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Ïîðîäæóþ÷à ôóíêöiÿ äëÿ ìíîãî÷ëåíiâ Øóðà

Íåõàé sλ(x1, x2, . . . , xn) � ìíîãî÷ëåí Øóðà, ÿêèé iíäåêñó¹òüñÿ ðîçáèòòÿì λ äîâæèíè

íå áiëüøå n. Äëÿ ïîðîäæóþ÷î¨ ôóíêöi¨

Gn(x, t) =
∑
λ

sλ(x1, x2, . . . , xn)t
λ1
1 tλ2

2 · · · tλn
n ,

îá÷èñëåíî ¨¨ ÿâíèé âèãëÿä äëÿ n = 2, 3 i çíàéäåíî ðåêóðåíòíå ñïiââiäíîøåííÿ äëÿ äîâiëü-

íîãî n. Äîâåäåíî, ùî Gn(x, t) ¹ ðàöiîíàëüíèì äðîáîì

Gn(x, t) =
P (x, t)

Q(x, t)
,

÷èñåëüíèê i çíàìåííèê ÿêîãî íàëåæàòü ÿäðó äèôåðåíöiàëüíîãî îïåðàòîðà

Dn =

n∑
i=1

xi
∂

∂xi
−

n∑
i=1

ti
∂

∂ti
.

Äëÿ ÷èñåëüíèêà P (x, t) çíàéäåíà éîãî ñïåöiàëiçàöiÿ ïðè t1 = t2 = · · · = tn = 1.
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Âñòóï

Íåõàé sλ(x1, x2, . . . , xn) � ìíîãî÷ëåí Øóðà, ÿêèé iíäåêñó¹òüñÿ ðîçáèòòÿì λ äîâæèíè

íå áiëüøå n. Ìíîãî÷ëåíè Øóðà ¹ ñèìåòðè÷íèìè ìíîãî÷ëåíàìè, ÿêi çíàéøëè øèðî-

êå çàñòîñóâàííÿ â òåîði¨ çîáðàæåíü ãðóï, àëãåáðà¨÷íié êîìáiíàòîðèöi òà â òåîðåòè÷íié

ôiçèöi. Âïåðøå âîíè ðîçãëÿäàëèñÿ ùå Êîøi òà ßêîái, à ¨õí¹ îñíîâíå çàñòîñóâàííÿ â

òåîði¨ çîáðàæåíü ñèìåòðè÷íî¨ ãðóïè ç'ÿâèëèñÿ çíà÷íî ïiçíiøå â äèñåðòàöi¨ Øóðà [8].

Ìíîãî÷ëåíè Øóðà ¹ õàðàêòåðàìè íåçâiäíèõ çîáðàæåíü ïîâíî¨ ìàòðè÷íî¨ ãðóïè, à ¨õíÿ

ñïåöiàëiçàöiÿ ¹ õàðàêòåðàìè ñïåöiàëüíî¨ ëiíiéíî¨ ãðóïè, äèâ. [2]. Îäíi¹þ iç âiäêðèòèõ

ïðîáëåì â òåîði¨ çîáðàæåíü êëàñè÷íèõ ãðóï ¹ çíàõîäæåííÿ ïîðîäæóþ÷î¨ ôóíêöi¨ äëÿ
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õàðàêòåðiâ çîáðàæåíü òàêèõ ãðóï, äèâ. [7], [1], [9],[5], [6], çîêðåìà äëÿ ñïåöiàëüíî¨ ëiíié-

íî¨ ãðóïè SL(n,C). Îñêiëüêè äëÿ öi¹¨ ãðóïè ¨¨ õàðàêòåðè ¹ ñïåöiàëiçàöi¹þ ìíîãî÷ëåíiâ

Øóðà, òî âèêëèêà¹ iíòåðåñ çíàõîäæåííÿ ïîðîäæóþ÷î¨ ôóíêöi¨

Gn(x, t) =
∑
λ

sλ(x1, x2, . . . , xn)tλ11 t
λ2
2 · · · tλnn ,

ìíîãî÷ëåíiâ Øóðà. Òàêà ôóíêöiÿ áóëà îïèñàíà Ñòåíëi [9], ùîïðàâäà â ñóòî êîìáiíàòîð-

íèõ òåðìiíàõ çñóíóòèõ òàáëèöü Þíãà, ùî âèÿâèëîñÿ íå çîâñiì çðó÷íî ç îá÷èñëþâàëüíî¨

òî÷êè çîðó.

