿ

ñïiââiäíîøåííÿ:

1) lim
s↑t

Φm,i(s, t) = 0;

2) |Φm,i(s, t)− Φm,i(s̃, t)| ≤ C‖ϕ‖(t− s)− 1+α
2 (s− s̃) 1+α

2 ïðè âñiõ 0 ≤ s̃ < s < t ≤ T.
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Äîâåäåííÿ. Äëÿ äîâåäåííÿ òâåðäæåííÿ 1) âèêîðèñòà¹ìî îöiíêó (6), óìîâó óçãîäæåííÿ

IV i âëàñòèâiòü VI ìiðè µi. Ìà¹ìî

lim
s↑t

Φm,i(s, t) =
i+1∑
k=i

∫
D

(k)
t

ϕ(y)µi(t, dy)− ϕ(ri(t))

=

∫
D

(i)
t ∪D

(i+1)
t

(ϕ(y)− ϕ(ri(t)))µi(t, dy) = 0. (14)

Ïåðåéäåìî äî äîâåäåííÿ òâåðäæåííÿ 2). Çàïèøåìî

Φm,i(s, t)− Φm,i(s̃, t) = I
(1)
i (s, s̃, t) + I

(2)
i (s, s̃, t) + Jm,i(s, s̃, t), (15)

äå

I
(1)
i (s, s̃, t) =

i+1∑
k=i

∫
D

(k)
s

[uk,0(s, y, t)− uk,0(s̃, y, t)]µi(s, dy),

I
(2)
i (s, s̃, t) =

i+1∑
k=i

( ∫
D

(k)
s

uk,0(s̃, y, t)µi(s, dy)−
∫
D

(k)
s̃

uk,0(s̃, y, t)µi(s̃, dy)

)
,

Jm,i(s, s̃, t) = um,0(s̃, ri(s̃), t)− um,0(s, ri(s), t).

Ïîêàæåìî, ùî êîæåí äîäàíîê â ïðàâié ÷àñòèíi âèðàçó (15) äîïóñêà¹ íåðiâíiñòü 2).

Îñêiëüêè ïðè s̃ < s

|uk,0(s, y, t)− uk,0(s̃, y, t)|

= |uk,0(s, y, t)− uk,0(s̃, y, t)|
1+α
2 |uk,0(s, y, t)− uk,0(s̃, y, t)|

1−α
2

≤

∣∣∣∣∣∂uk,0(ŝ, y, t)∂ŝ

∣∣∣∣
ŝ=s̃+θ(s−s̃)

· (s− s̃)

∣∣∣∣∣
1+α
2

(|uk,0(s, y, t)|+ |uk,0(s̃, y, t)|)
1−α
2

≤ C‖ϕ‖
[
(t− s̃− θ(s− s̃))−1(s− s̃)

] 1+α
2 ≤ C‖ϕ‖

[
((t− s)

+ (s− s̃)(1− θ))−1(s− s̃)
] 1+α

2 ≤ C‖ϕ‖(t− s)−
1+α
2 (s− s̃)

1+α
2 (0 < θ < 1),

òî íåðiâíiñòü 2) âèêîíó¹òüñÿ äëÿ äîäàíêà I
(1)
i . Äëÿ I

(2)
i ñïðàâåäëèâiñòü öi¹¨ íåðiâíîñòi

çàáåçïå÷ó¹ îöiíêà

|I(2)i | ≤ C‖ϕ‖(s− s̃)
1+α
2 ,

ÿêà ¹ î÷åâèäíèì íàñëiäêîì ïðèïóùåííÿ VI. Äëÿ Jm,i íåðiâíiñòü 2) âñòàíîâëþ¹òüñÿ çà

ïîäiáíîþ ñõåìîþ, ùî é äëÿ I
(1)
i , ç óðàõóâàííÿì ïðèïóùåííÿ V.

Îòæå,

|I(1)i + I
(2)
i + Jm,i| ≤ C‖ϕ‖(t− s)−

1+α
2 (s− s̃)

1+α
2 , s̃ < s.

Ëåìà äîâåäåíà.
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Âðàõîâóþ÷è îáèäâà òâåðäæåííÿ ëåìè 1, äëÿ ôóíêöié Φ̂m,i ≡ E(s, t)Φm,i çíàõîäèìî

çîáðàæåííÿ

Φ̂m,i(s, t) =
1√
2π

t∫
s

(ρ− s)−
3
2 [Φm,i(ρ, t)− Φm,i(s, t)]dρ−

√
2

π
(t− s)−

1
2 Φm,i(s, t) (16)

i íàñòóïíó îöiíêó (0 ≤ s < t ≤ T, i = 1, . . . , n, m = i, i+ 1):

|Φ̂m,i(s, t)| ≤ C‖ϕ‖(t− s)−
1
2 . (17)

Çàñòîñó¹ìî òåïåð îïåðàòîð E äî ëiâèõ ÷àñòèí ðiâíÿíü ñèñòåìè (12). Ðîçãëÿíåìî ií-

òåãðàë (0 ≤ s < t ≤ T, i = 1, . . . , n, m = i, i+ 1)

Lm,i(s, t) =

t∫
s

Zm,0(s, ri(τ), τ, ri(τ))Vm+i−1(τ, t)dτ.

