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Áàãàòîòî÷êîâà çà ÷àñîì çàäà÷à äëÿ 2b-ïàðàáîëi÷íîãî ðiâíÿííÿ ç

âèðîäæåííÿì

Äîñëiäæó¹òüñÿ áàãàòîòî÷êîâà çà ÷àñîì çàäà÷à äëÿ íåðiâíîìiðíî 2b-ïàðàáîëi÷íîãî ðiâ-
íÿííÿ ç âèðîäæåííÿì. Êîåôiöi¹íòè ïàðàáîëi÷íîãî ðiâíÿííÿ ïîðÿäêó 2b äîïóñêàþòü ñòå-
ïåíåâi îñîáëèâîñòi äîâiëüíîãî ïîðÿäêó ÿê çà ÷àñîâîþ çìiííîþ òàê i çà ïðîñòîðîâèìè çìií-
íèìè íà äåÿêié ìíîæèíi òî÷îê. Äëÿ ðîçâ'ÿçàííÿ ïîñòàâëåíî¨ çàäà÷i âèâ÷àþòüñÿ ðîçâ'ÿçêè
äîïîìiæíèõ çàäà÷ ç ãëàäêèìè êîåôiöi¹íòàìè. Çà äîïîìîãîþ àïðiîðíèõ îöiíîê âñòàíîâëþ-
þòüñÿ íåðiâíîñòi äëÿ ðîçâ'ÿçêó çàäà÷ i ¨õ ïîõiäíèõ ó ñïåöiàëüíèõ ãåëüäåðîâèõ ïðîñòîðàõ.
Âèêîðèñòîâóþ÷è òåîðåìè Àð÷åëà i Ðiññà, ç êîìïàêòíî¨ ïîñëiäîâíîñòi ðîçâ'ÿçêiâ äîïîìi-
æíèõ çàäà÷ âèäiëÿ¹òüñÿ çáiæíà ïîñëiäîâíiñòü, ãðàíè÷íå çíà÷åííÿ ÿêî¨ áóäå ðîçâ'ÿçêîì
ïîñòàâëåíî¨ çàäà÷i. Îöiíêè ðîçâ'ÿçêó áàãàòîòî÷êîâî¨ çà ÷àñîì çàäà÷i äëÿ 2b-ïàðàáîëi÷íîãî
ðiâíÿííÿ âñòàíîâëåíi â ãåëüäåðîâèõ ïðîñòîðàõ çi ñòåïåíåâîþ âàãîþ. Ïîðÿäîê ñòåïåíåâî¨
âàãè âèçíà÷à¹òüñÿ ïîðÿäêîì âèðîäæåííÿ êîåôiöi¹íòiâ ãðóï ñòàðøèõ äîäàíêiâ òà ñòåïåíå-
âèìè îñîáëèâîñòÿìè êîåôiöi¹íòiâ ìîëîäøèõ äîäàíêiâ ïàðàáîëi÷íîãî ðiâíÿííÿ. Ïðè ïåâíèõ
îáìåæåííÿõ íà ïðàâó ÷àñòèíó ðiâíÿííÿ îäåðæàíî iíòåãðàëüíå çîáðàæåííÿ ðîçâ'ÿçêó ïî-
ñòàâëåíî¨ çàäà÷i.
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Âñòóï

Îñîáëèâà óâàãà â îñòàííi äåñÿòèëiòòÿ ïðèäiëÿ¹òüñÿ çàäà÷àì ç íåëîêàëüíèìè óìî-
âàìè äëÿ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè. Òàêèé iíòåðåñ äî òàêèõ çàäà÷ çóìîâëåíèé
ÿê ïîòðåáàìè çàãàëüíî¨ òåîði¨ êðàéîâèõ çàäà÷, òàê i áàãàòèì ïðàêòè÷íèì ¨õ çàñòîñó-
âàííÿì (ïðîöåñ äèôóçi¨, êîëèâàíü, ñîëå- òà âîëîãîïåðåíîñó â ãðóíòàõ, ôiçèêà ïëàçìè,
ìàòåìàòè÷íà áiîëîãiÿ òîùî). Âñòàíîâëåíî, ùî íåëîêàëüíi óìîâè ìîæíà âèêîðèñòîâó-
âàòè äëÿ îïèñó ðîçâ'ÿçíèõ ðîçøèðåíü äèôåðåíöiàëüíèõ îïåðàòîðiâ. Ó ðîáîòàõ øêîëè
Á.É. Ïòàøíèêà òà éîãî ó÷íiâ [1�4] âèêîðèñòàíî ìåòðè÷íèé ïiäõiä äëÿ äîñëiäæåííÿ
óìîâíî êîðåêòíèõ çàäà÷ ç áàãàòîòî÷êîâèìè óìîâàìè çà âèäiëåíîþ çìiííîþ äëÿ ëiíié-
íèõ ãiïåðáîëi÷íèõ òà áåçòèïîâèõ ðiâíÿíü, à òàêîæ äåÿêèõ êëàñiâ ïàðàáîëi÷íèõ ðiâíÿíü
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çi ñòàëèìè êîåôiöi¹íòàìè. Áóëî äîâåäåíî ìåòðè÷íi òâåðäæåííÿ ïðî îöiíêó çíèçó ìà-
ëèõ çíàìåííèêiâ, ùî âèíèêàþòü ïðè ïîáóäîâi ðîçâ'ÿçêiâ ðîçãëÿäóâàíèõ çàäà÷, ç ÿêèõ
âèïëèâà¹ êîðåêòíiñòü çàäà÷ äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà) ïàðàìåòðiâ çàäà÷.

