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CENTER CONDITIONS FOR A CUBIC DIFFERENTIAL SYSTEM
WITH AN INVARIANT CONIC

We find conditions for a singular point O(0,0) of a center or a focus type to be a center,
in a cubic differential system with one irreducible invariant conic. The presence of a center at
0(0,0) is proved by constructing integrating factors.
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INTRODUCTION

We consider the cubic system of differential equations

T =y+paz,y) +ps(x,y) = Plz,y), 9=—-2+q¢y +aeal@y) =Qy), (1)

where p;(x,y) and ¢;(x,y) are homogeneous polynomials of degree j, j € {2,3} and P(z,y),
Q(z,y) € Rz, y] are coprime polynomials. The origin O(0,0) is a singular point for (1) with
purely imaginary eigenvalues (A; 5 = =£i), i.e. a focus or a center. The goal of this work is
to find verifiable conditions under which O(0,0) is a center.

The problem of distinguishing between a center and a focus (the problem of the center)
is open for general cubic differential systems (1). It is completely solved for: quadratic
systems & = y + po(x,y), ¥ = —x + go(x, y); cubic symmetric systems & = y + p3(z,y), ¥ =
—x + q3(x,y); the Kukles system & =y, ¥ = —x + ¢2(2,y) + ¢3(x, y) and some families of
polynomial systems of higher degree.

The problem of the center was solved in some particular cases of system (1) and for some
families of systems (1) with invariant algebraic curves (see, for example, [2], [3], [4], [5], [10],
[11], [12], [14], [15], [16], [17]).
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1 INVARIANT ALGEBRAIC CURVES

We study the problem of the center for a cubic differential system (1) assuming that the
system has a real irreducible invariant algebraic curve.

Definition 1. An algebraic invariant curve of (1) is the solution set in C? of an equation
®(x,y) = 0, where ® is a polynomial in z,y with complex coefficients such that

dd 0P 0P

— = — P4+ —0= K 2
for some polynomial in x,y, K = K(x,y) with complex coefficients, called the cofactor of
the invariant algebraic curve ®(z,y) = 0.

According to [4] an invariant straight line of system (1) can have the form
C+Az+By=0, A/B,CeC, (A, B)#0
and every irreducible invariant conic has the form
1+ aypz + agy + az® + anzy + agy® =0 (3)

with (ag0, a11, ap2) # 0, aso, a11, age, a1, ao1 € C.
It is known that a singular point O(0,0) is a center for (1) if and only if the system has
a nonconstant analytic first integral [13]

2+ + ) Fi(r,y)=C

k=3

in the neighborhood of O(0,0) or an analytic integrating factor of the form [1]

pla,y) =14 e, y), (4)
k=1
where Fj, and pu; are homogeneous polynomials of degree k.

In [4] the problem of the center was solved for cubic differential systems (1) with: four
invariant straight lines; three invariant straight lines; two invariant straight lines and one
real irreducible invariant conic. In [10], [14] the problem of the center was solved for a
cubic differential system (1) with two parallel invariant straight lines that can be reduced
to a Liénard type system and in [7] it was solved for a cubic system (1) with two invariant
straight lines and one irreducible invariant cubic of the form

.7)2 + y2 + CL301’3 -+ CL21I2y + algng + a03y3 =0. (5)

The center conditions were obtained for a cubic system (1) with: two distinct invariant
straight lines in [6]; one invariant straight line and one invariant cubic of the form (5) in [9];
one irreducible invariant cubic of the form (5) in [8]. The presence of a center in these papers
was proved by using the method of Darboux integrability and the rational reversibility.

The purpose of this work is to obtain the center conditions for a cubic differential system
(1) with an irreducible invariant conic of the form (3) by constructing integrating factors.
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2 CUBIC SYSTEMS WITH ONE INVARIANT CONIC

Let us consider the cubic system (1) in the form

i =y +ar®+ cxy + fy? + ka® + maly + pry? + ry® = P(x,y),
y = —(x+ gz® + dzy + by* + s2® + qzy + nzy? + 1y?) = Q(x,y),

(6)

where P(x,y) and Q(x,y) are coprime polynomials in Rz, y]. The origin O(0, 0) is a singular
point which is a center or a focus (a fine focus) for (6).

Assume that the cubic system (6) has a real invariant conic curve of the form (3). By
rotating the system of coordinates (x — z cos g —ysin,y — xsinp+y cos ¢), we can make
the curve to be

D =1+ ayz + any + az® + agy® = 0, (7)

where (a0, ag2) # 0, (ag0,a10) # 0, (aoz,a01) # 0, a, aoz, aro, an € R.
In this Section we determinate the condition under which the cubic system (6) has an
irreducible invariant conic of the form (7).