Öåé iíòåãðàë âèíèêà¹ â ëiâié ÷àñòèíi êîæíîãî ç ðiâíÿíü â (12) ïðèm+j−1 = i âiäðàçó æ

ïiñëÿ òîãî, ÿê ôóíêöiþ Gm(s, ri(s), τ, rm+j−1(τ)) = Gm(s, ri(s), τ, ri(τ)) ïîäàòè ó âèãëÿäi

Gm(s, ri(s), τ, ri(τ)) = Zm,0(s, ri(τ), τ, ri(τ)) + Zm,1(s, ri(τ), τ, ri(τ))

+ [Gm(s, ri(s), τ, ri(τ))−Gm(s, ri(τ), τ, ri(τ))].

Ïîäi¹ìî îïåðàòîðîì E íà Lm,i(s, t) (0 ≤ s < t ≤ T, i = 1, . . . , n, m = i, i+ 1). Ìà¹ìî

L̂m,i(s, t) ≡ E(s, t)Lm,i

=

√
2

π

∂

∂s

t∫
s

(ρ− s)−
1
2dρ

t∫
ρ

Zm,0(ρ, ri(τ), τ, ri(τ))Vm+i−1(τ, t)dτ m = i, i+ 1.

Çìiíþþ÷è ïîðÿäîê iíòåãðóâàííÿ çà ρ i τ , îòðèìó¹ìî

L̂m,i(s, t) =

√
2

π

∂

∂s

t∫
s

Vm+i−1(τ, t)dτ

τ∫
s

(ρ− s)−
1
2Zm,0(ρ, ri(τ), τ, ri(τ))dρ

=
1

π

∂

∂s

t∫
s

Vm+i−1(τ, t)√
bm(τ, ri(τ))

τ∫
s

(ρ− s)−
1
2 (τ − ρ)−

1
2dρ, m = i, i+ 1.

Çâiäñè, âðàõîâóþ÷è ñïiââiäíîøåííÿ

τ∫
s

(ρ− s)−
1
2 (τ − ρ)−

1
2dρ =

Γ(1
2
)Γ(1

2
)

Γ(1)
= π,

çíàõîäèìî, ùî

L̂m,i(s, t) = − Vm+i−1(s, t)√
bm(s, ri(s))

, 0 ≤ s < t ≤ T, i = 1, . . . , n, m = i, i+ 1. (18)
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Êîðîòêî îïèøåìî íàøi äi¨ ïiñëÿ çàñòîñóâàííÿ ïåðåòâîðåííÿ Ãîëüìãðåíà äî âñiõ ií-

øèõ ñêëàäîâèõ ó ëiâèõ ÷àñòèíàõ ðiâíÿíü ñèñòåìè (12). Ïîäiÿâøè îïåðàòîðîì E íà öi

ñêëàäîâi, â îòðèìàíèõ âèðàçàõ ìè ñïî÷àòêó çìiíþ¹ìî ïîðÿäêè iíòåãðóâàííÿ çà ρ i τ , à

ïîòiì ñïðîùó¹ìî ïîõiäíi âiä iíòåãðàëiâ çàëåæíèõ âiä ïàðàìåòðiâ, âèêîðèñòîâóþ÷è òàêå

ïðàâèëî:

∂

∂s

t∫
s

f(s, τ)dτ =

t∫
s

∂

∂s
f(s, τ)dτ,

ÿêùî f(s, τ)→ 0 ïðè s ↑ τ . Ïiñëÿ âèêîíàííÿ âêàçàíèõ äié i âèêîðèñòàííÿ ñïiââiäíîøåí-

íÿ (18) áà÷èìî, ùî â ðåçóëüòàòi çàñòîñóâàííÿ îïåðàòîðà E ëiâi ÷àñòèíè ðiâíÿíü ñèñòåìè

(12) çâîäÿòüñÿ äî òàêîãî âèãëÿäó (0 ≤ s < t ≤ T, i = 1, . . . , n, m = i, i+ 1):

− Vm+i−1(s, t)√
bm(s, ri(s))

+

√
2

π

t∫
s

Vm+i−1(τ, t)dτ
∂

∂s

τ∫
s

(ρ− s)−
1
2

(
Zm,1(ρ, ri(τ), τ, ri(τ))

+
[
Gm(ρ, ri(ρ), τ, ri(τ))−Gm(ρ, ri(τ), τ, ri(τ))

])
dρ+

+

√
2

π

t∫
s

V3m−i−2(τ, t)dτ
∂

∂s

τ∫
s

(ρ− s)−
1
2Gm(ρ, ri(ρ), τ, r2m−i−1(τ))dρ

−
√

2

π

1∑
j=0

i+1∑
k=i

t∫
s

V2k+j−2(τ, t)dτ
∂

∂s

τ∫
s

(ρ− s)−
1
2dρ

∫
D

(k)
ρ

Gk(ρ, y, τ, rk+j−1(τ))µi(ρ, dy).

