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Âñòóï

Òåîðiÿ ñòiéêîñòi äèíàìi÷íèõ ñèñòåì áåðå ñâié ïî÷àòîê ç êiíöÿ XIX ñòîëiòòÿ, êîëè âîíà

áóëà ñòâîðåíà Î.Ì. Ëÿïóíîâèì, ÿêèé ðîçäiëèâ ñóêóïíiñòü ìåòîäiâ äîñëiäæåííÿ ñòiéêî-

ñòi ñèñòåì íà äâà êëàñè. Ìåòîäè ïåðøîãî êëàñó âèìàãàþòü çíàííÿ ïåâíî¨ iíôîðìàöi¨ ïðî

ðîçâ'ÿçîê ñèñòåìè, ÿêà äîñëiäæó¹òüñÿ. Òàêèé ïiäõiä ïðèéíÿòî íàçèâàòè ïåðøèì ìåòî-

äîì Ëÿïóíîâà. Äî äðóãîãî êëàñó íàëåæèòü ñóêóïíiñòü ïðèéîìiâ i ìåòîäiâ äîñëiäæåííÿ

ñòiéêîñòi ðîçâ'ÿçêiâ ñèñòåì äèôåðåíöiàëüíèõ ðiâíÿíü ðiçíî¨ ïðèðîäè çà äîïîìîãîþ òàê

çâàíèõ ôóíêöié Ëÿïóíîâà. Òàêèé ïiäõiä íàçèâàþòü äðóãèì ìåòîäîì Ëÿïóíîâà, i îñíîâ-

íîþ éîãî ïåðåâàãîþ ¹ òå, äëÿ òîãî, ùîá çðîáèòè âèñíîâîê ïðî ñòiéêiñòü ðîçâ'ÿçêó íå

ïîòðiáíî çíàòè éîãî àíàëiòè÷íèé âèãëÿä. Ñàìå öÿ îñîáëèâiñòü ¹ êëþ÷îâîþ ïðè äîñëi-

äæåííi ñòiéêîñòi ñêëàäíèõ ñèñòåì, äëÿ ÿêèõ çíàéòè ðîçâ'ÿçîê ó ÿâíîìó âèãëÿäi àáî

äóæå âàæêî àáî íåìîæëèâî.

I.ß. Êàö ó ìîíîãðàôi¨ [7] çàñòîñóâàâ äðóãèé ìåòîä Ëÿïóíîâà äëÿ äîñëiäæåííÿ ñòié-

êîñòi ðîçâ'ÿçêiâ ñòîõàñòè÷íèõ ñèñòåì âèïàäêîâî¨ ñòðóêòóðè. Ìîíîãðàôiÿ �.Ô. Öàðüêîâà

òà Ì.Ë. Ñâåðäàíà [13] ïðèñâÿ÷åíà äîñëiäæåííþ ñòiéêîñòi äåòåðìiíîâàíèõ ðiçíèöåâèõ i

äèíàìi÷íèõ ñèñòåì ç ìàðêîâñüêèìè ïàðàìåòðèìè i ïåðåìèêàííÿìè.

Ïðàöi [9], [10] óçàãàëüíþþòü ðåçóëüòàòè [7] i [13]: ó íèõ ðîçãëÿäàþòüñÿ ñòîõàñòè÷íi

äèíàìi÷íi ñèñòåìè âèïàäêîâî¨ ñòðóêòóðè çà I.ß. Êàöîì ç ìàðêîâñüêèìè ïåðåìèêàííÿ-

ìè çà �.Ô. Öàðüêîâèì. Äàíà ðîáîòà óçàãàëüíþ¹ öi ðåçóëüòàòè íà âèïàäîê ñòîõàñòè÷íèõ

ÓÄÊ 519.217, 519.718
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äèíàìi÷íèõ ñèñòåì âèïàäêîâî¨ ñòðóêòóðè ç ìàðêîâñüêìèìè ïåðåìèêàííÿìè i ïóàññîíî-

âèìè çáóðåííÿìè.

1 Ïîñòàíîâêà çàäà÷i

Íà éìîâiðíiñíîìó áàçèñi (Ω,F, F,P) [4] ðîçãëÿíåìî ñòîõàñòè÷íó äèíàìi÷íó ñèñòåìó

âèïàäêîâî¨ ñòðóêòóðè, çàäàíó ñòîõàñòè÷íèì äèôåðåíöiàëüíèì ðiâíÿííÿì Iòî ç ïóàññî-

íîâèìè çáóðåííÿìè

dx(t) = a(t−, ξ(t−), x(t−), u(t−))dt+ b(t−, ξ(t−), x(t−), u(t−))dw(t)+∫
Rm

(c(t−, ξ(t−), x(t−), u(t−), z))ν̃(dz, dt), t ∈ R+\K, (1)

ç ìàðêîâñüêèìè ïåðåìèêàííÿìè

∆x(t)
∣∣∣
t=tk

= g(tk−, ξ(tk−), ηk, x(tk−)), tk ∈ K = {tn ⇑} (2)

äëÿ lim
n→+∞

tn = +∞ òà ïî÷àòêîâèìè óìîâàìè

x(0) = x0 ∈ Rm, ξ(0) = y ∈ Y, η0 = k ∈ H. (3)

Òóò ξ(t), t ≥ 0, ¹ îäíîðiäíèì íåïåðåðâíèì ìàðêîâñüêèì ïðîöåñîì çi ñêií÷åííîþ

êiëüêiñòþ ñòàíiâ Y := {y1, ..., yN} i ãåíåðàòîðîì Q; {ηk, k ≥ 0} � ëàíöþã Ìàðêîâà çi

çíà÷åííÿìè ó ïðîñòîðiH i ìàòðèöåþ ïåðåõiäíèõ éìîâiðíîñòåé PH ; x : [0,+∞)×Ω→ Rm;

w(t) ¹ m-âèìiðíèì ñòàíäàðòíèì âiíåðîâèì ïðîöåñîì; ν̃(dz, dt) = ν(dz, dt)− Eν(dz, dt) �

öåíòðîâàíà ïóàññîíîâà ìiðà; ïðîöåñè w, ν, ξ òà η íåçàëåæíi [4], [12].