Theorem 1. The cubic differential system (6) has an invariant conic of the form (7) if and
only if one of the following six sets of conditions holds

(c1) k= (aaio+aoiai0—gan)/2, | = agrawo+baops — faio, p = (=1)/2, n = (apai, —2fag, +
bagiarg + 2dfag, — 4magy + fai, — 2cfar + 4fm)/(2a01), ¢ = (2gal, — 2aapiaip —
ag ag — 2cal, — dagiaig + 2cdagy — ay + 3ca?y — 2ctarg — 4mayg + 4em)/(2a0;), = 0,
s = (aa}y + (d — 2a)a, + 2adag; — 2acarg + 4am — ad; + (g — ¢)agraio + 2mae )/ (2a01);

(o) k = aayg + agraro — gaor, | = (agraro + bagy — faw)/2, ¢ = (—k)/2, m = (aagiaro +
a(2)1a10 + ga%l — 2dgaog — 2961%0 + 2cgaip — 4nayo + 49”)/(2%0); b = (3da31 - a(?ﬁ -
(aw + 2b -+ c)a01a10 — 2d2a01 — 4TLCL01 — 2da%0 + 2f@%0 -+ ZCdalo + 4dn)/(2a10), S = O,

r = (ba3, + (f — d)agraip — 2bdag; — a3y + (c — 2b)a3, + 2bcayy + 2naio + 4bn)/(2ay);

(c3) k = (=gan)/2, I = (ban)/2, p = [(c = blan]/2, n = [3ad, + (4a — 2d — 4f)ag, +
A(df — af — 2m)ag + 8fm]/(4am), ¢ = (g — 2¢)ag, + 2(cd — ac)agr + 4em]/(2a01),
r = [ao1(2f — ao1)]/4, s = [—ad; + 2(ad — a® + m)ag; + 4am + (d — 3a)al,]/(2a01);

(cs) b=1=0, a = lan(2m — a2, + dap — 2as)]/(4ae2), ¢ = (gagiaez + 2pas)/(2an2),
¢ = (4gagy — gag, a2 +2paoiago) / (4aeeag), f = (ag,aoy — dagyagy —4ao agy +-2a01ao2a20 +
2ragyaso + 4daly) /(4ageasy), k = (—gap1)/2, n = (2a2, — aaps + dagiags — 2ageas +
2ras)/(2ap2), 8 = [as(2m — a2, + dagy + 2a0s — 2a20)]/(2a02);

(c5) k = (aaro+ apraro — gao1)/2, | = (ag1a1o + bagr — fai)/2, m = (2cyaiy — ajy (a2, +7) +
2varo(ag; + aaoy — dag +7) —297%) [ (4yaw), n = (2ag,a3, —vag, — 2faoiaiy+ 2dyae: +
2vaiy+2byaig—2¢yarn—v%)/(47), p = [afy(f —2a0) +ai0a0i (c—b) +7(ao1 —d)]/ (2a10),
q = (a}yao1 — caioao +va10(d—a—2a01) +gvao)/(27), r = (2faoiaio — ag a0 — yaio -
2b7)/(4aro), s = [a10(297 — 2aaoia10 — agyar0 — yai)l/ (47), v = agy — daoa;
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(c6) a = [afpaoiaoz(as — an2) + aiyan ase(gace — ca) + a10ad,as0(anas — agiags + dagy —
fago) + bagyasgl/(alyads), k = [afsaza2ao (a0 — ¢) + a10a8a20(a01a20 — aoraoz +
dagy — fax) + bag aj)/(2a%hady), m = [2cajgany — 2aia0: + ajo(2a5ia02 — agyaz —
2dagi age+ fag asy —4ad, +6ag2a20) +aiy(4gady —bag, aso —Acagaasy) +4aioat azo(aoaz —
ap1aog + dagy — faso) + 4baz a3y]/(2a3,a02), n = [a3ya0e — calqaos + aio(2a, — adyags —
agyazo + dagragy + faorag) + bag(day — agy)l/(2a10a02), p = [afpao(2f — 3am) +
a2ao1aoz(c—2b) +aio(ad; age — adyaso — dad  ape + f a3, azo — 4agr agy +4ag; agaas +4dat, —
4 fagaag)+bagiago(4age—ag, )]/ (2aipa02), ¢ = [afyao2az0(f —3ao)+ajpaoiaoagn(2¢—b)+
2a10a20(ad age — adasy — dad age + fad asn — 2ag1a3, + 2a01agaaz0 + 2dad, — 2 fageas) +
2bagiazy(2a0s — agy)l/(2a}4a), v = [a10(2a02 — agy, + fao) + b(daex — agy)]/(2a10),
I = (agraio +bagr — faw)/2, s = [ajyaaasn(c— ayo) + adyasn(ad ags — a2 asn — dagiags +
faoiasy — 2ad, + 4agsas) + afgasn(4gag, — bad asy — 4cagaaz) + 4aipaoiady(aoiaz —
ap1aoz + dagg — fago) + 4bag, asl/(2a3,ady).-

