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Êåðîâàíiñòü iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü Ôðåäãîëüìà ç âèðîäæåíèì

ÿäðîì ó ãiëüáåðòîâèõ ïðîñòîðàõ

Ó ðîáîòi äîñëiäæóþòüñÿ iíòåãðî-äèôåðåíöiàëüíi ðiâíÿííÿ Ôðåäãîëüìà ç âèðîäæåíèì

ÿäðîì ç êåðóâàííÿì ó ãiëüáåðòîâèõ ïðîñòîðàõ. Ç âèêîðèñòàííÿì îðòîïðî¹êòîðiâ, ïñåâ-

äîîáåðíåíèõ îïåðàòîðiâ òà ïñåâäîîáåðíåííÿ iíòåãðàëüíèõ îïåðàòîðiâ îòðèìàíî êðèòåðié

ðîçâ'ÿçíîñòi òà çàãàëüíèé âèãëÿä ðîçâ'ÿçêiâ iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü ç âèðîäæå-

íèì ÿäðîì ç êåðóâàííÿì ó ãiëüáåðòîâèõ ïðîñòîðàõ. Îòðèìàíî çîáðàæåííÿ çàãàëüíîãî

âèãëÿäó êåðóâàííÿ, ïðè ÿêîìó öi ðîçâ'ÿçêè iñíóþòü.
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Âñòóï

×èñëåííi çàñòîñóâàííÿ iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü ó ìàòåìàòèöi, ôiçèöi, òåõ-

íiöi, åêîíîìiöi òà iíøèõ ãàëóçÿõ ñòàâëÿòü ïðîáëåìó îòðèìàííÿ óìîâ ðîçâ'ÿçíîñòi òà

àíàëiòè÷íîãî ïðåäñòàëåííÿ ¨õ çàãàëüíèõ ðîçâ'ÿçêiâ. Ñêëàäíiñòü ðîçâ'ÿçàííÿ öi¹¨ çàäà÷i

ïîâ'ÿçàíà ç òèì, ùî iíòåãðî-äèôåðåíöiàëüíèé îïåðàòîð íå ¹ âñþäè ðîçâ'ÿçíèì [1], òîáòî

íå ìà¹ îáåðíåíîãî [2].

Ó [3, c. 169] äîñòàòíüî ïîâíî ðîçðîáëåíî ïiäõiä äî ðîçâ'ÿçàííÿ íå âñþäè ðîçâ'ÿçíèõ

ëiíiéíèõ îïåðàòîðíèõ ðiâíÿíü ó áàíàõîâèõ ïðîñòîðàõ ç âèêîðèñòàííÿì ñëàáêîãî çáó-

ðåííÿ ïðàâî¨ ÷àñòèíè ðiâíÿííÿ ç ïîäàëüøèì çàñòîñóâàííÿì ìåòîäó Âiøèêà�Ëþñòåð-

íèêà [4, 5], àáî ââåäåííÿì â ðiâíÿííÿ iìïóëüñíî¨ äi¨ [3, 6].

Ùå îäíèì ç ïiäõîäiâ äî ðîçâ'ÿçàííÿ íå âñþäè ðîçâ'ÿçíèõ îïåðàòîðíèç ðiâíÿíü ¹

ââåäåííÿ ó ïðàâó ÷àñòèíó êåðóâàííÿ. Òàê ó [7] ç âèêîðèñòàííÿì ïñåâäîîáåðíåííÿ ìà-

òðèöü òà îðòîïðîåêòîðiâ ðîçãëÿíóòî çàäà÷ó iñíóâàííÿ ñòàëîãî êåðóâàííÿ äëÿ iíòåãðî-

äèôåðåíöiàëüíîãî ðiâíÿííÿ â åâêëiäîâîìó ïðîñòîði.

Iíòåãðî-äèôåðåíöiàëüíi ðiâíÿííÿ Ôðåäãîëüìà ç âèðîäæåíèì ÿäðîì òà êåðóâàííÿì ó

ãiëüáåðòîâèõ ïðîñòîðàõ íå äîñëiäæóâàëèñü, òîìó àêòóàëüíîþ ¹ çàäà÷à ïðî âñòàíîâëåííÿ
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óìîâ êåðîâàíîñòi, ïîáóäîâè â àíàëiòè÷íîìó âèãëÿäi çàãàëüíèõ ðîçâ'ÿçêiâ òà âiäïîâiäíèõ

çàãàëüíèõ êåðóâàíü iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü ç âèðîäæåíèì ÿäðîì ó ãiëüáåðòî-

âèõ ïðîñòîðàõ.

