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Iíâåðñîð öèôð äâîîñíîâíîãî G�çîáðàæåííÿ äiéñíèõ ÷èñåë i éîãî

ñòðóêòóðíà ôðàêòàëüíiñòü

Ó ðîáîòi îáãðóíòîâàíî íîâó äâîñèìâîëüíó ñèñòåìó çîáðàæåííÿ ÷èñåë âiäðiçêà [0; 0, 5]

ç àëôàâiòîì (íàáîðîì öèôð) A = {0; 1} òà äâîìà îñíîâàìè 2 i −2:

x =
α1

2
+

1

2

∞∑
k=1

αk+1

2k−(α1+...+αk)(−2)α1+...+αk
≡ ∆G

α1α2...αk...
, αk ∈ {0; 1}.

Íàâåäåíî ïîðiâíÿííÿ íîâî¨ ñèñòåìè ç êëàñè÷íîþ äâiéêîâîþ. Àêöåíòîâàíî óâàãó íà ôóí-

êöi¨: I(x = ∆G
α1...αn...) = ∆G

1−α1,...,1−αn..., öèôðè G�çîáðàæåííÿ ÿêî¨ ¹ iíâåðñíèìè (ïðîòè-

ëåæíèìè) äî öèôð G�çîáðàæåííÿ àðãóìåíòà. Êîðåêòíiñòü îçíà÷åííÿ ôóíêöi¨ ó òî÷êàõ,

ùî ìàþòü äâà G�çîáðàæåííÿ çàáåçïå÷ó¹òüñÿ äîìîâëåíiñòþ âèêîðèñòîâóâàòè ëèøå îäíå ç

íèõ. Äîâåäåíî, ùî iíâåðñîð ¹ ôóíêöi¹þ íåîáìåæåíî¨ âàðiàöi¨, íåïåðåðâíîþ ó òî÷êàõ, ùî

ìàþòü ¹äèíå G�çîáðàæåííÿ, îäíîñòîðîííüî íåïåðåðâíîþ ó òî÷êàõ ç äâîìà çîáðàæåííÿ-

ìè, îá÷èñëåíî âåëè÷èíè âñiõ ñòðèáêiâ ôóíêöi¨. Äîâåäåíî, ùî ôóíêöiÿ íå ìà¹ ïðîìiæêiâ

ìîíîòîííîñòi i ìà¹ ñàìîïîäiáíó ñòðóêòóðó ãðàôiêà.
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Âñòóï

Ñüîãîäíi âiäîìi äåñÿòêè äâîñèìâîëüíèõ ñèñòåì êîäóâàííÿ (çîáðàæåííÿ) äiéñíèõ ÷è-
ñåë i íiøi ¨õ åôåêòèâíèõ çàñòîñóâàíü ó ðiçíèõ ãàëóçÿõ ìàòåìàòèêè i çà ¨¨ ìåæàìè
[1, 3, 13, 6, 8, 9, 11, 12, 14]. Ñåðåä íèõ ¾ëiäåðîì¿ çàëèøà¹òüñÿ êëàñè÷íà äâiéêîâà ñèñòåìà
÷èñëåííÿ i ¨¨ ñàìîïîäiáíå óçàãàëüíåííÿ � Q2�çîáðàæåííÿ ÷èñåë [7]. Âiäíîñíî íåäàâíî
îá ðóíòîâàíî ñèñòåìó êîäóâàííÿ ÷èñåë ç äâîìà ðiçíîçíàêîâèìè îñíîâàìè: g0 ∈

(
1
2
; 1
)
,

g1 ≡ g0 − 1 i òðàäèöiéíèì àëôàâiòîì (G2�çîáðàæåííÿ), ùî ¹ ôîðìàëüíèì i ìåòðè÷íèì
àíàëîãîì Q2�çîáðàæåííÿ ÷èñåë [10]. ßê âèÿâèëîñü [4, 2], íîâà ñèñòåìà ìà¹ ðÿä ÿñêðàâî
âèðàæåíèõ îñîáëèâîñòåé. Ñåðåä íèõ: îïåðàòîð ëiâîñòîðîííüîãî çñóâó ¹ ôóíêöi¹þ íåïå-
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ðåðâíîþ; ÷èñëà, ùî ìàþòü äâà çîáðàæåííÿ íàëåæàòü îäíié õâîñòîâié ìíîæèíi; ïðî¹-
êòîð öèôð Q2�çîáðàæåííÿ â G2�çîáðàæåííÿ ìà¹ çëi÷åííó ìíîæèíó òî÷îê ðîçðèâó i
íåñêií÷åííó âàðiàöiþ òà iíøå. Çàëèøèâñÿ ïîçà óâàãîþ âèïàäîê, êîëè g0 = 1

2
(à îòæå,

g1 = −1

2
), à ñàìå âií äà¹ âiäíîñíî ïðîñòó ãåîìåòðiþ çîáðàæåííÿ i ñïðîùó¹ ïîðiâíÿëüíèé

àíàëiç íîâî¨ ñèñòåìè êîäóâàííÿ ÷èñåë ç êëàñè÷íîþ äâiéêîâîþ ñèñòåìîþ. Öüîìó óíiêàëü-
íîìó âèïàäêó G2�çîáðàæåííÿ ÷èñåë, ÿêèé ìè íàçèâà¹ìî G�çîáðàæåííÿì, ïðèñâÿ÷åíà
öÿ ðîáîòà. Ó íié ìîâà éòèìå ïðî ÷èñëà âiäðiçêà [0; 0, 5].

