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Ìiøàíà çàäà÷à äëÿ íåëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü âèùèõ ïîðÿäêiâ çi

çìiííèìè ïîêàçíèêàìè íåëiíiéíîñòi â íåîáìåæåíèõ îáëàñòÿõ áåç óìîâ íà

íåñêií÷åííîñòi

Ó äàíié ðîáîòi äîâåäåíî îäíîçíà÷íó ðîçâ'ÿçíiñòü ìiøàíî¨ çàäà÷i äëÿ äåÿêèõ àíiçî-

òðîïíèõ ïàðàáîëi÷íèõ ðiâíÿíü âèùèõ ïîðÿäêiâ çi çìiííèìè ïîêàçíèêàìè íåëiíiéíîñòi â

íåîáìåæåíèõ îáëàñòÿõ áåç óìîâ íåñêií÷åííîñòi. Òàêîæ îòðèìàíî àïðiîðíó îöiíêó óçà-

ãàëüíåíèõ ðîçâ'ÿçêiâ öi¹¨ çàäà÷i.

Êëþ÷îâi ñëîâà i ôðàçè: ìiøàíà çàäà÷à, ïî÷àòêîâî-êðàéîâà çàäà÷à, ïàðàáîëi÷íå ðiâíÿ-

ííÿ âèùîãî ïîðÿäêó, íåëiíiéíå ïàðàáîëi÷íå ðiâíÿííÿ, óçàãàëüíåíèé ðîçâ'ÿçîê.
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Â äàíié ðîáîòi ðîçãëÿäà¹ìî ìiøàíó àáî, iíøèìè ñëîâàìè, ïî÷àòêîâî-êðàéîâó çàäà÷ó

(çîêðåìà, çàäà÷ó Êîøi) äëÿ äåÿêèõ ïàðàáîëi÷íèõ ðiâíÿíü ó íåîáìåæåíèõ îáëàñòÿõ âiä-

íîñíî ïðîñòîðîâèõ çìiííèõ. ßê âiäîìî, ó âèïàäêó ëiíiéíèõ ðiâíÿíü äëÿ çàáåçïå÷åííÿ

¹äèíîñòi ðîçâ'ÿçêó òàêî¨ çàäà÷i ïîòðiáíî íàêëàäàòè ïåâíi îáìåæåííÿ íà éîãî ïîâåäiíêó

ïðè |x| → +∞. Âïåðøå òàêèé ðåçóëüòàò áóëî îòðèìàíî â [25] ó âèïàäêó çàäà÷i Êîøi

äëÿ ðiâíÿííÿ òåïëîïðîâiäíîñòi

ut −∆u = 0, (x, t) ∈ Rn × (0, T ], u|t=0 = u0(x), x ∈ Rn. (1)

Òàì áóëî äîâåäåíî, ùî çàäà÷à (1) ìà¹ ¹äèíèé êëàñè÷íèé ðîçâ'ÿçîê â ïðè äîäàòêîâié

óìîâi íà éîãî ïîâåäiíêó íà íåñêií÷åííîñòi:

|u(x, t)| 6 Aea|x|
2

, (x, t) ∈ Rn × [0, T ], (2)

äå a,A � ñòàëi (çàëåæíi âiä u). Òàêîæ áóëî ïîêàçàíî, ùî öÿ óìîâà ¹ ñóòò¹âîþ, à òî-

÷íiøå, áóëî äîâåäåíî, ùî çàäà÷à (1) ç u0 ≡ 0 ìà¹ íåòðèâiàëüíi ðîçâ'ÿçêè iç çðîñòàííÿì
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Aea|x|
2+ε

ïðè |x| → +∞ äëÿ áóäü-ÿêîãî ε > 0. Çàóâàæèìî, ùî îáìåæåííÿ (2) ìîæíà

iíòåðïðåòóâàòè ÿê àíàëîã êðàéîâî¨ óìîâè íà íåñêií÷åííîñòi. Ïîäiáíi ðåçóëüòàòè äëÿ ÿê

äëÿ ëiíiéíèõ, òàê i íåëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü ç øèðîêèõ êëàñiâ áóëè îòðèìàíi

â [2, 9, 14, 20, 24] òà iíøèõ. Òàêîæ âiäìiòèìî, ùî äëÿ ðîçâ'ÿçíîñòi ìiøàíèõ çàäà÷ äëÿ

çãàäàíèõ âèùå ïàðàáîëi÷íèõ ðiâíÿíü ïîòðiáíî íàêëàñòè ïåâíi îáìåæåííÿ ùîäî ïîâå-

äiíêè âõiäíèõ äàíèõ ïðè |x| → +∞. Çîêðåìà, ó ñòàòòi [25] áóëî ïîêàçàíî, ùî êëàñè÷íèé

ðîçâ'ÿçîê çàäà÷i (1), (2) iñíó¹, ÿêùî u0 çàäîâîëüíÿ¹ óìîâó:

|u0(x)| 6 B eb|x|
2

, x ∈ Rn,

äå b, B � ÿêi-íåáóäü ñòàëi.

Îäíàê iñíóþòü íåëiíiéíi ïàðàáîëi÷íi ðiâíÿííÿ, äëÿ ÿêèõ âiäïîâiäíi ìiøàíi çàäà÷i

îäíîçíà÷íî ðîçâ'ÿçíi áåç áóäü-ÿêèõ óìîâ íà íåñêií÷åííîñòi. Âïåðøå òàêèé ðåçóëüòàò

áóëî îòðèìàíî â [10] äëÿ ðiâíÿííÿ

ut −∆u+ |u|p−2u = 0, (x, t) ∈ Ω× (0, T ],

äå Ω � íåîáìåæåíà îáëàñòü â Rn, p > 2 � ñòàëà. Ïiçíiøå ïîäiáíi ðåçóëüòàòè áóëè

îòðèìàíi äëÿ iíøèõ íåëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü, çîêðåìà, â ðîáîòàõ [?,1,3�5,8,10,

13,19].

Íåëiíiéíi äèôåðåíöiàëüíi ðiâíÿííÿ çi çìiííèìè ïîêàçíèêàìè íåëiíiéíîñòi âèíèêàþòü

ïðè ìàòåìàòè÷íîìó ìîäåëþâàííi ðiçíèõ ïðèðîäíèõ ïðîöåñiâ. Çîêðåìà, öi ðiâíÿííÿ îïè-

ñóþòü åëåêòðîðåîëîãi÷íi ïîòîêè ðå÷îâèí, ïðîöåñè âiäíîâëåííÿ çîáðàæåíü, åëåêòðè÷íèé

ñòðóì ó ïðîâiäíèêàõ çi çìiííèì ïîëåì òåìïåðàòóðè (äèâ. [22]). Òàêi ðiâíÿííÿ iíòåíñèâíî

âèâ÷àëèñÿ â [6,7,11,16,18,21,23] òà áàãàòüîõ iíøèõ ðîáîòàõ. Ïðè öüîìó âèêîðèñòîâóâà-

ëèñÿ óçàãàëüíåííÿ ïðîñòîðiâ Ëåáåãà i Ñîáîë¹âà (äèâ. [12,15]).

Ó äàíié ðîáîòi äîâåäåíî îäíîçíà÷íó ðîçâ'ÿçíiñòü ìiøàíî¨ çàäà÷i äëÿ àíiçîòðîïíèõ

ïàðàáîëi÷íèõ ðiâíÿíü âèùèõ ïîðÿäêiâ çi çìiííèìè ïîêàçíèêàìè íåëiíiéíîñòi â íåîáìå-

æåíèõ îáëàñòÿõ áåç óìîâ íåñêií÷åííîñòi. ßê íàì âiäîìî, ðàíiøå ìiøàíi çàäà÷i äëÿ

äîñëiäæóâàíèõ íàìè ðiâíÿíü íå ðîçãëÿäàëèñÿ.

Ðîáîòà ñêëàäà¹òüñÿ çi âñòóïó i òðüîõ ðîçäiëiâ. Â ïåðøîìó ç íèõ äà¹ìî ïîñòàíîâêó

çàäà÷i i ôîðìóëþâàííÿ îñíîâíîãî ðåçóëüòàòó. Â äðóãîìó ðîçäiëi íàâîäèìî äîïîìiæíi

òâåðäæåííÿ, ÿêi âèêîðèñòàííi â òðåòüîìó ðîçäiëi äëÿ îá ðóíòóâàííÿ îñíîâíîãî ðåçóëü-

òàòó.