Â öié ñòàòòi îá÷èñëåíî ÿâíèé âèãëÿä ïîðîäæóþ÷î¨ ôóíêöi¨ äëÿ n = 2, 3 ó âèãëÿ-

äi âèçíà÷íèêiâ, à äëÿ äîâiëüíîãî n çíàéäåíî ðåêóðåíòíå ñïiââiäíîøåííÿ, ÿêå âèðàæà¹

ïîðîäæóþ ôóíêöiþ Gn(x, t) ÷åðåç ïîðîäæóþ÷ó ôóíêöiþ âiä ìåíøî¨ êiëüêîñòi çìiííèõ,

ùî äîçâîëÿ¹ îðãàíiçóâàòè åôåêòèâíèé îá÷èñëþâàëüíèé ïðîöåñ. Òàêîæ äîâåäåíî, ùî

÷èñåëüíèê i çíàìåííèê ïîðîäæóþ÷î¨ ôóíêöi¨ ¹ ðîçâ'ÿçêàìè äåÿêîãî äèôåðåíöiàëüíîãî

ðiâíÿííÿ. Âñòàíîâëåíî ÿâíèé âèãëÿä çíàìåííèêà òà çíàéäåíî ñïåöiàëiçàöiþ ÷èñåëüíèêà

ïîðîäæóþ÷î¨ ôóíêöi¨ ïðè t1 = t2 = · · · = tn = 1.

1 Ìíîãî÷ëåíè Øóðà

Ðîçãëÿíåìî êiëüöå Z[x1, x2, . . . , xn] ìíîãî÷ëåíiâ âiä n çìiííèõ ç öiëèìè êîåôiöi¹íòà-

ìè. Ñèìåòðè÷íà ãðóïà Sn äi¹ íà öüîìó êiëüöi ïåðåñòàíîâêàìè çìiííèõ:

ω ◦ f(x1, x2, . . . , xn) = f(xω(1), xω(2), . . . , xω(n)), ω ∈ Sn.

Ìíîãî÷ëåíè, ÿêi íå çìiíþþòüñÿ ïðè öié äi¨, íàçèâàþòüñÿ ñèìåòðè÷íèìè ìíîãî÷ëå-

íàìè i óòâîðþþòü ïiäêiëüöå

Λn = Z[x1, x2, . . . , xn]Sn ,

â Z[x1, x2, . . . , xn], ÿêå íàçèâà¹òüñÿ êiëüöåì ñèìåòðè÷íèõ ìíîãî÷ëåíiâ.

Íàéïðîñòiøèì ïðèêëàäîì ñèìåòðè÷íèõ ìíîãî÷ëåíiâ ¹ ñóìè âñiõ ìîæëèâèõ äîáóòêiâ

çìiííèõ ôiêñîâàíî¨ äîâæèíè

er =
∑

i1<i2<···<ir

xi1xi2 · · · xir , 0 ≤ r ≤ n, e0 = 1,

ÿêi íàçèâàþòüñÿ åëåìåíòàðíèìè ñèìåòðè÷íèìè ìíîãî÷ëåíàìè.

Åëåìåíòàðíi ñèìåòðè÷íi ìíîãî÷ëåíè ìàþòü ïîðîäæóþ÷ó ôóíêöiþ

E(t) =
n∑
r=0

ert
r =

n∏
i=1

(1 + xit),

i ¹ áàçèñîì êiëüöÿ ñèìåòðè÷íèõ ìíîãî÷ëåíiâ Λn.

Ìíîãî÷ëåíè f , ÿêi ïðè äi¨ ïåðåñòàíîâêè çìiíþþòüñÿ çà ïðàâèëîì ω ◦ f = (−1)|ω|f ,

äå |ω| � ïàðíiñòü ïåðåñòàíîâêè ω, íàçèâàþòüñÿ êîñîñèìåòðè÷íèìè ìíîãî÷ëåíàìè. Àí-

òèñèìåòðèçàòîðè ìîíîìiâ x
µ = xµ11 x

µ2
2 · · ·xµnn :

∆µ =
∑
ω∈Sn

(−1)|ω|ω(xµ) =
∑
ω∈Sn

(−1)|ω|xµ1ω(1)x
µ2
ω(2) · · ·x

µn
ω(n)
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óòâîðþþòü áàçèñ Z-ìîäóëÿ êîñîñèìåòðè÷íèõ ìíîãî÷ëåíiâ. Ìíîãî÷ëåí ∆µ ìîæíà çàïè-

ñàòè ó âèãëÿäi âèçíà÷íèêà

∆µ = det(x
µj
i )1≤i,j≤n =

∣∣∣∣∣∣∣∣∣
xµ11 xµ12 . . . xµ1n
xµ21 xµ22 . . . xµ2n
. . . . . . . . . . . . . . . . . .