1 G�çîáðàæåííÿ ÷èñåë

Òðàäèöiéíî äëÿ äâîñèìâîëüíî¨ ñèñòåìè çîáðàæåííÿ ÷èñåë ñòàíäàðòíèì ¹ àëôàâiò
(íàáið öèôð) A = {0; 1} i ìíîæèíà L ≡ A×A× . . .×A× . . ., ÿêó íàçèâàþòü ïðîñòîðîì

ïîñëiäîâíîñòåé åëåìåíòiâ àëôàâiòó (ïðîñòîðîì íóëiâ òà îäèíèöü). �õ ìè äàëi âèêîðè-
ñòîâó¹ìî. Î÷åâèäíèìè ¹ íàñòóïíi òâåðäæåííÿ.

1) ßêùî (αk) � äîâiëüíà ïîñëiäîâíiñòü ïðîñòîðó L, σk ≡ α1 + α2 + . . . + αk−1, òî
çíà÷åííÿ âèðàçó uk+1 ≡ (−1)σkαk2

−k ¹ íóëåì òîäi i òiëüêè òîäi, êîëè αk = 0; äîäàòíèì
÷èñëîì, ÿêùî σk � ïàðíå; âiä'¹ìíèì ÷èñëîì, ÿêùî σk � íåïàðíå.

2) ßêùî (αk) ìiñòèòü íåñêií÷åííó êiëüêiñòü îäèíèöü, òî ïîñëiäîâíiñòü: u1 =
α1

2
,

un+1 = (−1)σkαk2
−k íåíóëüîâèõ ÷ëåíiâ ïîñëiäîâíîñòåé (un) ¹ çíàêîïî÷åðåæíîþ.

Ëåìà 1. Äëÿ áóäü�ÿêî¨ ïîñëiäîâíîñòi (αn) ∈ L ðÿä

α1

2
+
∞∑
k=2

αk
2k

(−1)σk =
α1

2
+
∞∑
k=2

αk
2k−σk(−2)σk

= S (1)

¹ àáñîëþòíî çáiæíèì, éîãî ñóìà S ¹ íåâiä'¹ìíîþ i íå ïåðåâèùó¹ ïåðøîãî âiäìiííîãî âiä
íóëÿ ÷ëåíà ðÿäó (1), ïðè÷îìó

S = Sm + 2−m(−1)σm+1Rm, äå σk = α1 + α2 + . . .+ αk−1; (2)

Sm =
α1

2
+

m∑
k=2

αk2
−k(−1)σk ;Rm =

αm+1

2
+
∞∑
i=2

αm+i2
−i(−1)σm+i−σm+1 .

Äîâåäåííÿ. ßêùî uk ≡ 2−k(−1)σk , òî
∞∑
k=2

|uk| =
∞∑
k=2

1
2k

= 1
2
, à îòæå, ðÿä (1) ¹ àáñîëþòíî

çáiæíèì.
Îñêiëüêè íåíóëüîâi ÷ëåíè ðÿäó (1) óòâîðþþòü çíàêîïî÷åðåæíó íåñêií÷åííî ñïàäíó

ïîñëiäîâíiñòü (1), òî çãiäíî ç òåîðåìîþ Ëåéáíiöà ñóìà ðÿäó (1) íå ïåðåâèùó¹ ïåðøîãî
âiäìiííîãî âiä íóëÿ ÷ëåíà ðÿäó. Ðiâíiñòü (2) ¹ î÷åâèäíîþ.

Òåîðåìà 1. Äëÿ áóäü�ÿêîãî x ∈ [0; 0, 5] iñíó¹ ïîñëiäîâíiñòü (αk) ∈ L òàêà, ùî

x =
α1

2
+
∞∑
k=2

[
αk2

−k(−1)σk
]
≡ ∆G

α1α2...αk...
, äå σk = α1 + α2 + · · ·+ αk−1. (3)
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Çàóâàæåííÿ 1. Ïåðåä äîâåäåííÿì òâåðäæåííÿ çàóâàæèìî, ùî äëÿ áóäü�ÿêî¨ ïîñëi-
äîâíîñòi (cn) ∈ L âèêîíóþòüñÿ ðiâíîñòi ∆G

c1...cm01(0) = ∆G
c1...cm11(0), îñêiëüêè

∆G
c1...cm11(0) −∆G

c1....cm01(0) = 2−m−1(−1)−m−1(−1)σm+1

[(
1

2
− 1

4

)
−
(

1

2
− 0

)]
= 0.

Äîâåäåííÿ. Î÷åâèäíèìè ¹ ðîçêëàäè: 0 = ∆G
(0),

1

2
= ∆G

1(0). Äëÿ îáãðóíòóâàííÿ ðîçêëà-

äó ÷èñëà x â ðÿä (3) äîñèòü âêàçàòè àëãîðèòì âèçíà÷åííÿ ÷ëåíiâ ïîñëiäîâíîñòi (αn) i
àðãóìåíòóâàòè çáiæíiñòü ïðîöåñó äëÿ âèïàäêó éîãî íåñêií÷åííîñòi.