Proof. By Definition 1, the curve (7) is an invariant conic for system (6) if there exist numbers
C20, C11, Co2, C10, Co1 € R such that

0P 0d
Pz, y)a_ +Qz,y) = oy (z,y)(c207® + crizy + coy” + cr0% + cony).- (8)
Identifying the coefficients of the monomials 2y’ in (8), we find that co; = a9, c10 = —ao1,

_ _ 2 2 _
c20 = (a4 ap1)a10 — gaor, e = ag; — dagr — 2ag2 — aiy + caig + 2as0, co2 = (f — ao1)a1o — bap
and agg, age, a9, agr satisty the following system of equations

Uso = ag0(2k — aayg — agraro + gaor) = 0,
Us) = 2a3, + ago(ad; — dagy — 2apa — aly + cayg — 2m) + 2sagy = 0,
Usz = ago(aoiaio + baor — fay + 2p) — agz(aaig + ag1aio — gaor + 2¢q) = 0,
Uiz = 2a90(r — ag2) + ag2(2a92 — a2, + dagy + a2y — cap — 2n) = 0,
Uos = apz2(ap1aio + bagy — fay —21) =0,
Uso = ag(2a + ag1) — aiy(a + an) + aro(gam + k) — sagr = 0, (9)
Uy = 2ag2(arg — g) + ago(2¢ — 3aig) + a2y (g — 2a10)+
+ a1 (dayo — aarg — q) + aro(afy — caro +m) =0,
Uis = agz(3agr — 2d) + 2as(f — ap1) — ady + dad,+
+ ao1(2ay + baig — cazo — n) + aro(p — faio) = 0,
Uos = a2 (aig +b) — a1 (faro + 1) — aga(ai + 2b) + ra;p = 0.

Let age = 0. Then agy # 0 and the equations U;; =0, ¢ + j = 4 of (9) yield k = (a0 +
ap1d10 — gagl)/Q p= (falo — ap1a10 — ba01)/2 r = 0 QAop = ((I%O — (131 + d(l()l — cayg + 2m)/2
In this case, we express s, ¢,n and [ from the equations U;; =0, i + j = 3 of (9) and obtain
the set of conditions (¢1) for the existence of the invariant conic

2+ 2a107 + 2001y + (afo — agl + dag; — caig + 2m)a:2 =0.

Assume that agy = 0 and let ap2 # 0. Then the equations U;; = 0, i+j = 4 of (9) yield | =
(a01a10+ba01—fa10)/2, q = (ga01—aa10—a01a10)/2, S = 07 Qo2 = (agl—da01—a%0—|—ca10+2n)/2.
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We express r,p,m, k from the equations U;; = 0, i + j = 3 of (9) and obtain the set of
conditions (cy) for the existence of the invariant conic

2 + 2a107 + 2a01y + (a5, — a3y — dagy + cayy + 2n)y® = 0.

Let agpape # 0. In this case, from the equations U;; = 0, i+j = 4 of (9) we find [, &, 5, ¢, n.
Suppose that a;p = 0. Then Uz = b(a2; — 4agz) = 0.

If agy = a2y /4, then r = a1 (2f —ao1)]/4, p = [(c—b)ao1]/2, az = [2m~+(d—a—ag1)ao1]/2-
We get the set of conditions (c3) for the existence of the invariant conic

4+ dagy +2[2m + (d — a — ag)agi)2* + agyy* = 0.

If b= 0 and agy # a}; /4, then we express a, ¢ and f from the equations U;; =0, i+j = 3
of (9). We have the set of conditions (c4) for the existence of the invariant conic

1+ agy + agr® + agey® = 0.

Let agpagearp # 0. In this case, from the equations U;; = 0,7+ j = 3 of (9) we find
r,p, m and Usy = ejes = 0, where e; = (a3, — 4age)as + aa?y, ex = adyage(aage + agrag —
apago) + a%0a01a02(ca20 — gage) + aloa%1a2o(amaoz — ag1az — dagy + fag) — baélago.