Ó ìîíîãðàôi¨ [5] äîñëiäæåíî ó íîðìîâàíèõ ïðîñòîðàõ Äiíi ïàðàáîëi÷íi ñèñòåìè ç
îïåðàòîðîì Áåññåëÿ, ÿêi âèðîäæóþòüñÿ íà ìåæi îáëàñòi òà áëèçüêi çà âíóòðiøíiìè âëà-
ñòèâîñòÿìè äî ðiâíîìiðíî ïàðàáîëi÷íèõ ñèñòåì. Äëÿ öèõ ñèñòåì âèâ÷åíî çàäà÷ó Êîøi,
çàãàëüíó B-ïàðàáîëi÷íó êðàéîâó çàäà÷ó â êîìïàêòíié îáëàñòi, çàäà÷ó ç âàãîâèìè êðà-
éîâèìè óìîâàìè â ïiâïðîñòîði. Ïðàöÿ [6] â îñíîâíîìó ïðèñâÿ÷åíà äîñëiäæåííþ çàäà÷i
Êîøi òà êðàéîâèõ çàäà÷ äëÿ ðiâíÿíü i ñèñòåì ðiâíÿíü ïàðàáîëi÷íîãî òèïó, êîåôiöi¹íòè
ÿêèõ ìàþòü ñòåïåíåâi îñîáëèâîñòi ïåâíîãî ïîðÿäêó.

Äîñëiäæåííþ âëàñòèâîñòåé ôóíäàìåíòàëüíîãî ðîçâ'ÿçêó i âñòàíîâëåííþ êîðåêòíî¨
ðîçâ'ÿçíîñòi çàäà÷i Êîøi äëÿ ïàðàáîëi÷íèõ ðiâíÿíü ç âèðîäæåííÿì çà äåÿêèìè çìiííèìè
ïðèñâÿ÷åíî ïðàöi [7�9].

Ó ðîáîòàõ [10�13] â îáìåæåíèõ öèëiíäðè÷íèõ îáëàñòÿõ âèâ÷åíî çàäà÷i ç íåëîêàëü-
íèìè òà iìïóëüñíèìè óìîâàìè çà ÷àñîâîþ çìiííîþ äëÿ ïàðàáîëi÷íèõ ðiâíÿíü çi ñòåïå-
íåâèìè îñîáëèâîñòÿìè äîâiëüíîãî ïîðÿäêó â êîåôiöi¹íòàõ ðiâíÿííÿ i êðàéîâî¨ óìîâè çà
áóäü-ÿêèìè çìiííèìè íà äåÿêié ìíîæèíi òî÷îê.

Ó öié ñòàòòi ðîçãëÿäà¹òüñÿ áàãàòîòî÷êîâà çà ÷àñîì çàäà÷à äëÿ 2b-ïàðàáîëi÷íîãî ðiâ-
íÿííÿ çi ñòåïåíåâèìè îñîáëèâîñòÿìè äîâiëüíîãî ïîðÿäêó â êîåôiöi¹íòàõ çà áóäü-ÿêèìè
çìiííèìè íà äåÿêié ìíîæèíi òî÷îê. Çà äîïîìîãîþ àïðiîðíèõ îöiíîê i òåîðåìè Àð÷åëà
äîâåäåíî iñíóâàííÿ ¹äèíîãî ðîçâ'ÿçêó ïîñòàâëåíî¨ çàäà÷i òà âñòàíîâëåíî îöiíöè éîãî
ïîõiäíèõ ó ãåëüäåðåâèõ ïðîñòîðàõ çi ñòåïåíåâîþ âàãîþ.

1 Ïîñòàíîâêà çàäà÷i òà îñíîâíi îáìåæåííÿ

Íåõàé t0, t1, . . . , tN+1, η � ôiêñîâàíi äîäàòíi ÷èñëà, 0 ≤ t0 < t1 < . . . < tN+1, η ∈
(t0, tN+1), Ω � äåÿêà îáìåæåíà îáëàñòü, dim Ω ≤ n − 1. Ïîçíà÷èìî ÷åðåç Π0 = {(t, x)|
t ∈ [t0, tN+1), x ∈ Ω

}
∪ {(t, x)|t = η, x ∈ Rn}. Â îáëàñòi Π = [t0, tN+1) × Rn ðîçãëÿíåìî

çàäà÷ó çíàõîäæåííÿ ôóíêöi¨ u(t, x), ÿêà ïðè t 6= tλ, λ ∈ {0, 1, . . . , N}, t 6= η, x ∈ Rn \ Ω

çàäîâîëüíÿ¹ ðiâíÿííÿ

(Lu)(t, x) =

∂t − ∑
|k|=2b

Ak(t, x)∂kx −
∑

|p|≤2b−1

Ap(t, x)∂px

u(t, x) = f(t, x) (1)

i óìîâè çà çìiííîþ t

u(tλ + 0, x) = ϕλ(x), x ∈ Rn \ Ω, (2)

∂kx = ∂k1x1∂
k2
x2
. . . ∂knxn , |k| = k1 + k2 + . . .+ kn.

