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CENTER CONDITIONS FOR A CUBIC DIFFERENTIAL SYSTEM

WITH AN INVARIANT CONIC

We �nd conditions for a singular point O(0, 0) of a center or a focus type to be a center,

in a cubic di�erential system with one irreducible invariant conic. The presence of a center at

O(0, 0) is proved by constructing integrating factors.
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Introduction

We consider the cubic system of di�erential equations

ẋ = y + p2(x, y) + p3(x, y) ≡ P (x, y), ẏ = −x+ q2(x, y) + q3(x, y) ≡ Q(x, y), (1)

where pj(x, y) and qj(x, y) are homogeneous polynomials of degree j, j ∈ {2, 3} and P (x, y),

Q(x, y) ∈ R[x, y] are coprime polynomials. The origin O(0, 0) is a singular point for (1) with

purely imaginary eigenvalues (λ1,2 = ±i), i.e. a focus or a center. The goal of this work is

to �nd veri�able conditions under which O(0, 0) is a center.

The problem of distinguishing between a center and a focus (the problem of the center)

is open for general cubic di�erential systems (1). It is completely solved for: quadratic

systems ẋ = y + p2(x, y), ẏ = −x+ q2(x, y); cubic symmetric systems ẋ = y + p3(x, y), ẏ =

−x + q3(x, y); the Kukles system ẋ = y, ẏ = −x + q2(x, y) + q3(x, y) and some families of

polynomial systems of higher degree.

The problem of the center was solved in some particular cases of system (1) and for some

families of systems (1) with invariant algebraic curves (see, for example, [2], [3], [4], [5], [10],

[11], [12], [14], [15], [16], [17]).
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1 Invariant algebraic curves

We study the problem of the center for a cubic di�erential system (1) assuming that the

system has a real irreducible invariant algebraic curve.

De�nition 1. An algebraic invariant curve of (1) is the solution set in C2 of an equation

Φ(x, y) = 0, where Φ is a polynomial in x, y with complex coe�cients such that

dΦ

dt
=
∂Φ

∂x
P +

∂Φ

∂y
Q = Φ(x, y)K(x, y) (2)

for some polynomial in x, y, K = K(x, y) with complex coe�cients, called the cofactor of

the invariant algebraic curve Φ(x, y) = 0.

According to [4] an invariant straight line of system (1) can have the form

C + Ax+By = 0, A,B,C ∈ C, (A,B) 6= 0

and every irreducible invariant conic has the form

1 + a10x+ a01y + a20x
2 + a11xy + a02y

2 = 0 (3)

with (a20, a11, a02) 6= 0, a20, a11, a02, a10, a01 ∈ C.
It is known that a singular point O(0, 0) is a center for (1) if and only if the system has

a nonconstant analytic �rst integral [13]

x2 + y2 +
∞∑
k=3

Fk(x, y) = C

in the neighborhood of O(0, 0) or an analytic integrating factor of the form [1]

µ(x, y) = 1 +
∞∑
k=1

µk(x, y), (4)

where Fk and µk are homogeneous polynomials of degree k.

In [4] the problem of the center was solved for cubic di�erential systems (1) with: four

invariant straight lines; three invariant straight lines; two invariant straight lines and one

real irreducible invariant conic. In [10], [14] the problem of the center was solved for a

cubic di�erential system (1) with two parallel invariant straight lines that can be reduced

to a Li�enard type system and in [7] it was solved for a cubic system (1) with two invariant

straight lines and one irreducible invariant cubic of the form

x2 + y2 + a30x
3 + a21x

2y + a12xy
2 + a03y

3 = 0. (5)

The center conditions were obtained for a cubic system (1) with: two distinct invariant

straight lines in [6]; one invariant straight line and one invariant cubic of the form (5) in [9];

one irreducible invariant cubic of the form (5) in [8]. The presence of a center in these papers

was proved by using the method of Darboux integrability and the rational reversibility.

The purpose of this work is to obtain the center conditions for a cubic di�erential system

(1) with an irreducible invariant conic of the form (3) by constructing integrating factors.
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2 Cubic systems with one invariant conic

Let us consider the cubic system (1) in the form

ẋ = y + ax2 + cxy + fy2 + kx3 +mx2y + pxy2 + ry3 ≡ P (x, y),

ẏ = −(x+ gx2 + dxy + by2 + sx3 + qx2y + nxy2 + ly3) ≡ Q(x, y),
(6)

where P (x, y) and Q(x, y) are coprime polynomials in R[x, y]. The origin O(0, 0) is a singular

point which is a center or a focus (a �ne focus) for (6).

Assume that the cubic system (6) has a real invariant conic curve of the form (3). By

rotating the system of coordinates (x→ x cosϕ−y sinϕ, y → x sinϕ+y cosϕ), we can make

the curve to be

Φ ≡ 1 + a10x+ a01y + a20x
2 + a02y

2 = 0, (7)

where (a20, a02) 6= 0, (a20, a10) 6= 0, (a02, a01) 6= 0, a20, a02, a10, a01 ∈ R.
In this Section we determinate the condition under which the cubic system (6) has an

irreducible invariant conic of the form (7).

