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Àïðîêñèìàöiÿ êðàéîâèõ çàäà÷ äëÿ iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü iç

çàïiçíåííÿì

Âñòàíîâëåíi äîñòàòíi óìîâè iñíóâàííÿ ðîç'ÿçêó êðàéîâî¨ çàäà÷i äëÿ iíòåãðî-äèôåðåí-

öiàëüíîãî ðiâíÿííÿ ç áàãàòüìà çàïiçíåííÿìè. Çàïðîïîíîâàíî i îáãðóíòîâàíî ñõåìó àïðî-

êñèìàöi¨ êðàéîâî¨ çàäà÷i iç çàïiçíåííÿì ïîñëiäîâíiñòþ êðàéîâèõ çàäà÷ äëÿ ñïåöiàëüíî¨

ñèñòåìè çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü.
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Âñòóï

Ìàòåìàòè÷íi ìîäåëi, ùî îïèñóþòüñÿ iíòåãðî-äèôåðåíöiàëüíèìè ðiâíÿííÿìè, âèíè-

êàþòü ïðè âèâ÷åííi ïðèêëàäíèõ ôiçè÷íèõ åêîíîìi÷íèõ, åêîëîãi÷íèõ ïðîöåñiâ. Çîêðåìà,

iíòåãðî-äèôåðåíöiàëüíi ðiâíÿííÿ Âîëüòåððè iç çàïiçíåííÿì âiäiãðàþòü âàæëèâó ðîëü

ïðè ìîäåëþâàííi áàãàòüîõ ðåàëüíèõ ÿâèù â åêîëîãi¨ [1].

Ðîçâ'çóâàííÿ êðàéîâèõ çàäà÷ â àíàëiòè÷íié ôîðìi ¹ ñêëàäíîþ çàäà÷åþ, òîìó çíà÷íà

óâàãà ïðèäiëÿ¹òüñÿ ðîçðîáöi ìåòîäiâ ¨õ íàáëèæåíîãî ðîçâ'ÿçàííÿ. Âiäçíà÷åìî çàñòî-

÷óâàííÿ àïàðàòó êóái÷íèõ ñïëàéíiâ äåôåêòó äâà çíàõîäæåííÿ íàáëèæåíèõ ðîçâ'ÿçêiâ

êðàéîâèõ çàäà÷ iç çàïiçíåííÿì â ðîáîòàõ [2, 3].

Öiêàâèìèì äëÿ ïðèêëàäíèõ çàñòîñóâàíü âèÿâèëàñü ñõåìè àïðîêñèìàöi¨ äèôåðåí-

öiàëüíî-ðiçíèöåâèõ ðiâíÿíü ïîñëiäîâíiñòþ ñèñòåì çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü

[4, 5]. Ìåòîþ äàíî¨ ðîáîòè ¹ çàñòîñóâàííÿ äàíîãî ïiäõîäó äî íàáëèæåííÿ íîâîãî êëàñó

êðàéîâèõ çàäà÷ äëÿ iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü ç áàãàòüìà çàïiçíåííÿìè.
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1 Ïîñòàíîâêà çàäà÷i

Ðîçãëÿíåìî êðàéîâó çàäà÷ó äëÿ iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü iç áàãàòüìà çàïi-

çíåííÿìè

y′′ = f(x, y(x), y(x− τ1), ..., y(x− τn) +

b∫
a

g(x, s, y(s), y(s− τ1), ..., y(s− τn))ds, x ∈ [a, b]

(1)

y(x) = ϕ(x), x ∈ [a− τ, a], y(b) = γ, (2)

äå 0 < τ1 < τ2 < ... < τn = τ, ϕ(x) ∈ C[a− τ, a], γ ∈ R.
Íåõàé f(x, u0, u1, ..., un), g(x, s, u0, u1, ..., un) íåïåðåðâíi ôóíêöi¨ â îáëàñòÿõ:G1 = [a, b]×

Gk, G2 = [a, b]× [a, b]×Gk, äå G = {u ∈ R, |u| ≤ P1}, P1−äîäàòíÿ ñòàëà.