1 Ïîñòàíîâêà çàäà÷i i ôîðìóëþâàííÿ îñíîâíîãî ðåçóëüòàòó

Íåõàé n,m � íàòóðàëüíi ÷èñëà, M � ïiäìíîæèíà ìíîæèíè {0, 1, . . . ,m} òàêà, ùî
{0,m} ⊂ M , i M0 := M \ {0}. Ïîçíà÷èìî ÷åðåç N êiëüêiñòü ìóëüòèiíäåêñiâ α =

(α1, . . . , αn) ðîçìiðíîñòi n (âïîðÿäêîâàíèõ íàáîðiâ ç n öiëèõ íåâiä'¹ìíèõ ÷èñåë), äîâ-

æèíè ÿêèõ |α| = α1 + . . . + αn ¹ åëåìåíòàìè ìíîæèíèM . Íåõàé Rn � ëiíiéíèé ïðîñòið,

åëåìåíòàìè ÿêîãî ¹ âïîðÿäêîâàíi íàáîðè äiéñíèõ ÷èñåë x = (x1, . . . , xn) i íà ÿêîìó ââå-

äåíà íîðìà |x| = (x2
1 + . . . + x2

n)1/2. ×åðåç RN ïîçíà÷à¹ìî ëiíiéíèé ïðîñòið, ñêëàäåíèé

ç âïîðÿäêîâàíèõ íàáîðiâ ç N äiéñíèõ ÷èñåë ξ = (ξ0̂ , . . . , ξα, . . .) ≡ (ξα : |α| ∈ M), êîì-

ïîíåíòè ÿêèõ ïðîíóìåðîâàíi ìóëüòèiíäåêñàìè ðîçìiðíîñòi n, ùî ìàþòü äîâæèíè ç M i
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âïîðÿäêîâàíi ëåêñèêîãðàôi÷íî (öå îçíà÷à¹, ùî α = (α1, . . . , αn) ïåðåäó¹ β = (β1, . . . , βn),

êîëè àáî |α| < |β|, àáî |α| = |β| i αk > βk, äå k := min
{
j |αj 6= βj

}
). Òóò i äàëi

0̂ = (0, . . . , 0) � ìóëüòèiíäåêñ, ñêëàäåíèé ç íóëiâ. Ïîêëàäåìî |ξ| :=
( ∑
|α|∈M

|ξα|2
)1/2

äëÿ

äîâiëüíîãî ξ ∈ RN .

Íåõàé Ω � íåîáìåæåíà îáëàñòü â ïðîñòîði Rn. Ïðèïóñòèìî, ùî ìåæà Γ := ∂Ω îáëà-

ñòi Ω ¹ êóñêîâî-ãëàäêîþ ïîâåðõíåþ i ïîçíà÷èìî ÷åðåç ν îäèíè÷íèé âåêòîð çîâíiøíüî¨

íîðìàëi äî Γ. Íåõàé T > 0 � ÿêå-íåáóäü ôiêñîâàíå ÷èñëî. Ïðèéìåìî

Q := Ω× (0, T ), Σ := Γ× (0, T ).

Ðîçãëÿíåìî çàäà÷ó : çíàéòè ôóíêöiþ u : Q → R, ÿêà çàäîâîëüíÿ¹ (â ïåâíîìó ñåíñi)

ðiâíÿííÿ

ut +
∑
|α|∈M

(−1)|α|Dαaα(x, t, δu) =
∑
|α|∈M

(−1)|α|Dαfα(x, t), (x, t) ∈ Q, (3)

êðàéîâi óìîâè
∂ju

∂νj

∣∣∣
Σ

= 0 , j = 0,m− 1, (4)

òà ïî÷àòêîâó óìîâó

u(x, 0) = u0(x) , x ∈ Ω, (5)

äå aα : Q × RN → R, fα : Q → R, |α| ∈ M, u0 : Ω → R � çàäàíi ôóíêöi¨, ÿêi

çàäîâîëüíÿþòü ïåâíi óìîâè, ïðî ÿêi áóäå ñêàçàíî ïiçíiøå. Òóò i äàëi äëÿ ôóíêöi¨ v : Ω→

R ïîçíà÷à¹ìî ÷åðåç δv âïîðÿäêîâàíèé íàáið ç ïîõiäíèõ Dαv ≡ ∂α1+...+αn

∂xα1
1 ...∂x

αn
n

v ôóíêöi¨ v

ïîðÿäêiâ |α| ∈M (ïðàâèëî âïîðÿäêóâàííÿ òàêå æ, ÿê äëÿ êîìïîíåíòiâ âåêòîðiâ ξ ∈ RN).

Äàëi ñôîðìóëüîâàíó âèùå ìiøàíó çàäà÷ó äëÿ ðiâíÿííÿ (3) ç êðàéîâèìè óìîâàìè

(4) i ïî÷àòêîâîþ óìîâîþ (5) êîðîòêî íàçèâàòèìåìî çàäà÷åþ (3) � (5).

Ìè áóäåìî ðîçãëÿäàòè óçàãàëüíåíi ðîçâ'ÿçêè çàäà÷i (3) � (5), à äëÿ öüîãî ââåäåìî

íåîáõiäíi ïîçíà÷åííÿ i çðîáèìî âiäïîâiäíi ïðèïóùåííÿ ùîäî âõiäíèõ äàíèõ öi¹¨ çàäà÷i.

Ñïî÷àòêó ââåäåìî ïîòðiáíi íàì äàëi ôóíêöiéíi ïðîñòîðè. Íåõàé G � ÿêà-íåáóäü

îáëàñòü â Rn, r : G→ R � âèìiðíà ôóíêöiÿ òàêà, ùî r(x) ≥ 1 äëÿ ì.â. x ∈ G, ïðè÷îìó,
ÿêùî r(x) > 1 äëÿ ìàéæå âñiõ x ∈ G, òî r′(x), x ∈ G, � ôóíêöiÿ, ÿêà âèçíà÷åíà ðiâíiñòþ

1
r(x)

+ 1
r′(x)

= 1 äëÿ ìàéæå âñiõ x ∈ G. Ïiä Lr(·)(G) ðîçóìi¹ìî ëiíiéíèé ïðîñòið (êëàñiâ)

âèìiðíèõ ôóíêöié v : G → R, äëÿ ÿêèõ ôóíêöiîíàë ρG,r(v) :=
∫
G

|v(x)|r(x) dx ïðèéìà¹

ñêií÷åíi çíà÷åííÿ, ç íîðìîþ ‖v‖Lr(·)(G) := inf{λ > 0 | ρG,r(v/λ) ≤ 1}. Öåé ïðîñòið ¹ áàíà-

õîâèì i éîãî íàçèâàþòü óçàãàëüíåíèì ïðîñòîðîì Ëåáåãà àáî ïðîñòîðîì Ëåáåãà çi çìií-

íèì ïîêàçíèêîì (äèâ., íàïðèêëàä, [12]). Çàóâàæèìî, ùî êîëè r(x) = r0 ≡ const ≥ 1 äëÿ

ì.â. x ∈ G, òî ‖ ·‖Lr(·)(G) = ‖ ·‖Lr0 (G). Âiäîìî, ùî ÿêùî 1 < ess inf
x∈G

r(x) ≤ ess sup
x∈G

r(x) <∞,

òî ñïðÿæåíèé äî Lr(·)(G) ìîæíà îòîòîæíèòè ç Lr′ (·)(G). Àíàëîãi÷íî ÿê Lr(·)(G) âè-

çíà÷à¹ìî ïðîñòið Lr(·)(D), äå D = G × (0, T ), âèêîðèñòîâóþ÷è ôóíêöiîíàë ρD,r(w) :=∫∫
D

|w(x, t)|r(x) dxdt çàìiñòü ρG,r(v).
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×åðåç Bd(Ω) ïîçíà÷èìî ìíîæèíó âñåìîæëèâèõ îáìåæåíèõ ïiäîáëàñòåé îáëàñòi Ω.

Íåõàé p : Ω → R � âèìiðíà ôóíêöiÿ òàêà, ùî p(x) ≥ 1 äëÿ ì.â. x ∈ Ω, ïðè÷îìó,

ÿêùî p(x) > 1 äëÿ ìàéæå âñiõ x ∈ Ω, òî p′(x), x ∈ Ω, � ôóíêöiÿ, ÿêà âèçíà÷å-

íà ðiâíiñòþ 1
p(x)

+ 1
p′(x)

= 1 äëÿ ìàéæå âñiõ x ∈ Ω. ×åðåç Lp(·), loc(Ω) ïîçíà÷à¹ìî ëi-

íiéíèé ïðîñòið (êëàñiâ) âèìiðíèõ ôóíêöié v : Ω → R, çâóæåííÿ ÿêèõ íà äîâiëüíó

îáëàñòü Ω′ ∈ Bd(Ω) íàëåæàòü Lp(·)(Ω
′), iç ñèñòåìîþ ïiâíîðì {‖ · ‖Lp(·)(Ω′) |Ω′ ∈ Bd(Ω′)}.