Theorem 1. The cubic di�erential system (6) has an invariant conic of the form (7) if and

only if one of the following six sets of conditions holds

(c1) k = (aa10 +a01a10−ga01)/2, l = a01a10 +ba01−fa10, p = (−l)/2, n = (a01a
2
10−2fa201 +

ba01a10 + 2dfa01 − 4ma01 + fa210 − 2cfa10 + 4fm)/(2a01), q = (2ga201 − 2aa01a10 −
a201a10 − 2ca201 − da01a10 + 2cda01 − a310 + 3ca210 − 2c2a10 − 4ma10 + 4cm)/(2a01), r = 0,

s = (aa210 + (d− 2a)a201 + 2ada01− 2aca10 + 4am− a301 + (g− c)a01a10 + 2ma01)/(2a01);

(c2) k = aa10 + a01a10 − ga01, l = (a01a10 + ba01 − fa10)/2, q = (−k)/2, m = (aa01a10 +

a201a10 + ga201 − 2dga01 − 2ga210 + 2cga10 − 4na10 + 4gn)/(2a10), p = (3da201 − a301 −
(a10 + 2b + c)a01a10 − 2d2a01 − 4na01 − 2da210 + 2fa210 + 2cda10 + 4dn)/(2a10), s = 0,

r = (ba201 + (f − d)a01a10 − 2bda01 − a310 + (c− 2b)a210 + 2bca10 + 2na10 + 4bn)/(2a10);

(c3) k = (−ga01)/2, l = (ba01)/2, p = [(c − b)a01]/2, n = [3a301 + (4a − 2d − 4f)a201 +

4(df − af − 2m)a01 + 8fm]/(4a01), q = [(g − 2c)a201 + 2(cd − ac)a01 + 4cm]/(2a01),

r = [a01(2f − a01)]/4, s = [−a301 + 2(ad− a2 +m)a01 + 4am+ (d− 3a)a201]/(2a01);

(c4) b = l = 0, a = [a01(2m − a201 + da01 − 2a20)]/(4a02), q = (ga01a02 + 2pa20)/(2a02),

c = (4ga202−ga201a02+2pa01a20)/(4a02a20), f = (a301a02−da201a02−4a01a
2
02+2a01a02a20+

2ra01a20 + 4da202)/(4a02a20), k = (−ga01)/2, n = (2a202 − a201a02 + da01a02 − 2a02a20 +

2ra20)/(2a02), s = [a20(2m− a201 + da01 + 2a02 − 2a20)]/(2a02);

(c5) k = (aa10 +a01a10− ga01)/2, l = (a01a10 + ba01− fa10)/2, m = (2cγa210−a310(a201 +γ) +

2γa10(a
2
01 +aa01−da01 +γ)−2gγ2)/(4γa10), n = (2a201a

2
10−γa201−2fa01a

2
10 +2dγa01 +

2γa210+2bγa10−2cγa10−γ2)/(4γ), p = [a210(f−2a01)+a10a01(c−b)+γ(a01−d)]/(2a10),

q = (a310a01−ca210a01 +γa10(d−a−2a01)+gγa01)/(2γ), r = (2fa01a10−a201a10−γa10−
2bγ)/(4a10), s = [a10(2gγ − 2aa01a10 − a201a10 − γa10)]/(4γ), γ = a201 − 4a02;
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(c6) a = [a310a01a02(a20 − a02) + a210a01a02(ga02 − ca20) + a10a
2
01a20(a01a20 − a01a02 + da02 −

fa20) + ba301a
2
20]/(a

3
10a

2
02), k = [a210a20a02a01(a10 − c) + a10a

2
01a20(a01a20 − a01a02 +

da02 − fa20) + ba301a
2
20]/(2a

2
10a

2
02), m = [2ca410a02 − 2a510a02 + a310(2a

2
01a02 − a201a20 −

2da01a02+fa01a20−4a202+6a02a20)+a210(4ga
2
02−ba201a20−4ca02a20)+4a10a01a20(a01a20−

a01a02 + da02 − fa20) + 4ba201a
2
20]/(2a

3
10a02), n = [a310a02 − ca210a02 + a10(2a

2
02 − a201a02 −

a201a20 + da01a02 + fa01a20) + ba20(4a02 − a201)]/(2a10a02), p = [a310a02(2f − 3a01) +

a210a01a02(c−2b)+a10(a
3
01a02−a301a20−da201a02+fa201a20−4a01a

2
02+4a01a02a20+4da202−

4fa02a20)+ba01a20(4a02−a201)]/(2a210a02), q = [a310a02a20(f−3a01)+a
2
10a01a02a20(2c−b)+

2a10a20(a
3
01a02− a301a20− da201a02 + fa201a20− 2a01a

2
02 + 2a01a02a20 + 2da202− 2fa02a20) +

2ba01a
2
20(2a02 − a201)]/(2a

2
10a

2
02), r = [a10(2a02 − a201 + fa01) + b(4a02 − a201)]/(2a10),

l = (a01a10 + ba01− fa10)/2, s = [a410a02a20(c−a10) +a310a20(a
2
01a02−a201a20−da01a02 +

fa01a20 − 2a202 + 4a02a20) + a210a20(4ga
2
02 − ba201a20 − 4ca02a20) + 4a10a01a

2
20(a01a20 −

a01a02 + da02 − fa20) + 4ba201a
3
20]/(2a

3
10a

2
02).