(19)

Ïðèðiâíÿâøè (19) äî ïðàâî¨ ÷àñòèíè âèðàçó (16), îòðèìó¹ìî ñèñòåìó iíòåãðàëüíèõ

ðiâíÿíü Âîëüòåððè äðóãîãî ðîäó. Êîæíå ç ðiâíÿíü öi¹¨ ñèñòåìè ïåðåòâîðèìî òàêèì ÷è-

íîì: ñïî÷àòêó îáèäâi éîãî ÷àñòèíè ïîìíîæèìî íà −
√
bm(s, ri(s)), à ïîòiì âñi âèðàçè

ç ëiâî¨ ÷àñòèíè îòðèìàíî¨ ðiâíîñòi, êðiì Vm+i−1(s, t), ïåðåíåñåìî ó ïðàâó ÷àñòèíó. Ïi-

ñëÿ âèêîíàííÿ öèõ ïåðåòâîðåíü ñèñòåìà ðiâíÿíü íàáóäå âèãëÿäó (0 ≤ s < t ≤ T, i =

1, . . . , n, m = i, i+ 1):

Vm+i−1(s, t) =
1∑
j=0

i+1∑
k=i

t∫
s

N
(m−i)
2k+j−2(s, τ)V2k+j−2(τ, t)dτ + Ψm+i−1(s, t), (20)

äå

N
(m−i)
2k+j−2(s, τ) = −

√
2bm(s, ri(s))

π

∂

∂s

τ∫
s

(ρ− s)−
1
2dρ

∫
D

(k)
ρ

Gk(ρ, y, τ, rk+j−1(τ))µi(ρ, dy),
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ÿêùî m 6= k,

N
(k−i)
3k−i−2(s, τ) =

√
2bk(s, ri(s))

π

∂

∂s

τ∫
s

(ρ− s)−
1
2

(
Gk(ρ, ri(ρ), τ, r2k−i−1(τ))

−
∫
D

(k)
ρ

Gk(ρ, y, τ, r2k−i−1(τ))µi(ρ, dy)

)
dρ,

N
(k−i)
k+i−1(s, τ) =

√
2bk(s, ri(s))

π

∂

∂s

τ∫
s

(ρ− s)−
1
2

(
Zk,1(ρ, ri(τ), τ, ri(τ)) +

[
Gk(ρ, ri(ρ), τ, ri(τ))

−Gk(ρ, ri(τ), τ, ri(τ))
]
−
∫
D

(k)
ρ

Gk(ρ, y, τ, ri(τ))µi(ρ, dy)

)
dρ,

Ψm+i−1(s, t) = −
√
bm(s, ri(s))Φ̂m,i(s, t).

Âiäçíà÷èìî, ùî äëÿ ôóíêöié Ψm+i−1 ç (20) âèêîíó¹òüñÿ íåðiâíiñòü (17), à ÿäðà

N
(m−i)
2k+j−2 íå ìàþòü iíòåãðîâíî¨ îñîáëèâîñòi. Äëÿ N

(m−i)
2k+j−2 ìîæíà îòðèìàòè ëèøå òàêó

îöiíêó:

|N (m−i)
2k+j−2(s, τ)| ≤ C(τ − s)−1, 0 ≤ s < τ < t ≤ T. (21)

Îöiíêà (21) ñïðè÷èíåíà iíòåãðàëîì∫
U

(k)
δ (rk+j−1(s))

∂

∂y
Zk,0(s, y, τ, rk+j−1(τ))µi(s, dy)

(U
(k)
δ (rk+j−1(s)) = {y ∈ D

(k)
s : |y − rk+j−1(s)| < δ}, δ � äîâiëüíà äîäàòíà ñòàëà), ÿêèé

âèíèêà¹ ó âèðàçi

N
(m−i)
2k+j−2(s, τ) = −

√
2bm(s, ri(s))

π

∂

∂s

[ τ∫
s

(ρ− s)−
1
2dρ

∫
D

(k)
ρ

Zk,1(ρ, y, τ, rk+j−1(τ))µi(ρ, dy)

+

τ∫
s

(ρ− s)−
1
2dρ

( ∫
D

(k)
ρ

Zk,0(ρ, y, τ, rk+j−1(τ))µi(ρ, dy)

−
∫
D

(k)
s0

Zk,0(ρ, y, τ, rk+j−1(τ))µi(s0, dy)

)

+

τ∫
s

(ρ− s)−
1
2dρ

∫
D

(k)
s0

Zk,0(ρ, y, τ, rk+j−1(τ))µi(s0, dy)

]∣∣∣∣
s0=s
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ïiñëÿ ñïðîùåííÿ ïîõiäíî¨ îñòàííüîãî äîäàíêà â êâàäðàòíèõ äóæêàõ

∂

∂s

τ∫
s

(ρ− s)−
1
2dρ

∫
D

(k)
s0

Zk,0(ρ, y, τ, rk+j−1(τ))µi(s0, dy)

∣∣∣∣
s0=s

=
1√

2πbk(τ, rk+j−1(τ))