Äëÿ âñòàíîâëåííÿ êðèòåðiþ êåðîâàíîñòi íå âñþäè ðîçâ'ÿçíèõ iíòåãðî-äèôåðåíöiàëü-

íèõ ðiâíÿíü ç êåðóâàííÿì ó ãiëüáåðòîâèõ ïðîñòîðàõ áóäå çàñòîñîâóâàòèñü çàãàëüíà òå-

îðiÿ äîñëiäæåííÿ íå âñþäè ðîçâ'ÿçíèõ îïåðàòîðíèõ ðiâíÿíü ç âèêîðèñòàííÿì îðòîïðî-

¹êòîðiâ, ïñåâäîîáåðíåííÿ íîðìàëüíî ðîçâ'ÿçíèõ îïåðàòîðiâ ó ãiëüáåðòîâèõ ïðîñòîðàõ,

ÿêà ðîçðîáëåíà ó [3, 8].

1 Ïîñòàíîâêà çàäà÷i.

Íåõàé H �äiéñíèé ãiëüáåðòîâèé ïðîñòið, â ÿêîìó äëÿ x ∈ H, y ∈ H âèçíà÷åíèé

ñêàëÿðíèé äîáóòîê (x, y)H, I = [a, b] � ñêií÷åííèé ïðîìiæîê, z(t) � âåêòîð-ôóíêöiÿ

çi çíà÷åííÿìè ó ãiëüáåðòîâîìó ïðîñòîði H, ÿêà âèìiðíà ó ñåíñi Áîõíåðà [9], òàêà, ùî
b∫
a

||z(t)||dt <∞. Íà ìíîæèíi òàêèõ ôóíêöié âèçíà÷èìî ñêàëÿðíèé äîáóòîê

(z(t), f(t)) =

b∫
a

z∗(t)f(t)dt,

äå ” ∗ ” � îïåðàöiÿ òðàíñïîíóâàííÿ.

Âèçíà÷åíèé òàêèì ÷èíîì ïðîñòið áóäå ãiëüáåðòîâèì. Ïîçíà÷èìî éîãî L2(I,H).

Ðîçãëÿíåìî iíòåãðî-äèôåðåíöiàëüíå ðiâíÿííÿ Ôðåäãîëüìà ç âèðîäæåíèì ÿäðîì ç

êåðóâàííÿì

ż(t)−
b∫

a

[
P (t)W (s)z(s) +Q(t)V (s)ż(s)

]
ds = f(t) +

b∫
a

K(t, s)u(s)ds, (1)

äå îïåðàòîð-ôóíêöi¨ P (t) = {pij(t)}∞i,j=1 òà Q(t) = {qij(t)}∞i,j=1 � çëi÷åííîâèìiðíi ìàò-

ðèöi, ÿêi äiþòü ç H2 ó H1, îïåðàòîð-ôóíêöi¨ W (t) = {wij(t)}∞i,j=1 òà V (t) = {vij(t)}∞i,j=1

� çëi÷åííîâèìiðíi ìàòðèöi, ÿêi äiþòü ç H1 ó H2 ç íîðìàìè ïîðîäæåíèìè ñêàëÿðíèì

äîáóòêîì, îïåðàòîð-ôóíêöiÿ K(t, s) = {kij(t, s)}∞i,j=1 âèçíà÷åíà ó êâàäðàòi I × I i äi¹ ç

áàíàõîâîãî ïðîñòîðó H1 ó H1 ïî çìiííié t i ç áàíàõîâîãî ïðîñòîðó H3 ó H3 � ïî çìiííié

s ç íîðìîþ ||K|| =

√
b∫
a

b∫
a

||K(t, s)||2dtds < ∞, âåêòîð-ôóíêöi¨ f(t) ∈ L2(I,H1), u(t) ∈

L2(I,H3) âèçíà÷åíi íà òîìó æ ïðîìiæêó I çi çíà÷åííÿìè ó ãiëüáåðòîâèõ ïðîñòîðàõ H1

òà H3.