Öåé ïðîñòið ¹ ïîâíèì ëiíiéíèì ëîêàëüíî îïóêëèì ïðîñòîðîì. Òàê ñàìî ÿê Lp(·), loc(Ω)

ââîäèìî ïîâíèé ëiíiéíèé ëîêàëüíî îïóêëèé ïðîñòið Lp(·), loc(Q) iç ñèñòåìîþ ïiâíîðì

{‖ · ‖Lp(·)(Ω′×(0,T )) |Ω′ ∈ Bd(Ω′)}. Çàóâàæèìî, ùî ïîñëiäîâíiñòü {vl}∞l=1 ñëàáêî çáiãà¹òüñÿ

äî v â Lp(·), loc(Ω) (âiäïîâiäíî, â Lp(·), loc(Q)), ÿêùî äëÿ áóäü-ÿêî¨ îáëàñòi Ω′ ∈ Bd(Ω)

ïîñëiäîâíiñòü {vl|Ω′}∞l=1 (âiäïîâiäíî, {vl|Ω′×(0,T )}∞l=1) çáiãà¹òüñÿ äî v|Ω′ (âiäïîâiäíî, äî
v|Ω′×(0,T )) ñëàáêî â Lp(·)(Ω

′) (âiäïîâiäíî, â Lp(·)(Ω
′ × (0, T ))).

Òàêîæ ââåäåìî ïðîñòið Hm
loc(Ω) := {v ∈ L2,loc(Ω)

∣∣Dαv ∈ L2,loc(Ω), |α| ≤ m}, ÿêèé
iç ñèñòåìîþ ïiâíîðì: {‖ · ‖Hm(Ω′)

∣∣Ω′ ∈ Bd(Ω)} ¹ ïîâíèì ëiíiéíèì ëîêàëüíî îïóêëèì

ïðîñòîðîì. Òóò i äàëi Hm(Ω′) := {v ∈ L2(Ω′)
∣∣ Dαv ∈ L2(Ω′), |α| ≤ m} � ñòàíäàðòíèé

ïðîñòið Ñîáîë¹âà ç íîðìîþ ‖v‖Hm(Ω′) :=
( ∫

Ω′

∑
|α|≤m |Dαv|2 dx

)1/2

. Ïîñëiäîâíiñòü {vj}
çáiãà¹òüñÿ äî v â ïðîñòîði Hm

loc(Ω), ÿêùî ïîñëiäîâíiñòü {vj
∣∣
Ω′
} çáiãà¹òüñÿ äî v

∣∣
Ω′

â ïðî-

ñòîði Hm(Ω′) äëÿ áóäü-ÿêî¨ Ω′ ∈ Bd(Ω). Íåõàé Cm
c (Ω) � ëiíiéíèé ïðîñòið, ñêëàäåíèé çm

ðàç íåïåðåðâíî äèôåðåíöiéîâíèõ i ôiíiòíèõ íà Ω ôóíêöié, à Cm
c (Ω) � ëiíiéíèé ïðîñòið,

ñêëàäåíèé ç m ðàç íåïåðåðâíî äèôåðåíöiéîâíèõ íà Ω ôóíêöié, ÿêi ìàþòü îáìåæåíi íî-

ñi¨, òîáòî ¨õ íîñi¨ ¹ êîìïàêòíèìè ìíîæèíàìè â Ω. ×åðåç
◦
Hm

loc(Ω) ïîçíà÷èìî çàìèêàííÿ

ïðîñòîðó Cm
c (Ω) â Hm

loc(Ω), à ÷åðåç
◦
Hm

c (Ω) � ïiäïðîñòið ïðîñòîðó
◦
Hm

loc(Ω), ñêëàäåíèé ç

ôóíêöié, ÿêi ìàþòü îáìåæåíèé íîñié.

Áóäåìî ðîçãëÿäàòè ïðîñòið Hm,0
loc (Q) := {w ∈ L2,loc(Ω)

∣∣Dαw ∈ L2,loc(Q), |α| ≤ m},
ÿêèé iç ñèñòåìîþ ïiâíîðì: {‖ · ‖Hm,0(Ω′×(0,T ))

∣∣Ω′ ∈ Bd(Ω)} ¹ ïîâíèì ëiíiéíèì ëîêàëü-

íî îïóêëèì ïðîñòîðîì. Òóò i äàëi Hm,0(Ω′ × (0, T )) := {w ∈ L2(Ω′ × (0, T ))
∣∣Dαw ∈

L2(Ω′ × (0, T )), |α| ≤ m} � ñòàíäàðòíèé ïðîñòið Ñîáîë¹âà ç íîðìîþ ‖v‖Hm,0(Ω′×(0,T )) :=( T∫
0

∫
Ω′

∑
|α|≤m

|Dαv|2 dxdt
)1/2

. Ïîñëiäîâíiñòü {wj} çáiãà¹òüñÿ äî w â ïðîñòîði Hm,0
loc (Q), ÿêùî

ïîñëiäîâíiñòü {wj
∣∣
Ω′×(0,T )

} çáiãà¹òüñÿ äî w
∣∣
Ω′×(0,T )

â ïðîñòîði Hm,0(Ω′× (0, T )) äëÿ áóäü-

ÿêî¨ Ω′ ∈ Bd(Ω). ×åðåç
◦
H
m,0
loc (Q) ïîçíà÷èìî ïiäïðîñòið ïðîñòîðó Hm,0

loc (Q), ñêëàäåíèé ç

ôóíêöié w òàêèõ, ùî w(·, t) ∈
◦
Hm

loc(Ω) äëÿ ìàéæå âñiõ t ∈ (0, T ).

Ïiä ïðîñòîðîì C
(
[0, T ];L2,loc(Ω)

)
ðîçóìiòèìåìî ïðîñòið ôóíêöié w(x, t), (x, t) ∈ Q,

òàêèõ, ùî äëÿ äîâiëüíî¨ îáìåæåíî¨ ïiäîáëàñòi Ω′ îáëàñòi Ω (òîáòî Ω′ ∈ Bd(Ω)) ¨õ çâóæåí-

íÿ íà ìíîæèíó Ω′ × (0, T ) íàëåæèòü ïðîñòîðó C
(
[0, T ];L2(Ω′)

)
ç íîðìîþ

‖w‖
C
(

[0,T ];L2(Ω′)
) := maxt∈[0,T ] ‖w(t)‖L2(Ω′). Ïðîñòið C

(
[0, T ];L2,loc(Ω)

)
¹ ïîâíèì ëiíiéíèì

ëîêàëüíî îïóêëèì ïðîñòîðîì iç ñèñòåìîþ ïiâíîðì {‖ · ‖
C
(

[0,T ];L2(Ω′)
) |Ω′ ∈ Bd(Ω)}.

Òåïåð ïåðåéäåìî äî óìîâ íà âõiäíi äàíi äîñëiäæóâàíî¨ çàäà÷i.

Íåõàé
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(P) p : Ω→ R � âèìiðíà ôóíêöiÿ òàêà, ùî

p− := ess inf
x∈Ω

p(x) > 2 , p+ := ess sup
x∈Ω

p(x) <∞.

Ïiä Ap, äå p � ôóíêöiÿ, ùî çàäîâîëüíÿ¹ óìîâó (P), ðîçóìiòèìåìî ìíîæèíó, åëå-

ìåíòàìè ÿêî¨ ¹ âïîðÿäêîâàíi íàáîðè (aα) := (a0̂, . . . , aα, . . .) ç N âèçíà÷åíèõ íà Q× RN

äiéñíîçíà÷íèõ ôóíêöié, ÿêi ïðîíóìåðîâàíi ìóëüòèiíäåêñàìè ðîçìiðíîñòi n, ùî ìàþòü

äîâæèíè ç M òà âïîðÿäêîâàíi ëåêñèêîãðàôi÷íî, ïðè÷îìó êîìïîíåíòè íàáîðó (aα) çà-

äîâîëüíÿþòü óìîâè:

(A1) äëÿ êîæíîãî α , |α| ∈ M, ôóíêöiÿ aα(x, t, ξ), (x, t, ξ) ∈ Q× RN , ¹ êàðàòåîäîðiâ-

ñüêîþ, òîáòî äëÿ ìàéæå âñiõ (x, t) ∈ Q ôóíêöiÿ aα(x, t, ·) : RN → R ¹ íåïå-

ðåðâíîþ, à äëÿ âñiõ ξ ∈ RN ôóíêöiÿ aα(·, ·, ξ) : Q → R ¹ âèìiðíîþ; êðiì òîãî,

aα(x, t, 0) = 0, |α| ∈M, äëÿ ìàéæå âñiõ (x, t) ∈ Q;