Âiäçíà÷èìî, ùî ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (1)-(2) â òî÷êàõ xi = a+τi, i = 1, n, âçàãàëi

êàæó÷è ìà¹ ðîçðèâíó äðóãó ïîõiäíó.

Ââåäåìî ïîçíà÷åííÿ:

P = sup{(f(x, y(x), y(x− τ1), ..., y(x− τn))+

+
b∫
a

g(x, s, y(s), y(s− τ1), ..., y(s− τn))ds : |y(x)| ≤ P1, |y(x− τi)| ≤ P1, i = 1, n, x, s ∈ [a, b]}

J = [a− τ ], I = [a, b], I1 = [a, x1], J2 = [x1, x2], ..., In+1 = [xn, b].
(3)

Ðîçãëÿíåìî êëàñ ôóíêöié

B = {y(x) : y(x) ∈ (C(J
⋃

I)
⋂

C1(I)
⋂

(
n+1⋃
i=1

C2(Ii))), |y(x) < P1|}.

Ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (1)-(2) áóäåìî ââàæàòè ôóíêöiþ y = y(x) iç ïðîñòîðó Â,

ÿêà çàäîâîëüíÿ¹ ðiâíÿííÿ (1)(çà ìîæëèâèì âèíÿòêîì òî÷îê xi = a+τi) òà êðàéîâi óìîâè

(2).

2 Iñíóâàííÿ ðîçâ'ÿçêó

Ââåäåìî â êëàñi ôóíêöi¨ Â íîðìó

‖ y ‖B=
9

(b− a)2
max
t∈J

⋃
I
|y(x)|. (4)

Ïðîñòið B ç öi¹þ íîðìîþ ¹ áàíàõîâèì ïðîñòîðîì. Êðàéîâà çàäà÷à (1)-(2) åêâiâàëåíòíà

iíòåãðàëüíîìó ðiâíÿííþ [6].

y(x) =
b∫

a−τ
[(f(s, y(s), y(s− τ1), ..., y(s− τn))+

+
b∫
a

g(x, ξ, y(ξ), y(ξ − τ1), ..., y(ξ − τn))ds]G(x, s)ds+ l(x), x ∈ J
⋃
I,

(5)
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G(x, s) = { G(x, s), xns ∈ I
0,â iíøîìó âèïàäêó,

l(x) = { ϕ(x), x ∈ J,
γ−ϕ(a)
b−a (x− a) + ϕ(a),

G(x, s) = {
(s−a)(x−b)

b−a , a ≤ s ≤ x ≤ b,
(x−a)(s−b)

b−a , a ≤ x ≤ s ≤ b,
ôóíêöiÿ Ãðiíà êðàéîâî¨ çàäà÷i

y′′(x) = 0, x ∈ I, y(a) = y(b) = 0.

Âèçíà÷èìî îïåðàòîð T ó ïðîñòîði Â íàñòóïíèì ÷èíîì

(Ty)(x) =
b∫

a−τ
[(f(s, y(s), y(s− τ1), ..., y(s− τn))+

+
b∫
a

g(x, ξ, y(ξ), y(ξ − τ1), ..., y(ξ − τn))ds]G(x, s)ds+ l(x), x ∈ J
⋃
I.

Ìà¹ ìiñöå òåîðåìà

Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè:

1. max{max
x∈J
|ϕ(x)|, (b−a)

2

2
P + max{|ϕ(a)|, |ϕ|} ≤ P1,

2. Ôóíêöi¨ f(x, u0, u1, ..., un), g(x, u0, u1, ..., un) çàäîâîëüíÿþòü óìîâó Ëiïøèöà â îáëà-

ñòi G çà çìiííèìè u0, u1, ..., un çi ñòàëèìè Li, Ri, i = 0, n âiäïîâiäíî,

3. (b−a)2
8

n∑
i=0

(Li + (b− a)Ri) < 1.

Òîäi iñíó¹ ¹äèíèé ðîç'ÿçîê êðàéîâî¨ çàäà÷i (1)-(2) ó ïðîñòîði Â.