Proof. By De�nition 1, the curve (7) is an invariant conic for system (6) if there exist numbers

c20, c11, c02, c10, c01 ∈ R such that

P (x, y)
∂Φ

∂x
+Q(x, y)

∂Φ

∂y
≡ Φ(x, y)(c20x

2 + c11xy + c02y
2 + c10x+ c01y). (8)

Identifying the coe�cients of the monomials xiyj in (8), we �nd that c01 = a10, c10 = −a01,
c20 = (a+ a01)a10− ga01, c11 = a201− da01− 2a02− a210 + ca10 + 2a20, c02 = (f − a01)a10− ba01
and a20, a02, a10, a01 satisfy the following system of equations

U40 ≡ a20(2k − aa10 − a01a10 + ga01) = 0,

U31 ≡ 2a220 + a20(a
2
01 − da01 − 2a02 − a210 + ca10 − 2m) + 2sa02 = 0,

U22 ≡ a20(a01a10 + ba01 − fa10 + 2p)− a02(aa10 + a01a10 − ga01 + 2q) = 0,

U13 ≡ 2a20(r − a02) + a02(2a02 − a201 + da01 + a210 − ca10 − 2n) = 0,

U04 ≡ a02(a01a10 + ba01 − fa10 − 2l) = 0,

U30 ≡ a20(2a+ a01)− a210(a+ a01) + a10(ga01 + k)− sa01 = 0,

U21 ≡ 2a02(a10 − g) + a20(2c− 3a10) + a201(g − 2a10)+

+ a01(da10 − aa10 − q) + a10(a
2
10 − ca10 +m) = 0,

U12 ≡ a02(3a01 − 2d) + 2a20(f − a01)− a301 + da201+

+ a01(2a
2
10 + ba10 − ca10 − n) + a10(p− fa10) = 0,

U03 ≡ a201(a10 + b)− a01(fa10 + l)− a02(a10 + 2b) + ra10 = 0.

(9)

Let a02 = 0. Then a20 6= 0 and the equations Uij = 0, i + j = 4 of (9) yield k = (aa10 +

a01a10− ga01)/2, p = (fa10− a01a10− ba01)/2, r = 0, a20 = (a210− a201 + da01− ca10 + 2m)/2.

In this case, we express s, q, n and l from the equations Uij = 0, i+ j = 3 of (9) and obtain

the set of conditions (c1) for the existence of the invariant conic

2 + 2a10x+ 2a01y + (a210 − a201 + da01 − ca10 + 2m)x2 = 0.

Assume that a20 = 0 and let a02 6= 0. Then the equations Uij = 0, i+j = 4 of (9) yield l =

(a01a10+ba01−fa10)/2, q = (ga01−aa10−a01a10)/2, s = 0, a02 = (a201−da01−a210+ca10+2n)/2.
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We express r, p,m, k from the equations Uij = 0, i + j = 3 of (9) and obtain the set of

conditions (c2) for the existence of the invariant conic

2 + 2a10x+ 2a01y + (a201 − a210 − da01 + ca10 + 2n)y2 = 0.

Let a20a02 6= 0. In this case, from the equations Uij = 0, i+j = 4 of (9) we �nd l, k, s, q, n.

Suppose that a10 = 0. Then U03 ≡ b(a201 − 4a02) = 0.

If a02 = a201/4, then r = [a01(2f−a01)]/4, p = [(c−b)a01]/2, a20 = [2m+(d−a−a01)a01]/2.
We get the set of conditions (c3) for the existence of the invariant conic

4 + 4a01y + 2[2m+ (d− a− a01)a01]x2 + a201y
2 = 0.

If b = 0 and a02 6= a201/4, then we express a, c and f from the equations Uij = 0, i+ j = 3

of (9). We have the set of conditions (c4) for the existence of the invariant conic

1 + a01y + a20x
2 + a02y

2 = 0.

Let a20a02a10 6= 0. In this case, from the equations Uij = 0, i + j = 3 of (9) we �nd

r, p, m and U30 ≡ e1e2 = 0, where e1 = (a201 − 4a02)a20 + a02a
2
10, e2 = a310a02(aa02 + a01a02 −

a01a20) + a210a01a02(ca20 − ga02) + a10a
2
01a20(a01a02 − a01a20 − da02 + fa20)− ba301a220.

If e1 = 0, then a20 = (a02a
2
10)/(4a02 − a201). We obtain the set of conditions (c5) for the

existence of the invariant conic

(4a02 − a201)(1 + a10x+ a01y + a02y
2) + a02a

2
10x

2 = 0.