Ñòåïåíåâi îñîáëèâîñòi êîåôiöi¹íòiâ äèôåðåíöiàëüíîãî âèðàçó L ó òî÷öi P (t, x) ∈
Π\Π0 õàðàêòåðèçóâàòèìóòü ôóíêöi¨ s1

(
β

(1)
i , t

)
i s2

(
β

(2)
i , x

)
: s1

(
β

(1)
i , t

)
= |t− η|β

(1)
i ïðè

|t− η| ≤ 1, s1

(
β

(1)
i , t

)
= 1 ïðè |t− η| ≥ 1; s2

(
β

(2)
i , x

)
= ρβ

(2)
i (x) ïðè ρ(x) ≤ 1, s2

(
β

(2)
i , x

)
=

1 ïðè ρ(x) ≥ 1, ρ(x) = inf
z∈Ω
|x − z|, β(ν)

i ∈ (−∞,∞), ν ∈ {1, 2}, β(ν) =
(
β

(ν)
1 , . . . , β

(ν)
n

)
,

β =
(
β(1), β(2)

)
.
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Ïîçíà÷èìî ÷åðåç l, q(ν), γ(ν), µ(ν)
pi , µ

(ν)
0 � äiéñíi íåâiä'¹ìíi ÷èñëà, [l] � öiëà ÷àñòèíà ÷è-

ñëà l, {l} = l−[l],
(
k, µ

(ν)
p

)
=

n∑
i=1

kiµ
(ν)
pi
,
(
k, γ(ν) − β(ν)

)
=

n∑
i=1

ki

(
γ(ν) − β(ν)

i

)
, P1

(
t(1), x(1)

)
,

P2

(
t(2), x(1)

)
, Rr

(
t(2), x(2)

)
� äîâiëüíi òî÷êè iç Π(λ) = {(t, x)|t ∈ [tλ, tλ+1)×Rn}, x(1) =(

x
(1)
1 , . . . , x

(1)
n

)
, x(2) =

(
x

(1)
1 , . . . , x

(1)
r−1, x

(2)
r , x

(1)
r+1, . . . , x

(1)
n

)
, Qλ = [tλ, tλ+1)×D, D � äîâiëü-

íà çàìêíåíà îáëàñòü iç Rn, α ∈ (0, 1).
Îçíà÷èìî ïðîñòîðè, â ÿêèõ âèâ÷à¹òüñÿ çàäà÷à (1), (2). H l(γ; β; q; Π) � ìíîæèíà ôóí-

êöié u(t, x), ÿêi ìàþòü íåïåðåðâíi ÷àñòèííi ïîõiäíi â Π(λ)\Π0 ïðè t 6= tλ âèãëÿäó ∂
j
t ∂

k
xu,

2bj + |k| ≤ [l], äëÿ ÿêèõ ñêií÷åííà íîðìà

‖u; γ; β; q; Π‖l = sup
λ

 ∑
2bj+|k|≤[l]

‖u; γ; β; q; Πλ‖2bj+|k| + 〈u; γ; β; q; Πλ〉l

 ,

äå

‖u; γ; β; 0; Π‖0 = sup
λ

{
sup
Qλ

|u|

}
≡ sup

λ
‖u;Qλ‖0,

‖u; γ; β; q; Π‖2bj+|k| = sup
λ

{
sup
P∈Qλ

[
s1(q1 + (2bj + |k|)γ(1), t)s2(q2 + (2bj + |k|)γ(2), x)×

×S(s1, s2; t, x)|∂jt ∂kxu(P )|
]}
,

〈u; γ; β; q; Π〉l = sup
λ

{ ∑
2bj+|k|=[l]

n∑
r=1

sup
(P1,Hr)⊂Qλ

[
s1

(
q(1) + [l]γ(1), t(1)

)
s2

(
q(2) + [l]γ(2), x̃

)
×

×S(s1, s2; t(1), x̃)s1

(
{l}
(
γ(1) − β(1)

r

)
, t(1)

)
s2

(
{l}
(
γ(2) − β(2)

r

)
, x̃
) ∣∣x(1)

r − x(2)
r

∣∣−{l}×
×
∣∣∂jt ∂kxu (P1)− ∂jt ∂kxu (Hr)

∣∣]+
∑

2bj+|k|=[l]

sup
(P1,P2)∈Qλ

[
s1

(
q(1) + lγ(1), t̃

)
×

×s2

(
q(2) + lγ(2), x(1)

)
S(s1, s2; t̃, x(1))|t(1) − t(2)|−{

l
2b} ∣∣∂jt ∂kxu (P1)− ∂jt ∂kxu (P2)

∣∣]},
S(s1, s2; t, x) ≡

n∏
i=1

s1

(
−kiβ(1)

i , t
)
s2

(
−kiβ(2)

i , x
)
,

s1(a, t̃) = min
{
s1

(
a, t(1)

)
, s1

(
a, t(2)

)}
, s2(a, x̃) = min

{
s2

(
a, x(1)

)
, s2

(
a, x(2)

)}
.