If e; = 0, then agy = (aga?y)/(4ag2 — ad;). We obtain the set of conditions (cs) for the

existence of the invariant conic
(4apy — ad))(1 + a1or + apry + aney?) + agai,r® = 0.

If e = 0 and e; # 0, then express a from the equation e; = 0. In this case we get the
set of conditions (cg) for the existence of the invariant conic

1+ a107 + a1y + axr® + agey® = 0.

3 CUBIC SYSTEMS WITH AN INTEGRATING FACTOR

Let the cubic system (6) have an irreducible invariant conic, i.e. at least one set of the
conditions from Theorem 1 holds. In this section we find the center conditions for cubic
system (6) with one invariant conic by constructing integrating factors of the form

1 1

H=pn (1 + a0z + a1y + azx? + agy?)" 1)

where h is a real parameter.
According to [4] the function (10) is an integrating factor for system (6) if and only if
the following identity holds

0 0 orP 0
P(w,y)a—ngQ(x,y)a—ZvLu(%vLa—f) = 0. (11)

The identity (11) will be be used in finding integrating factors for cubic differential system
(6) with an invariant conic (7).



CENTER CONDITIONS FOR A CUBIC DIFFERENTIAL SYSTEM WITH AN INVARIANT CONIC 27

Theorem 2. The cubic system (6) has an integrating factor of the form (10) if and only if
one of the following sixteen sets of conditions holds

(i) g =[49k—a(28—"7a)|/(70), k = (2af —Taa+T7g5)/49, | = —2p, n = [98(afB —bfa —
mB)+7(6fa*—baB—49fm—>5f5%)+2a26]/(498), p = (TbB—Tfa—2a3)/49, ¢ = —4k,
s = [49(2a*B — 2aba — a2 + mB — Tam) + Ta(6ac + 2b5 — g — aff) + 55°%]/(495),
196 f (a8 —ba) +7(TmpB —20af —98fm+12fa* —10f5?) +4a?8=0,r =0, a = 2b—c,
B=2a—d, h="17/2;

(ii) a = (383 +a?B—250fas —25Bas+10fa?)/(106%), b = [a(5f +28)]/(58), d = 2a— 3,
c=[a(10f—B)]/(58), k = [(10f+B)(25aa —a3)+33(10g+a)] /(508?), | = p =r = 0,
m = (—10fag)/B, n = (15fax)/B, ¢ = —2k, s = (6250 fa3, + 6255a3, — 500 faasy —
5002 Bagy — 2583ag + 10fa* — 10gaB® + o — a?53)/(508%), h = 5/2;

(iii) b = [a(fh + B)]/(hB), ¢ = [a(2fh — hB +2B)|/(hB), d = 2a — 3, g = [a(3ahB? —
2fhal + ha®B — hB — 3a26))/(h5"), k = (gh — aha + aB)/(2h?), 1 = p = r = 0,
m = [2ah3*+2a50h? B2 fha’+a?B(h—3)+5*(1—h)|/(2h?B), n = (—2as fh—2mp) /B,
q = [(hB —2fh — 3B)(4ah?ay — 3a®) + 3aB%(hS — 2ah — B)]|/(2R*B?), s = [a*(2fh —
hB+383) +a?B(hB — 2ah — B) + 2a20h*B*(8 — 2ah)] /(2h*8%), 2a00h?(hB —2fh —3B) +
02(98 — 212 + 6. + W28 — 6hB) + B2(2ah? — 6ah — h2B + 4h — 38) = 0:

(iv) f=[491—B(2a —Tb)]/(2a), k = [2(2af — Taa+ Tgp)] /49, | = (2af8 — TbE + Tfa) /49,
q=(=k)/2, m = (2a3?—98agB—TaaB+98bga—343gn—35ga>+42g%—98na) / (49a),
p=—4l, s=0,r = [14(305% — TabB + aaf + Tb?a) — 343bn — 49ba? — Tfaf + 49na +
5a — Taf?]/(49a), 196g(af — ba) + 14(aaf + 49gn + bga? — 6g5%) — 49na — 4af* = 0,
a=2b—c, f=2a—d, h="T/2

(v) a=[B(59+22)]/(5a), d = [3(10g—a)]/(ba), k = ¢ = s = 0,1 = (208 —5b3+5 fa) /25,
m = (10bga?® — 10g*B* — 25gna — 3ga® — gaf? — 10na?)/(5a?), p = (100bga’s +
10603 — 10 fa* — 100¢2 33 — 250gnaf — 30ga’B — 10gas® — 25na?B — 4a1B) /(25a3),
r = (500%a® —50bg 3% —125bna — 25ba® —5 fa? B+10ga B2 +25na? + 3ot — a? 3%) / (25a2),
6ag + 5a2(n — 4bg) + 2ag(25m + 5%) + 20¢°8% =0, a = 2b — ¢, h = 5/2;