Êðîê ïåðøèé. Îñêiëüêè x ∈
(
0; 1

2

)
=
(

0
22

; 1
22

]
∪
[

1
22

; 1
2

)
, òî î÷åâèäíî, ùî iñíó¹ α1 ∈ A

òàêå, ùî x ∈
[
α1

22
; α1+1

22

]
⇔ α1

22
≤ x ≤ α1+1

22
.

ßêùî α1 = 0, òîáòî 0 < x ≤ 1

22
, òî ïîêëàäåìî x1 ≡ x.

ßêùî α1 = 1, òîáòî
1

22
≤ x < 1

2
, òî ïîêëàäåìî x1 ≡

1

2
− x.

Â îáîõ âèïàäêàõ x1 ∈
(

0;
1

22

]
. ßêùî x1 =

1

22
, òî çà óìîâè α1 = 0 ìà¹ìî x = x1 =

1

22
= ∆G

01(0), à çà óìîâè α1 = 1 îòðèìà¹ìî x =
1

2
− x1 =

1

2
− 1

22
= ∆G

11(0). Ïðè x1 6=
1

22

ìiðêóâàííÿ ïîâòîðþþòüñÿ, àëå óæå ñòîñîâíî x1.

Êðîê äðóãèé. Îñêiëüêè x1 ∈
(

0;
1

22

)
=

(
0

23
;

1

23

]
∪
[

1

23
;

1

22

)
, òî î÷åâèäíî, ùî iñíó¹

α2 ∈ A òàêå, ùî

x1 ∈
[
α2

23
;
α3 + 1

22

]
⇔ α2

23
≤ x1 ≤

α2 + 1

23
.

ßêùî α2 = 0, òîáòî 0 < x1 ≤
1

23
, òî ïîêëàäåìî x2 ≡ x1.

ßêùî α2 = 1, òîáòî
1

23
≤ x1 <

1

22
, òî ïîêëàäåìî x2 ≡

1

22
− x1.

Â îáîõ âèïàäêàõ x2 ∈
(

0;
1

23

]
. ßêùî x2 =

1

23
, òî x2 = ∆G

001(0) = ∆G
011(0).

Çà ïiäñóìêàìè äâîõ êðîêiâ, ìà¹ìî: ÿêùî

1. α1 = 0 = α2, òî x = x2 =
0

2
+

0

22
+ (−1)0+0x2;

2. α1 = 0, α2 = 1, òî x = x1 =
1

22
− x2 =

0

2
+

1

22
+ (−1)0+1x2;

3. α1 = 1, α2 = 0, òî x =
1

2
− x1 =

1

2
+

0

22
+ (−1)1+0x2;

4. α1 = 1 = α2, òî x =
1

2
− x1 =

1

2
−
(

1

22
− x2

)
=

1

2
− 1

22
+ (−1)1+1x2.

Ïðîöåñ ðîçêëàäó ÷èñëà x ïðîäîâæóâàòèìåòüñÿ äî òèõ ïið ïîêè íå îòðèìà¹ìî xn =
1

2n+1
. ßêùî æ öå íå òðàïèòüñÿ, òî âií íåñêií÷åííèé. Ó öüîìó âèïàäêó éîãî çáiæíiñòü ¹

íàñëiäêîì òîãî, ùî xn ≤ 1
2n+1 → 0 (n→∞).

Ðîçêëàä (3) ÷èñëà x âñòàíîâëåíî.
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Îçíà÷åííÿ 1. Ðîçêëàä ÷èñëà x ∈ [0; 0, 5] â ðÿä (3) íàçèâàòèìåìî G�ïðåäñòàâëåííÿì,
à éîãî ñêîðî÷åíèé çàïèñ ∆G

α1...αn... � G�çîáðàæåííÿì ÷èñëà x. Ïðè öüîìó αn = αn(x)

íàçèâà¹òüñÿ n�îþ öèôðîþ öüîãî çîáðàæåííÿ.

Ëåãêî äîâåñòè, ùî ÷èñëà ç ïåðiîäè÷íèìè G�çîáðàæåííÿìè ¹ ðàöiîíàëüíèìè. ×èñëî,
G�çîáðàæåííÿ ÿêîãî ìà¹ ïðîñòèé ïåðiîä (1):

∆G
c1...cm0(1) = A+

5(−1)σm

3 · 2m+2
, äå A =

1

2a
+

m∑
k=1

(−1)σkck

2k
.

2 Iäåíòèôiêàöiÿ òà ïîðiâíÿííÿ ÷èñåë

×èñëà ç [0; 0, 5] ç G�çîáðàæåííÿìè: ∆G
c1...cm01(0) = ∆G

c1...cm11(0) íàçèâàþòüñÿ G�áiíàðíè-
ìè. Ïðèêëàäàìè G�áiíàðíèõ ÷èñåë ¹: ∆G

01(0) = 0, 5, ∆G
001(0) = 0, 25, ∆G

101(0) = 0, 375.

Îçíà÷åííÿ 2. Êàçàòèìåìî, ùî G�çîáðàæåííÿ ÷èñåë x = ∆G
α1α2...αn... i y = ∆G

β1β2...βn...

