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PROPERTIES OF INTEGRALS WHICH HAVE THE TYPE OF

DERIVATIVES OF VOLUME POTENTIALS FOR DEGENERATED
−→
2b-PARABOLIC EQUATION OF KOLMOGOROV TYPE

In weighted Hölder spaces it is studied the smoothness of integrals, which have the structure
and properties of derivatives of volume potentials which generated by fundamental solution of
the Cauchy problem for degenerated

−→
2b-parabolic equation of Kolmogorov type. The coefficients

in this equation depend only on the time variable. Special distances and norms are used for
constructing of the weighted Hölder spaces.

The results of the paper can be used for establishing of the correct solvability of the Cauchy
problem and estimates of solutions of the given non-homogeneous equation in corresponding
weighted Hölder spaces.
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Introduction

While the fundamental solution is being constructed and investigated, correct solvability
of the Cauchy problem is being established and estimates of solutions for parabolic equations
are being obtained, properties of the corresponding volume potentials are very important.
These properties have been established for parabolic equations in the sense of Petrovsky and
for
−→
2b-parabolic equations in the sense of Eidelman without any degenerations in [1, 2, 10]

and for equations with degenerations on the initial hyperplane in works [2, 9, 11, 13, 14].
Volume potentials for the degenerated arbitrary order parabolic equations of the Kolmogorov
type (ultraparabolic equations of the Kolmogorov type) were studied in [2, 5, 6, 7, 8].

It is convenient to obtain such properties if the statements about properties of integrals
which have the type of derivatives of volume potentials are proved before. These properties
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are described by belonging such integrals to corresponding functional spaces according to
the type of spaces which density and kernel of the integral belong to. The densities of
these volume potentials belong to Hölder spaces of bounded functions or of functions which
increasing as |x| → ∞. Statements of such type are proved in works [2, 3, 4, 10, 12]
for parabolic equations in the sense of Petrovsky, for parabolic equations in the sense of
Eidelman and for degenerated arbitrary order parabolic equations of the Kolmogorov type.

In this paper we proved some corresponding statements in case of the Kolmogorov type
equations, where the major part of equations are parabolic in the sense of Eidelman (

−→
2b-

parabolic) with respect to basic independent variables.

1 Notations and assumptions

Let n1, n2, n3 be given positive integer numbers such that 0 ≤ n3 ≤ n2 ≤ n1, n := n1 +

n2 + n3; b1, ..., bn1 are some numbers in N; x := (x1, x2, x3) ∈ Rn, xl := (xl1, ..., xlnj
) ∈ Rnl ,

l ∈ L := {1, 2, 3}; T is a positive number; if k1 := (k11, ..., k1n1) ∈ Zn1
+ is a n1-dimensional

index, than ∂k1
x1

:= ∂k11
x11
· ... · ∂k1n1

x1n1
.

Denote by ~2b the vector (2b1, ..., 2bn1), by b the least common multiple of the numbers
b1, ..., bn1 , by mj a number b/bj, j ∈ {1, ..., n1}.

The paper is concerned with the study of properties of integrals of the type

u(t, x) :=

t∫
0

dτ

∫
Rn

M(t, x; τ, ξ)f(τ, ξ)dξ, (t, x) ∈ Π(0,T ] := (0, T ]× Rn. (1)

The kernel M is a complex-valued function which has properties of the derivatives of the
fundamental solution G of the Cauchy problem for the equation

(∂t −
n2∑
j=1

x1j∂x2j
−

n3∑
j=1

x2j∂x3j
−

∑
‖k1‖≤2b

ak1(t)∂k1
x1

)u(t, x) = f(t, x), (t, x) ∈ Π(0,T ], (2)

where ‖k1‖ :=
n1∑
j=1

mjk1j for k1 ∈ Zn1
+ . In the equation (2) coefficients ak1 are continuous on

[0, T ] functions and differential expression ∂t −
∑

‖k1‖≤2b

ak1(t)∂k1
x1

is uniformly ~2b-parabolic on

[0, T ]× Rn1 , that there exists a constant δ > 0 such that for all t ∈ [0, T ] and σ1 ∈ Rn1 the
inequality