(A2) äëÿ ìàéæå âñiõ (x, t) ∈ Q òà áóäü-ÿêèõ ξ ∈ RN âèêîíóþòüñÿ íåðiâíîñòi

|a0̂(x, t, ξ)| ≤ h0̂(x, t)
(
|ξ|2/p′(x) + |ξ0̂|

p(x)−1
)

+ g0̂(x, t),

|aα(x, t, ξ)| ≤ hα(x, t)|ξ|+ gα(x, t), |α| ∈M0,

äå hα ∈ L∞,loc(Q), |α| ∈M , g0̂ ∈ Lp′(·),loc(Q), gα ∈ L2,loc(Q), |α| ∈M0;

(A3) iñíóþòü ñòàëi B1 > 0 i B2 ≥ 0 òàêi, ùî äëÿ êîæíîãî α, |α| ∈ M0, ìàéæå âñiõ

(x, t) ∈ Q òà áóäü-ÿêèõ ξ i η ç RN âèêîíó¹òüñÿ íåðiâíiñòü

|aα(x, t, ξ)− aα(x, t, η)| ≤
(
B1

∑
|α|∈M0

|ξα − ηα|2 + B2|ξ0̂ − η0̂|
2
)1/2

;

(A4) iñíóþòü ñòàëi K1 > 0, K2 ≥ 0, K3 > 0 òàêi, ùî äëÿ ìàéæå âñiõ (x, t) ∈ Q òà

áóäü-ÿêèõ ξ i η ç RN âèêîíó¹òüñÿ íåðiâíiñòü∑
|α|∈M

(aα(x, t, ξ)− aα(x, t, η))(ξα − ηα)

≥ K1

∑
|α|∈M0

|ξα − ηα|2 + K2 |ξ0̂ − η0̂|
2 +K3 |ξ0̂ − η0̂|

p(x),

ïðè÷îìó, ÿêùî âèêîíó¹òüñÿ îäíà ç äâîõ óìîâ: B2 > 0 àáî p+ ≥ 2(n+ 1)/n, òî

K2 > 0.

Çàóâàæåííÿ 1. ßêùî M = {0,m}, p+ ∈ (2; 2(n+ 1)/n), òî, çîêðåìà, åëåìåíòàìè ìíî-

æèíè Ap ¹ íàáîðè (aα), êîìïîíåíòàìè ÿêèõ ¹ ôóíêöi¨ a0̂(x, t, ξ) := ã0̂(x, t)|ξ0̂|p(x)−2ξ0̂,

aα(x, t, ξ) = ãα(x, t)ξα, (x, t, ξ) ∈ Q × RN , äëÿ êîæíîãî α, |α| = m, äå ãα, |α| ∈ M, �

âèìiðíi îáìåæåíi äîäàòíi i âiääiëåíi âiä íóëÿ ôóíêöi¨. Îäíîìó ç òàêèõ íàáîðiâ áóäå

âiäïîâiäàòè ðiâíÿííÿ

ut + (−∆)mu+ ã0̂(x, t)|u|p(x)−2u = f(x, t), (x, t) ∈ Q.
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Íåõàé Fp,loc(Q) � ìíîæèíà, åëåìåíòàìè ÿêî¨ ¹ âïîðÿäêîâàíi íàáîðè (fα := (f0̂, . . . ,

fα, . . .) ç N âèçíà÷åíèõ íà Q äiéñíîçíà÷íèõ ôóíêöié, ÿêi ïðîíóìåðîâàíi òàê ñàìî, ÿê

êîìïîíåíòè åëåìåíòiâ ìíîæèíè Ap, i ôóíêöi¨ ç áóäü-ÿêîãî òàêîãî íàáîðó çàäîâîëüíÿ-

þòü óìîâó:

(F) f0̂ ∈ Lp′(·),loc(Q), fα ∈ L2,loc(Q) ∀α, |α| ∈M0.

Ïîçíà÷èìî

Up,loc(Q) :=
◦
H
m,0
loc (Q) ∩ Lp(·),loc(Q) ∩ C

(
[0, T ];L2,loc(Ω)

)
.

Ñêàæåìî, ùî ïîñëiäîâíiñòü {vk}∞k=1 çáiãà¹òüñÿ äî v â Up,loc(Q), ÿêùî äëÿ áóäü-ÿêî¨ îáëà-

ñòi Ω′ ∈ Bd(Ω) ïîñëiäîâíiñòü {vk
∣∣
Ω′×(0,T )

}∞k=1 çáiãà¹òüñÿ äî v|Ω′×(0,T ) â H
m,0(Ω′ × (0, T ))∩

Lp(·)(Ω
′ × (0, T )) ∩ C

(
[0, T ];L2(Ω′)

)
.

Îçíà÷åííÿ 1. Íåõàé (aα) ∈ Ap, (fα) ∈ Fp,loc(Q) i u0 ∈ L2,loc(Ω). Óçàãàëüíåíèì ðîçâ'ÿçêîì

çàäà÷i (3) � (5) íàçèâà¹òüñÿ ôóíêöiÿ u ∈ Up,loc(Q), ÿêà çàäîâîëüíÿ¹ ïî÷àòêîâó óìîâó

(5) òà iíòåãðàëüíó ðiâíiñòü∫∫
Q

[
−uψϕ′ +

∑
|α|∈M

aα(x, t, δu)Dαψϕ
]
dxdt =

∫∫
Q

∑
|α|∈M

fαD
αψϕdxdt (6)

äëÿ áóäü-ÿêèõ ψ ∈
◦
Hm
c (Ω) ∩ Lp(·)(Ω), ϕ ∈ C1

c (0, T ).

Íàñ áóäå öiêàâèòè iñíóâàííÿ òà ¹äèíiñòü óçàãàëüíåíîãî ðîçâ'ÿçêó çàäà÷i (3) � (5).

Äëÿ ôîðìóëþâàííÿ âiäïîâiäíîãî ðåçóëüòàòó i éîãî îá ðóíòóâàííÿ áóäåìî âèêîðèñòîâó-

âàòè òàêi ïîçíà÷åííÿ: äëÿ äîâiëüíîãî R > 0

ΩR � çâ'ÿçíà êîìïîíåíòà ìíîæèíè Ω ∩ {x ∈ Rn
∣∣ |x| < R},

QR := ΩR × (0, T ), ΣR := ΓR × (0, T ).

Òåîðåìà 1. Íåõàé p çàäîâîëüíÿ¹ óìîâó (P), (aα) ∈ Ap, (fα) ∈ Fp,loc(Q) i u0 ∈ L2,loc(Ω).

Òîäi çàäà÷à (3) � (5) ìà¹ ¹äèíèé óçàãàëüíåíèé ðîçâ'ÿçîê i âií äëÿ áóäü-ÿêèõ R, R0

òàêèõ, ùî 0 < R0 ≤ R/2, R ≥ 1, çàäîâîëüíÿ¹ îöiíêó

max
t∈[0,T ]

∫
ΩR0

|u(x, t)|2 dx+

∫∫
QR0

[ ∑
|α|∈M0

|Dαu(x, t)|2 +K2|u(x, t)|2 + |u(x, t)|p(x)
]
dxdt

≤ C1

{
Rn− 2q

q−2 +

∫∫
QR

[ ∑
|α|∈M0

∣∣fα(x, t)
∣∣2 +

∣∣f0̂(x, t)
∣∣p′(x)

]
dxdt+

∫
ΩR

∣∣u0(x)
∣∣2 dx}, (7)

äå q = p+, ÿêùî K2 = 0, i q ∈ (2; p−] ∪ {p+} � ÿêå-íåáóäü, ÿêùî K2 > 0; C1 � äîäàòíà

ñòàëà, ÿêà çàëåæàòü òiëüêè âiä B1, B2, K1, K2, K3, p
−, p+, n,m, q.
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2 Äîïîìiæíi òâåðäæåííÿ

Â öüîìó ðîçäiëi íàâåäåìî òâåðäæåííÿ, ÿêi âèêîðèñòîâóþòüñÿ â íàñòóïíîìó ðîçäiëi

äëÿ äîâåäåííÿ îñíîâíîãî ðåçóëüòàòó.