Ðîçâ'ÿçêîì z(t) iíòåãðî-äèôåðåíöiàëüíîãî ðiâíÿííÿ ç êåðóâàííÿì (1) áóäåìî íàçèâà-

òè òàêó ïàðó âåêòîð-ôóíêöié z(t) òà u(s), ÿêi çàäîâîëüíÿþòü ðiâíÿííÿ (1). Ïðè öüîìó

z(t) ∈ L2(I,H1), ż(t) ∈ D2(I,H1), äå D2(I,H1) � ãiëüáåðòîâèé ïðîñòið àáñîëþòíî

íåïåðåðâíèõ âåêòîð-ôóíêöié ç íîðìîþ ||z|| = ‖z(a)‖H1 + ‖ż(t)‖L2(I,H1). Ïîõiäíó ż(t)

áóäåìî ðîçóìiòè â ñåíñi [9, c. 140].
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2 Ïðîìiæíèé ðåçóëüòàò.

Çàñòîñîâóþ÷è òåîðiþ ïñåâäîîáåðíåíèõ îïåðàòîðiâ [3, 8] îòðèìà¹ìî óìîâè ðîçâ'ÿç-

íîñòi òà çàãàëüíèé âèãëÿä ðîçâ'ÿçêiâ ðiâíÿííÿ (1) áåç êåðóâàííÿ (u(s) = 0).

Ó ðiâíÿííi (1) çðîáèìî çàìiíó ż(t) = y(t), òîäi

z(t) =

t∫
a

y(t)dt+ c0, (2)

äå c0 ∈ H1 � äîâiëüíèé âåêòîð.

Ïîçíà÷èìî H1 = H1 ×H1,

M(t) =
[
P (t), Q(t)

]
, N(s) = col

[
W̃ (s), V (s)

]
,

g(t) = f(t) + P (t)Wc, W̃ (s) =

b∫
s

W (τ)dτ, W = W̃ (a).

Òîäi iíòåãðî-äèôåðåíöiàëüíå ðiâíÿííÿ (1) áåç êåðóâàííÿì (u(s) = 0) çâåäåìî äî iíòåã-

ðàëüíîãî ðiâíÿííÿ

(L1y)(t) := y(t)−M(t)

b∫
s

N(s)y(s)ds = g(t). (3)

Íåõàé D = IH1 −
b∫
a

N(s)M(s) ds, D : H1 → H1 � íîðìàëüíî ðîçâ'ÿçíèé îïåðàòîð.

Ïîçíà÷èìî îðòîïðî¹êòîðè PN(D) : H1 → N(D) � íà íóëü-ïðîñòið N(D) òà PN(D∗) : H1 →
N(D∗) � íà íóëü ïðîñòið N(D∗) ñïðÿæåíîãî äî D îïåðàòîðà D∗ òà D+ � îáìåæåíèé

ïñåâäîîáåðíåíèé îïåðàòîð äî îïåðàòîðà D [3].

Ïîçíà÷èìî ÷åðåç PN0(D) çâóæåííÿ îïåðàòîðà PN(D) íà ïiäïðîñòið N0(D), ÿêèé ïîðîä-

æó¹òüñÿ ñèñòåìîþ ëiíiéíî íåçàëåæíèõ âåêòîð-ñòîâïöiâ ìàòðèöi-îðòîïðî¹êòîðà PN(D).

Àíàëîãi÷íî ïîçíà÷èìî ÷åðåç PN0(D∗) çâóæåííÿ îïåðàòîðà PN(D∗) íà ïiäïðîñòið N0(D
∗),

ÿêèé ïîðîäæó¹òüñÿ ñèñòåìîþ ëiíiéíî íåçàëåæíèõ âåêòîð-ñòîâïöiâ ìàòðèöi-îðòîïðî¹ê-

òîðà PN(D∗).

Òîäi îïåðàòîð-ôóíêöi¨

X(t) = M(t)PN0(D), Y (t) = N∗(t)PN0(D∗)

áóäóòü ïîâíèìè ñèñòåìàìè ëiíiéíî íåçàëåæíèõ âåêòîð-ôóíêöié, ÿêi ¹ áàçèñàìè íóëü-

ïðîñòîðiâ N(L1) òà N(L∗1) iíòåãðàëüíèõ îïåðàòîðiâ L1 òà L
∗
1.