xµn1 xµn2 . . . xµnn

∣∣∣∣∣∣∣∣∣ .
Çîêðåìà, ïðè δn = (n− 1, n− 2, . . . , 1, 0) îòðèìó¹ìî âèçíà÷íèê Âàíäåðìîíäà

∆δn = det(xn−ji )1≤i,j≤n =

∣∣∣∣∣∣∣∣∣∣∣

xn−11 xn−12 . . . xn−1n

xn−21 xn−22 . . . xn−2n

. . . . . . . . . . . . . . . . . . . . .

x1 x2 . . . xn
1 1 . . . 1

∣∣∣∣∣∣∣∣∣∣∣
=
∏
i<j

(xi − xj).

ßêùî â íàáîði µ ïðèñóòíi äâi îäíàêîâèõ êîìïîíåíòè, òî òîäi ìíîãî÷ëåí ∆µ ðiâíèé

íóëþ. Òîìó äëÿ íåíóëüîâèõ ìíîãî÷ëåíiâ ìîæíà ââàæàòè ùî, µ1 > µ2 > · · · > µn ≥ 0.

Îòæå, íàáið µ ìîæíà ïîäàòè ó âèãëÿäi ñóìè µ = λ+δn, äå íàáið λ âæå áóäå ðîçáèòòÿì

λ1 ≥ λ2 ≥ · · · ≥ λn ≥ 0.

Ñèìåòðè÷íèé ìíîãî÷ëåí Øóðà sλ(x) = sλ(x1, x2, . . . , xn), ÿêèé âiäïîâiäà¹ ðîçáèòòþ

λ, âèçíà÷à¹òüñÿ ÿê âiäíîøåííÿ äâîõ êîñîñèìåòðè÷íèõ ìíîãî÷ëåíiâ

sλ(x1, x2, . . . , xn) =
∆λ+δn

∆δn

.

Íàâåäåìî ïðèêëàäè ìíîãî÷ëåíiâ Øóðà:

s(1,1)(x1, x2, x3) = x1 + x2 + x3,

s(1,1,1)(x1, x2, x3) = x1x2 + x1x3 + x2x3,

s(2,1)(x1, x2, x3) = (x2 + x3) (x1 + x3) (x1 + x2) .

ßêùî λ ïðîáiãà¹ âñi ðîçáèòòÿ äîâæèíè íå áiëüøå n, òî âiäïîâiäíi ìíîãî÷ëåíè Øóðà

óòâîðþþòü áàçèñ êiëüöÿ Λn.

Ìíîãî÷ëåíè Øóðà ¹ óçàãàëüíåííÿì âñiõ iíøèõ âiäîìèõ áàçèñiâ Λn, íàïðèêëàä ó

âèïàäêó ðîçáèòòÿ λ = (1, 1, . . . , 1︸ ︷︷ ︸
k îäèíèöü

) îòðèìóþòüñÿ åëåìåíòàðíi ñèìåòðè÷íi ìíîãî÷ëåíè

s(1,1,...,1)(x1, x2, . . . , xn) = ek(x1, x2, . . . , xn).

2 Ïîðîäæóþ÷à ôóíêöiÿ äëÿ ìíîãî÷ëåíiâ Øóðà

Íàâåäåíå íàìè âèçíà÷åííÿ ìíîãî÷ëåíiâ Øóðà ÿê ÷àñòêè äâîõ âèçíà÷íèêiâ ìà¹ ñåð-

éîçíèé íåäîëiê � ó çàãàëüíîìó âèïàäêó âîíî íå äîçâîëÿ¹ çàïèñàòè öi ìíîãî÷ëåíè ÿâíî.

Â ðåçóëüòàòi ïðàöþâàòè ç ìíîãî÷ëåíàìè Øóðà äîñèòü âàæêî, i iñíó¹ áàãàòî âiäêðèòèõ

ïðîáëåì ïîâ'ÿçàíèõ ç íèìè. Îäíi¹þ ç òàêèõ ïðîáëåì ¹ çàäà÷à âèçíà÷åííÿ ïîðîäæó÷î¨

ôóíêöi¨

Gn(x, t) =
∑
λ

sλ(x1, x2, . . . , xn)tλ11 t
λ2
2 · · · tλnn =

∑
λ

sλ(x)tλ,
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äå λ ïðîáiãà¹ âñi ðîçáèòòÿ äîâæèíè íå áiëüøå çà n.