ìàþòü îäíàêîâèé õâiñò, ÿêùî iñíóþòü íàòóðàëüíi k i m òàêi, ùî

αk+j = βm+j (4)

äëÿ áóäü�ÿêîãî j ∈ N . Ñèìâîëi÷íî öå ïîçíà÷à¹òüñÿ x ∼ y.

ßêùî k i m � íàéìåíøi ÷èñëà, äëÿ ÿêèõ âèêîíó¹òüñÿ óìîâà (4), òî ÷èñëî z ≡ x∧y =

∆G
αk+1αk+2...

= ∆G
βm+1βm+2...

, íàçèâà¹òüñÿ ñïiëüíèì õâîñòîì ÷èñåë x òà y. Î÷åâèäíî, ùî
áiíàðíå âiäíîøåííÿ ∼ � ¾ìàòè îäíàêîâèé õâiñò¿ ¹ âiäíîøåííÿì åêâiâàëåíòíîñòi (ìà¹
âëàñòèâîñòi ðåôëåêñèâíîñòi, ñèìåòðè÷íîñòi, òðàíçèòèâíîñòi). À îòæå, ðîçáèâà¹ ìíîæè-
íó âñiõ G�çîáðàæåíü ÷èñåë âiäðàçêà [0; 0, 5] íà êëàñè åêâiâàëåíòíîñòi, ÿêi â ñóêóï- íîñòi
óòâîðþþòü ìíîæèíó êëàñiâ åêâiâàëåíüíîñòi, êîæåí åëåìåíò ÿêî¨ íàçèâà¹òüñÿ õâîñ- òî-
âîþ ìíîæèíîþ. Âñi G�áiíàðíi ÷èñëà íàëåæàòü îäíié õâîñòîâié ìíîæèíi, ùî íåâëàñòè-
âî êëàñè÷íié äâiéêîâié ñèñòåìi ÷èñëåííÿ òà ¨¨ óçàãàëüíåííÿì.

Ëåìà 2. Íåõàé (c1, . . . , cm) � äîâiëüíèé íàáið öèôð, σm+1 = c1 + · · ·+ cm;

u = ∆G
c1...cm0a1a2...

, v = ∆G
c1...cm1b1b2...

.

×èñëà u i v ïåðåáóâàþòü ó âiäíîøåííi u ≤ v, ÿêùî σm+1 � ïàðíå, i ó âiäíîøåííi u ≥ v,
ÿêùî σm+1 � ÷èñëî íåïàðíå, ïðè öüîìó ðiâíiñòü u = v âèêîíó¹òüñÿ ëèøå òîäi, êîëè
an = 1 = 1− bn äëÿ âñiõ n ≥ 1.

Äîâåäåííÿ. Çà óìîâè ïàðíîñòi σm+1 ìà¹ìî

v − u =
1

2m+1
− 1

2m+1

[
∆G
b1b2...bn...

+ ∆G
a1a2...an...

]
≥ 0,

à çà óìîâè íåïàðíîñòi σm+1 �

v − u =
1

2m+1
− 1

2m+1

[
∆G
a1a2...an...

+ ∆G
b1b2...bn...

]
≥ 0.

Îñêiëüêè ∆G
α1α2...αn... ∈ [0; 0, 5] , ïðè÷îìó u = v ëèøå òîäi, êîëè ∆G

a1a2...an...
= 0, 5 =

∆G
b1b2...bn...

, ùî ðiâíîñèëüíî G�áiíàðíîñòi ÷èñåë u i v, òîáòî an = 1 = 1 − bn äëÿ âñiõ
n ≥ 1.
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Íàñëiäîê 1. Áiëüøiñòü ÷èñåë âiäðiçêà [0; 0, 5] ìàþòü ¹äèíå G�çîáðàæåííÿ (¨õ íàçèâàòè-
ìåìî G�óíàðíèìè), iñíó¹ çëi÷åííà ìíîæèíà ÷èñåë, ÿêi ìàþòü ¨õ äâà � öå G�áiíàðíi
÷èñëà.

Çàóâàæåííÿ 2. Ëåìà äà¹ àëãîðèòì ïîðiâíÿííÿ ÷èñåë çà ¨õ G�çîáðàæåííÿìè.

Îçíà÷åííÿ 3. Ðàíãîì G�áiíàðíîãî ÷èñëà (òî÷êè) íàçèâà¹òüñÿ íàéìåíøèé ðàíã
G�öèëiíäðà, êiíöåì ÿêîãî ¹ äàíå ÷èñëî (òî÷êà).

Ðàíãîì ÷èñëà ∆G
c1...cm01(0) ¹ ÷èñëî m. Iñíó¹ îäíå G�áiíàðíå ÷èñëî 1�ãî ðàíãó � öå

÷èñëî ç çîáðàæåííÿì ∆G
01(0), äâà ÷èñëà 2�ãî ðàíãó: ∆G

001(0) i ∆G
101(0); 2m � G�áiíàðíi ÷è-

ñëà m ðàíãó. Êîæíå G�áiíàðíå ÷èñëî ¹ êiíöåì íåñêií÷åííî¨ ïîñëiäîâíîñòi G�öèëiíäðiâ,
ïðè÷îìó òàêèõ ïîñëiäîâíîñòåé iñíó¹ äâi.