If e2 = 0 and e1 6= 0, then express a from the equation e2 = 0. In this case we get the

set of conditions (c6) for the existence of the invariant conic

1 + a10x+ a01y + a20x
2 + a02y

2 = 0.

3 Cubic systems with an integrating factor

Let the cubic system (6) have an irreducible invariant conic, i.e. at least one set of the

conditions from Theorem 1 holds. In this section we �nd the center conditions for cubic

system (6) with one invariant conic by constructing integrating factors of the form

µ =
1

Φh
=

1

(1 + a10x+ a01y + a20x2 + a02y2)h
, (10)

where h is a real parameter.

According to [4] the function (10) is an integrating factor for system (6) if and only if

the following identity holds

P (x, y)
∂µ

∂x
+Q(x, y)

∂µ

∂y
+ µ

(
∂P

∂x
+
∂Q

∂y

)
= 0. (11)

The identity (11) will be be used in �nding integrating factors for cubic di�erential system

(6) with an invariant conic (7).
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Theorem 2. The cubic system (6) has an integrating factor of the form (10) if and only if

one of the following sixteen sets of conditions holds

(i) g = [49k−α(2β−7a)]/(7β), k = (2αβ−7aα+7gβ)/49, l = −2p, n = [98(afβ−bfα−
mβ)+7(6fα2−bαβ−49fm−5fβ2)+2α2β]/(49β), p = (7bβ−7fα−2αβ)/49, q = −4k,

s = [49(2a2β − 2abα − aβ2 + mβ − 7am) + 7α(6aα + 2bβ − gβ − αβ) + 5β3]/(49β),

196f(aβ−bα)+7(7mβ−2bαβ−98fm+12fα2−10fβ2)+4α2β = 0, r = 0, α = 2b−c,
β = 2a− d, h = 7/2;

(ii) a = (3β3 +α2β−250fa20−25βa20 +10fα2)/(10β2), b = [α(5f+2β)]/(5β), d = 2a−β,
c = [α(10f−β)]/(5β), k = [(10f+β)(25αa20−α3)+β3(10g+α)]/(50β2), l = p = r = 0,

m = (−10fa20)/β, n = (15fa20)/β, q = −2k, s = (6250fa220 + 625βa220 − 500fα2a20 −
50α2βa20 − 25β3a20 + 10fα4 − 10gαβ3 + α4β − α2β3)/(50β3), h = 5/2;

(iii) b = [α(fh + β)]/(hβ), c = [α(2fh − hβ + 2β)]/(hβ), d = 2a − β, g = [α(3ahβ2 −
2fhα2 + hα2β − hβ3 − 3α2β)]/(hβ3), k = (ghβ − ahα + αβ)/(2h2), l = p = r = 0,

m = [2ahβ2+2a20h
2β−2fhα2+α2β(h−3)+β3(1−h)]/(2h2β), n = (−2a20fh−2mβ)/β,

q = [(hβ − 2fh− 3β)(4αh2a20 − 3α3) + 3αβ2(hβ − 2ah− β)]/(2h2β2), s = [α4(2fh−
hβ+ 3β) +α2β2(hβ−2ah−β) + 2a20h

2β2(β−2ah)]/(2h2β3), 2a20h
2(hβ−2fh−3β) +

α2(9β − 2fh2 + 6fh+ h2β − 6hβ) + β2(2ah2 − 6ah− h2β + 4hβ − 3β) = 0;

(iv) f = [49l− β(2α− 7b)]/(2α), k = [2(2αβ − 7aα+ 7gβ)]/49, l = (2αβ − 7bβ + 7fα)/49,

q = (−k)/2,m = (2αβ2−98agβ−7aαβ+98bgα−343gn−35gα2+42gβ2−98nα)/(49α),

p = −4l, s = 0, r = [14(3bβ2− 7abβ + aαβ + 7b2α)− 343bn− 49bα2− 7fαβ + 49nα+

5α3−7αβ2]/(49α), 196g(aβ− bα) + 14(aαβ+ 49gn+ 5gα2−6gβ2)−49nα−4αβ2 = 0,

α = 2b− c, β = 2a− d, h = 7/2;

(v) a = [β(5g+2α)]/(5α), d = [β(10g−α)]/(5α), k = q = s = 0, l = (2αβ−5bβ+5fα)/25,

m = (10bgα2 − 10g2β2 − 25gnα − 3gα3 − gαβ2 − 10nα2)/(5α2), p = (100bgα2β +

10bα3β − 10fα4 − 100g2β3 − 250gnαβ − 30gα3β − 10gαβ3 − 25nα2β − 4α4β)/(25α3),

r = (50b2α2−50bgβ2−125bnα−25bα3−5fα2β+10gαβ2+25nα2+3α4−α2β2)/(25α2),

6α3g + 5α2(n− 4bg) + 2αg(25n+ β2) + 20g2β2 = 0, α = 2b− c, h = 5/2;