Òðà¹êòîði¨ ïðîöåñó x(t), t ≥ 0, ¹ càdlàg - ïðîöåñàìè; êåðóâàííÿ u(t) := u(t, x(t)) :

[0, T ]× Rm → Rm ¹ m-âèìiðíîþ ôóíêöi¹þ ç êëàñó äîïóñòèìèõ êåðóâàíü U [1].

Âèìiðíi çà ñóêóïíiñòþ çìiííèõ âiäîáðàæåííÿ a : R+ ×Y×Rm ×Rm → Rm, b : R+ ×
Y×Rm×Rm → Rm, c : R+×Y×Rm×Rm×Rm → Rm i ôóíêöiÿ g : R+×Y×H×Rm → Rm

çàäîâîëüíÿþòü óìîâó Ëiïøèöÿ

|a(t, y, x1, u)− a(t, y, x2, u)|+ |b(t, y, x1, u)− b(t, y, x2, u)|+

+

∫
Rm

|c(t, y, x1, u, z)− c(t, y, x2, u, z)|Π(dz)+

+|g(t, y, h, x1)− g(t, y, h, x2)| ≤ L|x1 − x2|, (4)

äå Π(dz) âèçíà÷à¹òüñÿ çi ñïiââiäíîøåííÿ Eν(dz, dt) = Π(dz)dt, L > 0, x1, x2 ∈ Rm ïðè

∀t ≥ 0, y ∈ Y, h ∈ H, é óìîâó

|a(t, y, 0, u)|+ |b(t, y, 0, u)|+
∫
Rm

|c(t, y, 0, u, z)|Π(dz) + |g(t, y, h, 0)| ≤ C <∞, (5)
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2 Iñíóâàííÿ i ¹äèíiñòü ðîçâ'ÿçêó

Ó ïðàöi [8] ðîçãëÿíóòî çàäà÷ó Êîøi äëÿ ñòîõàñòè÷íîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ

Iòî ç ïóàññîíiâñüêèìè çáóðåííÿìè

dx(t) = a1(t−, x(t−), u(t−))dt+ b1(t−, ξ(t−), x(t−), u(t−))dw(t)+

+

∫
Rm

c1(t−, x(t−), u(t−), z)ν̃(dz, dt), (6)

Ðiâíÿííÿ (6) ¹ ñïðîùåííÿì îñíîâíî¨ ïðîáëåìè äàíî¨ ðîáîòè, îñêiëüêè íå ìiñòèòü

âíóòðiøíiõ çáóðåíü, ùî çàäàþòüñÿ ìàðêîâñüêèì ïðîöåñîì ξ, òà çîâíiøíiõ çáóðåíü, ùî

çàäàþòüñÿ ôóíêöi¹þ g. Òîìó äîâåäåííÿ iñíóâàííÿ òà ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i Êîøi (1)

- (3) áóäå ïîâòîðþâàòè îñíîâíi êðîêè âiäïîâiäíîãî äîâåäåííÿ iç ðîáîòè [8]. Íàòîìiñòü

áóäå ðîçãëÿíóòî îñíîâíi âiäìiííîñòi, ÿêi âèíèêàþòü ïðè ðîçãëÿäi âíóòðiøíiõ çáóðåíü â

ðiâíÿííÿíi (1) òà çîâíiøíiõ çáóðåíü (2).

Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ íàñòóïíi óìîâè

� Ãëîáàëüíà óìîâà Ëiïøèöÿ (4);

� Óìîâà îáìåæåíîñòi

|a(t, y, x, u)|+ |b(t, y, x, u)|+
∫
Rm

|c(t, y, x, u, z)|Π(dz)+

+|g(t, y, h, x)| ≤ C1 <∞,

Òîäi äëÿ äîâiëüíîãî T > 0 iñíó¹ ¹äèíèé ðîçâ'ÿçîê çàäà÷i Êîøi (1) - (3) íà [0, T ],

ïðè÷îìó ÿêùî x1 òà x2 äâà ðiçíi ðîçâ'ÿçêè, òî

E‖x1(t)− x1(t)‖2 = 0, t ∈ [0, T ].

Çàóâàæèìî, ùî óìîâà îáìåæåíîñòi â òåîðåìi äîçâîëÿ¹ òàêîæ äîâåñòè ¹äèíiñòü ðîçâ'ÿçó

ç éìîâiðíiñòþ 1, òîáòî

P (x1(t) = x1(t)) = 1, t ∈ [0, T ].

Âèïàäîê 1. Ïðèïóñòèìî ùî ïåðåìèêàííÿ òèïó (2) âiäñóòíi. Òîäi íà iíòåðâàëi t ∈
[0, t1), äå ξ(t) = y ∈ Y, ðóõ áóäå âiäáóâàòèñÿ â ñèëó ñèñòåìè

dx(t) = a(t, y, x(t), u(t))dt+ b(t, y, x(t), u(t))dw(t)+

+

∫
Rm

(c(t, y, x(t), u(t), z))ν̃(dz, dt), (7)

x(0) = x0 ∈ Rm, ξ(0) = y ∈ Y. (8)

Íà îñíîâi òåîðåìè 1 ìîæíà ñòâåðäæóâàòè, ùî ñèñòåìà (7), (8) ìà¹ ¹äèíèé ðîçâ'ÿçîê

íà ïðîìiæêó t ∈ [0, t1).
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Äàëi ðîçãëÿíåìî iíòåðâàë t ∈ [t1, t2). Òóò ξ(t) = y1 ∈ Y, à ðóõ âiäáóâà¹òüñÿ â ñèëó

ñèñòåìè

dx(t) = a(t, y1, x(t), u(t))dt+ b(t, y1, x(t), u(t))dw(t)+

+

∫
Rm

(c(t, y1, x(t), u(t), z))ν̃(dz, dt), (9)

x(t1) = x1 ∈ Rm, ξ(t1) = y1 ∈ Y. (10)

Î÷åâèäíî, ùî òóò òàêîæ âèêîíóþòüñÿ óìîâè òåîðåìè 1 é iñíó¹ ¹äèíèé ðîâçâ'ÿçîê

ñèñòåìè (9), (10).

Òàêèì ÷èíîì, òåîðåìà 1 ¹ ñïðàâåäëèâîþ íà iíòåðâàëi [0,+∞) ⊃
∞⋃
n=0

[tn, tn+1), 0 =

t0 < t1 < ..., lim
n→+∞

tn = +∞.