Âiäîìî [3], ùî ïðè âèêîíàííi óìîâ

PN(D∗)

b∫
a

N(s)g(s)ds = PN(D∗)

b∫
a

N(s)
[
f(s) + P (s)Wc0

]
ds = 0 (4)
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i ëèøå ïðè íèõ iíòåãðàëüíå ðiâíÿííÿ (3) ìà¹ ñiì'þ ðîçâ'ÿçêiâ

y(t) = M(t)PN(D)ĉ+ (L+
1 g)(t), (5)

äå ĉ � äîâiëüíèé åëåìåíò ãiëüáåðòîâîãî ïðîñòîðó H1, L
+
1 � ïñåâäîîáåðíåíèé ïî Ìóðó-

Ïåíðîóçó îïåðàòîð äî iíòåãðàëüíîãî îïåðàòîðà L, ÿêèé ìà¹ âèãëÿä [3, c. 261]

(L+
1 g)(t) = g(t) +M(t)

b∫
a

[
D+N(s)− α̃(−1)M∗(s)

]
g(s)ds+

+
[
M(t)α̃(−1)β̃(−1) −N∗(t)β̃(−1)] b∫

a

N(s)g(s)ds,

äå

α̃(−1) = PN0(D)α
−1P ∗N0(D), β̃(−1) = PN0(D∗)β

−1P ∗N0(D∗),

α−1, β−1 � íåñêií÷åííîâèìiðíi ìàòðèöi, ÿêi îáåðíåíi äî ñàìîñïðÿæåíèõ íåâèðîäæåíèõ

ìàòðèö Ãðàìà

α =

b∫
a

X∗(t)X(t)dt, β =

b∫
a

Y ∗(t)Y (t)dt.

Ç óìîâ (4) çíàéäåìî äîâiëüíó êîíñòàíòó c0, ïðè ÿêié iíòåãðàëüíå ðiâíÿííÿ (3) áóäå

ðîçâ'ÿçíèì. Â ðåçóëüòàòi îòðèìà¹ìî àëãåáðà¨÷íå ðiâíÿííÿ

Sc0 = f0, S : H1 → H1, (6)

äå

S = PN(D∗)

b∫
a

N(s)P (s)Wds, f0 = −PN(D∗)

b∫
a

N(s)f(s)ds = 0.

Íåõàé S � íîðìàëüíî ðîçâ'ÿçíèé îïåðàòîð. Ïîçíà÷èìî ÷åðåç PN(S) : H1 → N(S) �

ìàòðèöþ-îðòîïðîåêòîð, à ÷åðåç PN(S∗) : H1 → N(S∗) � ìàòðèöþ-îðòîïðîåêòîð PN(S∗)

òà S+ : H1 → H1 � ïñåâäîîáåðíåíó ìàòðèöþ äî ìàòðèöi S.

Àëãåáðà¨÷íåíå ðiâíÿííÿ (6) ðîçâ'ÿçíå òîäi i ëèøå òîäi, êîëè âèêîíó¹òüñÿ óìîâà [3]

PN(S∗)f0 = −PN(S∗)PN(D∗)

b∫
a

N(s)f(s)ds = 0,

ïðè âèêîíàííi ÿêèõ âîíî ìà¹ ñiì'þ ðîçâ'ÿçêiâ

c0 = PN(S)c̃+ S+f0, (7)

äå c̃ � äîâiëüíèé åëåìåíò ãiëüáåðòîâîãî ïðîñòîðó H1.

Âðàõîâóþ÷è (7), ïiäñòàâèìî g(s) = f(s) + P (s)W [PN(S)c̃ + S+f0] ó (5). Â ðåçóëüòàòi

îòðèìà¹ìî çàãàëüíèé ðîçâ'ÿçîê iíòåãðàëüíîãî ðiâíÿííÿ (3)

y(t) = M(t)PN(D)ĉ+
(
L+
1 [f(·) + P (·)W{PN(S)c̃+ S+f0}]

)
(t) =
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= M(t)PN(D)ĉ+ (L+
1 P )(t)WPN(S)c̃+ (L+

1 f)(t) + (L+
1 P )(t)WS+f0.

Âèêîðèñòîâóþ÷è çàìiíó (2), îòðèìà¹ìî çàãàëüíèé ðîçâ'ÿçîê iíòåãðî-äèôåðåíöiàëü-

íîãî ðiâíÿííÿ (1) áåç êåðóâàííÿ (u(s) = 0)

z(t) =

t∫
a

y(s)ds+ c0 =
[
X1(t), X2(t)

] [ ĉ
c̃

]
+

+(L̃+
1 f)(t) + (L̃+

1 P )(t)WS+f0 + S+f0,

äå

X1(t) =

t∫
a

M(s)PN(D)ds, X2(t) = (L̃+
1 P )(t)WPN(S) + PN(S),

(L̃+
1 f)(t) =

t∫
a

(L+
1 f)(s)ds, (L̃+

1 P )(t) =

t∫
a

(L+
1 P )(s)ds.