(vi) a = [β(gh + α)]/(hα), d = [β(2gh− hα + 2α)]/(hα), k = q = s = 0, l = (αβ − bhβ +

fhα)/(2h2), m = [α3g(1−h) + 2α2h(bg−n) +αg(hβ2− 2h2n− 3β2)− 2g2hβ2)/(α2h),

f = [β(3bhα2−2ghβ2−hα3+hαβ2−3αβ2)]/(hα3), p = [α2β(2h2−3h−1)+2α2h(2a−
2ah−f)+4αβbh(1−h)+8αabh2 +β3(3h−2h2−1)+2β2ah(4h−3)+4βh2(hn−2a2−
n)− 8ah3n)/(2αh2), r = [α3(h− 1)− 2α2bh2−αβ2h+αβh(2a− f) + 2αh2(2b2 + n) +

β2bh(2h− 1)− 4βabh2 − 4bh3n)/(2αh2), α3g(1− h) + α2h(2bg + hn− 3n) + αg(hβ2 −
2h2n− 3β2)− 2g2hβ2 = 0, α = 2b− c;

(vii) b = c = g = k = l = p = q = 0, n = [a301(3 − 2h) + 4a201f(h − 1) + 4a01(af − 2m) +

8fm)/(4a01), r = [a01(2f − a01)]/4, s = [a301(h − 1) + a201a(2h − 1) + 2a01(a
2 + m) +

4am)/(2a01), 3a301(h − 1) + 2a201(ah − 2fh + 2f) + 4a01(3m − af − hm) − 8fm = 0,

a01 = (d− 2a)/h;
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(viii) b = c = l = p = 0, k = (−a01g)/2, n = (8fm − a301 + 4fa201 + 4(af − 2m)a01)/(4a01),

r = (2fa01 − a201)/4, s = (a301 + 3aa201 + 2(a2 + m)a01 + 4am)/(2a01), q = −k, 3a301 +

4(a− f)a201 + 4(m− af)a01 − 8fm = 0, a01 = (d− 2a)/2;

(ix) c = 2b, d = (fg−ab+2ag)/g, k = (ab−fg)/2, l = [b(fg−ab)]/(2g), p = −l, q = k,m =

(a2b2−f 2g2)/(4bg), n = [(ab−2ag−fg)(ab−fg)]/(4g2), r = [(ab+fg)(fg−ab)]/(4g2),
s = [(ab− 2ag − fg)(fg − ab)]/(4bg), h = 1;

(x) a = (d − a01h)/2, b = c = g = k = l = p = q = 0, f = [(3 − h)(a301 − da201) +

2a01(3a20−3a02−a20h)+6da02]/(4a20), n = [(h−1)(da201−a301−2a01a20)+2da02]/(2a01),

r = [(h − 2)(da201a02 − a301a02) + 2a01a02(2a20 − a02 − a20h) + 2da202]/(2a01a20), m =

(a301 − da201 + 2a01(a20 − a02h) + 2da02)/(2a01), s = [a01a20(1− h) + da20]/a01;

(xi) a = [−α2(f + β)]/γ, d = 2a − β, g = [−α(bα + γ)]/γ, l = (αβ − bβ + fα)/2,

k = (α2l)/γ, m = (rα2)/γ, n = (2bαγ+ 2fα2β+ γ2 +β2γ+ 2α2β2)/(4γ), p = l, q = k,

r = (αγ − 2bγ − 2fαβ − αβ2)/(4α), s = (nα2)/γ, c = 2b− α, γ = 4a02 − β2, h = 1;

(xii) a = [β(α2−4bα+γ)]/(4γ), d = 2a−β, g = [α(4bαγ+4bαβ2+4fα2β−γ2−γα2)]/(4γ2),

n = (4bγα + 8bαβ2 − 4fα2β + γ2 − 2γα2 + γβ2 − 4α2β2)/(16γ), m = (2α2r − nγ)/γ,

p = −l, q = −k, r = (γα − 4bγ − 4fαβ − αβ2)/(16α), s = (rα4)/γ2, c = 2b − α,

γ = 16a02 − β2, h = 2;

(xiii) k = (αβ − ahα + ghβ)/(2h2), l = (αβ − bhβ + fhα)/(2h2), m = [α3(2hγ − γ + β2)−
4bhα2γ + 2αγ(ahβ − γ − hβ2 + β2)− 2ghγ2]/(4h2αγ), n = [2α2(γ − fhβ − γh− β2) +

2bhαγ + γ(γ − 4ahβ + 2hβ2 − β2)]/(4h2γ), p = [(bhβ − fhα − αβ)(2h − 3)]/(2h2),

q = [α3β(h − 1) − 2bhα2β + αγ(hβ − ah − 2β) − ghβγ]/(2h2γ), r = [α(γ − 2fhβ −
β2)− 2bhγ]/(4αh2), s = [α2(β2 − 2ahβ − γ)− 2ghαγ)/(4h2γ), a = [α2(2fh2 − 4fh +