Re
∑
‖k1‖=2b

ak1(t)(iσ1)k1 ≤ −δ
n1∑
j=1

σ
2bj
1j

is valid. In the expression i is an imaginary unit.
If n3 ≥ 1 then the equation (2) degenerates with respect to two groups of variables x2

and x3. When n3 = 0 and n2 ≥ 1 then in the equations (2) the second sum is missing and
degeneration is present with respect to one group of variables x2. In the case n2 = n3 = 0

the equation (2) doesn’t have the first two sums and it isn’t degenerated.
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The equation (2) with n2 > 0 is degenerated equation of Kolmogorov type with ~2b-
parabolic part with respect to main variables. It generalizes the known equation of A.N.Kol-
mogorov of diffusion with inertia. There is a fundamental solution of Cauchy problem
(FSCP) G for it, detail properties of which is given in [2].

In [2] it was established a structure and properties of the function G and its derivatives.
Let us describe properties of the kernelM of the integral (1). For this purpose we denote:

qj := 2bj/(2bj − 1), j ∈ {1, ..., n1}; m′ and m′′ are the most and the least of the numbers

mj, j ∈ {1, ..., n1}; Ns :=
s∑
l=1

nl∑
j=1

(2b(l − 1) + mj)/(2b), s ∈ L, N := N3. For any {x, x′, ξ} ⊂

Rn: ∆x′
x f(t, x) := f(t, x) − f(t, x′); x1j(t) := x1j, j ∈ {1, ..., n1}; x2j(t) := x2j + tx1j,

j ∈ {1, ..., n2}; x3j(t) := x3j + tx2j + (t2/2)x1j, j ∈ {1, ..., n3}; xl(t) := (xl1(t), ..., xlnl
(t)),

l ∈ M ; X1(t) := (x1(t), x2(t), x3(t)); X2(t) := (ξ1, x2(t), x3(t)); X3(t) := (ξ1, ξ2, x3(t));

ρ(t, x, ξ) :=
3∑
l=1

nl∑
j=1

t1−lqj |xlj(t)− ξlj|qj ; d(x; ξ;λ) :=
3∑
l=1

nl∑
j=1

|xlj− ξlj|λ/(2b(l−1)+mj), d1(x; ξ;λ) :=

n1∑
j=1

|x1j−ξ1j|λ/mj +
2∑
l=1

nl∑
j=1

|xlj−ξlj|(λ+m′)/(2b(l−1)+mj), d2(x; ξ;λ) :=
n1∑
j=1

|x1j−ξ1j|λ/mj +
n2∑
j=1

|x2j−

ξ2j|(λ+m′)/(2b+mj) +
n3∑
j=1

|x3j − ξ3j|(λ+2b+m′)/(4b+mj), if λ ∈ (0, 1]; d(x; ξ) := d(x; ξ; 1).

Note, that if d(x;x′) < 1, then with some c > 0 the next inequalities

d2(x;x′;λ) ≤ d1(x;x′;λ) ≤ d(x;x′;λ) ≤ cd(x;x′)λ, {x, x′} ⊂ Rn, λ ∈ (0, 1]

are hold.
As the kernel of the integral (1), let us take the function M , which can be represented

in the form

M(t, x; τ, ξ) := (t− τ)−ν−NΩ(t, x; τ, ξ), 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, (3)

where ν ∈ (0, 2 + m′/(2b)], and the function Ω, with the values in C, is continuous and it
satisfies the conditions below with some numbers c > 0 and γ ∈ (0, 1]

A1. ∀{t, τ} ⊂ (0, T ], τ < t, ∀x ∈ Rn :∫
Rn

Ω(t, x; τ, ξ)dξ = 0 for ν ∈ (1− 1/(2b), 1],

∫
Rn2+n3

Ω(t, x; τ, ξ)dξ2dξ3 = 0 for ν ∈ (1, 1 +m′/(2b)], (4)