Òåîðåìà 1. Íåõàé îïåðàòîðè D : H1 → H1 òà S : H1 → H1 � íîðìàëüíî ðîçâ'ÿçíi.

Òîäi iíòåãðî-äèôåðåíöiàëüíå ðiâíÿííÿ áåç êåðóâàííÿ (1) (u(t) = 0) ðîçâ'ÿçíå äëÿ òèõ i

ëèøå òèõ f(t) ∈ L2([a, b],H1), ÿêi çàäîâîëüíÿþòü óìîâó

PN(S∗)PN(D∗)

b∫
a

N(s)f(s)ds = 0 (8)

i ïðè öüîìó ìà¹ ñiì'þ ðîçâ'ÿçêiâ

z(t) =
[
X1(t), X2(t)

] [ ĉ
c̃

]
+ (L̃+

1 f)(t) + (L̃+
1 P )(t)WS+f0 + S+f0,

äå ĉ ∈ H1, c̃ ∈ H1 � äîâiëüíi ñòàëi.

Çàóâàæåííÿ 1. Ó âèïàäêó, êîëè PN(S∗)PN(D∗) = 0, iíòåãðî-äèôåðåíöiàëüíå ðiâíÿííÿ

(1) áåç êåðóâàííÿ áóäå ðîçâ'ÿçíèì ïðè äîâiëüíié ôóíêöi¨ f(t).

3 Îñíîâíèé ðåçóëüòàò.

Ïðèïóñòèìî, ùî óìîâà ðîçâ'ÿçíîñòi (8) ðiâíÿííÿ (1) áåç êåðóâàííÿ íå âèêîíó¹òüñÿ,

òîáòî

PN(S∗)PN(D∗)

b∫
a

N(s)f(s)ds 6= 0.

Ðîçãëÿíåìî íàñòóïíó çàäà÷ó: ïðè ÿêèõ óìîâàõ ðiâíÿííÿ (1) ç êåðóâàííÿì áóäå ìàòè

ðîçâ'ÿçêè.
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Ðiâíÿííÿ (1) áóäå ðîçâ'ÿçíèì äëÿ òèõ i ëèøå òèõ ïðàâèõ ÷àñòèí, ÿêi çàäîâîëüíÿþòü

óìîâè [3]

PN(S∗)PN(D∗)

b∫
a

N(s)
[
f(s) +

b∫
a

K(s, τ)u(τ)dτ
]
ds = 0. (9)

Ç (9) îòðèìà¹ìî ðiâíÿííÿ âiäíîñíî êåðóâàííÿ u(s)

b∫
a

Ψ(s)u(s)ds = PN(S∗)f0, (10)

äå Ψ(s) = PN(S∗)PN(D∗)

b∫
a

N(τ)K(τ, s)dτ .

Ðîçâ'ÿçîê ðiâíÿííÿ (10) áóäåìî øóêàòè ó âèãëÿäi

u(s) = Ψ ∗(s)c1, (11)

äå Ψ ∗(s) � ìàòðèöÿ òðàíñïîíîâàíà äî ìàòðèöi Ψ(s), c1 ∈ H3 � íåâiäîìèé âåêòîð, ÿêèé

òðåáà çíàéòè.

Ïiâäñòàâèâøè (11) ó (10) îòðèìà¹ìî àëãåáðà¨÷íå ðiâíÿííÿ

Hc1 = PN(S∗)f0, (12)

äå H =
b∫
a

Ψ(s)Ψ ∗(s)ds, H : H3 → H1.

Íåõàé H � íîðìàëüíî ðîçâ'ÿçíèé îïåðàòîð. Ïîçíà÷èìî ÷åðåç PN(H) : H3 → N(H)

òà PN(H∗) : H1 → N(H∗) � ìàòðèöi-îðòîïðîåêòîðè, à ÷åðåç H+ � ïñåâäîîáåðíåíó ïî

Ìóðó-Ïåíðîóçó ìàòðèöþ äî ìàòðèöi H.