3hβ − 5β) + (h− 1)(βγ − 2bhαβ)]/(2hγ), g = [−α(6α2β2(h− 1)(h− 2)− (h− 3)γ2 +

2fh(2h− 5)(h− 1)α2β + (2h− 3)(h− 1)α2γ − 2((h− 1)β2 + γ)(2h− 3)bhα)]/(2hγ2),

β3(2bh2 − 3bh − 3hα + 6α) + fhαβ2(5 − 2h) + hβγ(3b − α) − fhαγ = 0, α = 2b − c,
β = 2a− d, γ = 4h2a02 − β2;

(xiv) a = (8a01b
2−27a301−18a01a20+72fa20−32b2f)/(36a201), c = (−4b)/3, d = (5a01+4a)/2,

g = [b(54a01a20 − 9a301 − 8b2a01 − 216fa20 + 32b2f)]/(27a301), k = (4la20)/a
2
01, p = −2l,

l = [b(4f − a01)]/6, r = [a01(2f − a01)]/4, m = (30a01a20 − 9a301 − 8b2a01 − 24fa20 +

32b2f)/(24a01), n = [5a20(2f −a01)−2ma01]/(3a01), s = [a20(32b2f −9a301−18a01a20−
8b2a01 + 72fa20)]/(18a301), q = (−8la20)/a

2
01, h = 5/2;

(xv) a = [6α3−2h4a201α+h3(7a201α−8ba20+4αa20)+h2α(2α2−5a201−4a20−4bα)+4hα2(3b−
2α)]/[2(2h−5)a01h

2α], d = 2a+ha01, f = (2h2a01b−3ha01(b+α)+6αa01)/[(5−2h)α],

g = [α(5 − 2h)(a201 + aa01) + 4(2bh − hα + α)a20]/(h(2h − 5)a201), k = (4la20)/a
2
01,

l = [ha01(α − 2b) − a01α]/[2h(2h − 5)], m = [2α3 − 2h4a201α + h3(7a201α + 8a20b +

4a20α) + h2α(2α2 − 5a201 − 16a20 − 4bα) + 4hα2(b − α)]/[4α(2h − 5)h2], n = [2α3 −
16h4ba20+2h3(a201α+4ba20+8αa20)−h2α(5a201+16a20)+2hα2(2b−α)]/[4h2α(2h−5)],

p = [(2bh − hα + α)(2h − 3)a01]/[2h(2h − 5)], q = (4pa20)/a
2
01, r = [(4bh2 + 6bh +
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4hα− 7α)a201]/[4α(5− 2h)], s = [4α3a20− 2h4αa201a20 +h3αa20(9a
2
01− 8ba20 + 4αa20) +

2αh2a20(α
2 − 5a201 − 2a20 − 2bα) + 2ha20α

2(4b− 3α)]/[(2h− 5)a201h
2α], α = 2b− c;

(xvi) a = [a310a01a02(a20 − a02) + a210a01a02(ga02 − ca20) + a10a
2
01a20(a01a20 − a01a02 + da02 −

fa20) + ba301a
2
20]/(a

3
10a

2
02), k = [a210a20a02a01(a10 − c) + a10a

2
01a20(a01a20 − a01a02 +

da02 − fa20) + ba301a
2
20]/(2a

2
10a

2
02), m = [2ca410a02 − 2a510a02 + a310(2a

2
01a02 − a201a20 −

2da01a02+fa01a20−4a202+6a02a20)+a210(4ga
2
02−ba201a20−4ca02a20)+4a10a01a20(a01a20−

a01a02 + da02 − fa20) + 4ba201a
2
20]/(2a

3
10a02), n = [a310a02 − ca210a02 + a10(2a

2
02 − a201a02 −

a201a20 + da01a02 + fa01a20) + ba20(4a02 − a201)]/(2a10a02), p = [a310a02(2f − 3a01) +

a210a01a02(c−2b)+a10(a
3
01a02−a301a20−da201a02+fa201a20−4a01a

2
02+4a01a02a20+4da202−

4fa02a20)+ba01a20(4a02−a201)]/(2a210a02), q = [a310a02a20(f−3a01)+a
2
10a01a02a20(2c−b)+

2a10a20(a
3
01a02− a301a20− da201a02 + fa201a20− 2a01a

2
02 + 2a01a02a20 + 2da202− 2fa02a20) +

2ba01a
2
20(2a02 − a201)]/(2a

2
10a

2
02), r = [a10(2a02 − a201 + fa01) + b(4a02 − a201)]/(2a10),

l = (a01a10 + ba01− fa10)/2, s = [a410a02a20(c−a10) +a310a20(a
2
01a02−a201a20−da01a02 +

fa01a20−2a202+4a02a20)+a210a20(4ga
2
02−ba201a20−4ca02a20)+4a10a01a

2
20(a01a20−a01a02+

da02 − fa20) + 4ba201a
3
20]/(2a

3
10a

2
02), g = (−4bh5a201a

2
20 + 4αh4a01a20(a01a20 − a01a02 +

a02d−a20f) +h3a02α
2(2a02α−a201α+a01dα+ 12a20b−6a20α) +h2a02α

3(3a201−3a01d−
6a02 + 6a20 + 2bα − α2) + 2ha02α

4(2α − 3b) − 3a02α
5)/(4h3a202α

2), d = [a301h
2(a02α +

a20bh − a20α) + a201a20fh
2α + a01a02(3hα

3 − 4a02h
2α − 4a20bh

3 + 4a20h
2α − 2bh2α2 +

3bhα2−6α3)+a02fα(5α2−4a20h
2−2hα2)]/[(a201−4a02)a02h

2α], ((h−3)a201+2a02)fα+

2(3b− α)a01a02h+ (bh− α)(h− 3)a301 = 0, a10 = (c− 2b)/h, α = 2b− c.