Âèïàäîê 2. Ðîçãëÿíåìî âèïàäîê, êîëè ïåðåìèêàííÿ òèïó (2) âiäáóâàþòüñÿ â ìîìåí-

òè ÷àñó 0 < t∗1 < t∗2 < ..., lim
n→+∞

t∗n = +∞, à çíà÷åííÿ ξ(t) = y çàëèøà¹òüñÿ íåçìiííèì.

Òîäi çàìiñòü ñèñòåìè (1)-(3) ñëiä ðîçãëÿäàòè ñèñòåìó, ÿêà çàäà¹òüñÿ ðiâíÿííÿì

dx(t) = a(t, y1, x(t), u(t))dt+ b(t, y1, x(t), u(t))dw(t)+

+

∫
Rm

(c(t, y1, x(t), u(t), z))ν̃(dz, dt), t ∈ R+ \ {t∗1, t∗2, ...}, (11)

ç ïî÷àòêîâîþ óìîâîþ

x(0) = x0 (12)

äëÿ iíòåðâàëà t ∈ [0, t∗1). Íà îñíîâi òåîðåìè 1 ìîæíà ñòâåðäæóâàòè, ùî ñèñòåìà (11),

(12) ìà¹ ¹äèíèé ðîçâ'ÿçîê íà iíòåðâàëi t ∈ [0, t∗1).

Äëÿ iíòåðâàëà t ∈ [t∗1, t
∗
2) ïî÷àòêîâà óìîâà äëÿ ñèñòåìè (11) ìàòèìå âèãëÿä

x(t∗1) = x(t∗1−) + g(t∗1−, y, h1, x(t∗1−)), η1 = h1 ∈ H, (13)

à íà iíòåðâàëi t ∈ [t∗k, t
∗
k+1) ñëiä ðîçãëÿäàòè ñèñòåìó (11) ç ïî÷àòêîâîþ óìîâîþ

x(t∗k) = x(t∗k−) + g(t∗k−, y, hk, x(t∗k−)), ηk = hk ∈ H. (14)

Óðàõîâóþ÷è òåîðåìó 1, ìîæíà ñòâåðäæóâàòè, ùî ñèñòåìà (11), (14) ìà¹ ¹äèíèé

ðîçâ'ÿçîê íà iíòåðâàëi [t∗k, t
∗
k+1) ïðè k ≥ 1.

Îá'¹äíóþ÷è âèïàäêè 1 i 2, ïðèõîäèìî äî âèñíîâêó, ùî óìîâè (4), (5) ãàðàíòóþòü iñíó-

âàííÿ òà ¹äèíiñòü ñèëüíîãî ðîçâ'ÿçêó çàäà÷i (1)�(3) ç òî÷íiñòþ äî ñòîõàñòè÷íî¨ åêâiâà-

ëåíòíîñòi ïðè áóäü-ÿêèõ t ∈ R+, x(t) ∈ Rm i çàäàíèõ ðåàëiçàöiÿõ ìàðêîâñüêîãî ïðîöåñó

ξ(t), t ≥ 0, i ëàíöþãà Ìàðêîâà {ηk, k ≥ 0}.
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3 Ñòiéêiñòü çà éìîâiðíiñòþ â öiëîìó

Ïîçíà÷èìî ÷åðåç Pk((y, h, x),Γ × G × C) ïåðåõiäíó éìîâiðíiñòü äëÿ âèïàäêîâîãî

âåêòîðà (ξ(tk), ηk), ÿêèé âèçíà÷à¹ ðîçâ'ÿçîê çàäà÷i (1)�(3) x(t), íà k-ìó êðîöi.

Îçíà÷åííÿ 1. Äèñêðåòíèé îïåðàòîð Ëÿïóíîâà (lvk)(y, h, x) íà ïîñëiäîâíîñòi âèìiðíèõ

ñêàëÿðíèõ ôóíêöié vk(y, h, x): Y×H×Rm → R1, k ∈ N∪{0} äëÿ ÑÄÐ (1) iç çîâíiøíiìè

ìàðêîâñüêèìè ïåðåìèêàííÿìè (2) âèçíà÷à¹òüñÿ ðiâíiñòþ

(lvk)(y, h, x) :=

∫
Y×H×Rm

Pk(y, h, x)(du× dz × dl)vk+1(u, z, l)− vk(y, h, x). (15)

Ïðè çàñòîñóâàííi äðóãîãî ìåòîäó Ëÿïóíîâà äî ÑÄÐ (1) iç çîâíiøíiìè ìàðêîâñüêè-

ìè ïåðåìèêàííÿìè (2) çíàäîáëÿòüñÿ ñïåöiàëüíi ïîñëiäîâíîñòi âèùåçãàäàíèõ ôóíêöié

vk(y, h, x), k ∈ N.

Îçíà÷åííÿ 2. Ôóíêöi¹þ Ëÿïóíîâà äëÿ ñèñòåìè âèïàäêîâî¨ ñòðóêòóðè (1)-(3) íàçâåìî

ïîñëiäîâíiñòü íåâiä'¹ìíèõ ôóíêöié

{vk(y, h, x), k ≥ 0} ,

äëÿ ÿêèõ

1. ïðè âñiõ k ≥ 0, y ∈ Y, h ∈ H, x ∈ Rm âèçíà÷åíî äèñêðåòíèé îïåðàòîð Ëÿïóíîâà

(lvk)(y, h, x) (15);

2. ïðè r →∞
v̄(r) ≡ inf vk

k ∈ N, y ∈ Y,

h ∈ H, |x| ≥ r

(y, h, x)→ +∞; (16)

3. ïðè r → 0

v(r) ≡ sup vk
k ∈ N, y ∈ Y,

h ∈ H, |x| ≤ r

(y, h, x)→ 0, (17)

ïðè÷îìó v̄(r) i v(r) íåïåðåðâíi é ìîíîòîííi.

Îçíà÷åííÿ 3. Ñèñòåìó âèïàäêîâî¨ ñòðóêòóðè (1)-(3) íàçâåìî:

� ñòiéêîþ çà éìîâiðíiñòþ, ÿêùî äëÿ ∀ε1 > 0, ε2 > 0 ìîæíà âêàçàòè òàêå δ > 0, ùî ç

íåðiâíîñòi |x| < δ âèïëèâà¹ íåðiâíiñòü

P

{
sup
t≥t0
|x(t)| > ε1

}
< ε2 (18)

ïðè âñiõ y ∈ Y, h ∈ H, t ≥ 0;
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� àñèìïòîòè÷íî ñòîõàñòè÷íî ñòiéêîþ, ÿêùî âîíà ñòiéêà çà éìîâiðíiñòþ i äëÿ äîâiëü-

íîãî ε > 0 iñíó¹ δ2 > 0 òàêå, ùî

lim
T→∞

P

{
sup
t≥T
|x(t)| > ε

}
= 0 (19)

ïðè âñiõ |x| < δ2 , y ∈ Y, h ∈ H, t ≥ 0 i T ≥ 0.