Àëãåáðà¨÷íà ñèñòåìà (12) ìà¹ ðîçâ'ÿçîê âiäíîñíî âåêòîðà c1 ∈ H3 òîäi i ëèøå òîäi,

êîëè âèêîíó¹òüñÿ óìîâà

PN(H∗)PN(S∗)f0 = −PN(H∗)PN(S∗)PN(D∗)

b∫
a

N(s)f(s)ds = 0, (13)

ïðè âèêîíàííi ÿêî¨ âîíà ìà¹ ñiì'þ ðîçâ'ÿçêiâ

c1 = PN(H)c̄+H+PN(S∗)f0, c̄ ∈ H3. (14)

Ïiñëÿ ïiäñòàíîâêè (14) ó (11) îòðèìà¹ìî ñiì'þ êåðóâàíü

u(s) = Ψ ∗(s)PN(H)c̄+ Ψ ∗(s)H+PN(S∗)f0, (15)

ïðè ÿêèõ iíòåãðî-äèôåðåíöiàëüíå ðiâíÿííÿ (1) áóäå ìàòè ñiì'þ ðîçâ'ÿçêiâ

z(t) =
[
X1(t), X2(t)

] [ ĉ
c̃

]
+

+
(
L̃+
1

{
f(·) +

b∫
a

K(·, s)u(s)ds
})

(t) + (L̃+
1 P )(t)WS+f0 + S+f0.

(16)



Êåðîâàíiñòü iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü Ôðåäãîëüìà 57

Ïiäñòàâèâøè (15) ó (16), îòðèìà¹ìî

z(t) =
[
X1(t), X2(t)

] [ ĉ
c̃

]
+

+
(
L̃+
1

{
f(·) +

b∫
a

K(·, s)
[
Ψ ∗(s)PN(H)c̄+ Ψ ∗(s)H+PN(S∗)f0

]
ds
})

(t)+

+(L̃+
1 P )(t)WS+f0 + S+f0.

Ïîçíà÷èâøè

[KΨ ∗](t) =

b∫
a

K(t, s)Ψ ∗(s)ds,

ïiñëÿ ïåðåòâîðåíü îòðèìà¹ìî

z(t) =
[
X1(t), X2(t), X3(t)

] ĉ

c̃

c̄

+
(
L̃+
1 f
)
(t)+

+
(
L̃+
1 [KΨ ∗]

)
(t)H+PN(S∗)f0 + (L̃+

1 P )(t)WS+f0 + S+f0,

äå

X3(t) =
(
L̃+
1 [KΨ ∗]

)
(t)PN(H),

(
L̃+
1 [KΨ ∗]

)
(t) =

t∫
a

(
L+
1 [KΨ ∗]

)
(s)ds.

Òåîðåìà 2. Íåõàé îïåðàòîðè D : H1 → H1, S : H1 → H1, H : H3 → H1 � íîðìàëüíî

ðîçâ'ÿçíi.

Òîäi ïðè âèêîíàííi óìîâ (13) i ëèøå ïðè íèõ iíòåãðî-äèôåðåíöiàëüíå ðiâíÿííÿ ç

êåðóâàííÿì (1) ìà¹ ñiì'þ ðîçâ'ÿçêiâ

z(t) =
[
X1(t), X2(t), X3(t)

] ĉ

c̃

c̄

+
(
L̃+
1 f
)
(t)+

+
(
L̃+
1 [KΨ ∗]

)
(t)H+PN(S∗)f0 + (L̃+

1 P )(t)WS+f0 + S+f0,

äå ĉ ∈ H1, c̃ ∈ H1 òà c̄ ∈ H3 � äîâiëüíi ñòàëi.

Ïðè öüîìó âîíî ìà¹ ñiì'þ äîïóñòèìèõ êåðóâàíü

u(s) = Ψ ∗(s)PN(H)c̄− Ψ ∗(s)H+PN(S∗)PN(D∗)

b∫
a

N(s)f(s)ds.

Çàóâàæåííÿ 2. Ó âèïàäêó, êîëè PN(H∗)PN(S∗)PN(D∗) = 0, iíòåãðî-äèôåðåíöiàëüíå ðiâ-

íÿííÿ (1) ç êåðóâàííÿì áóäå ðîçâ'ÿçíèì ïðè äîâiëüíié ôóíêöi¨ f(t).
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Çàóâàæåííÿ 3. ßêùî ïðî¹êòîð PN(S) = 0, òî îïåðàòîðíå ðiâíÿííÿ (6) áóäå n-íîðìàëüíèì

[1] (dimkerS = 0).