Ùîäî çàäà÷i (1)-(2), ââàæà¹ìî âèêîíàíèìè óìîâè:

à) êîåôiöi¹íòè ðiâíÿííÿ (1) Ak(t, x)
n∏
i=1

s1

(
kiβ

(1)
i , t

)
s2

(
kiβ

(2)
i , x

)
∈ Cα(γ; β; 0; Π),

Ap(t, x)
n∏
i=1

s1

(
piµ

(1)
pi
, t
)
s2

(
piµ

(2)
pi
, x
)
∈ Cα(γ; β; 0; Π), 1 ≤ |p| ≤ 2b− 1, A0(t, x)s1

(
µ

(1)
0 , t

)
×
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×s2

(
µ

(2)
0 , x

)
∈ Cα(γ; β; 0; Π), A0(t, x) ≤ K < ∞ i âèêîíó¹òüñÿ óìîâà ðiâíîìiðíî¨ ïàðà-

áîëi÷íîñòi äëÿ ðiâíÿííÿ∂t − ∑
|k|=2b

Ak(t, x)
n∏
i=1

s1

(
kiβ

(1)
i , t

)
s2

(
kiβ

(2)
i , x

)u(t, x) = f̃(t, x),

á) ôóíêöi¨ f(t, x) ∈ Cα(γ; β; 2bγ; Π), ϕk(x) ∈ C2b+α
(
γ̃; β̃; 0; Π ∩ {t = tk}

)
, γ̃ =

(
0, γ(2)

)
,

β̃ =
(
0, β(2)

)
, γ(v) = max

max
i
β(v),max

i,pi

pi

(
µ

(v)
pi − β

(v)
i

)
2b− |p|

,
µ

(v)
0

2b

, v ∈ {1, 2}.

Ïðàâèëüíà òàêà òåîðåìà.

Òåîðåìà 1. Íåõàé äëÿ çàäà÷i (1), (2) âèêîíàíi óìîâè à), á). Òîäi iñíó¹ ¹äèíèé ðîçâ'ÿçîê

çàäà÷i (1), (2) iç ïðîñòîðó H2b+α(γ; β; 0; Π) i ñïðàâäæó¹òüñÿ íåðiâíiñòü

‖u; γ; β; 0; Π‖2b+α ≤ c sup
λ

(
‖f ; γ; β; 2bγ; Πλ‖α +

∥∥∥ϕλ; γ̃; β̃; 0; Πλ ∩ {t = tλ}
∥∥∥

2b+α

)
. (3)

ßêùî f ∈ Hα(γ; β; 0; Π) i äëÿ çàäà÷i (1), (2) âèêîíàíi óìîâè a), á), òî ¹äèíèé

ðîçâ'ÿçîê çàäà÷i (1), (2) â îáëàñòi Π(λ) âèçíà÷à¹òüñÿ iíòåãðàëîì Ñòiëòü¹ñà ç äåÿêîþ

áîðåëiâñüêîþ ìiðîþ Z(λ)

u(t, x) =

∫
Π(λ)

Z(λ)(t, x; dτ, dξ)f(τ, ξ) +

∫
Π(λ)∩{t=tλ}

Z(λ) (tλ, x; dξ)ϕλ(ξ), (4)

äå Z(λ)(t, x;M) âèçíà÷à¹òüñÿ íà σ-àëãåáði ïiäìíîæèí G îáëàñòi Πλ, âêëþ÷àþ÷è Πλ i âñi

¨¨ âiäêðèòi ïiäìíîæèíè.

Äëÿ äîâåäåííÿ òåîðåìè 1 âñòàíîâèìî ñïî÷àòêó ðîçâ'ÿçíiñòü äîïîìiæíèõ çàäà÷ ç
ãëàäêèìè êîåôiöi¹íòàìè. Ç ìíîæèíè îäåðæàíèõ ðîçâ'ÿçêiâ âèäiëèìî çáiæíó ïiäïîñëi-
äîâíiñòü, ãðàíè÷íå çíà÷åííÿ ÿêî¨ áóäå ðîçâ'ÿçêîì çàäà÷i (1), (2).

2 Îöiíêà ðîçâ'ÿçêiâ äîïîìiæíèõ çàäà÷ ç ãëàäêèìè êîåôiöi¹íòàìè

Íåõàé Π
(λ)
m = Π(λ) ∩

{
(t, x) ∈ Π(λ) | s1(1, t) ≥ m−1

1 , s2(1, x) ≥ m−1
2

}
, m1 ≥ 1, m2 ≥ 1,

m = (m1,m2) ïîñëiäîâíiñòü îáëàñòåé, ÿêà ïðè m1 →∞, m2 →∞ çáiãà¹òüñÿ äî Π(λ).
Ðîçãëÿíåìî â îáëàñòi Π çàäà÷ó çíàõîäæåííÿ ðîçâ'ÿçêiâ ðiâíÿííÿ

(L1um) (t, x) ≡

∂t − ∑
|k|=2b

ak(t, x)∂kx +
∑

|p|≤2b−1

ap(t, x)∂px

um(t, x) = Fm(t, x), (5)

ÿêi çàäîâîëüíÿþòü óìîâè çà çìiííîþ t

um(tλ + 0, x) = ϕ(λ)
m (x). (6)
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Òóò êîåôiöi¹íòè ak, ap, ôóíêöi¨ Fm, ϕ
(λ)
m â îáëàñòi Π

(λ)
m ñïiâïàäàþòü ç Ak, Ap, f , ϕλ

âiäïîâiäíî, à â îáëàñòi Π(λ)\Π(λ)
m ¹ íåïåðåðâíèì ïðîäîâæåííÿì êîåôiöi¹íòiâ Ak, Ap i

ôóíêöié f , ϕλ iç îáëàñòi Π
(λ)
m â îáëàñòü Π(λ)\Π(λ)

m iç çáåðåæåííÿì ãëàäêîñòi i íîðì ( [15],
ñ. 82).