Îçíà÷åííÿ 4. Ñèñòåìó âèïàäêîâî¨ ñòðóêòóðè (1)-(3) íàçâåìî

� ñòiéêîþ â ñåðåäíüîìó êâàäðàòè÷íîìó (â l.i.m.), ÿêùî äëÿ ∀ε > 0 ìîæíà âêàçàòè

òàêå δ > 0, ùî ç íåðiâíîñòi |x| < δ âèïëèâà¹ íåðiâíiñòü

E |x(t)|2 < ε (20)

ïðè âñiõ t ≥ 0, y ∈ Y, h ∈ H;

� àñèìïòîòè÷íî ñòiéêîþ â ñåðåäíüîìó êâàäðàòè÷íîìó, ÿêùî âîíà ñòiéêà â ñåðåäíüî-

ìó êâàäðàòè÷íîìó òà iñíó¹ òàêå δ1 > 0, ùî ç íåðiâíîñòi |x| < δ1 âèïëèâà¹

lim
t→∞

sup
y∈Y,h∈H

E |x(t)|2 = 0 (21)

ïðè âñiõ t ≥ 0.

ßêùî (18), (19) àáî (20) âèêîíó¹òüñÿ äëÿ âñiõ x ∈ Rm, òî äî âiäïîâiäíî¨ íàçâè ñòié-

êîñòi áóäåìî äîäàâàòè ñëîâà ¾â öiëîìó¿.

4 Çàãàëüíi òåîðåìè ïðî ñòiéêiñòü ñèñòåì âèïàäêîâî¨ ñòðóêòóðè

Äëÿ ïîäàëüøîãî âèêëàäåííÿ îäåðæèìî ñïî÷àòêó îöiíêè ðîçâ'ÿç-êó çàäà÷i (1)-(2) íà

iíòåðâàëàõ [tk, tk+1) çà çíà÷åííÿìè ðîçâ'ÿçêó â òî÷êàõ tk, k ≥ 0.

Ëåìà 1. Íåõàé êîåôiöi¹íòè ðiíÿííÿ (1) a, b, c i ôóíêöiÿ g çàäîâîëüíÿþòü óìîâó Ëiïøè-

öÿ (4) i óìîâó ðiâíîìiðíî¨ îáìåæåíîñòi (5)).

Òîäi ïðè âñiõ k ≥ 0 äëÿ ñèëüíîãî ðîçâ'ÿçêó çàäà÷i Êîøi (1)-(3) ìà¹ ìiñöå íåðiâíiñòü

E

{
sup

tk≤t<tk+1

|x(t)|2
}
≤ 7

[
E |x(tk)|2 + 3C2(tk+1 − tk)

]
×

× exp
{

7L2((tk+1 − tk) + 4)
}
. (22)

Äîâåäåííÿ. Âèêîðèñòîâóþ÷è iíòåãðàëüíó ôîðìó çàïèñó ñèëüíîãî ðîçâ'ÿçêó ðiâíÿííÿ

(1) [8], ïðè âñiõ t ∈ [tk, tk+1), tk ≥ 0, ìà¹ ìiñöå íåðiâíiñòü

|x(t)| ≤ |x(tk)|+
∫ t

tk

|a(τ, ξ(τ), x(τ), u(τ))− a(τ, ξ(τ), 0, u(τ))| dτ+

+

t∫
tk

|a(τ, ξ(τ), 0, u(τ))| dτ +

t∫
tk

|b(τ, ξ(τ), x(τ), u(τ))− b(τ, ξ(τ), 0, u(τ))| dw(τ)+
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+

∫ t

tk

|b(τ, ξ(τ), 0, u(τ))| dw(τ)+

t∫
tk

∫
Rm

|c(τ, ξ(τ), x(τ), u(τ), z)− c(τ, ξ(τ), 0, u(τ), z)| ν̃(dz, dτ)+

+

t∫
tk

∫
Rm

|c(τ, ξ(τ), 0, u(τ), z)| ν̃(dz, dτ)

Ïiäíiñøè äî êâàäðàòà ëiâó i ïðàâó ÷àñòèíè îäåðæàíî¨ íåðiâíîñòi, îá÷èñëèâøè sup, i

çàñòîñóâàâøè íåðiâíiñòü Êîøi-Áóíÿêîâñüêîãî, óðàõîâóþ÷è (4), (5), îäåðæèìî:

sup
tk≤t<tk+1

|x(t)|2 ≤ 7 sup
tk≤t<tk+1

[
|x(tk)|2 +

+

∣∣∣∣∫ t

tk

|a(τ, ξ(τ), x(τ), u(τ))− a(τ, ξ(τ), 0, u(τ))| dτ
∣∣∣∣2 +

∣∣∣∣∣∣
t∫

tk

|a(τ, ξ(τ), 0, u(τ))| dτ

∣∣∣∣∣∣
2

+

+

∣∣∣∣∣∣
t∫

tk

|b(τ, ξ(τ), x(τ), u(τ))− b(τ, ξ(τ), 0, u(τ))| dw(τ)

∣∣∣∣∣∣
2

+

+

∣∣∣∣∫ t

tk

|b(τ, ξ(τ), 0, u(τ))| dw(τ)

∣∣∣∣2 +

+

∣∣∣∣∣∣
t∫

tk

∫
Rm

|c(τ, ξ(τ), x(τ), u(τ), z)− c(τ, ξ(τ), 0, u(τ), z)| ν̃(dz, dτ)

∣∣∣∣∣∣
2

+

+

∣∣∣∣∣∣
t∫

tk

∫
Rm

|c(τ, ξ(τ), 0, u(τ), z)| ν̃(dz, dτ)

∣∣∣∣∣∣
2 ≤

≤ 7

 sup
tk≤t<tk+1

{
x2(t)