Proof. Let the cubic system (6) have and an invariant conic Φ = 0 of the form (7). In this

case at least one set of the conditions (c1)�(c6) from Theorem 1 holds. The system (6) will

have an integrating factor of the form (10) if and only if the identity (11) holds. Identifying

the coe�cients of the monomials xiyj in (11), we obtain a system of �ve equations

{Fij = 0, i+ j = 1, 2} (12)

for the unknowns a10, a01, a20, a02, h and the coe�cients of system (6). We denote α = 2b−c,
β = 2a− d and study the consistency of system (12) in each of the cases (c1)�(c6).

1. Let the set of conditions (c1) hold. Then the equations F10 = 0, F01 = 0 of (12) yield

a01 = (−β)/h, a10 = (−α)/h and F02 ≡ f1f2 = 0, where f1 = 2h− 7, f2 = (αf − bβ)h+ αβ.

If f1 = 0, then h = 7/2. We express g from the equation F20 = 0 and obtain the set of

conditions (i) for the existence of the integrating factor (10) with h = 7/2 and

Φ = (14aβ − 8b2 − 6bc+ 5c2 − 49m− 5β2)x2 + 14αx+ 14βy − 49.

Assume that f1 6= 0 and let f2 = 0. Then f2 = 0 yields b = [(fh+β)α]/(hβ). If h = 5/2,

then we get the set of conditions (ii) for the existence of the integrating factor (10), where

Φ = 5a20x
2 − 2αx− 2βy + 5.

If h 6= 5/2, then express g from the equation F11 = 0. We have the set of conditions (iii)

for the existence of the integrating factor (10) with Φ = a20hx
2 − αx− βy + h.

2. Let the set of conditions (c2) hold. Then the equations F10 = 0, F01 = 0 of (12) yield

a01 = (−β)/h, a10 = (−α)/h and F20 ≡ g1g2 = 0, where g1 = 2h− 7, g2 = (gβ − aα)h+ αβ.
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If g1 = 0, then h = 7/2. We express f from the equation F02 = 0 and obtain the set of

conditions (iv) for the existence of the integrating factor (10) with h = 7/2 and

Φ = (14aβ − 14bα + 49n+ 5α2 − 5β2)y2 − 14αx− 14βy + 49.

Assume that g1 6= 0 and let g2 = 0. Then g2 = 0 yields a = [β(gh+α)]/(hα). If h = 5/2,

then we get the set of conditions (v) for the existence of the integrating factor (10) with

Φ = (3α3 + αβ2 − 10bα2 + 10gβ2 + 25nα)y2 − 10α2x− 10αβy + 25α.

If h 6= 5/2, then express f from the equation F02 = 0. In this case we have the set of

conditions (vi) for the existence of the integrating factor (10), where

Φ = (3αβ2 − 2bhα2 + 2ghβ2 + 2h2nα + hα3 − hαβ2 − α3)y2 − 2hα2x− 2hαβy + 2h2α.

3. Let the set of conditions (c3) hold. Then F01 = 0, F10 = 0 yield c = 2b, d = 2a+ ha01.

If b = g = 0, then we obtain the set of conditions (vii) for the existence of the integrating

factor (10) with Φ = (2aa01 + 2ha201 − 2a201 + 4m)x2 + (a01y + 2)2.

If b = 0, h = 2 and g 6= 0, then we get the set of conditions (viii) for the existence of the

integrating factor (10), where Φ = (2aa01 + 2a201 + 4m)x2 + (a01y + 2)2.

If b 6= 0 and h = 1, then express m and a01 from the equations F20 = 0 and F11 = 0. In

this case we have the set of conditions (ix) for the existence of the integrating factor (10)

with Φ = (ab− fg)2(gx2 − by2) + 4bg(ab− fg)y − 4bg2.

4. Let the set of conditions (c4) hold. In this case the equations F02 = 0 and F01 = 0 yield

p = g = 0. We express r from F11 = 0 and m from F10 = 0. We obtain the set of conditions

(x) for the existence of the integrating factor (10) with Φ = a20x
2 + a02y

2 + a01y + 1.

5. Let the set of conditions (c5) hold. Then the equations F10 = 0, F01 = 0 of (6) imply

a01 = (−β)/h, a10 = (−α)/h. We express g and a from the equations F11 = 0 and F02 = 0.

If h = 1, then we obtain the set of conditions (xi) for the existence of the integrating

factor (10) with Φ = (β2 + γ)(α2x2 + γy2)− 4γ(αx+ βy − 1).