Âïåðøå êîìáiíàòîðíèõ âèðàç äëÿ Gn(x, t) áóâ îòðèìàíèé â [9] â òåðìiíàõ çñóíóòèõ

òàáëèöü Þíãà. Ïiçíiøå iíøèé êîìáiíàòîðíèé âèðàç äëÿ ïîðîäæóþ÷î¨ áóëî îòðèìàíî

â [1]. Âñi öi âèðàçè ¹ ãðîìiçäêèìè, i ÿâíî âèïèñàíi ëèøå äëÿ n ≤ 5. Ìè ïðîïîíó¹ìî

åôåêòèâíó ðåêóðåíòíó ôîðìóëó äëÿ îá÷èñëåííÿ ïîðîäæóþ÷î¨ ôóíêöi¨.

Ñïî÷àòêó ðîçãëÿíåìî âèïàäêè n = 2 i n = 3. Ìà¹ ìiñöå íàñòóïíà òåîðåìà

Òåîðåìà 1. Ïîðîäæóþ÷i ôóíêöi¨ äëÿ ìíîãî÷ëåíiâØóðà âiä äâîõ i òðüîõ çìiííèõ ìàþòü

òàêèé âèãëÿä

(i) G2(x1, x2, t1, t2) =
1

(1− x1t1)(1− x2t1)(1− x1x2t1t2)
,

(ii) G3(x, t)=
(1−t21t2x1x2x3) (1−x1x2x3t1t2t3)−1

(1−x1t1)(1−x1x2t1t2)(1−x1x3t1t2)(1−x2t1)(1−x3t1)(1−x2x3t1t2)
.

Äîâåäåííÿ. (i) Êîæíå ðîçáèòòÿ λ äîâæèíè 2 ìîæíà ïîäàòè ó âèãëÿäi λ = (a+b, b), äå a, b

ïðîáiãàþòü âñþ ìíîæèíó íàòóðàëüíèõ ÷èñåë. Òîäi, âíîñÿ÷è ñóìè ïiä çíàê âèçíà÷íèêà,

îòðèìà¹ìî

G2(x1, x2, t1, t2) =
∞∑

a,b=0

s(a+b,b)(x1, x2)t
a+b
1 tb2 =

1

x1 − x2

∞∑
a,b=0

∣∣∣∣xa+b+1
1 xa+b+1

2

xb1 xb2

∣∣∣∣ ta+b1 tb2 =

=
1

x1 − x2

∞∑
a,b=0

∣∣∣∣xa+1
1 xa+1

2

1 1

∣∣∣∣ (x1x2t1t2)bta1 =
1

x1 − x2

∞∑
a,b=0

∣∣∣∣ xa+1
1 xa+1

2

(x1x2t1t2)
b (x1x2t1t2)

b

∣∣∣∣ ta1 =

=
1

x1 − x2

∞∑
a,b=0

∣∣∣∣ xa+1
1 ta1 xa+1

2 ta1
(x1x2t1t2)

b (x1x2t1t2)
b

∣∣∣∣ =
1

x1 − x2

∣∣∣∣∣∣∣∣∣
∞∑
a=0

xa+1
1 ta1

∞∑
a=0

xa+1
2 ta1

∞∑
b=0

(x1x2t1t2)
b

∞∑
b=0

(x1x2t1t2)
b

∣∣∣∣∣∣∣∣∣ =

=
1

x1 − x2

∣∣∣∣∣∣∣
x1

1− x1t1
x2

1− x2t1
1

1− x1x2t1t2
1

1− x1x2t1t2

∣∣∣∣∣∣∣ =
1

(1− x1t1)(1− x2t1)(1− x1x2t1t2)
.

Ïðè îá÷èñëåííÿõ ìè âèêîðèñòàëè åëåìåíòàðíi âëàñòèâîñòi âèçíà÷íèêiâ òà ôîðìóëó

äëÿ ôîðìàëüíî¨ ñóìè ãåîìåòðè÷íî¨ ïðîãðåñi¨.