Ïîçíà÷èìî ÷åðåç C l(γ; β; q; Π) ñóêóïíiñòü ôóíêöié ïðîñòîðó C l(Π) ç íîðìîþ
‖um; γ; β; q; Π‖l, åêâiâàëåíòíó ïðè êîæíîìó m1, m2 ãåëüäåðîâié íîðìi, ÿêà âèçíà÷à¹-
òüñÿ òàê ñàìî, ÿê i ‖u; γ; β; q; Π‖l, òiëüêè çàìiñòü ôóíêöié s1

(
a(1), t

)
, s2

(
a(2), x

)
áåðåìî

âiäïîâiäíî e1

(
a(1), t

)
, e2

(
a(2), x

)
, äå e1

(
a(1), t

)
= max

(
s1

(
a(1), t

)
,m−a

(1)

1

)
ïðè a(1) ≥ 0 i

e1

(
a(1), t

)
= min

(
s1

(
a(1), t

)
,m−a

(1)

1

)
ïðè a(1) ≤ 0; e2

(
a(2), x

)
= max

(
s2

(
a(2), x

)
,m−a

(2)

2

)
ïðè a(2) ≥ 0 i e2

(
a(2), x

)
= min

(
s2

(
a(2), x

)
,m−a

(2)

2

)
ïðè a(2) ≤ 0.

Äëÿ íîðì ‖um; γ; β; q; Πλ‖l ïðàâèëüíi iíòåðïîëÿöiéíi íåðiâíîñòi.

Ëåìà 1. Íåõàé um ∈ C l(γ; β; q,Π). Òîäi äëÿ äîâiëüíîãî 0 < ε < 1 iñíó¹ òàêà ñòàëà c(ε),

ùî âèêîíóþòüñÿ íåðiâíîñòi

‖um; γ; β; 0; Πλ‖[l] ≤ εα 〈um; γ; β; 0; Πλ〉l + c(ε) ‖um; Πλ‖0 , (7)

‖um; γ; β; 0; Πλ‖|k| ≤ ε ‖um; γ; β; q; Πλ‖|k|+1 +
c

ε
‖um; γ; β; q; Πλ‖|k|−1 , (8)

|k| ≤ [l]− 1, l = [l] + {l}, l > [l].

Íåðiâíîñòi (7), (8) îäåðæóþòüñÿ çà ñõåìîþ äîâåäåííÿ ëåìè iç [16].
Âñòàíîâèìî îöiíêó íîðìè ‖um; γ; β; 0; Π‖2b+α.
Ïðàâèëüíà òàêà òåîðåìà.

Òåîðåìà 2. ßêùî âèêîíàíi óìîâè à), á), òî äëÿ ðîçâ'ÿçêó çàäà÷i (5), (6) ïðàâèëüíà

îöiíêà

‖um; γ; β; 0; Πλ‖2b+α ≤ c sup
λ

(∥∥ϕ(λ)
m ; γ; β; 0; Πλ ∩ (t = tλ)

∥∥
2b+α

+ ‖um; Πλ‖0 +

+ ‖Fm; γ; β; 2bγ; Πλ‖α) . (9)

Ñòàëà c íå çàëåæèòü âiä m.

Äîâåäåííÿ. Â îáëàñòi Πλ ðîçãëÿíåìî çàäà÷ó

(L1um) (t, x) = Fm(t, x), um(tλ + 0, x) = ϕ(λ)
m (x). (10)

Ïðè âèêîíàííi óìîâ à), á) iñíó¹ ¹äèíèé êëàñè÷íèé ðîçâ'ÿçîê çàäà÷i (10) â ïðîñòîði
C2b+α(γ; β; 0; Πλ) [6,14]. Çíàéäåìî éîãî îöiíêó. Âèêîðèñòîâóþ÷è iíòåðïîëÿöiéíi íåðiâíî-
ñòi (7), (8), ìà¹ìî

‖um; γ; β; 0; Πλ‖2b+α ≤ (1 + εα) 〈um; γ; β; 0; Πλ〉2b+α + c(ε) ‖um; Πλ‖0 .

Òîìó äîñèòü îöiíèòè ïiâíîðìó 〈um; γ; β; 0; Πλ〉2b+α. Iç âèçíà÷åííÿ 〈um; γ; β; 0; Πλ〉2b+α âè-
ïëèâà¹ iñíóâàííÿ â Πλ òî÷îê P1, P2, Rr, äëÿ ÿêèõ ïðàâèëüíà íåðiâíiñòü

1

2
‖um; γ; β; 0; Πλ‖2b+α ≤ E1 + E2, (11)
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äå

E1 =
∑

2bj+|k|=2b

n∑
r=1

[
e1

(
2bγ(1), t(1)

)
e2

(
2bγ(2), x̃

)
S(e1, e2; t(1), x̃)

∣∣x(1)
r − x(2)

r

∣∣−α×
×e1

(
α
(
γ(1) − β(1)

r

)
, t(1)

)
e2

(
α
(
γ(2) − β(2)

r

)
, x̃
) ∣∣∂jt ∂kxum (P1)− ∂jt ∂kxum (Hr)

∣∣] ,
E2 =

∑
2bj+|k|=2b

e1

(
(2b+ α)γ(1), t̃

)
e2

(
(2b+ α)γ(2), x(2)

)
S(e1, e2; t̃, x(2))

∣∣t(1) − t(2)
∣∣− α

2b ×

×
∣∣∂jt ∂kxum (P2)− ∂jt ∂kxum (P1)

∣∣ .
ßêùî

∣∣∣x(1)
r − x(2)

r

∣∣∣ ≥ ε

4
n−1e1

(
γ(1) − β(1)

r , t̃
)
e2

(
γ(2) − β(2)

r , x̃
)
≡ N1, ε � äîâiëüíå äiéñíå

÷èñëî iç (0, 1), òî
E1 ≤ 2ε−α ‖um; γ; β; 0; Πλ‖2b . (12)