× ∂

∂s

∫
D

(k)
s0

exp

{
− (y − rk+j−1(τ))2

2bk(τ, rk+j−1(τ))(τ − s)

}
µi(s0, dy)

τ∫
s

(ρ− s)−
1
2 (τ − ρ)−

1
2

× exp

{
− (y − rk+j−1(τ))2

2bk(τ, rk+j−1(τ))(τ − s)
· ρ− s
τ − ρ

}
dρ

∣∣∣∣
s0=s

=
1√

2πbk(τ, rk+j−1(τ))

× ∂

∂s

∫
D

(k)
s0

µi(s0, dy)

∞∫
0

z−
1
2 (z + 1)−1 exp

{
− (y − rk+j−1(τ))2

2bk(τ, rk+j−1(τ))(τ − s)
· (z + 1)

}
dz

∣∣∣∣
s0=s

=

√
πbk(τ, rk+j−1(τ))

2

∫
D

(k)
s

∂

∂y
Zk,0(s, y, τ, rk+j−1(τ))µi(s, dy)

=

√
πbk(τ, rk+j−1(τ))

2

( ∫
U

(k)
δ (rk+j−1(s))

∂

∂y
Zk,0(s, y, τ, rk+j−1(τ))µi(s, dy)

+

∫
D

(k)
s \U

(k)
δ (rk+j−1(s))

∂

∂y
Zk,0(s, y, τ, rk+j−1(τ))µi(s, dy)

)
.

Âñi iíøi ñêëàäîâi âèðàçó äëÿ N
(m−i)
2k+j−2(s, τ) äîïóñêàþòü íåðiâíîñòi, ïðàâi ÷àñòèíè ÿêèõ

ìàþòü âèãëÿä C(δ)(τ − s)−1+α
2 , äå C(δ) � äîäàòíà ñòàëà, ùî çàëåæèòü âiä âèáîðó δ.

Çàìiíèâøè m + i − 1 (i = 1, . . . , n, m = i, i + 1) ó êîæíîìó ðiâíÿííi ñèñòåìè (20)

iíäåêñîì p, ÿêèé çìiíþ¹ ñâî¨ çíà÷åííÿ âiä 1 äî 2n, áà÷èìî, ùî öþ ñèñòåìó ðiâíÿíü

ìîæíà çàïèñòàòè ó âèãëÿäi:

Vp(s, t) =

p+r+1∑
l=p+r−2

t∫
s

N
(r)
l (s, τ)Vl(τ, t)dτ + Ψp(s, t), (22)

äå 0 ≤ s < t ≤ T, p = 1, . . . , 2n, à iíäåêñ r äîðiâíþ¹ îñòà÷i âiä äiëåííÿ p íà 2.

Íåçâàæàþ÷è íà òå, ùî ÿäðà N
(r)
l (s, τ) íå ìàþòü iíòåãðîâíî¨ îñîáëèâîñòi, ðîçâ'ÿçîê

ñèñòåìè ðiâíÿíü (22) iñíó¹ i éîãî ìîæíà çíàéòè çà äîïîìîãîþ çâè÷àéíîãî ìåòîäó ïîñëi-

äîâíèõ íàáëèæåíü:

Vp(s, t) =
∞∑
m=0

V (m)
p (s, t), 0 ≤ s < t ≤ T, p = 1, . . . , 2n, (23)

äå

V (0)
p (s, t) = Ψp(s, t),

V (m)
p (s, t) =

p+r+1∑
l=p+r−2

t∫
s

N
(r)
l (s, τ)V

(m−1)
l (τ, t)dτ (V

(m−1)
0 ≡ V

(m−1)
2n+1 ≡ 0), m = 1, 2, . . .
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Çáiæíiñòü ðÿäó (23) âèïëèâà¹ ç íàñòóïíî¨ íåðiâíîñòi, ÿêà âñòàíîâëþ¹òüñÿ ìåòîäîì

ìàòåìàòè÷íî¨ iíäóêöi¨:

∣∣V (m)
p (s, t)

∣∣ ≤ C‖ϕ‖(t− s)−
1
2

m∑
k=0

Ck
ma

(m−k)(h(δ))k, m = 0, 1, . . . , (24)

äå

a(k) =

(
4C(δ0)T

α
2 Γ
(
α
2

))k
Γ
(
1
2

)
Γ
(
1+kα

2

) , k = 0, 1, . . . ,m,

h(δ) =
B

b
max
s∈[0,T ]

n∑
i=1

(
µi(s, U

(i)
δ (ri(s)) ∪ U (i+1)

δ (ri(s))

)
< 1 (äëÿ äîñòàòíüî ìàëîãî δ).