(ii) Êîæíå ðîçáèòòÿ äîâæèíè 3 ìîæíà ïîäàòè ó âèãëÿäi λ = (a+ b+ c, b+ c, c), äå a, b, c

ïðîáiãàþòü âñþ ìíîæèíó íàòóðàëüíèõ ÷èñåë. Òîìó

G3(x, t) =
∑
λ

sλ(x1, x2, x3)t
λ1
1 t

λ2
2 t

λ3
3 =

∞∑
a,b,c=0

sa+b+c,b+c,c(x1, x2, x3)t
a+b+c
1 tb+c2 tc3 =

=
1

(x1 − x2)(x2 − x3)(x1 − x3)

∞∑
a,b,c=0

∣∣∣∣∣∣∣∣
x1

a+b+c+2 x2
a+b+c+2 x3

a+b+c+2

x1
b+c+1 x2

b+c+1 x3
b+c+1

xc1 xc2 xc3

∣∣∣∣∣∣∣∣ t
a+b+c
1 tb+c2 tc3.
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Ïîêëàäåìî

S3 =
∞∑
c=0

(x1x2x3t1t2t3)
c =

1

1− x1x2x3t1t2t3
,

i îá÷èñëèìî îêðåìî ñóìó

S =
∞∑

a,b,c=0

∣∣∣∣∣∣∣∣
x1

a+b+c+2 x2
a+b+c+2 x3

a+b+c+2

x1
b+c+1 x2

b+c+1 x3
b+c+1

xc1 xc2 xc3

∣∣∣∣∣∣∣∣ t
a+b+c
1 tb+c2 tc3.

Âèíiñøè xc1, x
c
2, x

c
3 ç âiäïîâiäíèõ ñòîâï÷èêiâ âèçíà÷íèêà, îòðèìà¹ìî

S =
∞∑

a,b,c=0

∣∣∣∣∣∣∣∣
x1

a+b+2 x2
a+b+2 x3

a+b+2

x1
b+1 x2

b+1 x3
b+1

1 1 1

∣∣∣∣∣∣∣∣ (x1x2x3t1t2t3)
cta+b1 tb2 =

= S3

∞∑
a,b=0

∣∣∣∣∣∣
x1

a+b+2ta1 x2
a+b+2ta1 x3

a+b+2ta1
x1

b+1 x2
b+1 x3

b+1

1 1 1

∣∣∣∣∣∣ (t1t2)b =

= S3

∞∑
b=0

∣∣∣∣∣∣∣∣∣
xb+2
1

1− x1t1
xb+2
2

1− x2t1
xb+2
3

1− x3t1
x1

b+1 x2
b+1 x3

b+1

1 1 1

∣∣∣∣∣∣∣∣∣ (t1t2)
b =

= S3

∞∑
b=0

∣∣∣∣∣∣∣∣
x21

1− x1t1
x22

1− x2t1
x23

1− x3t1
x1 x2 x3
x−b1 x−b2 x−b3

∣∣∣∣∣∣∣∣ (x1x2x3t1t2)
b =

= S3

∞∑
b=0

∣∣∣∣∣∣∣∣
x21

1− x1t1
x22

1− x2t1
x23

1− x3t1
x1 x2 x3

(x2x3t1t2)
b (x1x3t1t2)

b (x1x2t1t2)
b

∣∣∣∣∣∣∣∣ = S3

∣∣∣∣∣∣∣∣∣
x21

1− x1t1
x22

1− x2t1
x23

1− x3t1
x1 x2 x3
1

1− x2x3t1t2
1

1− x1x3t1t2
1

1− x1x2t1t2

∣∣∣∣∣∣∣∣∣ .
Ðîçêðèâøè âèçíà÷íèê, ïiñëÿ ñïðîùåíü çíàõîäèìî

S =
(1−t21t2x1x2x3)(x1 − x2)(x1 − x3)(x2 − x3)

(1−x1t1)(1−x1x2t1t2)(1−x1x3t1t2)(1−x2t1)(1−x3t1)(1−x2x3t1t2)(1−x1x2x3t1t2t3)
,

çâiäêè çðàçó ñëiäó¹ ïîòðiáíèé âèðàç äëÿ G3(x, t).

Äëÿ n > 3 òàêèé ïiäõiä íå äîçâîëÿ¹ âiäîêðåìèòè ñóìè äëÿ êîæíîãî iíäåêñó ñóìóâà-

ííÿ i òàêà òåõíiêà âæå íå ïðèâîäèòü äî áàæàíî¨ çàìêíóòî¨ ôîðìóëè. Òèì íå ìåíøå, ìè

ìîæåìî îòðèìàòè ðåêóðåíòíå ñïiââiäíîøåííÿ, ÿêå ìè ïîòiì óçàãàëüíèìî äëÿ äîâiëüíîãî

n.

Ìà¹ ìiñöå íàñòóïíà òåîðåìà, ÿêà âèðàæà¹ ïîðîäæóþ÷ó ôóíêöiþ G4(x, t) ÷åðåç ïî-

ðîäæóþ÷i ôóíêöi¨ âiä ìåíøîãî ÷èñëà çìiííèõ:



46 Áåäðàòþê Ë.Ï.