3 Ãåîìåòðiÿ G�çîáðàæåííÿ ÷èñåë

Ïiä ãåîìåòði¹þ çîáðàæåííÿ ìè ðîçóìi¹ìî ãåîìåòðè÷íèé çìiñò öèôð i ìåòðè÷íi âiäíî-
øåííÿ, ïîðîäæåíi çîáðàæåííÿì. Ãåîìåòðiþ çîáðàæåííÿ ðîçêðèâàþòü âëàñòèâîñòi öè-
ëiíäðè÷íèõ òà õâîñòîâèõ ìíîæèí, íà ÿêèõ ãðóíòóþòüñÿ ðîçâ'ÿçêè ìåòðè÷íèõ çàäà÷.

Îçíà÷åííÿ 4. Öèëiíäðîì (G�öèëiíäðîì) ðàíãó m ç îñíîâîþ c1c2 . . . cm íàçèâà¹òüñÿ
ìíîæèíà ∆G

c1c2...cm
÷èñåë x ∈ [0; 0, 5], ÿêi ìàþòü G�çîáðàæåííÿ ∆G

c1...cma1a2...
, äå (an) ∈ L.

Áåçïîñåðåäíüî ç îçíà÷åííÿ G�öèëiíäðà âèïëèâàþòü ðiâíîñòi:
1) ∆G

c1...cm
= ∆G

c1...cm0 ∪∆G
c1···cm1; 2) [0; 0, 5] =

⋃
c1∈A
· · ·

⋃
cm∈A

∆G
c1...cm

.

Ëåìà 3. Öèëiíäð ∆G
c1c2···cm ¹ âiäðiçêîì [a; b], äå

a = min ∆G
c1···cm =

{
∆G
c1···cm(0), ÿêùî c1 + · · ·+ cm ≡ σm+1 � ïàðíå,

∆G
c1···cm1(0), ÿêùî σm+1 � íåïàðíå;

b = max ∆G
c1...cm

=

{
∆G
c1···cm1(0), ÿêùî σm+1 � ïàðíå,

∆G
c1···cm(0), ÿêùî σm+1 � íåïàðíå.

Äîâåäåííÿ. Äàíå òâåðäæåííÿ âèïëèâà¹ ç îçíà÷åíü G�çîáðàæåííÿ ÷èñëà i G�öèëiíäðà,
à òàêîæ ç ëåìè ïðî ïîðiâíÿííÿ ÷èñåë çà ¨õ G�çîáðàæåííÿìè.

Íàñëiäîê 2. Äîâæèíà G�öèëiíäðà ∆G
c1···cm ðàíãó m îá÷èñëþ¹òüñÿ çà ôîðìóëþ

|∆G
c1···cm| =

1

2m+1
.

Íàñëiäîê 3. Îñíîâíå ìåòðè÷íå âiäíîøåííÿ äëÿ G�çîáðàæåííÿ ÷èñåë ìà¹ âèãëÿä:

|∆G
c1···cmi|
|∆G

c1···cm |
=

1

2
.
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Íàñëiäîê 4. Äëÿ áóäü�ÿêî¨ ïîñëiäîâíîñòi (αn) ∈ L
∞⋂
n=1

∆G
α1...αn

= ∆G
α1α2...αn....

Íàñëiäîê 5. ßêùî σm+1 = c1 + · · ·+ cm � ÷èñëî ïàðíå, òî max ∆G
c1...cm0 = min ∆G

c1...cm1,

ÿêùî æ σm+1 íåïàðíå, òî max ∆G
c1...cm1 = min ∆G

c1...cm0.

4 Iíâåðñîð G�çîáðàæåííÿ ÷èñåë

Îçíà÷åííÿ 5. Ôóíêöiÿ I, îçíà÷åíà ðiâíiñòþ I(x = ∆G
α1...αn...) = ∆G

1−α1,...,1−αn..., íàçèâà¹òü-
ñÿ iíâåðñîðîì G�çîáðàæåííÿ ÷èñåë (iíâåðñîðîì öèôð G�çîáðàæåííÿ ÷èñåë).

Îñêiëüêè I(∆G
01(0)) = ∆G

10(0) =
5

12
6= 1

2
= ∆G

00(1) = I(∆G
11(0)), òî îçíà÷åííÿ ôóíêöi¨ I

âêàçàíîþ ðiâíiñòþ â G�áiíàðíèõ òî÷êàõ íå ¹ êîðåêòíèì, àëå ñòà¹ òàêèì ïiñëÿ äîìîâëå-
íîñòi âèêîðèñòîâóâàòè ëèøå îäíå ç çîáðàæåíü G�áiíàðíîãî çíà÷åííÿ àðãóìåíòà, à ñàìå:
∆G
c1...cm01(0). Ïiñëÿ öüîãî ôóíêöiÿ f ñòà¹ êîðåêòíî îçíà÷åíîþ.
Íàéïðîñòiøi âëàñòèâîñòi ôóíêöi¨ y = I(x):

1) min I(x) = I(∆G
(1)) = 0; max I(x) = I(∆G

0(1)) = ∆G
1(0) =

1

2
;

2) I

(
1

2
x

)
=

1

2
− 1

2
I(x), I

(
1

2
− 1

2
x

)
=

1

2
I(x);

3) I
(

∆G
c1...cm10(1)

)
= I

(
∆G
c1...cm00(1)

)
.