Ç íåðiâíîñòi (24) òàêîæ âèïëèâà¹, ùî ôóíêöi¨ Vp (p = 1, . . . , 2n) äîïóñêàþòü îöiíêó

|Vp(s, t)| ≤ C‖ϕ‖(t− s)−
1
2 , 0 ≤ s < t ≤ T. (25)

Îòæå, ôîðìóëà (23) ïðåäñòàâëÿ¹ ¹äèíèé ðîçâ'ÿçîê (V1, . . . , V2n) ñèñòåìè iíòåãðàëü-

íèõ ðiâíÿíü (22), êîìïîíåíòè ÿêîãî íåïåðåðâíi â îáëàñòi 0 ≤ s < t ≤ T i çàäîâîëüíÿþòü

íåðiâíiñòü (25).

Ç îöiíêîê (6) (ïðè r = p = 0) i (25) âèïëèâà¹ iñíóâàííÿ ïîòåíöiàëiâ ïðîñòîãî øàðó â

(8) i âèêîíàííÿ äëÿ íèõ íàñòóïíî¨ íåðiâíîñòi

|u(j)i,1 (s, x, t)| ≤ C‖ϕ‖, (s, x) ∈ S(i)

t , i = 1, . . . , n+ 1, j = 0, 1. (26)

Î÷åâèäíî, ùî òàêà æ ñàìà íåðiâíiñòü âèêîíó¹òüñÿ òàêîæ äëÿ ïîòåíöiàëiâ Ïóàññîíà

ui,0(s, x, t) ((s, x) ∈ S(i)

t , i = 1, . . . , n+ 1) â (8), à îòæå, i äëÿ ñàìî¨ ôóíêöi¨ u(s, x, t).

Ç äîïîìîãîþ ñïiââiäíîøåíü (5), (6) i (7) íåñêëàäíî ïåðåêîíàòèñÿ, â òîìó, ùî ôóíêöi¨

Vp (p = 1, . . . , 2n) ìàþòü âëàñòèâiñü (A). Öÿ âëàñòèâiñòü äîçâîëÿ¹ ñòâåðäæóâàòè, ùî

lim
s↑t

u
(j)
i,1 (s, x, t) = 0, i = 1, . . . , n+ 1, j = 0, 1.

Âðàõîâóþ÷è ïðè öüîìó, ùî äëÿ ôóíêöié ui,0 âèêîíó¹òüñÿ óìîâà (2), à òàêîæ òîé ôàêò,

ùî ôóíêöi¨ ui,0 i u
(j)
i,1 (i = 1, . . . , n + 1, j = 0, 1) çàäîâîëüíÿþòü ðiâíÿííÿ (1) â îáëàñòi

(s, x) ∈ S
(i)
t (i = 1, . . . , n + 1), ðîáèìî âèñíîâîê, ùî u(s, x, t) ¹ øóêàíèì ðîçâ'ÿçêîì

ïàðàáîëi÷íî¨ çàäà÷i ñïðÿæåííÿ (1)-(4).

Îòæå, ìè äîâåëè òàêå òâåðäæåííÿ:

Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè I-VI. Òîäi çàäà÷à (1)-(4) ìà¹ ðîçâ'ÿçîê, íåïåðåðâ-

íèé â St. Êðiì òîãî, öåé ðîçâ'ÿçîê ìà¹ âèãëÿä (8) i äëÿ íüîãî âèêîíó¹òüñÿ íåðiâíiñòü

(26).

Ó òåîðåìi 1 ìè âñòàíîâèëè iñíóâàííÿ êëàñè÷íîãî ðîçâ'ÿçêó çàäà÷i (1)-(4). Òåïåð

äîâåäåìî òåîðåìó ¹äèíîñòi.

Òåîðåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè I-VI. Òîäi iñíó¹ íå áiëüøå íiæ îäèí ðîçâ'ÿçîê

çàäà÷i (1)-(4), ÿêèé ¹ íåïåðåðâíèé i îáìåæåíèé â St.
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Äîâåäåííÿ. Ïðèïóñòèìî, ùî çàäà÷à (1)-(4) ìà¹ äâà ðîçâ'ÿçêè

u(1)(s, x, t) = u
(1)
i (s, x, t), u(2)(s, x, t) = u

(2)
i (s, x, t), (s, x) ∈ S(i)

t , i = 1, . . . , n+ 1,

ÿêi ¹ íåïåðåðâíi òà îáìåæåíi â St. Òîäi ôóíêöiÿ

υ(s, x, t) = u(1)(s, x, t)− u(2)(s, x, t) = υi(s, x, t) (s, x) ∈ S(i)

t , i = 1, . . . , n+ 1, (27)

äå υi(s, x, t) = u
(1)
i (s, x, t)− u(2)i (s, x, t), ¹ ðîçâ'ÿçêîì îäíîðiäíî¨ çàäà÷i ñïðÿæåííÿ (1)-(4)

(ïðè ϕ ≡ 0), ÿêèé ¹ íåïåðåðâíèé i îáìåæåíèé â St. Çàóâàæèìî ïðè öüîìó, ùî êîæíó

ç ôóíêöié υi (i = 1, . . . , n + 1) ìîæíà ðîçãëÿäàòè îäíî÷àñíî ÿê ðîçâ'ÿçîê íàñòóïíî¨

ïàðàáîëi÷íî¨ ïåðøî¨ êðàéîâî¨ çàäà÷i:

∂υi
∂s

+
1

2
bi(s, x)

∂2υi
∂x2

+ ai(s, x)
∂υi
∂x

= 0, (s, x) ∈ S(i)
t , i = 1, . . . , n+ 1, (28)

lim
s↑t

υi(s, x, t) = 0, x ∈ D(i)

t , i = 1, . . . , n+ 1, (29)

υi(s, ri(s), t) = fi(s, t), 0 ≤ s < t ≤ T, i = 1, . . . , n, (30)

äå

fi(s, t) =

∫
D

(i)
s ∪D

(i+1)
s

υ(s, y, t)µi(s, dy).