Òåîðåìà 2.

G4(x, t)=
1

1− x1x2x3x4t1t2t4

( x1x3x4G3(x̂2, t̂4)

(x1 − x2)(x2 − x3)(x2 − x4)
− x1x2x4G3(x̂3, t̂4)

(x1 − x3)(x2 − x3)(x3 − x4)
+

+
x1x2x3G3(x̂4, t̂4)

(x1 − x4)(x2 − x4)(x3 − x4)
− x2x3x4G3(x̂1, t̂4)

(x1 − x2)(x1 − x3)(x1 − x4)

)
,

äå x̂i, t̂4 � íàáîðè ñèìâîëiâ x1, x2, x3, x4 i t1, t2, t3, t4 â ÿêèõ âiäñóòíi xi i t4 âiäïîâiäíî.

Äîâåäåííÿ. Äëÿ λ = (a+ b+ c+ d, b+ c+ d, c+ d, d) çíàõîäèìî

∆λ+δ4 =

∣∣∣∣∣∣∣∣∣∣∣

x1
a+b+c+d+3 x2

a+b+c+d+3 x3
a+b+c+d+3 x4

a+b+c+d+3

x1
b+c+d+2 x2

b+c+d+2 x3
b+c+d+2 x4

b+c+d+2

x1
c+d+1 x2

c+d+1 x3
c+d+1 x4

c+d+1

xd1 xd2 xd3 xd4

∣∣∣∣∣∣∣∣∣∣∣
=

=

∣∣∣∣∣∣∣∣∣∣∣

x1
a+b+c+3 x2

a+b+c+3 x3
a+b+c+3 x4

a+b+c+3

x1
b+c+2 x2

b+c+2 x3
b+c+2 x4

b+c+2

x1
c+1 x2

c+1 x3
c+1 x4

c+1

1 1 1 1

∣∣∣∣∣∣∣∣∣∣∣
(x1x2x3x4)

d =

= (−x2x3x4A(x2, x3, x4) + x1x3x4A(x1, x3, x4)−
−x1x2x4A(x1, x2, x4) + x1x2x3A(x1, x2, x3))(x1x2x3x4)

d.

Òóò ìè ðîçêëàëè âèçíà÷íèê çà îñòàííiì ðÿäêîì i ïîêëàëè

A(x, y, z) =

∣∣∣∣∣∣∣∣
xa+b+c+2 ya+b+c+2 za+b+c+2

xb+c+1 yb+c+1 zb+c+1

xc yc zc

∣∣∣∣∣∣∣∣
Ç òåîðåìè 3 âèïëèâà¹, ùî

∞∑
a,b,c=0

A(x, y, z)ta+b+c1 tb+c2 tc3 = S3(x, y, z) = (x− y)(x− z)(y − z)G3(x, y, z, t1, t2, t3).

Òîìó

∞∑
a,b,c,d=0

∆λ+δ4t
a+b+c
1 tb+c2 tc3 =

1

1− x1x2x3x4t1t2t4

(
x1x3x4S3(x1, x3, x4)− x1x2x4S3(x1, x2, x4)+

+x1x2x3S3(x1, x2, x3)− x2x3x4S3(x2, x3, x4)
)

Ïîäiëèâøè öåé âèðàç íà âèçíà÷íèê Âàíäåðìîíäà ∆δ4 îòðèìà¹ìî òâåðäæåííÿ òåîðå-

ìè.
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Â çàãàëüíîìó âèïàäêó, àíàëîãi÷íî äîâîäèòüñÿ íàñòóïíà òåîðåìà, ÿêà âèçíà÷à¹ ðå-

êóðåíòíå ðiâíÿííÿ, ùî ïîâ'ÿçó¹ ïîðîäæóþ÷ó ôóíêöiþ äëÿ ìíîãî÷ëåíiâ Øóðà âiä n

çìiííèõ ç ïîðîäæóþ÷èìè ôóíêöiÿìè äëÿ ìíîãî÷ëåíiâ Øóðà âiä n− 1 çìiííî¨:

Òåîðåìà 3. Ïîðîäæóþ÷à ôóíêöiÿ äëÿ ìíîãî÷ëåíiâ Øóðà sλ(x) ìà¹ âèãëÿä

Gn(x, t)=
1

1−
n∏
i=1

xiti

n∑
i=1

(−1)n+i

Gn−1(x̂i, t̂n)
n∏
j=1
j 6=i

xj

i−1∏
j=1

(xi − xj)
n∏

j=i+1

(xj − xi)
,

äå x̂i, t̂i � íàáîðè ñèìâîëiâ x1, x2, . . . , xn i t1, t2, . . . , tn â ÿêèõ âiäñóòíi xi i tn âiäïîâiäíî.