4) Ðiâíÿííÿ I(x) = x ðîçâ'ÿçêiâ íåìà¹.

Ñïðàâäi, îáðàçîì G�áiíàðíîãî ÷èñëà x = ∆G
c1...cm01(0) ¹ G�óíàðíå ÷èñëî

y = ∆G
1−c1,...,1−cm10(1), òîìó G�áiíàðíå ÷èñëî íå ìîæå áóòè êîðåíåì öüîãî ðiâíÿííÿ. ßêùî

x � G�óíàðíå ÷èñëî i I(x) � G�óíàðíå ÷èñëî, òî ðiâíiñòü íå ìîæëèâà, îñêiëüêè ó x i
I(x) ðiçíi ïåðøi öèôðè çîáðàæåííÿ. ßêùî x � G�óíàðíå ÷èñëî i I(x) � G�áiíàðíå
÷èñëî, òî î÷åâèäíî, ùî I(x) 6= x. Òàêèì ÷èíîì, ðiâíÿííÿ êîðåíiâ íåìà¹.

Êîæíå G�áiíàðíå ÷èñëî ¹ îáðàçîì ÷èñëà âèäó ∆G
c1...cm10(1) àáî ∆G

c1...cm00(1).
Ôóíêöiÿ I êîæíå ñâî¹ G�óíàðíå çíà÷åííÿ íàáóâà¹ ëèøå îäèí ðàç, à êîæíå G�óíàðíå

çíà÷åííÿ ó äâîõ ðiçíèõ òî÷êàõ:

∆G
1−c1,...,1−cm01(0) = f

(
∆G
c1...cm10(1)

)
= f(∆G

c1...cm00(1)).

Íàñëiäîê 6. G�óíàðíi ðiâíi ôóíêöi¨ I îäíîòî÷êîâi, G�áiíàðíi ðiâíi � äâîòî÷êîâi.

Ëåìà 4. Ìíîæèíà EI çíà÷åíü ôóíêöi¨ I ¹ âiäðiçêîì [0; 0, 5] áåç ÷èñåë âèäó ∆G
a1...am00(1).

Äîâåäåííÿ. ßêùî y0 = ∆G
c1...cm...

, ïðè÷îìó (cn) 6= (c1, . . . , cm, 0, 0, 1, 1, 1, . . .), òî

I
(
∆G

1−c1,...,1−cm,1,1,0,0,0,...
)

= y0 ∈ EI ,

àëå ââåäåíà çàáîðîíà íà âèêîðèñòàííÿ îäíîãî ç çîáðàæåíü G�áiíàðíèõ ÷èñåë ïðèâî-
äèòü äî òîãî, ùî ÷èñëà ç çîáðàæåííÿìè ∆G

α1...αn00(1)
∈ [0; 0, 5] íå ¹ îáðàçàìè òî÷îê ïðè

âiäîáðàæåííi I. Ëåìó äîâåäåíî.
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Òåîðåìà 2. Iíâåðñîð G�çîáðàæåííÿ ÷èñåë ¹ íåïåðåðâíîþ ôóíêöi¹þ â êîæíié G�óíàð-
íié òî÷öi, à â G�áiíàðíié òî÷öi x0 = ∆G

c1...cm01(0) � íåïåðåðâíîþ çëiâà, ÿêùî ÷èñëî τ =

m − (c1 + . . . + cm) ¹ ÷èñëîì ïàðíèì, i íåïåðåðâíîþ ñïðàâà, ÿêùî τ � ÷èñëî íåïàðíå.
Ñòðèáîê ôóíêöi¨ ó êîæíié G�áiíàðíié òî÷öi m�íîãî ðàíãó îá÷èñëþ¹òüñÿ çà ôîðìóëîþ:

ρ(x0) =
1

3 · 2m
.

Äîâåäåííÿ. Íåõàé x∗ = ∆G
α1α2...αn... � äîâiëüíà G�óíàðíà òî÷êà. ßêùî x 6= x∗, òî iñíó¹

m ∈ N òàêå, ùî αm(x∗) 6= αm(x), àëå αj(x∗) = αj(x) ïðè j < m. Ïðè÷îìó x → x0
ðiâíîñèëüíî m→∞. Ðîçãëÿíåìî

|I(x)− I(x∗)| = Pm−1 · |ωm−1(I(x))− ωm−1(I(x∗))|,

äå Pm−1 =
m−1∏
j=1

|g1−αj(x∗)|, ω(x = ∆G
α1α2...αn...) = ∆G

αn+1αn+2...
.

Îñêiëüêè Pm−1 → 0 (m→∞), à |ωm−1(I(x))− ωm−1(I(x∗))| ≤ g0, òî |I(x)− I(x∗)| →
0 (x→ x∗), ùî ðiâíîñèëüíî íåïåðåðâíîñòi ôóíêöi¨ I â òî÷öi x∗.

Äîñëiäèìî íåïåðåðâíiñòü ôóíêöi¨ I ó òî÷öi x0. Íåõàé τ � ÷èñëî ïàðíå. Òîäi çíà÷åííÿ
ôóíêöi¨ I ó òî÷öi x0 îá÷èñëþ¹òüñÿ çà ôîðìóëîþ

I(x0) = A+
(−1)τ

2m
I(∆G

010), äå A =
1− c1

2
+

m∑
k=2

(1− ck)(−1)k−1−(c1+...+ck−1)

2k
,

I(∆G
010) = ∆G

10(1) =
1

2
− 1

23
+

1

24
− 1

25
+ . . . =

1

2
− 1

3 · 22
=

5

12
.