}
+ sup

tk≤t<tk+1

L2

∣∣∣∣∣∣
t∫

tk

|x(τ)| dτ

∣∣∣∣∣∣
2

+

+C2(tk+1 − tk) + sup
tk≤t<tk+1

L2

∣∣∣∣∣∣
t∫

tk

|x(τ)| dw(τ)

∣∣∣∣∣∣
2

+ C2(tk+1 − tk)+

+ sup
tk≤t<tk+1

∣∣∣∣∣∣
t∫

tk

∫
Rm

|c(τ, ξ(τ), x(τ), u(τ), z)− c(τ, ξ(τ), 0, u(τ), z)| ν̃(dz, dτ)

∣∣∣∣∣∣
2

+

+ sup
tk≤t<tk+1

∣∣∣∣∣∣
t∫

tk

∫
Rm

|c(τ, ξ(τ), 0, u(τ), z)| ν̃(dz, dτ)

∣∣∣∣∣∣
2 .
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Äî îñòàííüî¨ íåðiâíîñòi çàñòîñó¹ìî îïåðàöiþ óìîâíîãî ìàòåìàòè÷íîãî ñïîäiâàííÿ

âiäíîñíî σ-àëãåáðè Ftk i, ç óðàõóâàííÿì âëàñòèâîñòåé ñòîõàñòè÷íèõ iíòåãðàëiâ, îäåðæè-

ìî

E

{
sup

tk≤t<tk+1

|x(t)|2
}
≤ 7

E{x2(t)
}

+ L2(tk+1 − tk)
tk+1∫
tk

E |x(τ)|2 dτ+

+C2(tk+1 − tk) + 4L2

tk+1∫
tk

E |x(τ)|2 dτ + C2(tk+1 − tk)+

+ 4L2

tk+1∫
tk

E |x(τ)|2 dτ + C2(tk+1 − tk)

 =

= 7

{x2(t)
}

+ 3C2(tk+1 − tk) + L2((tk+1 − tk) + 8) ·
tk+1∫
tk

E |x(τ)|2 dτ


Âèêîðèñòàâøè íåðiâíiñòü Ãðîíóîëëà, îòðèìà¹ìî îöiíêó

E

{
sup

tk≤t<tk+1

|x(t)|2 /Ftk

}
≤

≤ 7
[
E |x(tk)|2 + 3C2(tk+1 − tk)

]
e7L2((tk+1−tk)+4), (23)

ùî i ïîòðiáíî áóëî äîâåñòè.

Çàóâàæåííÿ 1. Áóäåìî ðîçãëÿäàòè ñòiéêiñòü òðèâiàëüíîãî ðîçâ'ÿçêó x ≡ 0, òîáòî âè-

êîíàííÿ (5) ïðè C = 0 [5], [13], [14].

Òåîðåìà 2. Íåõàé:

1) äîâæèíè iíòåðâàëiâ [tk, tk+1) íå ïåðåâèùóþòü ∆ > 0, òîáòî |tk+1 − tk| ≤ ∆, k ≥ 0;

2) âèêîíó¹òüñÿ óìîâà Ëiïøèöÿ (4);

3) iñíóþòü ôóíêöi¨ Ëÿïóíîâà vk(y, h, x) i ak(y, h, x), k ≥ 0 òàêi, ùî íà ïiäñòàâi ñèñòåìè

ïðàâèëüíà íåðiâíiñòü

(lvk)(y, h, x(t)) ≤ −ak(y, h, x(t)), k ≥ 0. (24)

Òîäi ñèñòåìà âèïàäêîâî¨ ñòðóêòóðè (1)-(3) àñèìïòîòè÷íî ñòîõàñòè÷íî ñòiéêà â öiëî-

ìó.

Äîâåäåííÿ. Ïîçíà÷èìî ÷åðåç Ftk = σ(ξ(s), ηe, s ≤ tk, te ≤ tk) ìiíiìàëüíó σ-àëãåáðó,

âiäíîñíî ÿêî¨ âèìiðíi ξ(t) ïðè âñiõ t ∈ [t0, tk] i ηn ïðè n ≤ k. Òîäi óìîâíå ìàòåìàòè÷íå

ñïîäiâàííÿ îá÷èñëèìî çà ôîðìóëîþ

E {vk+1(ξ(tk+1), ηk+1, x(tk+1))/Ftk} =
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=

∫
Y×H×Rm

Pk((ξ(tk), ηk, x)(du× dz × dl)vk+1(u, z, l)). (25)

Òîäi çà îçíà÷åííÿì äèñêðåòíîãî îïåðàòîðà Ëÿïóíîâà (lvk)(y, h, x) (äèâ. (15)) ç ðiâ-

íîñòi (25) îäåðæèìî, âðàõîâóþ÷è (24), íåðiâíiñòü

E {vk+1(ξ(tk+1), ηk+1, x(tk+1))/Ftk} = vk(ξ(tk), ηk, x(tk))+

+(lvk)(ξ(tk), ηk, x(tk)) ≤ v̄(|x(tk)|). (26)

Ç ëåìè 1 (áî ç iñíóâàííÿ äðóãîãî ìîìåíòó âèïëèâà¹ iñíóâàííÿ ïåðøîãî ìîìåíòó) i

âëàñòèâîñòåé ôóíêöi¨ v̄ âèïëèâà¹ iñíóâàííÿ óìîâíîãî ìàòåìàòè÷íîãî ñïîäiâàííÿ ëiâî¨

÷àñòèíè íåðiâíîñòi (26).

Òåïåð, âèêîðèñòîâóþ÷è (25), (26), çàïèøåìî äèñêðåòíèé îïåðàòîð Ëÿïóíîâà (lvk)(y, h, x),

çàäàíèé âçäîâæ ðîçâ'ÿçêiâ (1)-(3):

lvk(ξ(tk), ηk, x(tk)) = E {vk+1(ξ(tk+1), ηk+1, x(tk+1))/Ftk}−

−vk(ξ(tk), ηk, x(tk)) ≤ −ak(ξ(tk)) ≤ 0. (27)

Òîäi ïðè k ≥ 0 âèêîíó¹òüñÿ íåðiâíiñòü

E {vk+1(ξ(tk+1), ηk+1, x(tk+1))/Ftk} ≤ vk(ξ(tk), ηk, x(tk)).