If h = 2, then we get the set of conditions (xii) for the existence of the integrating factor

(10), where Φ = (β2 + γ)(α2x2 + γy2)− 8γ(αx+ βy − 2).

Assume that (h− 1)(h− 2) 6= 0. In this case we have the set of conditions (xiii) for the

existence of the integrating factor (10) with Φ = (β2 + γ)(α2x2 + γy2) + 4hγ(h− αx− βy).

6. Let the set of conditions (c6) hold. Then from the equation F01 = 0 of (12) we �nd

a10 = (−α)/h and express g from the equation F11 = 0.

If a02 = (a201)/4 and h = 5/2, then u = (10b)/3. In this case we obtain the set of

conditions (xiv) for the existence of the integrating factor (10) with

Φ = 12a20x
2 + 3a201y

2 − 16bx+ 12a01y + 12.

If a02 = (a201)/4 and h 6= 5/2, then we express f and d from the equations F02 = 0

and F10 = 0 of (12). In this case we get the set of conditions (xv) for the existence of the

integrating factor (10), where Φ = 4ha20x
2 + ha201y

2 − 4ux+ 4ha01y + 4h.

Assume that a02 6= (a201)/4. We express d from the equation F02 = 0 and obtain the set

of conditions (xvi) for the existence of the integrating factor (10) with

Φ = h(a220x
2 + a02y

2)− αx+ h(a01y + 1).

Theorem 2 is proved.
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Êîçüìà Ä.Â. Óìîâà öåíòðà äëÿ êóái÷íî¨ äèôåðåíöiàëüíî¨ ñèñòåìè ç iíâàðiàíòíîþ êðèâîþ

äðóãîãî ïîðÿäêó // Áóêîâèíñüêè�è ìàòåì. æóðíàë � 2022. � Ò.10, �1. � C. 22�32.

Ðîçãëÿäà¹òüñÿ äâîâèìiðíà êóái÷íà äèôåðåíöiàëüíà ñèñòåìà âèãëÿäó

ẋ = y + ax2 + cxy + fy2 + kx3 +mx2y + pxy2 + ry3,

ẏ = −(x+ gx2 + dxy + by2 + sx3 + qx2y + nxy2 + ly3),

â ÿêié âñi çìiííi òà êîåôiöi¹íòè ïåðåäáà÷àþòüñÿ äiéñíèìè. Ïî÷àòîê êîîðäèíàò O(0; 0) ¹

îñîáëèâîþ òî÷êîþ ç ÷èñòî óÿâíèìè êîðåíÿìè õàðàêòåðèñòè÷íîãî ðiâíÿííÿ (λ1,2 = ±i)
òèïó öåíòð àáî ôîêóñ. Äëÿ äàíî¨ ñèñòåìè âèâ÷à¹òüñÿ ïðîáëåìà ðîçðiçíåííÿ öåíòðà òà

ôîêóñà çà íàÿâíîñòi îäíi¹¨ äiéñíî¨ íåïðèâiäíî¨ àëãåáðà¨÷íî¨ iíâàðiàíòíî¨ êðèâî¨ äðóãîãî

ïîðÿäêó. Ó ðîáîòi îòðèìàíî øiñòü íåîáõiäíèõ i äîñòàòíiõ óìîâ iñíóâàííÿ iíâàðiàíòíî¨

êðèâî¨ äðóãîãî ïîðÿäêó Φ ≡ 1+a10x+a01y+a20x
2+a02y

2 = 0, äå (a20, a02) 6= 0, (a20, a10) 6=
0, (a02, a01) 6= 0.

Ïî÷àòîê êîîðäèíàò ¹ öåíòðîì äëÿ êóái÷íî¨ äèôåðåíöiàëüíî¨ ñèñòåìè òîäi i òiëüêè òîäi,

êîëè ñèñòåìà ìà¹ â îêîëi îñîáëèâî¨ òî÷êè O(0; 0) ìà¹ àíàëiòè÷íèé iíòåãðóþ÷èé ìíîæíèê

µ(x, y) = 1+
∑∞

k=1 µk(x, y), äå µk îäíîðiäíi ìíîãî÷ëåíè ñòåïåíÿ k. Îòðèìàíî øiñòíàäöÿòü

ñåðié óìîâ iñíóâàííÿ àíàëiòè÷íîãî iíòåãðóþ÷îãî ìíîæíèêà âèãëÿäó µ−1 = Φh, äå Φ = 0

iíâàðiàíòíà êðèâà äðóãîãî ïîðÿäêó, à h - äiéñíèé ïàðàìåòð. Äëÿ êóái÷íî¨ äèôåðåíöiàëüíî¨

ñèñòåìè ç îñîáëèâîþ òî÷êîþ òèïó öåíòð àáî ôîêóñ òà ç iíâàðiàíòíîþ êðèâîþ äðóãîãî

ïîðÿäêó îòðèìàíî øiñòíàäöÿòü íîâèõ óìîâ iñíóâàííÿ öåíòðó.