Íåõàé x < x0 äîñòàòíüî áëèçüêå äî x0. Òîäi x = ∆G
c1...cm00 . . . 0︸ ︷︷ ︸

k

a1a2...
i x → x0 ðiâíî-

ñèëüíî k →∞. Î÷åâèäíî, ùî I(x)− I(x0)→ 0 (x→ x0). Îòæå, I íåïåðåðâíà ó òî÷öi x0
çëiâà.

ßêùî x áiëüøå x0 i äîñòàòíüî áëèçüêå äî íüîãî, òî x = ∆G
c1...cm110 . . . 0︸ ︷︷ ︸

k

a1a2...
. Ïðè

öüîìó x→ x0 ðiâíîñèëüíî k →∞, à îòæå,

lim
x→x0

|I(x)− I(x0)| = |∆G
1−c1,...,1−cm001 . . . 1︸ ︷︷ ︸

k

1−a1,1−a2...
−∆G

1−c1...1−cm10(1)| =

= | 1

2m+1
· 1

3
− 1

2m+1
| = 1

3 · 2m
.

.

Îòæå, ó òî÷öi x0 ôóíêöiÿ I ìà¹ ðîçðèâ i âåëè÷èíà ñòðèáêà äîðiâíþ¹
1

3 · 2m
.

Äëÿ âèïàäêó, êîëè σm+1 ¹ ÷èñëîì íåïàðíèì îá ðóíòóâàííÿ âèñíîâêó çäiéñíþ¹òüñÿ
àíàëîãi÷íî.

×èñëî ρ(x∗) ¹ ìîäóëåì ðiçíèöi G�óíàðíèõ ÷èñåë ∆G
1−c1,...,1−cm,10(1) i ∆G

1−c1,...,1−cm,00(1),
îñêiëüêè â òî÷öi x∗ ôóíêöiÿ ¹ íåïåðåðâíîþ àáî çëiâà àáî ñïðàâà, â çàëåæíîñòi âiä ïàð-
íîñòi � íåïàðíîñòi ÷èñëà σm+1 = c1 + . . . + cm. Íå ïîðóøóþ÷è çàãàëüíîñòi, ââàæàòè-
ìåìî σm+1 ïàðíèì. Òîäi ôóíêöiÿâ òî÷öi x∗ íåïåðåðâíà çëiâà, îñêiëüêè
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Íàñëiäîê 7. Ñóìà ñòðèáêiâ ó âñiõ G�áiíàðíèõ òî÷êàõ m�íîãî ðàíãó äîðiâíþ¹
1

3
.

Íàñëiäîê 8. Iíâåðñîð ¹ ôóíêöi¹þ íåîáìåæåíî¨ âàðiàöi¨.

Òåîðåìà 3. Iíâåðñð I ¹ íiäå íå ìîíîòîííîþ, íåïåðåðâíîþ ôóíêöi¹þ íà ìíîæèíi G�
óíàðíèõ òî÷îê, ÿêà ìà¹ íåîáìåæåíó âàðiàöiþ.

Äîâåäåííÿ. Âðàõîâóþ÷è íàñëiäîê ç ëåìè i òåîðåìè, çàëèøà¹òüñÿ äîâåñòè ëèøå íiäå íå
ìîíî- òîííiñòü ôóíêöi¨ I. À äëÿ öüîãî äîñèòü äîâåñòè ¨¨ íåìîíîòîííiñòü íà äîâiëüíîìó
G � öèëiíäði.

Íåõàé ∆G
c1...cm

� äîâiëüíèé G�öèëiíäð. Íå ïîðóøóþ÷è çàãàëüíîñòi, ââàæàòèìåìî, ùî
c1 + · · · + cm � ÷èñëî ïàðíå (áî êîëè öå íå òàê, ìiðêóâàííÿ ìîæíà ïðîâåñòè ñòîñîâíî
öèëiíäðà ∆G

c1...cm1 ⊂ ∆G
c1...cm

). Ðîçãëÿíåìî òðè òî÷êè

x1 = ∆G
001(0), x2 = ∆G

01(0), x3 = ∆G
101(0),

ÿêi íàëåæàòü öèëiíäðó ∆G
c1...cm

i ïðè öüîìó x1 < x2 < x3. Äëÿ íèõ

I(x1) = ∆G
110(1) =

7

3 · 23
, I(x2) = ∆G

10(1) =
10

3 · 23
, I(x3) = ∆G

010(1) =
5

3 · 23
.

Çâiäñè

[I(x2)− I(x1)] [I(x3)− I(x2)] =
1

22
·
(
− 5

3 · 23

)
< 0.

Òîìó I íåìîíîòîííà íà öèëiíäði ∆G
c1...cm

, à îòæå, i íà âñié îáëàñòi âèçíà÷åííÿ.