À öå îçíà÷à¹, ùî ïîñëiäîâíiñòü âèïàäêîâèõ âåëè÷èí

vk(ξ(tk), ηk, x(tk))

óòâîðþ¹ ñóïåðìàðòèíãàë âiäíîñíî Ftk [6].

Äàëi, âçÿâøè ìàòåìàòè÷íå ñïîäiâàííÿ îáîõ ÷àñòèí íåðiâíîñòi (27), ïðîñóìó¹ìî çà k

âiä n ≥ 0 äî N îäåðæàíi âèðàçè, i, î÷åâèäíî, áóäåìî ìàòè íåðiâíiñòü:

E {vN+1(ξ(tN+1), ηN+1, x(tN+1))} − E {vn(ξ(tn), ηn, x(tn))} =

=
N∑
k=n

E {lvk(ξ(tk), ηk, x(tk))} ≤

≤ −
N∑
k=n

E {ak(ξ(tk), ηk, x(tk))} ≤ 0. (28)

Îñêiëüêè âèïàäêîâà âåëè÷èíà sup
tk≤t<tk+1

|x(t)|2 íå çàëåæèòü âiä ïîäié σ- àëãåáðè Ftk

[3], òî

E

{
sup

tk≤t<tk+1

|x(t)|2
/

Ftk

}
= E

{
sup

tk≤t<tk+1

|x(t)|2
}
, (29)

òîáòî íåðiâíiñòü (22) ìà¹ ìiñöå i äëÿ çâè÷àéíîãî ìàòåìàòè÷íîãî ñïîäiâàííÿ

E

{
sup

tk≤t<tk+1

|x(t)|2
}
≤ 7E |x|2 e7L2(∆+4).
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Äàëi ìà¹ìî

P

{
sup
t≥0
|x(t)| > ε1

}
= P

{
sup
n∈N

sup
tn−1≤t<tn

|x(t)| > ε1

}
≤

≤ P

{
sup
n∈N

7e7L2(∆+4) |x(tn−1)| > ε1

}
≤ P

{
sup
n∈N
|x(tn−1)| > ε1

7
e−7L2(∆+4)

}
≤

≤ P

{
sup
n∈N

vn−1(ξ(tn−1), ηn−1, x(tn−1)) ≥ v̄(
ε1

7
e−7L2(∆+4))

}
(30)

ßêùî sup |x(tk)| ≥ r, òî íà îñíîâi (16) âèêîíó¹òüñÿ íåðiâíiñòü

sup
k≥0

vk(ξ(tk), ηk, x(tk)) ≥ inf
k≥0,y∈Y,h∈H,|x|≥r

vk(y, h, x) = v̄(r). (31)

Òåïåð ñêîðèñòà¹ìîñü âiäîìîþ íåðiâíiñòþ äëÿ íåâiä'¹ìíèõ ñóïåðìàðòèíãàëiâ [4], [6]

äëÿ îöiíêè ïðàâî¨ ÷àñòèíè (30):

P

{
sup
n∈N

vn−1(ξ(tn−1), ηn−1, x(tn−1)) ≥ v̄(
ε1

7
e−7L2(∆+4))

}
≤

≤ 1

v̄( ε1
7
e−7L2(∆+4))

vk(y, h, x) ≤ v̄(|x|)
v̄( ε1

7
e−7L2(∆+4))

. (32)

Âðàõîâóþ÷è íåðiâíiñòü (30), íåðiâíiñòü (32) äà¹ ìîæëèâiñòü ãàðàíòóâàòè âèêîíàííÿ

íåðiâíîñòi (18) ñòiéêîñòi çà éìîâiðíiñòþ â öiëîìó ñèñòåìè (1)-(3).

Ç íåðiâíîñòi (28) âèïëèâà¹ îöiíêà

E{vN+1(ξ(tN+1), ηN+1, x(tN+1))} ≤ v0(y, h, x)−

−
N∑
k=0

E{ak(ξ(tk), ηk, x(tk))} ≤ v0(y, h, x), (33)

ïðè âñiõ N ≥ 0, y ∈ Y, h ∈ H, x ∈ Rm.

×åðåç òå, ùî ïîñëiäîâíiñòü {ak}, k ≥ 0 óòâîðþ¹ ôóíêöi¨ Ëÿïóíîâà, ïîâèííi iñíóâàòè

[11] íåïåðåðâíi ñòðîãî ìîíîòîííi ôóíêöi¨ a(r) i ā(r), ÿêi äîðiâíþþòü íóëþ ïðè r = 0 i

òàêi, ùî

ā(|x|) ≤ ak(y, h, x) ≤ a(|x|) (34)

äëÿ ∀k ∈ N, y ∈ Y, h ∈ H i x ∈ Rm.

Òàêèì ÷èíîì, çi çáiæíîñòi ðÿäó ó ëiâié ÷àñòèíi íåðiâíîñòi (33) âèïëèâà¹ çáiæíiñòü

ðÿäó
∞∑
k=0

E{ā(|x(t)|} äëÿ ∀t ≥ tk, y ∈ Y, h ∈ H, x ∈ Rm.

Òîäi, çâàæàþ÷è íà íåïåðåðâíiñòü a(r) i ðiâíiñòü a(0) = 0, ìàòèìåìî:

lim
k→∞
|x(t)| = 0, t ≥ tk. (35)

À ç (35) âèïëèâà¹ ïðÿìóâàííÿ äî íóëÿ çà éìîâiðíiñòþ ïîñëiäîâíîñòi v̄ (|x(t)|) ïðè

k →∞ äëÿ âñiõ t ≥ tk, y ∈ Y, h ∈ H, x ∈ Rm.
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Îòæå, ç âëàñòèâîñòåé ôóíêöi¨ Ëÿïóíîâà ðîáèìî âèñíîâîê, ùî íåâiä'¹ìíèé ñóïåð-

ìàðòèíãàë vk(ξ(tk), ηk, x(tk)) ïðè k → +∞ ïðÿìó¹ äî íóëÿ çà éìîâiðíiñòþ ïðè âñiõ

ðåàëiçàöiÿõ ïðîöåñó ξ i ïîñëiäîâíîñòi ηk.