Äîâåäåííÿ òåîðåìè 1 íåñêëàäíî ïðîâåñòè àíàëîãi÷íî äî òåðåìè 1 [3].

3 Ñõåìè àïðîêñèìàöi¨

Îäíèì iç ìåòîäiâ äîñëiäæåííÿ äèôåðåíöiàëüíèõ ðiâíÿíü iç çàïiçíåííÿì ¹ àïðîêñè-

ìàöiÿ åëåìåíòà çàïiçíåííÿ y(x− τ), ùî âõîäèòü â ðiâíÿííÿ. Íåõàé y(x) âõiäíà ôóíêöiÿ

åëåìåíòà çàïiçíåííÿ, à v(x) - âèõiäíà ôóíêöiÿ, ùî çâÿ'ÿçàíi ñïiââiäíîøåííÿì

v(x) = y(x− τ), a ≤ x ≤ b.

Ïîñòàâèìî åëåìåíòó çàïiçíåííÿ ó âiäïîâiäíiñòü àïåðiîäè÷íó ëàíêó, ùî îïèñó¹òüñÿ

ðiâíÿííÿì [4]

τz′(x) + z(x) = v(x).

Íåñêëàäíî ïîêàçàòè [7], ùî ðiçíèöÿ ìiæ âèõiäíèì ñòàíîì åëåìåíòà çàïiçíåííÿ v(x) i

çíà÷åííÿì àïåðiîäè÷íî¨ ëàíêè z(x) áóäå ìàëîþ ïðè ìàëîìó τ . Äëÿ ïîêðàùåííÿ òî÷íîñòi

àïðîêñèìàöi¨ ðîçãëÿäà¹ìî ïîñëiäîâíiñòü iç m åëåìåíòiâ çàïiçíåííÿ, ùî ïîñëiäîâíî ìiæ

ñîáîþ çâ'ÿçàíi

v1(x) = y(x− τ

m
), v2(x) = y1(x−

τ

m
) = y(x− 2τ

m
), ...,

vm(x) = ym−1(x−
τ

m
) = y(x− τ).
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Ïîñòàâèìî ¨ì ó âiäïîâiäíiñòü ïîñëiäîâíiñòü àïåðiîäè÷íèõ ëàíîê, ùî îïèñóþòüñÿ ñèñòå-

ìîþ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü

τ
m
z′1(x) + z1(x) = y(x),

τ
m
z′i(x) + zi(x) = zi−1(x), i = 2,m, x ∈ [a, b].

(6)

zi(a) = y(a− iτ

m
), i = 1,m, (7)

äå y(x)- âõiäíà ôóíêöiÿ ïåðøîãî åëåìåíòà çàïiçíåííÿ.

Çàçíà÷èìî, ùî ñèñòåìó (6)-(7) äîñëiäæåíî â ðîáîòàõ [7, 8]. Ó âèïàäêó, êîëè ôóíêöiÿ

y(x) çàäîâîëüíÿ¹ óìîâó Ëiïøèöÿ àáî ìà¹ îáìåæåíó ñòàëîþM ïîõiäíó íà [a−τ, b] ìà¹ìî
ñïiââiäíîøåííÿ

|zi(x)− vi(x)| ≤ 2Mτ√
m
,x ∈ [a, b], i = 1,m. (8)

ßêùî y(x) ∈ C[a− τ, b], òî â öüîìó âèïàäêó ñïðàâäæóþòüñÿ íåðiâíîñòi

|zi(x)− vi(x)| ≤ 2(
Kτ√
m

+ ω(y,
τ

m
)), x ∈ [a, b], i = 1,m, (9)

äå ñòàëà K > 0 íå çàëåæòü âiä m, a

ω(y,
τ

m
) = max

|x′−x< τ
m
,x′,x”∈[a−τ,b]

|y(x′)− y(x”)|

ìîäóëü íåïåðåðâíîñòi y(x) íà [a− τ, b].
Ðîçãëÿíåìî òåïåð çàñòîñóâàííÿ ñõåìè àïðîêñèìàöi¨ äèôåðåíöiàëüíèõ ðiâíÿíü iç çàïi-