Çàóâàæåííÿ 3. Òåîðåìà âèðàæà¹ ñïåöèôi÷íó âëàñòèâiñòüG�çîáðàæåííÿ ÷èñåë, îñêiëü-
êè äëÿ äâiéêîâîãî çîáðàæåííÿ,Q2�çîáðàæåííÿ,Q∗2�çîáðàæåííÿ, ëàíöþãîâîãî A2�çîáðà-
æåííÿ [5] iíâåðñîð ¹ ôóíêöi¹þ íåïåðåâíîþ i ñòðîãî ñïàäíîþ íà âñié îáëàñòi âèçíà÷åííÿ,
à äàíèé iíâåðñîð ¹ ðîçðèâíîþ ôóíêöi¹þ â G�áiíàðíèõ òî÷êàõ.

Òåîðåìà 4. Ãðàôiê Γ ôóíêöi¨ I ¹ ñàìîïîäiáíîþ ìíîæèíîþ ïðîñòîðó R2 ç ñòðóêòóðîþ
ñàìîïîäiáíîñòi:

Γ = γ0(Γ) ∪ γ1(Γ), äå γ0 :


x′ =

1

2
x,

y′ =
1

2
− 1

2
y;

γ1 :


x′ =

1

2
− 1

2
x,

y′ =
1

2
y.

Äîâåäåííÿ. Ââåäåìî ïîçíà÷åííÿ Φ ≡ γ0(Γ) ∪ γ1(Γ).

1. Äîâåäåìî, ùî Φ ⊂ Γ. Íåõàé M(x, y) ∈ Γ, òîáòî

x = ∆G
α1...αn..., y = I(x) = ∆G

1−α1,...,1−αn,...;

γi(M) = M ′(x′, y′) : x′ = ∆G
iα1...αn..., y

′ = ∆G
1−i,1−α1,...,1−αn,.... Òîäi M

′(x′, y′) ∈ Γ. Îòæå,
Φ ⊂ Γ.

2. Äîâåäåìî, ùî Γ ⊂ Φ. Íåõàé M(x, y) ∈ Γ. Òîäi x ∈ ∆G
0 àáî x ∈ ∆G

1 . ßêùî x ∈ ∆G
i ,

òîáòî x = ∆G
iα1...αn..., y = I(x) = ∆G

1−i,1−α1,...,1−αn,..., òî òî÷êà M∗(x∗, y∗), äå x∗ = ∆G
α1...αn...,

y∗ = ∆G
1−α1,...,1−αn,..., íàëåæèòü ãðàôiêó Γ i γi(M∗) = M ∈ Φ.

Îòæå, Γ = Φ, ùî é âèìàãàëîñü äîâåñòè.
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Íàñëiäîê 9. Ãðàôiê Γ ôóíêöi¨ I ñèìåòðè÷íèé âiäíîñíî òî÷êè C

(
1

4
,
1

4

)
. Éîãî ñàìîïî-

äiáíà ðîçìiðíiñòü äîðiâíþ¹ 1.

Òåîðåìà 5. Äëÿ iíâåðñîðà G�çîáðàæåííÿ âèêîíó¹òüñÿ ðiâíiñòü

1
2∫

0

I(x)dx =
1

8
.

Äîâåäåííÿ. Îñêiëüêè ôóíêöiÿ I ìà¹ ëèøå çëi÷åííó ìíîæèíó òî÷îê ðîçðèâó, òî âîíà
iíòåãðîâ- íà çà Ëåáåãîì. Çà àäèòèâíîþ âëàñòèâiñòþ iíòåãðàëà Ëåáåãà

1
2∫

0

I(x)dx =

1
4∫

0

I(x)dx+

1
2∫

1
4

I(x)dx.

Âèðàçèìî êîæåí ç iíòåãðàëiâ îêðåìî:

1
4∫

0

I(x)dx =

1
2∫

0

[
1

2
− 1

2
I(t)

]
d

(
1

2
t

)
=

1

8
− 1

22

1
2∫

0

I(t)dt,

äå x = ∆G
0α1...αn... =

1

2
∆G
α1...αn... =

1

2
t;

1
2∫

1
4

I(x)dx =

0∫
1
2

1

2
I(t)d

(
1

2
− 1

2
t

)
=

1

22

1
4∫

1
2

I(t)dt,

äå x = ∆G
1α1...αn... =

1

2
− 1

2
∆G
α1...αn... =

1

2
− 1

2
t.

Òîäi

1
2∫
0

I(x)dx =
1

8
, ùî é âèìàãàëîñü äîâåñòè.
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In the paper, we introduce a new two-symbol system of representation for numbers from

segment [0; 0, 5] with alphabet (set of digits) A = {0; 1} and two bases 2 and −2:

x =
α1

2
+

1

2

∞∑
k=1

αk+1

2k−(α1+...+αk)(−2)α1+...+αk
≡ ∆G

α1α2...αk...
, αk ∈ {0; 1}.

We compare this new system with classic binary system. The function I(x = ∆G
α1...αn...) =

∆G
1−α1,...,1−αn..., such that digits of its G�representation are inverse (opposite) to digits of G�

representation of argument is considered in detail. This function is well-de�ned at points having

two G�representations provided we use only one of them. We prove that inversor is a function

of unbounded variation, continuous function at points having a unique G�representation, and

right- or left-continuous at points with two representations. The values of all jumps of the

function are calculated. We prove also that the function does not have monotonicity intervals

and its graph has a self-similar structure.