Äàëi, íåâiä'¹ìíèé îáìåæåíèé çâåðõó ñóïåðìàðòèíãàë ìà¹ ãðàíèöþ ç iìîâiðíiñòþ îäè-

íèöÿ [4]. Íà ïiäñòàâi ëåìè 1 (íåðiâíiñòü (22) äëÿ çâè÷àéíîãî ìàòñïîäiâàííÿ)), îäåðæèìî

àñèìïòîòè÷íó ñòîõàñòè÷íó ñòiéêiñòü ó öiëîìó ñèñòåìè (1)-(3) çà îçíà÷åííÿì 3 (äèâ.

(19)). Òåîðåìà 2 äîâåäåíà.

Òåîðåìà 3. Íåõàé âèêîíóþòüñÿ óìîâè òåîðåìè 2, ïðè÷îìó ôóíêöi¨ Ëÿïóíîâà {vk}, {ak}, k ≥
0 çàäîâîëüíÿþòü íåðiâíîñòi

c1 |x|2 ≤ vk(y, h, x) ≤ c2 |x|2 , (36)

c3 |x|2 ≤ ak(y, h, x) ≤ c4 |x|2 (37)

ïðè äåÿêèõ ci > 0, i = 1, 4 äëÿ âñiõ k ∈ N, y ∈ Y, h ∈ H, x ∈ Rm.

Òîäi ñèñòåìà âèïàäêîâî¨ ñòðóêòóðè (1)-(3) àñèìïòîòè÷íî ñòiéêà â ñåðåäíüîìó êâà-

äðàòè÷íîìó â öiëîìó.

Äîâåäåííÿ. Âèêîðèñòîâóþ÷è íåðiâíiñòü (27) äëÿ k = 0, íà îñíîâi (36) ëåãêî îäåðæàòè

íåðiâíiñòü

E
{
|x(tN+1)|2

}
≤ 1

c1

E{vN+1(ξ(tN+1), ηN+1, x(tN+1))} ≤

≤ 1

c1

E{v0(ξ(t0), η0, x)} ≤ c2

c1

|x|2 (38)

äëÿ âñiõ N ≥ 0, x ∈ Rm i ïî÷àòêîâèõ ðîçïîäiëàõ âèïàäêîâîãî âåêòîðà {ξ(t0), η0}.
Çâiäñè, çà îçíà÷åííÿì 4 (äèâ. (20)), âèïëèâà¹ p-ñòiéêiñòü (ïðè p = 2) ñèñòåìè âèïàä-

êîâî¨ ñòðóêòóðè (1)-(3) àáî ñòiéêiñòü ó l.i.m.

Âèêîðèñòîâóþ÷è íåðiâíîñòi (28), (36) i (37), ìîæíà îäåðæàòè íåðiâíiñòü:

N∑
k=0

E
{
|x(tN+1)|2

}
≤ 1

c3

N∑
k=0

E{ak(ξ(tk), ηk, x(tk))} ≤

≤ 1

c3

E{v0(ξ(t0), η0, x)} ≤ c2

c3

|x|2 .

Öÿ íåðiâíiñòü ãàðàíòó¹ çáiæíiñòü ðÿäó, ÷ëåíàìè ÿêîãî âèñòóïàþòü E
{
|x(tk)|2

}
äëÿ

áóäü-ÿêèõ ïî÷àòêîâèõ äàíèõ x(t0) = x i ïî÷àòêîâèõ ðîçïîäiëiâ âèïàäêîâîãî âåêòîðà

{ξ(t0), η0}.
Òàêèì ÷èíîì,

lim
k→∞

sup
y∈Y,h∈H

E
{
|x(t)|2

}
= 0

ïðè âñiõ t ≥ 0, ùî i äîâîäèòü òåîðåìó 3.

Íàñëiäîê 1. ßêùî âèêîíóþòüñÿ óìîâè òåîðåìè 3 i ìà¹ ìiñöå íåðiâíiñòü (36), òîäi

ñèñòåìà âèïàäêîâî¨ ñòðóêòóðè (1)-(3) ñòiéêà â l.i.m. ó öiëîìó.



96 Ëóêàøiâ T.O., Ìàëèê I.Â.

4.1 Ìîäåëüíèé ïðèêëàä

Äëÿ àíàëiçó ñòiéêîñòi, ðîçãëÿíåìî ïðèêëàä, ÿêèé âiäîáðàæà¹ îñîáëèâîñòi ñòiéêîñòi ðîçâ'ÿçêó

ñèñòåìè çi çáóðåííÿìè. Ðîçãëÿíåìî ëiíiéíó ñèñòåìó äëÿ n = 1, àíàëîãi÷íî ðîáîòi [2],

ÿêà çàäà¹òüñÿ íàñòóïíèìè ïàðàìåòðàìè: ãåíåðàòîð ìàðêîâñüêîãî ïðîöåñó ξ(t), t > 0

çàäà¹òüñÿ ãåíåðàòîðîì

Q =

(
−0.5 0.5

0.5 −0.5

)
,

ìàòðèöÿ ïåðåõiäíèõ éìîâiðíîñòåé äëÿ ÄËÌ ηk, k ≥ 0 âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿì

P =

(
0.3 0.7

0.8 0.2

)
,

äëÿ ñòàíiâ yi ∈ Y êîåôiöi¹íòè âèçíà÷åíi ñïiââiäíîøåííÿìè

� ξ(t) = y1: a = ay1 = −0.2x+ u, b = by1 = 0.21x, c = cy1 = z2x;

� ξ(t) = y2: a = ay2 = −2.25x+ u, by2 = 0.24x, c = cy2 = z3x.

Ñòðèáêè áóäóòü ìàòè íàñòóïíå ïðåäñòàâëåííÿ

g(t, ξ, η, x) = kηx,

äå η ∈ H = {1, 2}, kη ∈ (−2,−1]. Çàóâàæèìî, ùî äàíèé âèïàäîê âiäïîâiäà¹ íàñòóïíîìó

ïåðåòâîðåííþ

x(tk−)x(tk+) ≤ 0, |x(tk−)| ≥ |x(tk+)|

ç éìîâiðíiñòþ 1. Â ÿêîñòi ìîìåíòiâ çáóðåíü äëÿ ïðîñòîòè âèáåðåìî tk = k, k ≥ 1.

Ìíîæèíó äîïóñòèìèõ êåðóâàíü áóäåìî âèçíà÷àòè â ëiíiéíié ôîðìi íàñòóïíèì ÷è-

íîì:

U = {u(t) = r · x(t)| |r| < C1 = const}

Â ÿêîñòi ôóíêöié Ëÿïóíîâà âiçüìåìî êâàäðàòè÷íi ôóíêöi¨, òîáòî

vk(y, h, x) = x2.