ßêùî
∣∣t(1) − t(2)

∣∣ ≥ ε2b

2b
e1

(
2bγ(1), t̃

)
e2

(
2bγ(2), x̃

)
≡ N2, òî

E2 ≤ 2ε−α ‖um; γ; β; 0; Πλ‖2b . (13)

Çàñòîñîâóþ÷è iíòåðïîëÿöiéíi íåðiâíîñòi (7) äî (12), (13), çíàõîäèìî

E1 + E2 ≤ 2εα1 ‖um; γ; β; 0; Πλ‖2b+α + c(ε) ‖um; Πλ‖0 . (14)

Íåõàé
∣∣∣x(1)
r − x(2)

r

∣∣∣ ≤ N1,
∣∣t(1) − t(2)

∣∣ ≤ N2. Áóäåìî ââàæàòè, ùî e2

(
γ(2), x̃

)
=

= min
(
e2

(
γ(2), x(2)

)
, e2

(
γ(2), x(1)

))
≡ e2

(
γ(2), x(1)

)
, e1

(
γ(1), t̃

)
= min

(
e1

(
γ(1), t(1)

)
,

e1

(
γ(1), t(2)

))
≡ e1

(
γ(1), t(1)

)
, P1

(
t(1), x(1)

)
∈ Πλ. Çàïèøåìî çàäà÷ó (10) ó âèãëÿäi

∂tum −
∑
|k|=2b

ak (P1) ∂kxum = Fm(t, x)−
∑

|p|≤2b−1

ap(t, x)∂pxum+

+
∑
|k|=2b

[ak(t, x)− ak (P1)] ∂kxum ≡ F (1)
m (t, x;um) , (15)

um(tλ + 0, x) = ϕ(λ)
m (x). (16)

Â çàäà÷i (15), (16) çðîáèìî çàìiíó um(t, x) = vm(t, z), äå zi = e1

(
β

(1)
i , t(1)

)
×

×e2

(
β

(2)
i , x(1)

)
xi, i ∈ {1, . . . , n}. Òîäi ôóíêöiÿ ωm(t, x) = vm(t, z) · η(t, z) áóäå ðîçâ'ÿçêîì

çàäà÷i

∂tωm −
∑
|k|=2b

ak (P1)S1

(
k; e1, e2; t(1), x(1)

)
∂kzωm = vm(t, z)∂tη + ηF (1)

m (t, z̃; vm)+

+
∑
|k|=2b

ak (P1)S1

(
k; e1, e2; t(1), x(1)

) ∑
0<|p|≤|k|

C
|p|
|k|∂

k−p
z vm∂

p
zη

 ≡ Ψm (t, z; vm) , (17)

ωm(tλ + 0, z) = η(tλ + 0, z)ϕ(λ)
m (z̃), (18)
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äå z̃ =
(
e−1

1

(
β

(1)
1 , t(1)

)
e−1

2

(
β

(2)
1 , x(1)

)
z1, . . . , e

−1
1

(
β

(1)
n , t(1)

)
e−1

2

(
β

(2)
n , x(1)

)
zn

)
;

η(t, z) =

{
1, (t, z) ∈ T1/2, 0 ≤ η(t, z) ≤ 1;

0, (t, z) /∈ T3/4,
∣∣∂jt ∂kz η∣∣ ≤ ckje

−1
1

(
(2bj + |k|)γ(1), t(1)

)
e−1

2

(
(2bj + |k|)γ(2), x(1)

)
;

T8 =
{

(t, z)
∣∣ ∣∣t(1) − t

∣∣ ≤ 2δN2,
∣∣∣zi − z(1)

i

∣∣∣ ≤ 2δe1

(
γ(1), t(1)

)
e2

(
γ(2), x(1)

)
,

z
(1)
i = e1

(
β

(1)
i , t(1)

)
e2

(
β

(2)
i , x(1)

)
x

(1)
i

}
,

S1

(
k; e1, e2; t(1), x(1)

)
=

n∏
i=1

e1

(
kiβ

(1)
i , t(1)

)
e2

(
kiβ

(2)
i , x(1)

)
.

Êîåôiöi¹íòè ðiâíÿííÿ (17) îáìåæåíi ñòàëèìè, íåçàëåæíèìè âiä òî÷êè P1

(
t(1), x(1)

)
.

Òîìó, âèêîðèñòîâóþ÷è òåîðåìó 4.1 iç ( [5], ñ. 43), äëÿ äîâiëüíèõ òî÷îê M1

(
τ (1), z(1)

)
∈

T1/2, M2

(
τ (2), z(2)

)
∈ T1/2 ïðàâèëüíà íåðiâíiñòü

d−α (M1,M2)
∣∣∂jt ∂kzωm (M1)− ∂jt ∂kxωm (M2)

∣∣ ≤ c
(
‖Φm‖Cα(T3/4) +

+
∥∥ηϕ(λ)

m

∥∥
C2b+α(T3/4∩(t=tλ))

)
, (19)

d (M1,M2) � ïàðàáîëi÷íà âiäñòàíü ìiæ M1, M2, 2bj + |k| = 2b

Âðàõîâóþ÷è âëàñòèâîñòi ôóíêöi¨ η(t, z) i íåðiâíîñòi (7), (8), îäåðæèìî

‖Φm‖Cα(T3/4) ≤ cW (e1, e2)
(∥∥vm;T3/4

∥∥
0

+
∥∥F (1)

m ; γ; 0; 2bγ;T3/4

∥∥
α

+

+
∥∥vm; γ; 0; 0;T3/4

∥∥
2b

)
; (20)∥∥ηϕ(λ)

m

∥∥
C2b+α(T3/4∩(t=tλ)) ≤ cW (e1, e2)

∥∥ϕ(λ)
m ; γ̃; 0; 0;T3/4 ∩ (t = tλ)

∥∥
2b+α

,

äå W (e1, e2) = e1

(
(2b+ α)γ(1), t(1)

)
e2

(
(2b+ α)γ(2), x(1)

)
.