Îñêiëüêè ôóíêöiÿ fi(s, t) íåïåðåðâíà i îáìåæåíà íà [0, T ], ïåðøà êðàéîâà çàäà÷à (28)-

(30) ìà¹ ¹äèíèé êëàñè÷íèé ðîçâ'ÿçîê, íåïåðåðâíèé i îáìåæåíèé â S
(i)

t (i = 1, . . . , n+ 1),

ÿêèé äî òîãî æ ìîæå áóòè âèçíà÷åíèé çà äîïîìîãîþ ôîðìóëè (8), äå ñëiä ïîêëàñòè

ui,0 ≡ 0.

Îòæå, υi(s, x, t) (i = 1, . . . , n) â ¹äèíèé ñïîñiá ìîæóòü áóòè ïðåäñòàâëåíi ó âèãëÿäi (8),

äå âiäñóòíi ïîòåíöiàëè Ïóàññîíà, à Vp(s, t) (p = 1, . . . , 2n) � íåïåðåðâíi â îáëàñòi s ∈ [0, t)

ôóíêöi¨, ÿêi âèçíà÷àþòüñÿ çà äîïîìîãîþ fi(s, t). Äàëi, áåðó÷è äî óâàãè ìiðêóâàííÿ, íà-

âåäåíi ïðè äîâåäåííi òåîðåìè 1, ëåãêî çàóâàæèòè, ùî Vp(s, t) (p = 1, . . . , 2n), îäíî÷àñíî

¹ ðîçâ'ÿçêîì îäíîðiäíî¨ ñèñòåìè iíòåãðàëüíèõ ðiâíÿíü (22) ïðè Ψp ≡ 0 (p = 1, . . . , 2n).

Âíàñëiäîê ¹äèíîñòi ðîçâ'ÿçêó ñèñòåìè (22) â ðîçãëÿäóâàíîìó êëàñi íåïåðåðâíèõ ôóíê-

öié ìà¹ìî, ùî Vp ≡ 0 (p = 1, . . . , 2n), çâiäêè îòðèìó¹ìî υi ≡ 0 (i = 1, . . . , n + 1) i

u(1)(s, x, t) ≡ u(2)(s, x, t).

3 Íàïiâãðóïà Ôåëëåðà

Íåõàé C0(R) � ïiäïðîñòið Cb(R), ùî ñêëàäà¹òüñÿ ç óñiõ ôóíêöié ϕ ∈ Cb(R) äëÿ ÿêèõ

âèêîíó¹òüñÿ óìîâà IV. Îñêiëüêè ïiäïðîñòið C0(R) ¹ çàìêíóòèì ó Cb(R), âií ¹ áàíàõîâèì

ïðîñòîðîì.

Ç òåîðåìè 1 âèïëèâà¹, ùî çà äîïîìîãîþ ðîçâ'ÿçêó çàäà÷i (1)-(4) ìîæíà âèçíà÷èòè

äâîïàðàìåòðè÷íó ñiì'þ ëiíiéíèõ îïåðàòîðiâ Ts,t : C0(R) → C0(R), 0 ≤ s ≤ t ≤ T . Äëÿ

0 ≤ s < t ≤ T, x ∈ R i ϕ ∈ C0(R) ïîêëàäåìî

Ts,tϕ(x) = T
(i,0)
s,t ϕ(x) + T

(i,1)
s,t ϕ(x), 0 ≤ s < t ≤ T, x ∈ D(i)

s , i = 1, . . . , n+ 1, (31)
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äå

T
(i,0)
s,t ϕ(x) ≡ ui,0(s, x, t), T

(i,1)
s,t ϕ(x) ≡

1∑
j=0

u
(j)
i,1 (s, x, t),

ôóíêöi¨ ui,0 òà u
(j)
i,1 (j = 0, 1) âèçíà÷àþòüñÿ çà ôîðìóëàìè (9) òà (10) âiäïîâiäíî, à ùiëü-

íîñòi Vp(s, t) ≡ Vp(s, t, ϕ) (p = 1, . . . , 2n), ÿêi âõîäÿòü äî ïîòåíöiàëiâ ïðîñòîãî øàðó u
(j)
i,1

ïðåäñòàâëÿþòü ðîçâ'ÿçîê ñèñòåìè ñèíãóëÿðíèõ iíòåãðàëüíèõ ðiâíÿíü (22), äî ÿêî¨ ðå-