çíåííÿì [4, 5, 7, 8] äî êðàéîâî¨ çàäà÷i (1)-(2). Ïîñòàâèìî ó âiäïîâiäíiñòü êðàéîâié çàäà÷i

(1)-(2) êðàéîâó çàäà÷ó äëÿ ñèñòåìè çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü âèãëÿäó

z′′0 (x) = f(x, z0(x), zl1(x), ...zln(x))+

+
b∫
a

g(x, s, z0(s), zli(s), ..., zln(s))ds], li = [mτi
τ

],
(10)

z′j(x) = m
τ

(zj−1(x)− zj(x)), j = 1,m,m ∈ N, x ∈ [a, b],

zj(a) = ϕ(a− jτ
m

), j = 0,m, z0(b) = γ.
(11)

Áóäåìî ãîâîðèòè, ùî êðàéîâà çàäà÷à (10)-(11) àïðîêñèìó¹ êðàéîâó çàäà÷ó (1)-(2),

ÿêùî ñïðàâäæóþòüñÿ ñïiââiäíîøåííÿ

|zj(x)− y(x− jτ

m
)| → 0 (12)

ïðè m→∞, t ∈ I, j = 0,m.

Ââåäåìî ïîçíà÷åííÿ

Nj(x) = max
a≤ξ≤x

|zj(ξ)− y(ξ − jτ

m
)|, x ∈ I, (13)

zj(x) = z
(1)
j (x) + z

(2)
j (x), j = 1,m, (14)
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äå z
(1)
j (x) òà z

(2)
j (x) - ðîçâ'ÿçêè òàêèõ çàäà÷

τ
m
z′

(1)
1 (x) + z

(1)
1 (x) = y(x),

τ
m
z′

(1)
j (x) + z

(1)
j (x) = z

(1)
j−1, j = 2,m,

zj(a) = y(a− jτ
m

), j = 1,m,

(15)

τ
m
z′

(2)
1 (x) + z

(2)
1 (x) = z0(x)− y(x),

τ
m
z′

(2)
j (x) + z

(2)
j (x) = z

(2)
j−1, j = 2,m,

z
(2)
j (a) = 0, j = 1,m.

(16)

Îöiíèìî ðiçíèöi zj(x)−y(x− jτ
m

) âðàõîâóþ÷è âèãëÿä ñèñòåìè (15), (16). Çãiäíî ïðåä-

ñòàâëåííÿ (14) ìà¹ìî

|zj(x)− y(x− jτ

m
)| ≤ |z(1)j (x)− y(x− jτ

m
)|+ |z(2)j (x)|. (17)

Íà ïiäñòàâi íåðiâíîñòåé (9) äëÿ ïåðøîãî äîäàíêó ó ïðàâié ÷àñòèíi (17) äiñòà¹ìî

|zj(x)− y(x− jτ

m
)| ≤ 2(

τ√
m

+ ω(y,
τ

m
)). (18)

Äëÿ äðóãîãî äîäàíêà â ïðàâié ÷àñòèíi íåðiâíîñòi (17), àíàëîãi÷íî, ÿê â [9] íåñêëàäíî

îäåðæàòè îöiíêó

|z(2)j (x)| ≤ max
a≤ξ≤x

|z0(ξ)− y(ξ)| = N0(x). (19)

Iç îöiíîê (18),(19) äiñòà¹ìî íåðiâíiñòü

Nj(x) ≤ β(
τ

m
) +N0(x), j = 1,m, x ∈ I, (20)

äå β( τ
m

) = 2(Kτ
m

+ ω(y, τ
m

)).

Çíàéäåìî îöiíêó ðiçíèöi |y(x− τj)− zlj | :

|y(x− τj)− zlj | ≤ |y(x− τj)− y(x− τ lj
m

)|+ |y(x− τ lj
m

)− zlj(x)|.