Òâåðäæåííÿ 1 ( [12, 15]). Äëÿ äîâiëüíîãî R > 0 i áóäü-ÿêî¨ ôóíêöi¨ v ∈ Lp(·)(QR)

ïðàâèëüíi íåðiâíîñòi

min
{(
ρp,R(v)

)1/p−
,
(
ρp,R(v)

)1/p+} ≤ ‖v‖Lp(·)(QR) ≤ max
{(
ρp,R(v)

)1/p−
,
(
ρp,R(v)

)1/p+}
,

min
{(
‖v‖Lp(·)(QR)

)p−
,
(
‖v‖Lp(·)(QR)

)p+} ≤ ρp,R(v) ≤ max
{(
‖v‖Lp(·)(QR)

)p−
,
(
‖v‖Lp(·)(QR)

)p+}
,

äå

ρp,R(v) :=

∫∫
QR

|v(x, t)|p(x) dxdt, ‖v‖Lp(·)(QR) := inf{λ > 0 | ρp,R(v/λ) ≤ 1}.

Ëåìà 1 (ëåìà 1, [6]). Íåõàé R∗ ≥ 1, v ∈
◦
H

m,0
loc (Q) ∩ Lp(·),loc(Q), g0̂ ∈ Lp ′(·),loc(Q),

gα ∈ L2,loc(Q), |α| ∈M, òàêi, ùî∫∫
Q

[
−vψϕ ′ +

∑
|α|∈M

gαD
αψϕ

]
dxdt = 0

äëÿ áóäü-ÿêèõ ψ ∈
◦
Hm
c (Ω) ∩ Lp(·)(Ω), suppψ ⊂ ΩR∗ , ϕ ∈ C1

c (0, T ).

Òîäi v ∈ C
(
[0, T ];L2(ΩR

))
∀ R ∈ (0, R∗) i äëÿ äîâiëüíèõ ôóíêöié θ ∈ C1([0, T ]),

w ∈ Cm
c (Ω), suppw ⊂ ΩR∗ , òà áóäü-ÿêèõ ÷èñåë t1, t2, 0 ≤ t1 < t2 ≤ T , ïðàâèëüíà ðiâíiñòü

θ(t2)

∫
Ω

|v(x, t2)|2w(x) dx − θ(t1)

∫
Ω

|v(x, t1)|2w(x) dx−

−
t2∫
t1

∫
Ω

|v(x, t)|2w(x) θ′(t) dxdt + 2

t2∫
t1

∫
Ω

∑
|α|∈M

gαD
α(v w) θ dxdt = 0. (8)

Çàóâàæåííÿ 2. ßêùî v
∣∣
ΩR∗×(0,T )

∈ L2

(
0, T ;

◦
Hm(ΩR∗

)
i âèêîíó¹òüñÿ óìîâà ëåìè 1, òî

v ∈ C
(
[0, T ];L2(ΩR∗

)
i âèêîíó¹òüñÿ ðiâíiñòü (8) ç w ≡ 1. Öå ëåãêî âèïëèâà¹ ç äîâåäåííÿ

ëåìè 1.

Ëåìà 2. Íåõàé R∗ ≥ 1, (aα) ∈ Ap i äëÿ êîæíîãî l ∈ {1, 2} ôóíêöi¨ (fα,l) ∈ Fp,loc(Q),

u0,l ∈ L2,loc(Ω) i ul ∈ Up,loc(Q) òàêi, ùî âèêîíó¹òüñÿ ïî÷àòêîâà óìîâà

ul(x, 0) = u0,l(x) , x ∈ ΩR∗ , (9)

òà iíòåãðàëüíà ðiâíiñòü∫∫
QR∗

[
−ulψϕ′ +

∑
|α|∈M

aα(x, t, δul)D
αψϕ

]
dxdt =

∫∫
QR∗

∑
|α|∈M

fα,lD
αψϕdxdt (10)
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äëÿ áóäü-ÿêèõ ψ ∈
◦
Hm
c (Ω) ∩ Lp(·)(Ω), suppψ ⊂ ΩR∗ , ϕ ∈ C1

c (0, T ).

Òîäi äëÿ áóäü-ÿêèõ ÷èñåë R, R0 òàêèõ, ùî 0 < 2R0 ≤ R ≤ R∗,R ≥ 1, ïðàâèëüíà

íåðiâíiñòü

max
t∈[0,T ]

∫
ΩR0

∣∣u1(x, t)− u2(x, t)
∣∣2 dx+

∫∫
QR0

[ ∑
|α|∈M0

∣∣Dαu1(x, t)−Dαu2(x, t)
∣∣2

+K2

∣∣u1(x, t)− u2(x, t)
∣∣2 +

∣∣u1(x, t)− u2(x, t)
∣∣p(x)

]
dxdt

≤ C1

{
Rn− 2q

q−2 +

∫∫
QR

[ ∑
|α|∈M0

∣∣fα,1(x, t)− fα,2(x, t)
∣∣2 +

∣∣f0̂,1(x, t)− f0̂,2(x, t)
∣∣p ′(x)

]
dxdt

+

∫
ΩR

∣∣u0,1(x)− u0,2(x)
∣∣2 dx}, (11)

äå q i C1 òàêi æ, ÿê ó òåîðåìi 1.

Äîâåäåííÿ ëåìè 2. Ïîêëàäåìî v := u1 − u2. Ç iíòåãðàëüíèõ òîòîæíîñòåé, îòðèìàíèõ ç

(10), âiäïîâiäíî, äëÿ l = 1 i l = 2, äiñòàíåìî∫∫
QR∗

[
− vψϕ ′ +

∑
|α|∈M

(
aα(x, t, δu1)− aα(x, t, δu2)

)
Dαψϕ

]
dxdt

=

∫∫
QR∗

∑
|α|∈M

(fα,1 − fα,2)Dαψϕdxdt

äëÿ áóäü-ÿêèõ ψ ∈
◦
Hm
c (Ω) ∩ Lp(·)(Ω), suppψ ⊂ ΩR∗ , ϕ ∈ C1

c (0, T ). Çâiäñè íà ïiäñòàâi

ëåìè 1 äiñòàíåìî

θ(t2)

∫
ΩR∗

|v(x, t2)|2w(x) dx − θ(t1)

∫
ΩR∗

|v(x, t1)|2w(x) dx

−
t2∫
t1

∫
ΩR∗

|v(x, t)|2w(x) θ ′(t) dxdt

+ 2

t2∫
t1

∫
ΩR∗

∑
|α|∈M

(
aα(x, t, δu1)− aα(x, t, δu2)

)
Dα(v w) θ dxdt

= 2

t2∫
t1

∫
ΩR∗

∑
|α|∈M

(fα,1 − fα,2)Dα(vw) θ dxdt, (12)

äå θ ∈ C1
(
[0, T ]

)
, w ∈ Cm

c (Ω), suppw ⊂ ΩR∗ , t1, t2 ∈ [0, T ] � äîâiëüíi.
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Íåõàé R0 i R � ÿêi-íåáóäü ÷èñëà òàêi, ùî 0 < 2R0 < R ≤ R∗, R ≥ 1. Ïîêëàäåìî

ζ(x) :=

{
(R2 − |x|2)/R, ÿêùî |x| ≤ R,

0, ÿêùî |x| > R.

Âiçüìåìî â (12) t1 = 0, t2 = τ ∈ (0, T ], θ(t) = 1, t ∈ [0, T ], w(x) = ζs(x), x ∈ Ω,

äå s > m � äîñòàòíüî âåëèêå ÷èñëî (î÷åâèäíî, ùî ïðè s > m ìà¹ìî ζs ∈ Cm
c (Ω),

supp ζs ⊂ ΩR). Ó ðåçóëüòàòi îòðèìà¹ìî ðiâíiñòü∫
ΩR

|v(x, τ)|2ζs(x) dx+ 2

∫∫
QτR

∑
|α|∈M

(
aα(x, t, δu1)− aα(x, t, δu2)

)
Dα(v ζs) dxdt

= 2

∫∫
QτR

∑
|α|∈M

(fα,1 − fα,2)Dα(v ζs) dxdt+

∫
ΩR

∣∣u0,1(x)− u0,2(x)
∣∣2 ζs(x) dx, (13)

äå Qτ
R := ΩR × (0, τ).

Òåïåð çàóâàæèìî òàêå. Íåõàé ṽ ∈
◦
Hm

loc(Ω), α ∈ Zn+, |α| ∈M0, gα ∈ L2,loc(Ω). Î÷åâèäíî,

ùî ∫
Ω

gαD
α(ṽ ζs) dx =

∫
Ω

gαD
αṽ ζs dx +

∫
Ω

gα
(
Dα(ṽ ζs) − Dαṽ ζs

)
dx. (14)

Ç ëåìè 3.1 ðîáîòè [1] âèïëèâà¹, ùî∫
Ω

gα
(
Dα(ṽ ζs) − Dαṽ ζs

)
dx ≤ ε

∫
Ω

|gα|2ζs dx + ε

∫
Ω

( ∑
|β|=|α|

∣∣Dβ ṽ
∣∣2) ζs dx

+Cα(ε)

∫
Ω

|ṽ|2 ζs−2|α| dx, (15)

äå ε > 0 � äîâiëüíå ÷èñëî, Cα(ε) > 0 � ñòàëà, ÿêà âiä R íå çàëåæèòü.