äóêó¹òüñÿ çàäà÷à (1)-(4). Ïðè öüîìó Tt,t = I, äå I � òîòîæíèé îïåðàòîð i äëÿ Ts,tϕ(x) â

îáëàñòi (s, x) ∈ St âèêîíó¹òüñÿ íåðiâíiñòü

|Ts,tϕ(x)| ≤ C‖ϕ‖. (32)

Íàÿâíiñòü iíòåãðàëüíîãî çîáðàæåííÿ äëÿ ñiì'¨ îïåðàòîðiâ Tst (0 ≤ s ≤ t ≤ T ) äà¹

çìîãó äîñòàòíüî ëåãêî ïåðåâiðèòè âèêîíàííÿ äëÿ íèõ òàêèõ âëàñòèâîñòåé:

à) ÿêùî ϕn ∈ C0(R), n ∈ N, sup
n∈N
‖ϕn‖ <∞, i äëÿ âñiõ x ∈ R lim

n→∞
ϕn(x) = ϕ(x), äå ϕ ∈

C0(R), òî äëÿ âñiõ (s, x) ∈ St âèêîíó¹òüñÿ ñïiââiäíîøåííÿ lim
n→∞

Ts,tϕn(x) = Ts,tϕ(x);

á) Ts,t = Ts,τTτ,t, 0 ≤ s < τ < t ≤ T (íàïiâãðóïîâà âëàñòèâiñòü);

â) îïåðàòîðè Ts,t (0 ≤ s ≤ t ≤ T ) � íåâiä'¹ìíi (0 ≤ s ≤ t ≤ T ), òîáòî Ts,tϕ ≥ 0 äëÿ

áóäü ÿêî¨ ϕ ∈ C0(R) òàêî¨, ùî ϕ ≥ 0;

ã) îïåðàòîðè Ts,t (0 ≤ s ≤ t ≤ T ) � ñòèñêóþ÷i, òîáòî âîíè íå çáiëüøóþòü íîðìó

åëåìåíòà;

Âëàñòèâiñòü à) ¹ íàñëiäêîì âèêîíàííÿ äëÿ ðîçâ'ÿçêó ñèñòåìè iíòåãðàëüíèõ ðiâíÿíü

(22) î÷åâèäíîãî ñïiââiäíîøåííÿ lim
n→∞

Vp(s, t, ϕn) = Vp(s, t, ϕ) (s ∈ [0, t), p = 1, . . . , 2n) i

òåîðåìè Ëåáåãà ïðî ãðàíè÷íèé ïåðåõiä ïiä çíàêîì iíòåãðàëà.

Íàïiâãðóïîâà âëàñòèâiñòü îïåðàòîðiâ Ts,t ¹ íàñëiäêîì òåîðåìè 2 ïðî ¹äèíiñòü ðîç-

â'ÿçêó çàäà÷i (1)-(4). Ñïðàâäi, äëÿ òîãî, ùîá çíàéòè u(s, x, t) = Ts,tϕ(x), êîëè äàíî, ùî

lims↑t u(s, x, t) = ϕ(x), ìîæíà ñïî÷àòêó ðîçâ'ÿçàòè çàäà÷ó ó ÷àñîâîìó ïðîìiæêó [τ, t], à

ïîòiì ðîçâ'ÿçàòè ¨¨ ó ÷àñîâîìó ïðîìiæêó [s, τ ] ç òi¹þ "ïî÷àòêîâîþ" ôóíêöi¹þ u(τ, x, t) =

Tτ,tϕ(x), ÿêó áóëî îòðèìàíî; iíàêøå êàæó÷è, Ts,tϕ(x) = Ts,τ (Tτ,tϕ)(x), ϕ ∈ C0(R), àáî

Ts,t = Ts,τTτ,t.

Äîâåäåìî âëàñòèâiñòü â). Íåõàé ôóíêöiÿ ϕ ∈ C0(R) íåâiä'¹ìíà ïðè âñiõ x ∈ R.
Áåðó÷è äî óâàãè âëàñòèâiñòü à), äëÿ äîâåäåííÿ â) äîñòàòíüî îáìåæèòèñÿ âèïàäêîì,

êîëè ôóíêöiÿ ϕ ¹ ôiíiòíîþ. Ç òåîðåìè 1 âèïëèâà¹, ùî äëÿ òàêî¨ ôóíêöi¨ ϕ ôóíêöiÿ

Ts,tϕ(x), ÿêà ïðåäñòàâëÿ¹ ðîçâ'ÿçîê çàäà÷i (1)-(4), ¹ îáìåæåíîþ òà íåïåðåðâíîþ â îáëàñòi

(s, x) ∈ [0, t) × R i äëÿ âñiõ 0 ≤ s ≤ t ≤ T lim
x→±∞

Ts,tϕ(x) = 0. Äàëi, ÿêùî ϕ ≡ 0, òî

òâåðäæåííÿ ëåìè ¹ î÷åâèäíèì. Ðîçãëÿíåìî âèïàäîê, êîëè ôóíêöiÿ ϕ íå ñêðiçü äîðiâíþ¹

íóëåâi. Ïîçíà÷èìî ÷åðåç γ ìiíiìóì Ts,tϕ(x) â îáëàñòi (s, x) ∈ St i ïðèïóñòèìî, ùî γ <
0. Çãiäíî ç ïðèíöèïîì ìàêñèìóìó äëÿ ïàðàáîëi÷íèõ ðiâíÿíü [12] ìà¹ìî, ùî â óìîâàõ
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íàøèõ ïðèïóùåíü çíà÷åííÿ γ äîñÿãà¹òüñÿ ëèøå ïðè s ∈ (0, t) i x = ri(s) (i = 1, . . . , n).