Îñêiëüêè iíäåêñ lj îäíîçíà÷íî âèçíà÷à¹òüñÿ íåðiâíiñòþ

τ lj
m
≤ τj <

τljt

m
,

òî τ
m
> τj − τlj

m
> 0, òîìó |y(x− τj)− y(x− τlj

m
)| ≤ ω(y, τ

m
).

Îòæå äiñòà¹ìî îöiíêó

|y(x− τj)− zlj(x)| ≤ Nlj(x) + ω(y,
τ

m
)) ≤ N0(x) + β(

τ

m
) + ω(y,

τ

m
) ≤ N0(x) + β1(

τ

m
), (21)

äå β1(
τ
m

) = β( τ
m

) + ω(y, τ
m

).

Êðàéîâà çàäà÷à äëÿ ôóíêöi¨ z0(x) åêâiâàëåíòíà iíòåãðàëüíîìó ðiâíÿííþ
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z0(x) =
b∫
a

[f(s, z0(s), zli(s), ..., zln(s))ds+

b∫
a

g(s, ξ, z0(ξ), zl1(ξ), ..., zln(ξ))dξ]G(x, s)ds+ γ−ϕ(a)
b−a + ϕ(a), x ∈ I.

(22)

Âèêîðèñòîâóþ÷è âëàñòèâîñòi ôóíêöi¨ f i g iç (5) òà (22) ïðè x ∈ I äiñòà¹ìî

|y(x)− z0(x)| ≤
b∫
a

[
n∑
i=0

(Li + (b− a)Ri)N0(s)+

+(b− a)
n∑
i=1

(Li + (b− a)Ri)β1(
τ
m

)]|G(x, s)|ds.

Âðàõîâóþ÷è òåïåð îöiíêó |G(x, s)| ≤ b−a
4

[10] òà íåðiâíîñòi (21) îäåðæó¹ìî

|y(x)− z0(x)| ≤ b−a
4

[
n∑
i=0

(Li + (b− a)Ri)
b∫
a

N0(s)ds+

+ (b−a)3
4

n∑
i=1

(Li + (b− a)Ri)β1(
τ
m

)], x ∈ I.
(23)

Îñòàííÿ íåðiâíiñòü ñïðàâäæó¹òüñÿ äëÿ áóäü ÿêîãî x ∈ I, òîìó âðàõîâóþ÷è ïîçíà÷å-

ííÿ (13) ìà¹ìî

N0(b) ≤ b−a
4

[
n∑
i=0

(Li + (b− a)Ri)
b∫
a

N0(s)ds+

+ (b−a)3
4

n∑
i=1

(Li + (b− a)Ri)β1(
τ
m

)].

Ñêîðèñòàâøèñü òåïåð íåðiâíiñòþ Ãðîíóîëëà-Áåëëìàíà äiñòà¹ìî

N0(b) ≤ (b−a)2
4

[
n∑
i=1

(Li + (b− a)Ri)e
(b−a)2

4
[
n∑
i=0

(Li+(b−a)Ri)
β1(

τ
m

)

Íåðiâíîñòi (20) â öüîìó âèïàäêó íàáóâàþòü âèãëÿäó

N0(b) ≤ β( τ
m

) + (b−a)3
4

[
n∑
i=1

(Li + (b− a)Ri)e
(b−a)2

4
[
n∑
i=0

(Li+(b−a)Ri)
β1(

τ
m

) = β2(
τ
m

), j = 1,m.

(24)

Ïiäñóìó¹ìî îäåðæàíèé ðåçóëüòàò ó âèãëÿäi òåîðåìè

Òåîðåìà 2. Íåõàé ôóíêöi¨ f(x, u0, u1, ..., un), g(x, t, u0, u1, ..., un) çàäîâîëüíÿþòü óìîâè

òåîðåìè 1.Òîäi êðàéîâà çàäà÷à (10)-(11) àïðîêñèìó¹ êðàéîâó çàäà÷ó (1)-(2) i ñïðàâäæó-