3 ×èñåëüíèê òà çíàìåííèê ïîðîäæóþ÷î¨ ôóíêöi¨

Ç Òåîðåìè 3 âèïëèâà¹, ùî Gn(x, t) ¹ ðàöiîíàëüíîþ ôóíêöi¹þ. Âèâ÷èìî âëàñòèâîñòi

öi¹¨ ôóíêöi¨. Íàñòóïíà òåîðåìà âñòàíîâëþ¹ ÿâíèé âèãëÿä äèôåðåíöiàëüíîãî ðiâíÿííÿ â

÷àñòèííèõ ïîõiäíèõ, ÿêîìó çàäîâîëüíÿ¹ Gn(x, t)

Òåîðåìà 4. Äëÿ äèôåðåíöiàëüíîãî îïåðàòîðà

Dn =
n∑
i=1

xi
∂

∂xi
−

n∑
i=1

ti
∂

∂ti
.

âèêîíó¹òüñÿ Dn (Gn(x, t)) = 0.

Äîâåäåííÿ. Ñïî÷àòêó ïîêàæåìî, ùî êîæåí ìíîãî÷ëåí Øóðà sλ(x) ¹ îäíîðiäíèì ìíî-

ãî÷ëåíîì ñòåïåíÿ λ1 + λ2 + · · ·+ λn. Ñïðàâäi, ïðè ðîçêðèòòi âèçíà÷íèêà

∆λ+δn =

∣∣∣∣∣∣∣∣∣∣∣

xλ1+n−11 xλ1+n−12 . . . xλ1+n−1n

xλ2+n−21 xλ2+n−22 . . . xλ2+n−2n

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

x
λn−1+1
1 x

λn−1+1
2 . . . xλn−1+1

n

xλn1 xλn2 . . . xλnn

∣∣∣∣∣∣∣∣∣∣∣
ÿêèé çíàõîäèòüñÿ â ÷èñåëüíèêó sλ(x), îòðèìà¹ìî ñóìó ìîíîìiâ, êîæåí ç ÿêèõ ¹ äîáó-

òêîì åëåìåíòiâ âèçíà÷íèêà ÿêi çíàõîäÿòüñÿ â ðiçíèõ ñòîâï÷èêàõ i ðÿäêàõ. Òîìó çàãàëüíi

ñòåïåíi âñiõ òàêèõ ìîíîìiâ ðiâíi

λ1 + λ2 + · · ·+ λn + 1 + 2 + · · ·+ (n− 1).

Ç iíøîãî áîêó, â ÷èñåëüíèêó äðîáó çíàõîäèòüñÿ âèçíà÷íèê Âàíäåìîíäà, ÿêèé ¹ îäíîði-

äíèì ìíîãî÷ëåíîì i ñêëàäà¹òüñÿ ç ìîíîìiâ çàãàëüíîãî ñòåïåíÿ

1 + 2 + · · ·+ (n− 1).
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Îñêiëüêè ÷èñåëüíèê äiëèòüñÿ áåç îñòà÷i íà çíàìåííèê òî ìíîãî÷ëåí Øóðà ¹ îäíîðiäíèì

ìíîãî÷ëåíîì ñòåïåíÿ λ1 + λ2 + · · · + λn. Òîäi, ç òåîðåìè Åéëåðà ïðî îäíîðiäíi ôóíêöi¨

âèïëèâà¹, ùî (
n∑
i=1

xi
∂

∂xi

)
sλ(x) = (λ1 + λ2 + · · ·+ λn)sλ(x).

Âðàõîâóþ÷è î÷åâèäíå ñïiââiäíîøåííÿ(
n∑
i=1

ti
∂

∂ti

)
tλ = (λ1 + λ2 + · · ·+ λn)tλ,

îòðèìó¹ìî ïîòðiáíèé ðåçóëüòàò

Dn (Gn(x, t)) = Dn

(∑
λ

sλ(x)tλ

)
=
∑
λ

(Dn(sλ(x))tλ + sλ(x)Dn(tλ)) =

=
∑
λ

(
n∑
i=1

xi
∂

∂xi

)
sλ(x)tλ −

∑
λ

sλ(x)

(
n∑
i=1

ti
∂

∂ti

)
tλ = 0.