âèêîðèñòîâóþ÷è óçàãàëüíåíó ôîðìóëó Iòî, îòðèìà¹ìî ñïiââiäíîøåííÿ äëÿ iíôiíiòåçè-

ìàëüíîãî îïåðàòîðà:

dvk(ξ(t), ηk, x) = 2x2

([
aξ(t) + r +

1

2
b2
ξ(t)

]
dt+ bξ(t)dw(t)+

∫
Z

(2cξ(t)z
k(ξ(t)) − c2

ξ(t)z
2k(ξ(t)))ν̃(dz, dt)

)
,

äå k(ξ(t)) = 2 äëÿ ξ(t) = y1 òà k(ξ(t)) = 3 äëÿ ξ(t) = y2. Âèêîðèñòîâóþ÷è ìàðòèíãàëüíó

âëàñòèâiñòü w(t) òà ν̃(dz, dt), îòðèìà¹ìî ùî

ak(ξ(t), ηk, x) = (lvk)(ξ(t), ηk, x) = E
(

2x2

([
aξ(t) + r +

1

2
b2
ξ(t)

])
=
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EvkE
(
2aξ(t) + r + b2

ξ(t)

)
.

Çãiäíî çàäàííÿ êîåôiöi¹íòiâ, îòðèìà¹ìî, ùî ak(ξ(t), ηk, x) çàäîâîëüíÿ¹ óìîâó (28) äëÿ

c3 = min
i
{2ayi + r + b2

yi
}, c4 = max

i
{2ayi + r + b2

yi
}.

Äëÿ t = tn îòðèìà¹ìî

an(ξ(t), ηn, x) = (lvn)(ξ(t), ηn, x) = x2[(kηn + 1)2 − 1].

Çãiäíî óìîâè,

(kηn + 1)2 − 1 ∈ [−1, 0).

Òàêèì ÷èíîì, âñi óìîâè òåîðåìè 3 âèêîíóþòüñÿ, îòæå ñèñòåìà ¹ àñèìïòîòè÷íî ñòiéêà

â ñåðåäíüîìó êâàäðàòè÷íîìó â öiëîìó.

Ðèñ. 1: Òðà¹êòîðiÿ ðîçâ'ÿçêó ÑÄÐ ó âèïàäêó r = 0.

Ñëiä çàóâàæèòè, ùî ñèñòåìà ¹ àñèìïòîòè÷íî ñòiéêà â ñåðåäíüîìó êâàäðàòè÷íîìó â

öiëîìó çà óìîâè iñíóâàííÿ íåñòiéêîãî ñòàíó (ξ(t) = y1). Ïðè ôiêñàöi¨ ξ(t) = y1 ñèñòåìà

¹ åêñïîíåíöiàëüíî íåñòiéêà, îñêiëüêè ïîêàçíèê Ëÿïóíîâà áiëüøèé 0,

λ1 = ay1 + r + b2
y1

+

∫
Rm

cy1Π(du) > 0

Ïðîòå ÿê âiäçíà÷åíî â ðîáîòi [15], åêñïîíåíöiàëüíà ñòiéêiñòü ñèñòåìè âèçíà÷à¹òüñÿ óñå-

ðåäíåíèì ïîêàçíèêîì Ëÿïóíîâà çà ñòàöiîíàðíèì ðîçïîäiëîì π âèïàäêîâîãî ïðîöåñó

ξ(t), t ≥ 0,

λ1π1 + λ2π2 < 0.

Àíàëîãi÷íèé ðåçóëüòàò ìè ñïîñòåðiãà¹ìî i äëÿ ñèñòåì iç çîâíiøíiìè çáóðåííÿìè g 6= 0.
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5 Âèñíîâêè

Âèêîðèñòàíî àïàðàò ôóíêöié Ëÿïóíîâà, ïîíÿòòÿ iíôiíiòåçèìàëüíîãî îïåðàòîðà íà

ïiäñòàâi êåðîâàíî¨ ñèñòåìè âèïàäêîâî¨ ñòðóêòóðè ç ïóàññîíîâèìè çáóðåííÿìè òà ç ïå-

ðåìèêàííÿìè òèïó ëàíöþãà Ìàðêîâà (äëÿ îá÷èñëåííÿ ÿêîãî äîñòàòíüî òiëüêè âiäîìèõ

êîåôiöi¹íòiâ ñèñòåìè) äëÿ äîñëiäæåííÿ àñèìïòîòè÷íî¨ ñòîõàñòè÷íî¨ ñòiéêîñòi â öiëîìó

òà àñèìïòîòè÷íî¨ ñòiéêîñòi â ñåðåäíüîìó êâàäðàòè÷íîìó â öiëîìó.
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Lukashiv T.O., Malyk I.V. Stability of controlled stochastic dynamic systems of random structure

with Markov switches and Poisson perturbations, Bukovinian Math. Journal. 10, 1 (2022), 85�

99.

Lyapunov's second method is used to study the problem of stability of controlled stochastic

dynamical systems of random structure with Markov and Poisson perturbations. Markov swi-

tches re�ect random e�ects on the system at �xed points in time. Poisson perturbations describe

random e�ects on the system at random times. In both cases there may be breaks in the phase

trajectory of the �rst kind.

The conditions for the coe�cients of the system are written, which guarantee the existence

and uniqueness of the solution of the stochastic system of a random structure, which is under

the action of Markov switches and Poisson perturbations. The di�erences between these systems

and systems that do not contain internal perturbations in the equation, which cause a change

in the structure of the system, and external perturbations, which cause breaks in the phase

trajectory at �xed points in time, are discussed. The upper bound of the solution for the norm

is obtained. The de�nition of the discrete Lyapunov operator based on the system and the

Lyapunov function for the above-mentioned systems is given.

Su�cient conditions of asymptotic stochastic stability in general, stability in l.i.m. and

asymptotic stability in the l.i.m. for controlled stochastic dynamic systems of random structure

with Markov switches and Poisson perturbations are obtained.

A model example that re�ects the features of the stability of the solution of a system with

perturbations is considered: the conditions of asymptotic stability in the root mean square as

a whole are established; the conditions of exponential stability and exponential instability are

discussed. For linear systems, the necessary and su�cient stability conditions are determined

in the example, based on the generalized Lyapunov exponent.