Iç âèçíà÷åííÿ ïðîñòîðó C2b+α(γ; β; q; Πλ) âèïëèâà¹ ñïðàâåäëèâiñòü íåðiâíîñòi

c1

∥∥vm; γ; 0; 0;T3/4

∥∥
l
≤
∥∥um; γ; β; 0;K3/4

∥∥
l
≤ c2

∥∥vm; γ; 0; 0;T3/4

∥∥
l
,

K3/4 =
{

(t, x) ∈ Πλ,
∣∣t− t(1)

∣∣ ≤ (4δ)2bN1,
∣∣∣xi − x(1)

i

∣∣∣ ≤ 4δn−1N2, i ∈ {1, 2, . . . , n}
}
.

Ïiäñòàâëÿþ÷è (20) ó (19) i ïîâåðòàþ÷èñü äî çìiííèõ (t, x), çíàõîäèìî

E1 + E2 ≤ c

(∥∥F (1)
m ; γ; β; 2bγ;K3/4

∥∥
α

+
∥∥∥ϕ(λ)

m ; γ̃; β̃; 0;K3/4 ∩ (t = tλ)
∥∥∥

2b+α
+

+
∥∥um;K3/4

∥∥
0

+
∥∥um; γ; β; 0;K3/4

∥∥
2b

)
. (21)

Äëÿ çíàõîäæåííÿ íîðìè
∥∥∥F (1)

m ; γ; β; 2bγ;K3/4

∥∥∥
α
äîñèòü îöiíèòè ïiâíîðìè êîæíîãî

äîäàíêà âèðàçó F (1)
m (t, x;um). Ñêîðèñòàâøèñü íåðiâíîñòÿìè (7), (8) îäåðæèìî∥∥F (1)

m ; γ; β; 2bγ;K3/4

∥∥
α
≤ c3

(∥∥Fm; γ; β; 2bγ;K3/4

∥∥
α

+ ε2

∥∥um; γ; β; 0;K3/4

∥∥
2b+α

)
+
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+c4

∥∥um;K3/4

∥∥
0
. (22)

Ïiäñòàâëÿþ÷è (22) ó (21), çíàõîäèìî

E1 + E2 ≤ c3

(∥∥Fm; γ; β; 2bγ;K3/4

∥∥
α

+ ε2

∥∥um; γ; β; 0;K3/4

∥∥
2b+α

)
+

+c
∥∥∥ϕ(λ)

m ; γ̃; β̃; 0;K3/4 ∩ (t = tλ)
∥∥∥

2b+α
+ c5

∥∥um;K3/4

∥∥
0
. (23)

Âèêîðèñòîâóþ÷è íåðiâíîñòi (11), (14), (23) i âèáèðàþ÷è ε1, ε2 äîñèòü ìàëèìè, îäåð-
æèìî íåðiâíiñòü (9).

Çíàéäåìî îöiíêó íîðìè ‖um; Πλ‖0.
Â çàäà÷i (10) çðîáèìî çàìiíó um(t, x) = ϕ

(λ)
m (x) + u

(1)
m (t, x). Îäåðæèìî çàäà÷ó äëÿ

ðîçâ'ÿçêó u(1)
m (t, x) (

L1u
(1)
m

)
(t, x) = Fm(t, x)−

(
L1ϕ

(λ)
m

)
(x),

u(1)
m (tλ + 0, x) = 0. (24)

Ïðàâèëüíà òàêà òåîðåìà.

Òåîðåìà 3. ßêùî u
(1)
m (t, x) � ¹äèíèé êëàñè÷íèé ðîçâ'ÿçîê çàäà÷i (24) i âèêîíàíi óìîâè

à), á), òî äëÿ u
(1)
m (t, x) ñïðàâäæóåòüñÿ íåðiâíiñòü∥∥u(1)

m ; Πλ

∥∥
0
≤ c

∥∥L1u
(1)
m ; γ; β; 2bγ; Πλ

∥∥
0
, (25)

äå ñòàëà c íå çàëåæèòü âiä m.

Çà óìîâ íàêëàäåíèõ íà ãëàäêiñòü êîåôiöi¹íòiâ çàäà÷i (10) i ôóíêöié Fm, ϕ
(λ)
m iñíó¹

¹äèíèé ðîçâ'ÿçîê çàäà÷i (10), ÿêèé íàëåæèòü ïðîñòîðó C2b+α(γ; β; 0; Πλ) i ìà¹ ïðè êî-

æíîìó ôiêñîâàíîìó m1, m2 ñêií÷åííó íîðìó [6].

Ñêîðèñòàâøèñü ìåòîäèêîþ äîâåäåííÿ çàóâàæåííÿ 2 ( [17], ñ. 79), âñòàíîâëþ¹ìî íå-
ðiâíiñòü (25).