Òîäi îïåðàòîðíå ðiâíÿííÿ (6) ïðè âèêîíàííi óìîâè (13) áóäå ìàòè ¹äèíèé ðîçâ'ÿçîê

c1 = S+
l f0,

äå S+
l � ëiâèé ïñåâäîîáåðíåíèé îïåðàòîð äî îïåðàòîðà S [10].

Ó öüîìó âèïàäêó X2(t) = (L̃+
1 P )(t)WPN(S) + PN(S) = 0 i iíòåãðî-äèôåðåíöiàëüíå

ðiâíÿííÿ (1) ç êåðóâàííÿì ïðè âèêîíàííi óìîâè (13) áóäå ìàòè ñiì'þ ðîçâ'ÿçêiâ

z(t) =
[
X1(t), X3(t)

] [ ĉ
c̄

]
+

+(L̃+f)(t) +
(
L̃+
1 [KΨ ∗]

)
(t)H+PN(S∗)f0 + (L̃+

1 P )(t)WS+f0 + S+f0.

Ïðè öüîìó âîíî ìà¹ ñiì'þ äîïóñòèìèõ êåðóâàíü

u(s) = Ψ ∗(s)PN(H)c̄+ Ψ ∗H+PN(S∗)f0.

Çàóâàæåííÿ 4. ßêùî PN(H) = 0, òî îïåðàòîðíå ðiâíÿííÿ (12) áóäå n-íîðìàëüíèì [1]

(dimkerH = 0) Òîäi ïðè âèêîíàííÿ óìîâè ðîçâ'ÿçíîñòi (13) ðiâíÿííÿ (12) áóäå ìàòè

¹äèíèé ðîçâ'ÿçîê c1 = H+
l PN(S∗)f0, äå H

+
l � ëiâèé ïñåâäîîáåðíåíèé îïåðàòîð äî îïåðà-

òîðà H [10].

Ó öüîìó âèïàäêó iíòåãðî-äèôåðåíöiàëüíå ðiâíÿííÿ ç êåðóâàííÿì (1) áóäå ìàòè ñiì'þ

ðîçâ'ÿçêiâ

z(t) =
[
X1(t), X3(t)

] [ ĉ
c̄

]
+
(
L̃+
1 f
)
(t)+

+
(
L̃+
1 [KΨ ∗]

)
(t)H+

l PN(S∗)f0 + (L̃+
1 P )(t)WS+f0 + S+f0,

ïðè ¹äèíîìó êåðóâàííi

u(s) = −Ψ ∗(s)H+
l PN(S∗)PN(D∗)

b∫
a

N(s)f(s)ds.
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The need to study these equations is related to numerous ones applications of integro-

di�erential equations in mathematics, physics, technology, economy and other �elds. Complexi-

ty the study of integro-di�erential equations is connected with the fact that the integro-

di�erential operator is not solvable everywhere.

There are di�erent approaches to the solution of not everywhere solvable linear operator

equations: weak perturbation of the right-hand side of this equation with further application

of the Vishyk-Lyusternyk method, introduction to system of impulse action, control, etc.

The problem of obtaining coe�cient conditions of solvability and analytical presentation

of general solutions of integro-di�erential equations is a rather di�cult problem, so frequent

solutions will su�ce are obtained by numerical methods.

In this connection, Fredholm's integro-di�erential equations with degenerate kernel and

control in Hilbert spaces no were investigated. Therefore, the task of establishing conditions is

urgent controllability, construction of general solutions in an analytical form and corresponding

general controls of integro-di�erential equations with a degenerate kernel in abstract Hilbert

spaces.

As an intermediate result in the work using the results of pseudoinversion of integral

operators in Hilbert spaces the solvability criterion and the form of general solutions are establi-

shed integro-di�erential equations without control in the abstract Hilbert spaces.

To establish the controllability criterion is not solvable everywhere integro-di�erential equati-

ons with Hilbert control spaces, the general theory of research is not applied everywhere solvable

operator equations. At the same time, they are used signi�cantly orthoprojectors, pseudo-

inverse operators to normally solvable ones operators in Hilbert spaces.

With the use of orthoprojectors, pseudo-inverse operators and pseudoinversion of integral

operators, a criterion is obtained solutions and the general form of solutions of integro-di�erential

equations with a degenerate kernel with control y Hilbert spaces. An image of the general

appearance is obtained control under which these solutions exist.