Îòîæ, ç (13) íà ïiäñòàâi (14), (15) îòðèìà¹ìî∫
ΩR

|v(x, τ)|2ζs(x) dx+ 2

∫∫
QτR

∑
|α|∈M

(
aα(x, t, δu1)− aα(x, t, δu2)

)
Dαv ζs dxdt

≤ ε

∫∫
QτR

∑
|α|∈M0

∣∣aα(x, t, δu1)− aα(x, t, δu2)
∣∣2 ζs dxdt

+ ε

∫∫
QτR

∑
|α|∈M0

∣∣fα,1 − fα,2∣∣2 ζs dxdt + ε

∫∫
QτR

( ∑
|α|∈M0

|Dαv|2
)
ζs dxdt

+C7(ε)

∫∫
QτR

|v|2
(∑
i∈M0

ζs−2i
)
dxdt

+ 2

∫∫
QτR

∑
|α|∈M

|fα,1 − fα,2| |Dαv| ζs dxdt+

∫
ΩR

∣∣u0,1(x)− u0,2(x)
∣∣2 ζs(x) dx, (16)
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äå ε > 0 � äîâiëüíå ÷èñëî, C7(ε) > 0 � ñòàëà, ÿêà âiä R íå çàëåæèòü.

Îöiíèìî ÷ëåíè íåðiâíîñòi (16). Âèêîðèñòîâóþ÷è óìîâó (A4) òà ïàì'ÿòàþ÷è, ùî v :=

u1 − u2, îòðèìà¹ìî∫∫
QτR

∑
|α|∈M

(
aα(x, t, δu1)− aα(x, t, δu2)

)(
Dαu1 −Dαu2

)
ζs dxdt

≥
∫∫
QτR

[
K1

∑
|α|∈M0

|Dαv(x, t)|2 + K2|v(x, t)|2 + K3|v(x, t)|p(x)
]
ζs dxdt. (17)

Âèêîðèñòàâøè óìîâó (A3), çäîáóäåìî∫∫
QτR

∑
|α|∈M0

∣∣aα(x, t, δu1)− aα(x, t, δu2)
∣∣2ζs dxdt

≤ (N − 1)

∫∫
QτR

(
B1

∑
|α|∈M0

|Dαv|2 + B2|v|2
)
ζs dxdt. (18)

Çàñòîñîâóþ÷è óçàãàëüíåíó íåðiâíiñòü Êîøi, îòðèìà¹ìî∫∫
QτR

∑
|α|∈M

|fα,1 − fα,2| |Dαv| ζs dxdt ≤
∫∫
QτR

|f0̂,1 − f0̂,2| |v| ζ
s dxdt

+
ε

2

∫∫
QτR

∑
|α|∈M0

|Dαv|2 ζs dxdt +
1

2ε

∫∫
QτR

∑
|α|∈M0

|fα,1 − fα,2|2 ζs dxdt, (19)

äå ε > 0 � äîâiëüíå ÷èñëî.

Äàëi âèêîðèñòîâóâàòèìåìî íåðiâíiñòü Þíãà

|a b| ≤ ε|a|γ + ε−
1

γ−1 |b|γ ′ , (20)

äå a, b ∈ R, ε > 0, γ > 1, γ ′ = γ
γ−1

.

Îñêiëüêè ε−
1

γ−1 = (ε−1)
1

γ−1 äëÿ γ > 1, òî ó âèïàäêó 0 < ε < 1 ôóíêöiÿ (1; +∞) 3 γ →
ε−

1
γ−1 ¹ ñïàäíîþ.

Íåõàé (x, t) ∈ QR � ÿêà-íåáóäü òî÷êà òàêà, ùî v(x, t), p(x) âèçíà÷åíi i p− ≤ p(x) ≤ p+.

Ïîêëàäåìî â íåðiâíîñòi Þíãà a = |v(x, t)|2 ζ
s
γ (x), b = ζ

s
γ ′−2i

(x), γ = p(x)
2
, γ ′ = p(x)

p(x)−2
,

ε = η1 ∈ (0, 1), i ∈M0. Ó ðåçóëüòàòi îäåðæèìî íåðiâíiñòü

|v(x, t)|2 ζs−2i(x) ≤ η1 |v(x, t)|p(x) ζs(x) + η
− 2
p(x)−2

1 ζs−
2i p(x)
p(x)−2 (x)

≤ η1 |v(x, t)|p(x) ζs(x) + η
− 2
p−−2

1 ζs−
2i p(x)
p(x)−2 (x)

äëÿ ìàéæå âñiõ (x, t) ∈ QR. Çiíòåãðó¹ìî ¨¨, ïðèïóñòèâøè, ùî s >
2mp(x)
p(x)−2

äëÿ ìàéæå âñiõ

(x, t) ∈ QR. Ó ðåçóëüòàòi îòðèìà¹ìî∫∫
QτR

|v(x, t)|2 ζs−2i(x) dxdt ≤ η1

∫∫
QτR

|v(x, t)|p(x) ζs(x) dxdt
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+η
− 2
p−−2

1

∫∫
QτR

ζ s−
2ip(x)
p(x)−2 (x) dxdt, (21)

äå η1 ∈ (0, 1), i ∈M0.

Íåõàé q ∈ (2, p−]. Î÷åâèäíî, ùî Lp(·)(QR) ⊂ Lq(QR). Àíàëîãi÷íî ïîïåðåäíüîìó çäî-

áóäåìî ∫∫
QτR

|v(x, t)|2 ζs−2i(x) dxdt ≤ η1

∫∫
QτR

|v(x, t)|q ζs(x) dxdt

+ η
− 2
q−2

1

∫∫
QτR

ζ s−
2i q
q−2 (x) dxdt, (22)

äå η1 > 0, i ∈M0, s > 2iq/(q − 2).

Òàêîæ âèêîðèñòà¹ìî òàêó îöiíêó∫∫
QτR

∣∣f0̂,1(x, t)− f0̂,2(x, t)
∣∣ |v(x, t)| ζs(x) dxdt ≤ η2

∫∫
QτR

|v(x, t)|p(x) ζs(x) dxdt

+ η
− 1
p−−1

2

∫∫
QτR

∣∣f0̂,1(x, t)− f0̂,2(x, t)
∣∣p ′(x)

ζs(x) dxdt, (23)

äå η2 ∈ (0, 1) � äîâiëüíà ñòàëà.

Ç (16) íà ïiäñòàâi (17) � (19), (21), (23) ïðè äîñòàòíüî ìàëèõ çíà÷åííÿõ ε, η1, η2

îòðèìà¹ìî ∫
ΩR

|v(x, τ)|2 ζs dx +

∫∫
QτR

[
K1

∑
|α|∈M0

|Dαv(x, t)|2 + (2K2 − σ)|v(x, t)|2

+K3|v(x, t)|p(x)
]
ζs(x) dxdt ≤ C8

∑
i∈M0

∫∫
QR

ζs−
2i p(x)
p(x)−2 (x) dxdt

+C9

∫∫
QR

( ∑
|α|∈M0

∣∣fα,1(x, t)− fα,2(x, t)
∣∣2 +

∣∣f0̂,1(x, t)− f0̂,2(x, t)
∣∣p ′(x)

)
ζs(x) dxdt

+

∫
ΩR

∣∣u0,1(x)− u0,2(x)
∣∣2 ζs dx, (24)

äå s > 2mp−

p−−2
� äîâiëüíà ñòàëà; C8, C9 � äîäàòíi ñòàëi, ÿêi çàëåæàòü òiëüêè âiä p−, p+,

m, n,B1, B2, K1, K2, K3, s; σ = 0, ÿêùî B2 = 0, i σ = K2, ÿêùî B2 > 0, à îòæå, çà íàøèì

ïðèïóùåííÿì, K2 > 0.