Íåõàé s = s0, x0 = ri0(s0) (i = i0) äëÿ ÿêèõ Ts0,tϕ(x0) = γ. Òîäi∫
D

(i0)
s0
∪D(i0+1)

s0

[Ts0,tϕ(x0)− Ts0,tϕ(y)]µ(s0, dy) < 0,

ùî ñóïåðå÷èòü óìîâi (4). Îòðèìàíà ñóïåðå÷íiñòü âêàçó¹ íà òå, ùî γ ≥ 0, ùî é ïîòðiáíî

áóëî äîâåñòè.

Íàðåøòi, âèêîíàííÿ äëÿ îïåðàòîðiâ Ts,t âëàñòèâîñòi ã) ¹ ïðîñòèì íàñëiäêîì âëàñòè-

âîñòi â) i òîãî ôàêòó, ùî Ts,t1 ≡ 1 ïðè 0 ≤ s ≤ t ≤ T .

Ç âëàñòèâîñòåé à)-ã) âèïëèâà¹, ùî äâîïàðàìåòðè÷íà ñiì'ÿ îïåðàòîðiâ Ts,t, âèçíà÷åíà

ôîðìóëîþ (31), ¹ íàïiâãðóïîþ Ôåëëåðà, ÿêà îïèñó¹ íà ïðÿìié R äåÿêèé íåîäíîðiäíèé

ìàðêîâñüêèé ïðîöåñ (äèâ. [13, ñ. 79, òåîð. 2.1]).

Îòæå, ìè äîâåëè òàêå òâåðäæåííÿ:

Òåîðåìà 3. Íåõàé âèêîíóþòüñÿ óìîâè I-VI. Òîäi äâîïàðàìåòðè÷íà ñiì'ÿ îïåðàòîðiâ

Ts,t (0 ≤ s ≤ t ≤ T ), âèçíà÷åíà ôîðìóëîþ (31), ¹ íàïiâãðóïîþ Ôåëëåðà, ÿêà ïîðîäæó¹

íà ïðÿìié R òàêèé íåîäíîðiäíèé ìàðêîâñüêèé ïðîñåñ, ùî â êîæíié ç îáëàñòåé D
(i)
s (i =

1, . . . , n+1) âií çáiãà¹òüñÿ iç çàäàíèì òàì äèôóçiéíèì ïðîöåñîì, êåðîâàíèì îïåðàòîðîì
1
2
bi(s, x) ∂2

∂x2
+ai(s, x) ∂

∂x
, à éîãî ïîâåäiíêà ïðè ïîòðàïëÿííi íà ñïiëüíó ìåæó öèõ îáëàñòåé

x = ri(s) (i = 1, . . . , n) îïèñó¹òüñÿ óìîâàìè ñïðÿæåííÿ (4).
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Shevchuk R.V., Savka I.Ya. The nonlocal conjugation problem for a linear second order parabolic

equation of Kolmogorov's type with discontinuous coe�cients, Bukovinian Math. Journal. 10,

2 (2022), 249�264.

In this paper, we construct the two-parameter Feller semigroup associated with a certain

one-dimensional inhomogeneous Markov process. This process may be described as follows. At
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the interior points of the �nite number of intervals (−∞, r1(s)), (r1(s), r2(s)), . . . , (rn(s),∞)

separated by points ri(s) (i = 1, . . . , n), the positions of which depend on the time variable,

this process coincides with the ordinary di�usions given there by their generating di�erential

operators, and its behavior on the common boundaries of these intervals is determined by the

Feller-Wentzell conjugation conditions of the integral type, each of which corresponds to the

inward jump phenomenon from the boundary.

The study of the problem is done using analytical methods. With such an approach, the

problem of existence of the desired semigroup leads to the corresponding nonlocal conjugation

problem for a second order linear parabolic equation of Kolmogorov's type with discontinuous

coe�cients. The main part of the paper consists in the investigation of this parabolic conjugati-

on problem, the peculiarity of which is that the domains on the plane, where the equations are

given, are curvilinear and have non-smooth boundaries: the functions ri(s) (i = 1, . . . , n), whi-

ch determine the boundaries of these domains satisfy only the H�older condition with exponent

greater than 1
2 . Its classical solvability in the space of continuous functions is established by

the boundary integral equations method with the use of the fundamental solutions of the uni-

formly parabolic equations and the associated potentials. It is also proved that the solution

of this problem has a semigroup property. The availability of the integral representation for

the constructed semigroup allows us to prove relatively easily that this semigroup yields the

Markov process.