(vi) a = [B(gh+ a)]/(ha), d = [B(2gh — ha + 2a)]/(ha), k =q=5s= 0,1l = (aff — bh +
Fha)/(2h2), m = [0%g(1 — h) + 202h(bg — n) + ag(hB — 2h*n — 36%) — 26*h3%)/(a?h),
f = [B(3bha? —2ghp%—ha+haB?—3ap?)]/(ha?), p = [a?B8(2h* —3h—1) +2a2h(2a —
2ah— f)+4aBbh(1 —h)+8aabh®+ 32(3h — 2h* — 1)+ 23%ah(4h — 3) + 48h* (hn — 2a* —
n) —8ah®n)/(2ah?), r = [a®(h — 1) — 2a?bh? — af?h + afh(2a — f) + 2ah?(2b* +n) +
B2bh(2h — 1) — 48abh? — 4bh*n) /(2ah?), a®g(1 — h) + a*h(2bg + hn — 3n) + ag(hB? —
2h%*n — 33?) — 2¢*°hB* =0, a = 2b — ¢;

(vi) b=c=g=k=1l=p=q=0,n=[a},(3—2h)+4ad, f(h— 1) + dap (af — 2m) +
8 fm)/ (dao), v — aor(2f — ao)|/4, 5 = lady(h — 1) + ara(2h — 1) + 2a01(a* + m) +
dam)/(2a01), 3ag,(h — 1) + 2a2,(ah — 2fh + 2f) + 4ag:(3m — af — hm) — 8fm = 0,
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(vili) b=c=1=p=0, k = (—ap1g9)/2, n = (8fm — a3, + 4fa2, + 4(af — 2m)a01)/(4a01),
r = (2fan — ad;)/4, s = (a3, + 3aad, + 2(a* + m)ag; + 4am)/(2a¢1), ¢ = —k, 3a3; +
4(a— fad, +4(m —af)agy — 8fm =0, ap; = (d — 2a)/2;

(ix) ¢ =2b,d= (fg—ab+2ag)/g, k = (ab—fg)/2,1 = [b(fg—ab)]/(29),p = —1,q =k, m =
(a®0*— f?g%)/(4bg), n = [(ab—2ag— fg)(ab— fg)]/(4¢°), r = [(ab+ fg)(fg—ab)]/(4g?),
= [(ab —2ag — fg)(fg — ab)]/(4bg), h = 1;

(9 a=(d—anh)/2 b=c=g=hk=1=p=q=0 f =[5 h)a} - da) +
2a91 (3az0 —3age —agoh) +6dags] / (4ax), n = [(h—1)(dad, —ad, —2ag1as0) +2dags] /(2a01),
r = [(h — 2)(dad a0 — ajian) + 2ap1a02(2a20 — aga — ash) + 2dad,)/(2apag), m =
(a3, — dad; + 2ag1 (a0 — ageh) + 2dags)/(2a01), s = [apras(1 — h) + dasg)/aor;

a = [-a*(f+B)/v, d =2a—p, g = [-alba+)]/y, | = (af =B + fa)/2,
k= (a®)/y, m = (ra®) /v, n = (2bay +2fa?B+77 + B2y +20°3%) /(47), p =1, ¢ = k,
r=(ay -2y —2faB —af?)/(4a), s = (na?) /vy, c = 2b — o, v = 4agy — B*, h=1;

(xi)

(xii) a = [B(a®—4ba+7)]/(4y), d = 2a— B, g = [a(4bay+4baB? +4 fa?B—~* —va?)] [ (47?),
n = (Wya + 8haf — 4fa?B + 17 — 2902 + 4 — 40282 /(164), m = (20% — 1) /7,
p=—l,q=—k, r=(ya—4by — 4faf — af?)/(16a), s = (ra*)/4? ¢ = 2b — a,
v = 16agz — %, h = 2;