Äîâåäåííÿ òåîðåìè 1. Îñêiëüêè ‖Fm; γ; β; 2bγ; Πλ‖α ≤ c ‖f ; γ; β; 2bγ; Πλ‖α,∥∥∥ϕ(λ)
m ; γ̃; β̃; 0; Πλ ∩ (t = tλ)

∥∥∥
2b+α
≤ c‖ϕλ; γ̃; β̃; 0; Πλ ∩ (t = tλ), òî, âèêîðèñòîâóþ÷è íåðiâíî-

ñòi (9), (25), îäåðæèìî

‖um; γ; β; 0; Πλ‖2b+α ≤ c4

(
‖f ; γ; β; 2bγ; Πλ‖α + ‖ϕλ; γ̃; β̃; 0; Πλ ∩ (t = tλ)‖2b+α

)
. (26)

Ïðàâà ÷àñòèíà íåðiâíîñòi (26) íå çàëåæèòü âiä m1, m2 i ïîñëiäîâíîñòi{
W (j,k)
m

}
=
{
e1

(
2bjγ(1), t

)
e2

(
2bjγ(2), x

)
S(e1, e2; t, x)

∣∣∂jt ∂kxum(t, x)
∣∣} ,

2bj + |k| ≤ 2b

ðiâíîìiðíî îáìåæåíi i ðiâíîñòåïåííî íåïåðåðâíi â Qλ. Çà òåîðåìîþ Àð÷åëà iñíóþòü ïî-

ñëiäîâíîñòi
{
W

(j,k)
m(l)

}
, ðiâíîìiðíî çáiæíi ïðè m(l)→∞ äîW (j,k). Ïåðåõîäÿ÷è äî ãðàíèöi

ïðè m(l) → ∞ â çàäà÷i (10) îäåðæèìî, ùî u(t, x) = W (0,0) � ¹äèíèé ðîçâ'ÿçîê çàäà÷i
(1), (2), u ∈ H2b+α(γ; β; 0; Πλ) i ïðàâèëüíà îöiíêà (3).
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Îñêiëüêè Hα(γ; β; 0; Πλ) ⊂ Hα(γ; β; 2bγ; Πλ), òî äëÿ f ∈ Hα(γ; β; 0; Πλ) âèêîíó¹òüñÿ
íåðiâíiñòü ‖f ; γ; β; 2bγ; Πλ‖α ≤ c ‖f ; γ; β; 0; Πλ‖α. Òîìó, âðàõîâóþ÷è íåðiâíiñòü (3), äëÿ
ðîçâ'ÿçêó çàäà÷i (1), (2) ïðàâèëüíà îöiíêà

‖u; γ; β; 0; Πλ‖2b+α ≤ c
(
‖f ; γ; β; 0; Πλ‖α + ‖ϕλ; γ̃; β̃; 0; Πλ ∩ (t = tλ)‖2b+α

)
. (27)

Áóäåìî ðîçãëÿäàòè u(t, x) ïðè ôiêñîâàíèõ (t, x) ÿê ëiíiéíèé íåïåðåðâíèé ôóíêöiîíàë

F (f, ϕλ) íà íîðìîâàíîìó ïðîñòîði Cα ≡ Hα(γ; β; 0; Πλ) × H2b+α
(
γ̃; β̃; 0; Πλ ∩ (t = tλ)

)
ç íîðìîþ, ùî äîðiâíþ¹ ïðàâié ÷àñòèíi íåðiâíîñòi (27). Áåðó÷è äî óâàãè âêëþ÷åííÿ
Cα ⊂ C(Πλ) i çãiäíî ç òåîðåìîþ Ðiññà, ìîæíà ââàæàòè, ùî u(t, x) ïîðîäæó¹ áîðåëiâñüêó
ìiðó Z(λ)(t, x;M), ÿêà âèçíà÷à¹òüñÿ íà σ-àëãåáði ïiäìíîæèí G îáëàñòi Πλ, âêëþ÷àþ÷è
Πλ i âñi ¨¨ âiäêðèòi ïiäìíîæèíè òàêi, ùî çíà÷åííÿ ôóíêöiîíàëó âèçíà÷à¹òüñÿ ôîðìóëîþ
(4).
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In recent decades, special attention has been paid to problems with nonlocal conditions for
partial di�erential equations. Such interest in such problems is due to both the needs of the
general therapy of boundary value problems and their rich practical application (the process
of di�usion, oscillations, salt and moisture transport in soils, plasma physics, mathematical
biology, etc.).

A multipoint in-time problem for a nonuniformly 2b-parabolic equation with degeneracy
is studied. The coe�cients of the parabolic equation of order 2b allow for power singularities
of arbitrary order both in the time and spatial variables at some set of points. Solutions of
auxiliary problems with smooth coe�cients are studied to solve the given problem. Using a
priori estimates, inequalities are established for solving problems and their derivatives in special
H�older spaces. Using the theorems of Archel and Riess, a convergent sequence is distinguished
from a compact sequence of solutions of auxiliary problems, the limiting value of which will be
the solution of the given problem. Estimates of the solution of the multipoint time problem for
the 2b-parabolic equation are established in H�older spaces with power-law weights. The order
of the power weight is determined by the order of degeneracy of the coe�cients of the groups
of higher terms and the power features of the coe�cients of the lower terms of the parabolic
equation. With certain restrictions on the right-hand side of the equation, an integral image of
the solution to the given problem is obtained.