þòüñÿ ñïiââiäíîøåííÿ

max
x∈I
|zj(x)− y(x− jτ

m
)| ≤ β2(

τ

m
),

äå lim
m→∞

β2(
τ
m

) = 0.
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4 Ïðèêëàä

Ðîçãëÿíåìî ìîäåëüíèé ïðèêëàä, ÿêèé iëþñòðó¹ íàâåäåíó ìåòîäèêó àïðîêñèìàöi¨

êðàéîâèõ çàäà÷ iç çàïiçíåííÿì.

y′′(x) = y(x) +

π
2∫

0

y(s− π

2
)ds, x ∈ [0,

π

2
], (25)

y(x) = sinx+ 2, x ∈ [−π
2
, 0], y(

π

2
) = 4. (26)

Òî÷íèé ðîçâ'ÿçîê äàíî¨ êðàéîâî¨ çàäà÷i çíàõîäèìî áåçïîñåðåäíüî ìåòîäîì êðîêiâ

yt(x) = (3− π) cosx+ (5− π) sinx+ π − 1.

Àíàëîãi÷íà (10)-(11) àïðîêñèìóþ÷à äëÿ (25)-(26) êðàéîâà çàäà÷à äëÿ çâè÷àéíèõ

iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü ìà¹ âèãëÿä

z”0(x) = −z0(x) +

π
2∫
0

zn(s)ds,

z′j(x) = m
τ

(zj−1(x)− zj(x)),m ∈ N, j = 1,m, x ∈ [0, π
2
],

(27)

zj(0) = sin(−−jτ
m

) + 2, j = 0,m, z0(
π

2
) = 4. (28)

Íàáëèæåíèé ðîçâ'çîê êðàéîâî¨ çàäà÷i (27)-(28) ìîæíà çíàéòè âèêîðèñòîâóþ÷è êëà-

ñè÷íi ðiçíèöåâi ñõåìè.

Ó òàáëèöi 1 íàâåäåíî ðåçóëüòàòè ÷èñëîâèõ åêñïåðåìåíòiâ àïðîêñèìàöi¨ ðîçâ'ÿçêó

êðàéîâî¨ çàäà÷i (25)-(26), äå yt(x) - òî÷íèé ðîçâ'ÿçîê, ya(x) - ðîçâ'ÿçîê àïðîêñèìóþ÷î¨

êðàéîâî¨ çàäà÷i (27)-(28) ïðè m = 200.

Òàáëèöÿ1
x yt(x) ya(x) ∆

0.0000 2.0000 2.0000 0.0000
π
8

2.7220 2.7163 0.0037
π
4

3.3556 3.3564 0.0008
3π
8

3.8040 3.8029 0.0011
π
2

4.0000 4.0000 0.0000
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Tuzyk I.I., Cherevko I.M. Approximation of boundary value problems for integro-di�erential

equations with delay, Bukovinian Math. Journal. 10, 1 (2022), 120�128.

In mathematical modeling of physical and technical processes, the evolution of which

depends on prehistory, we arrive at di�erential equations with a delay. With the help of such

equations it was possible to identify and describe new e�ects and phenomena in physics, biology,

technology.

An important task for di�erential-functional equations is to construct and substantiate

�nding approximate solutions, since there are currently no universal methods for �nding their

precise solutions. Of particular interest are studies that allow the use of methods of the theory

of ordinary di�erential equations for the analysis of delay di�erential equations.

Schemes for approximating di�erential-di�erence equations by special schemes of ordinary

di�erential equations are proposed in the works N. N. Krasovsky, A. Halanay, I. M. Cherevko,

L. A. Piddubna, O. V. Matwiy in various functional spaces.

The purpose of this paper is to apply approximation schemes of di�erential-di�erence equati-

ons to approximation of solutions of boundary-value problems for integro-di�erential equations

with a delay. The paper presents su�cient conditions for the existence of a solution of the

boundary value problem for integro-di�erential equations with many delays. The scheme of

its approximation by a sequence of boundary value problems for ordinary integro-di�erential

equations is proposed and the conditions of its convergence are investigated. A model example

is considered to demonstrate the given approximation scheme.