Çàóâàæèìî, ùî

2mp−

p− − 2
≥ 2mp(x)

p(x)− 2
≥ 2i p(x)

p(x)− 2
≥ 2i p+

p+ − 2
≥ 2p+

p+ − 2
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äëÿ ìàéæå âñiõ (x, t) ∈ Q, i ∈ M0. Ëåãêî ïåðåêîíàòèñÿ, ùî 0 ≤ ζ(x) ≤ R, êîëè x ∈ Rn

òà ζ(x) ≥ R − R0 ïðè |x| ≤ R0. Âðàõóâàâøè ñêàçàíå i, çîêðåìà, òå, ùî 0 < 2R0 ≤ R ≤
R∗,R ≥ 1, ç (24) îòðèìà¹ìî

max
t∈[0,T ]

∫
ΩR0

|v(x, t)|2 dx +

∫∫
QR0

[
K1

∑
|α|∈M0

|Dαv(x, t)|2 + (2K2 − σ) |v(x, t)|2

+K3 |v(x, t)|p(x)
]
dxdt ≤ C11R

n− 2p+

p+−2 +

+C12

∫∫
QR

(∣∣f0̂,1(x, t)− f0̂,2(x, t)
∣∣p ′(x)

+
∑
|α|∈M0

∣∣fα,1(x, t)− fα,2(x, t)
∣∣2 ) dxdt

+

∫
ΩR

∣∣u0,1(x)− u0,2(x)
∣∣2 dx, (25)

äå C11, C12 � äîäàòíi ñòàëi, ÿêi çàëåæàòü òiëüêè âiä p−, p+,m, n,K1, K2, K3, B1 òà B2.

Ç (25) ëåãêî îòðèìà¹ìî íåðiâíiñòü (11) ç q = p+. Çâåðíåìî óâàãó íà òå, ùî äî öüîãî

÷àñó ìè ïðèïóñêàëè, ùî K2 ≥ 0.

ÍåõàéK2 > 0. Âiçüìåìî ÿêå-íåáóäü q ∈ (2, p−]. Áåçïîñåðåäíüî ïåðåêîíó¹ìîñÿ, ùî äëÿ

äîâiëüíî¨ òî÷êè (x, t) ∈ Q òàêî¨, ùî v(x, t) i p(x) âèçíà÷åíi i p− ≤ p(x) ≤ p+, ïðàâèëüíà

íåðiâíiñòü

K2 |v(x, t)|2 + K3 |v(x, t)|p(x) ≥ K4|v(x, t)|q, (26)

äå K4 = min {K2, K3}. Ìiðêóþ÷è àíàëîãi÷íî òîìó, ÿê öå ðîáèëîñÿ âèùå, ç (16) íà ïiä-

ñòàâi (17) � (19), (22), (23) i (26) îäåðæèìî (11) ç q ∈ (2, p−].

Íàñëiäîê 1. Íåõàé R∗ ≥ 1, (aα) ∈ Ap, (fα) ∈ Fp,loc(Q), u0 ∈ L2,loc(Ω). Ïðèïóñòèìî, ùî

ôóíêöiÿ w ∈ Up,loc(Q) çàäîâîëüíÿ¹ ïî÷àòêîâó óìîâó

u(x, 0) = u0(x) , x ∈ ΩR∗ ,

òà iíòåãðàëüíó ðiâíiñòü∫∫
QR∗

[
−wψϕ′ +

∑
|α|∈M

aα(x, t, δw)Dαψϕ
]
dxdt =

∫∫
QR∗

∑
|α|∈M

fαD
αψϕdxdt (27)

äëÿ áóäü-ÿêèõ ψ ∈
◦
Hm,1
c (Ω) ∩ Lp(·)(Ω), suppψ ⊂ ΩR∗ , ϕ ∈ C1

c (0, T ).

Òîäi äëÿ áóäü-ÿêèõ ÷èñåë R0,R òàêèõ, ùî 0 < 2R0 ≤ R ≤ R∗,R ≥ 1, ïðàâèëüíà

íåðiâíiñòü, ÿêà âiäðiçíÿ¹òüñÿ âiä íåðiâíîñòi (7) òiëüêè òèì, ùî çàìiñòü u ñòî¨òü w.

3 Îá ðóíòóâàííÿ îñíîâíîãî ðåçóëüòàòó

Äîâåäåííÿ òåîðåìè 1. Íåõàé k � ÿêå-íåáóäü íàòóðàëüíå ÷èñëî. Íåõàé uk � ôóíêöiÿ ç

ïðîñòîðó
◦
Hm,0(Qk) ∩ Lp(·)(Qk) ∩ C

(
[0, T ];L2(Ωk)

)
, ÿêà çàäîâîëüíÿ¹ ïî÷àòêîâó óìîâó (5)

òà iíòåãðàëüíó ðiâíiñòü∫∫
Qk

[
−ukψϕ′ +

∑
|α|∈M

aα(x, t, δuk)D
αψϕ

]
dxdt =

∫∫
Qk

[ ∑
|α|∈M

fαD
αψϕ

]
dxdt (28)



Ìiøàíà çàäà÷à äëÿ íåëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü ... 71

äëÿ áóäü-ÿêèõ ψ ∈
◦
Hm(Ωk) ∩ Lp(·)(Ωk), ϕ ∈ C1

c (0, T ).

Äîâåäåííÿ iñíóâàííÿ ôóíêöi¨ uk ïðîâîäèòüñÿ ìåòîäîì Ãàëüîðêiíà. �äèíiñòü öi¹¨

ôóíêöi¨ ëåãêî äîâåñòè, âðàõóâàâøè çàóâàæåííÿ 2 òà âèêîðèñòàâøè óìîâó (A4). Äëÿ

êîæíîãî k ∈ N ïðîäîâæèìî íà Q ôóíêöiþ uk íóëåì, çàëèøèâøè çà öèì ïðîäîâæåí-

íÿì ïîçíà÷åííÿ uk. Ïîêàæåìî, ùî ïîñëiäîâíiñòü {uk}∞k=1 ìiñòèòü ïiäïîñëiäîâíiñòü, ÿêà

çáiãà¹òüñÿ äî óçàãàëüíåíîãî ðîçâ'ÿçêó çàäà÷i (3) � (5).

Íåõàé k i l � äîâiëüíi íàòóðàëüíi ÷èñëà, ïðè÷îìó 1 < k < l; R0, R � áóäü-ÿêi äiéñíi

÷èñëà òàêi, ùî 0 < 2R0 ≤ R ≤ k − 1, R ≥ 1; q � äiéñíå ÷èñëî, ÿêå çàäîâîëüíÿ¹ âiäïîâiäíi

óìîâè ç ôîðìóëþâàííÿ òåîðåìè 1 òà óìîâó n− 2q/(q− 2) < 0. Òîäi ç ëåìè 2, âèáðàâøè

R∗ = k − 1, îòðèìà¹ìî

max
t∈[0,T ]

∫
ΩR0

|uk(x, t)− ul(x, t)|2 dx+

∫∫
QR0

[ ∑
|α|∈M0

∣∣Dαuk(x, t)−Dαul(x, t)
∣∣2

+ |uk(x, t)− ul(x, t)|p(x)
]
dxdt ≤ C1R

n−2q/(q−2), (29)

äå C1 > 0 � ñòàëà, ÿêà âiä k, l, R0 òà R íå çàëåæàòü.

Íåõàé ε > 0 � ÿêå-íåáóäü ÷èñëî. Çàôiêñó¹ìî äîâiëüíî âèáðàíå çíà÷åííÿ R0 > 0 i

âèáåðåìî çíà÷åííÿ R ≥ max{1; 2R0} íàñòiëüêè âåëèêèì, ùîáè ïðàâà ÷àñòèíà íåðiâíîñòi

(29) áóëà ìåíøîþ çà ε. Òîäi äëÿ áóäü-ÿêèõ k ≥ R + 1 i l > k ëiâà ÷àñòèíà íåðiâíîñòi (29)

ìåíøà çà ε. Öå îçíà÷à¹, ùî ïîñëiäîâíiñòü
{
uk
∣∣
QR0

}∞
k=1

¹ ôóíäàìåíòàëüíîþ â
◦
Hm,0(QR0)∩

Lp(·)(QR0) ∩ C
(
[0, T ];L2(ΩR0)

)
. Îñêiëüêè R0 > 0 � äîâiëüíå ÷èñëî, òî çâiäñè âèïëèâà¹

iñíóâàííÿ ôóíêöi¨ u ∈ Up,loc(Q) òàêî¨, ùî

uk −→
k→∞

u â Up,loc(Q). (30)

Òåïåð âiäìiòèìî, ùî íà ïiäñòàâi óìîâè (A3) ìà¹ìî∫∫
QR0

[ ∑
|α|∈M0

∣∣aα(x, t, δuk)− aα(x, t, δu)
∣∣2 ] dxdt

≤ (N − 1)

∫∫
QR0

[
B1

∑
|β|∈M0

∣∣Dβ(uk − u)
∣∣2 + B2|uk − u|2

]
dxdt, R0 > 0. (31)

Ç (30) i (31), îñêiëüêè R0 � äîâiëüíå, âèïëèâà¹, ùî

aα
(
◦, �, δuk(◦, �)

)
−→
k→∞

aα
(
◦, �, δu(◦, �)

)
â L 2,loc(Q), |α| ∈M0. (32)

Òåïåð ïîêàæåìî, ùî iñíó¹ ïiäïîñëiäîâíiñòü
{
ukj
}∞
j=1

ïîñëiäîâíîñòi
{
uk
}∞
k=1

òàêà, ùî

a0̂

(
◦, �, δukj(◦, �)

)
−→
j→∞

a0̂

(
◦, �, δu(◦, �)

)
ñëàáêî â Lp ′(·),loc(Q). (33)

Íåõàé R0 > 0 � ÿêå-íåáóäü ÷èñëî. Ç íàñëiäêó ëåìè 2 äëÿ áóäü-ÿêîãî k > R0 + 1 (k ∈ N)

ìà¹ìî

max
t∈[0,T ]

∫
ΩR0

∣∣uk(x, t)∣∣2 dx+

∫∫
QR0

[ ∑
|α|∈M0

∣∣Dαuk(x, t)
∣∣2 + |uk(x, t)|p(x)

]
dxdt ≤ C14(R0), (34)
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äå C14(R0) > 0 � ñòàëà, ÿêà âiä k íå çàëåæèòü.