(xiii) k= (af — aha + ghB)/(2h?), | = (aB — bhB + fha)/(2h?), m = [®(2hy — v + 3°) —
4bha’y +2ay(ahf — v — hB? + %) — 2gh?] /(4h*ary), n = [2a2(y — fhB — vh — 57) +
2bhary 4 (v — 4ahB + 2h3* — B?)]/(4h*y), p = [(bhB — fha — aB)(2h — 3)]/(2h?),
q = [@®8(h — 1) = 20ha’B + ay(hB — ah — 28) — ghpy]/(2h*y), r = [a(y — 2fhB -
B%) = 2bhy]/(4ah?), s = [@*(B* — 2ahfB —v) — 2ghay)/(4h*y), a = [@*(2fh* — Afh +
3hfB —56) + (h — 1)(By — 2bhaf)]/(2hy), g = [~a(6a’F*(h — 1)(h —2) — (h — 3)7* +
2fh(2h —5)(h = 1)a?B + (2h — 3)(h — 1)a?y — 2((h — 1)5% + 7)(2h — 3)bha)]/(2h7?),
(3(20h* — 3bh — 3ha + 6a) + fhaB?(5 — 2h) + hB3v(3b — a) — fhay =0, a = 2b — ¢,
B =2a—d,~y=4h%ag — B

(xiv) = (8ag1b*>—2Tay, —18apiagn+ 72 faxn—32b%f)/(36a3,), c = (—4b)/3, d = (5ap +4a)/2,

= [b(54ag1az0 — 9a3; — 8b%ag; — 216 fagy + 320* f)]/(27a3,), k = (4lax)/a3,, p = —21,

= [b(4f — an)]/6, 7 = [ao1(2f — ao1)]/4, m = (30agias — 9a3;, — 8b*ag; — 24 fasy +

32b2f)/(24a01), n = [bag(2f —ao1) —2mag1]/(3ag1), s = [a(320% f — a3, — 18agrag —
8b%ag; + T2fa)]/(18a3,), g = (—8lasy)/ad,, h = 5/2;

(xv) a = [6a3—2h%a2 a+h3(Ta2 a—8basy+4aay)+h?a(2a% —5a3, —4ag —4ba) +4ha? (3b—
20)]/[2(2h —5)ag1h?al), d = 2a+ hagy, f = (2h%ag1b—3hag; (b+a) +6aag ) /[(5—2h)al,

g = [a(b — 2h) (a2, + aap) + 4(20h — ha + @)ag]/(h(2h — 5)ad,), k = (4lay)/ad;,

| = [haoi(a — 2b) — agia]/[2h(2h — 5)], m = [2a® — 2h*aZ,a + h3(TaZ,a + Sagb +
4ager) + h*a(2a? — a3, — 16asy — 4bar) + 4ha*(b — «)]/[4a(2h — 5)R?], n = [2a® —
16h*bagy +2h3 (a2, ac+ 4bagy + 8cvagy ) — h2a(5ad; +16ag) +2ha*(2b— o)/ [4h*a(2h —5)],

= [(2bh — ha + @) (2h — 3)ag1]/[2h(2h — 5)], ¢ = (4pag)/ad,, r = [(4bh* + 6bh +
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dha —Ta)ad,]/[4a(5 —2R)], s = [4adagy — 2h*aa,ax + h3aasy(9a2, — 8bagy + daasy) +
2ah?agn(a® — Bak, — 2a90 — 2bar) + 2hagya®(4b — 3a)]/[(2h — 5)ad, ha), a = 2b — ¢;

(xvi) a = [afyao1a2(asy — ao) + afgaoiaee(9aoe — caz) + aioad;as(apasy — agiao + dagy —
fago) + bagyasgl/(alyads), k = [afsaza02a01 (a0 — ¢) + a10a8a20(a01a20 — ao1aoz +
dagy — fax) + bag aj)/(2a%hagy), m = [2cajgany — 2aiaa0 + ajy(2a8ia02 — agyaz —
2dagi age+ fag asy —4ad, +6ag2a20) + a3y (4gady —bag, aso —Acagaasy) +4aioat azo(aoraz —
ap1aog + dagy — faso) + 4baz a3y]/(2a3,a02), n = [a3ya0e — calqaos + aio(2a, — adyags —
agyazo + dagraz + faorag) + bag(4ay — agy)l/(2a10a02), p = [afyao(2f — 3ao) +
a?ao1aoz(c—2b) +ayo(ad; aoe — adyaso — dad  ape + f a3, asg — 4agr agy +4agr agaas +4dad, —
4 fagaazo)+bagiazo(dass—ag,)]/(2aipa02), ¢ = [atyaaazo(f—3ao1)+atyao aozase(2c—b)+
2a10a20 (g, ag2 — a3 a0 — dad ags + fad az — 2a01 a3y + 2a01a02a20 + 2dad, — 2 fagaaz) +
2bagiazy(2a0e — agy)l/(2a%4a,), v = [a10(2a02 — agy + fao) + b(daoe — agy)]/(2a10),
I = (agra1o + bagr — faw)/2, s = [atpaoas(c — aio) + afpaz(ag, aoy — ag; azo — dagiage +
fap1as0—2ad, +4agas ) +aia(4gag, —bady as —Acageasg) +4aigan a3q (@ asn —aprage +
dagy — fag) + 4bad,a3)/(2a3,a,), g = (—4bh°a? a3, + 4ah*agias(agias — apags +
agad — ago f) + h3aga? (2aga — at o+ agrda + 12a90b — 6agr) + h2agea®(3a2, — 3agid —
Gagy + 6asy + 2ba — a?) + 2hagea (2a — 3b) — 3agea®) /(4h3ak,a?), d = a3 h*(agra +
asobh — asoar) + a2 ase fh?a + agrage(3ha® — dagah*a — dasgbh® + dasgh’ac — 2bh?a? +
3bha® —603) +apy fa(ba® —4axh® —2ha?)]/[(a2, — 4ags)aph®al, ((h—3)ad, +2ags) fa+
2(3b — a)agiageh + (bh — ) (h — 3)ad, = 0, a;p = (¢ — 2b)/h, a = 2b — c.