Ãîëîâíîþ òåõíi÷íîþ ïðîáëåìîþ â îïèñi ïîðîäæóþ÷î¨ ôóíêöi¨ Gn(x, t) ¹ çíàõîäæåí-

íÿ ÿâíîãî âèãëÿäó ÷èñåëüíèêà öüîãî äðîáó. Â íàñòóïíié òåîðåìi ìè ïîêàçó¹ìî, ùî ÷è-

ñåëüíèê çàäîâîëüíÿ¹ òîìó æ äèôåðåíöiàëüíîìó ðiâíÿííþ ùî i ïîðîäæóþ÷à ôóíêöiÿ,

à òàêîæ çíàõîäèìî çíà÷åííÿ ÷èñåëüíèêà ïðè t = 1.

Òåîðåìà 5. Íåõàé

Gn(x, t) =
P (x, t)

Q(x, t)

Òîäi âèêîíó¹òüñÿ,

(i) Dn(Qn(x, t)) = 0 i Dn(Pn(x, t)) = 0;

(ii) Pn(x, 1, 1, . . . , 1) =
n∏
i=3

Qi(x, 1, 1, . . . , 1).

Äîâåäåííÿ. (i) Ç Òåîðåìè 3 âèïëèâà¹, ùî çíàìåííèê Q(x, t) ìà¹ âèãëÿä

Q(x, t) =
n∏
i=1

Qi(x, t)

äå

Q1(x, t) =
n∏
i=1

(1− xit1),

Q2(x, t) =
∏

1≤i1<i2≤n

(1− xi1xi2t1t2),

. . .

Qn(x, t) = 1− x1x2 · · ·xnt1t2 · · · tn
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Â ìíîãî÷ëåíà Qi(x, t) êîæåí ñïiâìíîæíèê ¹ îäíîðiäíèì ìíîãî÷ëåíîì îäíàêîâîãî

ñòåïåíÿ âiäíîñíî íàáîðiâ çìiííèõ x i t. Òîìó êîæåí òàêèé ñïiâìíîæíèê îïåðàòîð Dn
ïåðåòâîðþ¹ â íóëü, à îòæå i Dn(Qi(x, t)) = 0 äëÿ âñiõ i = 1, 2, . . . , n. Çâiäñè çðàçó

âèïëèâà¹, ùî Dn(Q(x, t)) = 0.

Îñêiëüêè

0 = Dn
(
P (x, t)

Q(x, t)

)
=
Dn(P (x, t))Q(x, t)− P (x, t)DnQ(x, t))

Q(x, t)2
=
Dn(P (x, t))

Q(x, t)
,

òî Dn(P (x, t)) = 0.

(ii) Õî÷à ÿâíèé âèãëÿä ïîðîäæóþ÷î¨ ôóíêöi¨ Gn(x, t) ïîêè ùî íåâiäîìèé, ïðîòå ¨¨ ñïå-

öiàëiçàöiÿ t1 = t2 = · · · = tn = 1 ìà¹ äîñèòü ïðîñòèé âèðàç

∑
λ

sλ(x) =
n∏
i=1

1

(1− xi)
∏

1≤i<j≤n

1

(1− xixj)
,

ÿêèé íàçèâà¹òüñÿ òîòîæíiñòþ Ëiòâóäà, äèâ [3], [4].

Â òåðìiíàõ ôóíêöié Qi(x, t) òîòîæíiñòü Ëiòâóäà ïåðåïèøåòüñÿ òàê∑
λ

sλ(x) =
1

Q1(x,1) ·Q2(x,1)
.

Ç iíøîãî áîêó, ∑
λ

sλ(x) =
P (x,1)

Q(x,1)
.

Îòæå
P (x,1)

Q(x,1)
=

1

Q1(x,1) ·Q2(x,1)
,

çâiäêè çðàçó îòðèìó¹ìî íåîáõiäíå òâåðäæåííÿ.
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For the generating function

Gn(x, t) =
∑
λ

sλ(x1, x2, . . . , xn)t
λ1
1 tλ2

2 · · · tλn
n ,

where the Sñhur polynomials sλ(x1, x2, . . . , xn) are indexed by partitions λ of length no more

than n the explicit form for n = 2, 3 is calculated and a recurrent relation for an arbitrary n is

found. It is proved that Gn(x, t) is a rational function

Gn(x, t) =
P (x, t)

Q(x, t)
,

the numerator and denominator of which belong to the kernel of the di�erential operator

Dn =

n∑
i=1

xi
∂

∂xi
−

n∑
i=1

ti
∂

∂ti
.

For the numerator P (x, t) we �nd its specialization at t1 = t2 = · · · = tn = 1.