Íà ïiäñòàâi óìîâè (A2) i íåðiâíîñòi Ãåëüäåðà, âðàõóâàâøè (34), ìà¹ìî∫∫
QR0

∣∣a 0̂

(
x, t, δuk(x, t)

)∣∣p ′(x)
dxdt ≤

≤
∫∫
QR0

∣∣h 0̂(x, t)
(
|δuk(x, t)|2/p

′(x) + |uk(x, t)|p(x)−1
)

+ g 0̂(x, t)
∣∣p ′(x)

dxdt

≤
∫∫
QR0

(
2
∣∣h0̂(x, t)

∣∣p(x)
+ 1

) p ′(x)
p(x)
(
|δuk(x, t)|2 + |uk(x, t)|p(x) +

+ |g0̂(x, t)|p ′(x)
)
dxdt ≤ C15(R0), (35)

äå C15(R0) > 0 � ñòàëà, ÿêà âiä k íå çàëåæèòü, àëå ìîæå çàëåæàòè âiä R0.

Íà ïiäñòàâi (30), (35) i óìîâè (A1), âðàõóâàâøè ðåôëåêñèâíiñòü ïðîñòîðó Lp(·)(QR0),

ìîæíà çðîáèòè âèñíîâîê ïðî iñíóâàííÿ ïiäïîñëiäîâíîñòi
{
ukj
}∞
j=1

ïîñëiäîâíîñòi
{
uk
}∞
k=1

òà ôóíêöi¨ χ0̂ ∈ Lp ′(·),loc(Q) òàêèõ, ùî

ukj −→
j→∞

u, a0̂

(
◦, �, δukj(◦, �, )

)
−→
j→∞

a0̂

(
◦, �, δu(◦, �, )

)
ìàéæå âñþäè íà Q, (36)

a0̂

(
◦, �, δukj(◦, �)

)
−→
j→∞

χ0̂(◦, �) ñëàáêî â Lp ′(·),loc(Q). (37)

Ç (36) òà (37) îòðèìà¹ìî (äèâ. [17]), ùî

χ0̂(◦, �) = a0̂

(
◦, �, δu(◦, �)

)
. (38)

Íåõàé ψ ∈
◦
Hm,1

c (Ω) ∩ Lp(·)(Ω). Äëÿ êîæíîãî j ≥ j0, äå j0 ∈ N òàêå, ùî suppψ ⊂ Ωkj0
, ç

îçíà÷åííÿ ukj ìà¹ìî∫∫
Q

[
−ukjψϕ ′ +

∑
|α|∈M

aα(x, t, δukj)D
αψϕ

]
dxdt =

∫∫
Q

[ ∑
|α|∈M

fαD
αψϕ

]
dxdt. (39)

Ïåðåéäåìî â (39) äî ãðàíèöi ïðè j → +∞, âðàõóâàâøè (30), (32), (37), (38). Ó ðå-

çóëüòàòi îòðèìà¹ìî (6) äëÿ çàäàíî¨ ôóíêöi¨ ψ. Îñêiëüêè ψ � äîâiëüíà ôóíêöiÿ, òî ìè

äîâåëè, ùî u � óçàãàëüíåíèé ðîçâ'ÿçîê çàäà÷i (3) � (5).

Äîâåäåìî ¹äèíiñòü óçàãàëüíåíîãî ðîçâ'ÿçêó äîñëiäæóâàíî¨ çàäà÷i. Ïðèïóñòèìî ïðî-

òèëåæíå. Íåõàé u1, u2 � (ðiçíi) óçàãàëüíåíi ðîçâ'ÿçêè çàäà÷i (3) � (5). Ç ëåìè 2 (R∗ �

áóäü-ÿêå ÷èñëî) ìà¹ìî

max
t∈[0,T ]

∫
ΩR0

|u1(x, t)− u2(x, t)|2 dx ≤ C1R
n−2q/(q−2), (40)

äå R0, R � äîâiëüíi ñòàëi òàêi, ùî 0 < 2R0 ≤ R, R ≥ 1, à q > 0 � òàêå, ùî n−2q/(q−2) <

0 (ñòàëà C1 > 0 âiä R0 i R íå çàëåæàòü).

Çàôiêñó¹ìî R0 > 0 i ïåðåéäåìî â (40) äî ãðàíèöi ïðè R → +∞. Ó ðåçóëüòàòi îòðè-

ìà¹ìî, ùî u1 = u2 ìàéæå ñêðiçü íà QR0 . Îñêiëüêè R0 > 0 � äîâiëüíå ÷èñëî, òî çâiäñè

ìà¹ìî, ùî u1 = u2 ìàéæå âñþäè íà Q. Îòæå, ìè äîâåëè êîðåêòíiñòü çàäà÷i (3) � (5).
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4 Âèñíîâêè

Òóò ìè ðîçãëÿíóëè îäèí êëàñ àíiçîòðîïíèõ ïàðàáîëi÷íèõ ðiâíÿíü âèùèõ ïîðÿäêiâ,

ÿêi çàäàíi â íåîáìåæåíèõ çà ïðîñòîðîâèìè çìiííèìè îáëàñòÿõ i ìiøàíi çàäà÷i äëÿ ÿêèõ

¹ îäíîçíà÷íî ðîçâ'ÿçíèìè áåç áóäü-ÿêèõ îáìåæåíü íà ïîâåäiíêó ðîçâ'ÿçêiâ òà çðîñòàííÿ

âõiäíèõ äàíèõ íà íåñêií÷åííîñòi. Äîñëiäæóâàíi òóò ðiâíÿííÿ ìàþòü çìiííi ïîêàçíèêè

íåëiíiéíîñòi i, âiäïîâiäíî, ¨õ ðîçâ'ÿçêè áåðóòüñÿ ç óçàãàëüíåíèõ ïðîñòîðiâ Ëåáåãà òà

Ñîáîë¹âà. Íà íàø ïîãëÿä, âèâ÷åíèé òóò êëàñ ðiâíÿíü ìîæå áóòè ðîçøèðåíèì çi çáåðå-

æåííÿì éîãî îñíîâíèõ âëàñòèâîñòåé.
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Initial-boundary value problems for parabolic equations in unbounded domains with respect

to the spatial variables were studied by many authors. As is well known, to guarantee the

uniqueness of the solution of the initial-boundary value problems for linear and some nonlinear

parabolic equations in unbounded domains we need some restrictions on solution's behavior as

|x| → +∞ (for example, solution's growth restriction as |x| → +∞, or belonging of solution to

some functional spaces). Note that we need some restrictions on the data-in behavior as |x| →
+∞ to solvability of the initial-boundary value problems for parabolic equations considered

above.

However, there are nonlinear parabolic equations for which the corresponding initial-boun-

dary value problems are unique solvable without any conditions at in�nity.

Nonlinear di�erential equations with variable exponents of the nonlinearity appear as ma-

thematical models in various physical processes. In particular, these equations describe electro-

reological substance �ows, image recovering processes, electric current in the conductor with

changing temperature �eld. Nonlinear di�erential equations with variable exponents of the

nonlinearity were intensively studied in many works. The corresponding generalizations of

Lebesgue and Sobolev spaces were used in these investigations.

In this paper we prove the unique solvability of the initial�boundary value problem without

conditions at in�nity for some of the higher-orders anisotropic parabolic equations with variable

exponents of the nonlinearity. An a priori estimate of the generalized solutions of this problem

was also obtained.