Proof. Let the cubic system (6) have and an invariant conic ® = 0 of the form (7). In this
case at least one set of the conditions (c;)—(cg) from Theorem 1 holds. The system (6) will
have an integrating factor of the form (10) if and only if the identity (11) holds. Identifying
the coefficients of the monomials 2’y in (11), we obtain a system of five equations

for the unknowns aqg, ag1, aso, a2, h and the coefficients of system (6). We denote o = 2b—¢,
[ = 2a — d and study the consistency of system (12) in each of the cases (c;)—(cg).
1. Let the set of conditions (c¢;) hold. Then the equations Fig = 0, Fyp; = 0 of (12) yield
apy = (—0)/h, a1p = (—a))/h and Fyy = f1fo =0, where f; =2h — 7, fo = (af —bB)h + af.
If fi =0, then h = 7/2. We express ¢ from the equation Fyy = 0 and obtain the set of
conditions (i) for the existence of the integrating factor (10) with h = 7/2 and
¢ = (14af — 8b* — 6bc + 5c® — 49m — 54%)2% + 14ax + 148y — 49.

Assume that f; # 0 and let fo = 0. Then fo = 0 yields b = [(fh+ 8)a]/(hB). If h =5/2,
then we get the set of conditions (ii) for the existence of the integrating factor (10), where
® = Sagr? — 2ax — 2By + 5.

If h # 5/2, then express g from the equation Fy; = 0. We have the set of conditions (iii)
for the existence of the integrating factor (10) with ® = agoha? — ax — By + h.

2. Let the set of conditions (cg) hold. Then the equations Fio = 0, Fp; = 0 of (12) yield
ag = (—=B)/h, 1o = (=) /h and Fy = g1g2 = 0, where g = 2h — 7, g» = (98 — aa)h + a.
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If gy = 0, then h = 7/2. We express f from the equation Fy; = 0 and obtain the set of
conditions (iv) for the existence of the integrating factor (10) with A = 7/2 and

¢ = (14af — 14ba + 49n + 502 — 55%)y? — 1ldax — 148y + 49.

Assume that g; # 0 and let g = 0. Then g = 0 yields a = [f(gh + «)]/(ha). If h =5/2,

then we get the set of conditions (v) for the existence of the integrating factor (10) with
® = (3a® + af? — 10ba? + 10g5% + 25na)y? — 10’z — 1008y + 25

If h # 5/2, then express f from the equation Fy; = 0. In this case we have the set of

conditions (vi) for the existence of the integrating factor (10), where
¢ = (3a8% — 2bha? + 2ghB? + 2h*na + ha® — haf? — o®)y? — 2ha’x — 2haBy + 2h%a.

3. Let the set of conditions (c3) hold. Then Fy; = 0, Fip = 0 yield ¢ = 2b, d = 2a + hag;.

If b = g = 0, then we obtain the set of conditions (vii) for the existence of the integrating
factor (10) with ® = (2aag, + 2ha2; — 2a%, + 4m)z* + (ag1y + 2)%.

If b=0,h=2and g # 0, then we get the set of conditions (viii) for the existence of the
integrating factor (10), where ® = (2aag; + 2a2, + 4m)z* + (ag1y + 2)*.

If b# 0 and h = 1, then express m and ag; from the equations Fyy = 0 and Fj; = 0. In
this case we have the set of conditions (ix) for the existence of the integrating factor (10)
with ® = (ab — fg)*(gz* — by?) + 4bg(ab — fq)y — 4bg>.

4. Let the set of conditions (¢4) hold. In this case the equations Fyo = 0 and Fy; = 0 yield
p =g =0. We express r from Fj; =0 and m from Fjy = 0. We obtain the set of conditions
(x) for the existence of the integrating factor (10) with ® = agox? + agay? + any + 1.

5. Let the set of conditions (c¢5) hold. Then the equations Fiy = 0, Fy; = 0 of (6) imply
ag1 = (—0)/h, a1p = (—a)/h. We express g and a from the equations Fy; = 0 and Fpy = 0.

If h = 1, then we obtain the set of conditions (xi) for the existence of the integrating
factor (10) with ® = (8% + ) (?2? + vy?) — 4y(az + By — 1).

If h = 2, then we get the set of conditions (xii) for the existence of the integrating factor
(10), where ® = (5 + 7)(a%2? + 7y2) — 89(az + By — 2).

Assume that (h — 1)(h — 2) # 0. In this case we have the set of conditions (xiii) for the
existence of the integrating factor (10) with ® = (5% + v)(a?z? + vy?) + 4hy(h — az — By).

6. Let the set of conditions (cg) hold. Then from the equation Fy; = 0 of (12) we find
ajp = (—a)/h and express g from the equation Fy; = 0.

If age = (a?;)/4 and h = 5/2, then w = (100)/3. In this case we obtain the set of
conditions (xiv) for the existence of the integrating factor (10) with

b = 12&201’2 + 3@31y2 — 16bx + 12a01y + 12.

If agy = (a3;)/4 and h # 5/2, then we express f and d from the equations Fypy = 0
and Fip = 0 of (12). In this case we get the set of conditions (xv) for the existence of the
integrating factor (10), where ® = 4hagz? + had,y? — 4uzx + 4hagy + 4h.

Assume that age # (a3;)/4. We express d from the equation Fy; = 0 and obtain the set
of conditions (xvi) for the existence of the integrating factor (10) with

O = h(a3,x® + agey?®) — ax + hlany + 1).
Theorem 2 is proved. O
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Posrinsmaerness 1BoBuMipHaA, KyOiuHa gudepeHIiajibHa CUCTEMa BUTTISLY
i =y +ax?® + cry + fy? + kxd + maly + pry? + ry3,
y = —(x + ga® + dzy + by* + sz’ + qz*y + nay® + 1y°),
B sKiil BCi 3MiHHi Ta koediuienTu nepenbavarorbes Aificuumu. [louarok koopauuar O(0;0) €
0COOJIMBOIO TOYKOIO 3 YHCTO ysIBHUMHU KODEHSMU XapaKTEPUCTHYHOrO piBHAHHA (A2 = =i)
Tuny meHTp abo ¢okyc. [gas maHOl cuCTeMU BHBYAETHCS MPOOJIEMa PO3PI3HEHHS MEHTPA Ta
dokyca 3a HasABHOCTI OFHiET mificHOI HempwWBiIHOT aJreOpaldyHOl iHBapiaHTHOI KPUBOI JAPYTOro
mopsiiKy. ¥ PoOOTI OTPUMAHO MIiCTh HEOOXiTHWX i JTOCTATHIX yMOB iCHyBaHHs iHBapiaHTHOL
KpuBOI Apyroro mopsaaky ® = 1+a10x+ag1y+az0r? +agey? = 0, 1e (a0, agz2) # 0, (a0, a1p) #
0, (ao2,a01) # 0.

[Toyarok KOOpAWHAT € TIEHTPOM It KyOiuHOI audepeHiiaabHOl CHCTEMY TOII i TLIHKHU TOI],
KOJIM crcreMa Mae B okouii ocobmusoi Touku O(0;0) Mae aHATITHUHWI iHTErpyOYNii MHOXKHIK
w(z,y) = 14377, wi(z,y), oe i, omropinui MuOrowtenn crenens k. OTpUMAHO WICTHAAUATH
cepiif yMOB iCHyBaHHSI aHATITHYHOrO IHTErPYIOUOro MHOXKHHKA BHLIALy i & = O ne & =0
iHBapiaHTHA KPUBA APYyroro mopsaKy, a h - aificauit napamerp. s Kybianol qudepeniiaabHOl
cucteMu 3 OCOOJIMBOIO TOYKOI THIY IEHTP abo (POKyC Ta 3 iHBApiaHTHOIO KPUBOIO APYTOrO
MOPSIIKY OTPUMAHO IMTICTHAJIATH HOBUX YMOB iCHYBaHHS IEHTPY.