∫
Rn3

Ω(t, x; τ, ξ)dξ3 = 0 for ν ∈ (1 +m′/(2b), 2 +m′/(2b)];

A2. ∃C > 0 ∀{t, τ} ⊂ (0, T ], τ < t, ∀{x, ξ} ⊂ Rn :

|Ω(t, x; τ, ξ)| ≤ C exp{−cρ(t− τ, x, ξ}; (5)

A3. ∃C > 0 ∀{t, τ} ⊂ (0, T ], τ < t, ∀{x, x′, ξ} ⊂ Rn, d(x;x′) < (t− τ)1/(2b) :

|∆x′

x Ω(t, x; τ, ξ)| ≤ C(d(x;x′))γ(t− τ)−γ/(2b) exp{−cρ(t− τ, x, ξ)} (6)



10 Dron’ V.S., Medyns’kyi I.P.

are true. In the conditions A2, A3 and below, we denote by the letter C all positive constants
the values of which are unimportant.

The definition of the function M contains the number ν, c and γ, which assume are
considered to be given. By M(ν, c, γ) we denote a set of all functions M determined by
the formula (3), in which the function Ω satisfies conditions A1 – A3 with given γ ∈ (0, 1],
ν ∈ (0, 2 +m′/(2b)], c ∈ R+.

It should be noted that for ν ∈ [1, 2 + m′/(2b)] integral (1) with the function M ∈
M(ν, c, γ) is treated as the limit

lim
h→0

t−h∫
0

dτ

∫
Rn

M(t, x; τ, ξ)f(τ, ξ)dξ,

which exists for suitable f , because of condition A1.
Let us define spaces to which the functions f and u belong. They are the spaces of

functions which are continuous or satisfy Hölder condition and which have certain restrictions
as |x| → ∞. Their behavior as |x| → ∞ will be described by the functions

ϕ(t, x) := exp
3∑
l=1

nl∑
j=1

klj(t, alj)|xlj|qj

or

ψ(t, x) := exp
3∑
l=1

nl∑
j=1

slj(t)|xlj|qj , t ∈ [0, T ], x ∈ Rn.

Here for a fixed number c0 from the interval (0, c), where c is the constant from the conditions
A2 and A3, and for a set a = (a1, a2, a3) ∈ Rn, al := (al1, ..., alnl

), l ∈ M , of non-negative
numbers alj, j ∈ {1, ..., nl}, l ∈M , such that T < min

l∈M,j∈{1,...,nl}
(c0/alj)

(2bj−1)/(2bj(l−1)+1):

klj(t, alj) := c0alj(c
2bj−1
0 − a2bj−1

lj t2bj(l−1)+1)1−qj , j ∈ {1, ..., nl}, l ∈ L;

s1j(t) := k1j(t, a1j) + 2qj−1θ(n2 − j)tqjk2j(t, a2j) + 2qj−2θ(n3 − j)t2qjk3j(t, a3j), j ∈ {1, ..., n1};

s2j(t) := 2qj−1k2j(t, a2j) + 4qj−1θ(n3 − j)tqjk3j(t, a3j), j ∈ {1, ..., n2};

s3j(t) := 4qj−1k3j(t, a3j), j ∈ {1, ..., n3}; t ∈ [0, T ],

where θ(τ) = 1 for τ ≥ 0 and θ(τ) = 0 for τ < 0.
The functions k(t) := (k1(t, a1), k2(t, a2), k3(t, a3)), kl(t, al) := (kl1(t, al1), ..., klnl

(t, alnl
)),

l ∈ L, and s(t) := (s1(t), s2(t), s3(t)), where sl(t) := (sl1(t), ..., slnl
(t)), l ∈ L, t ∈ [0, T ], have

the following properties [2, 8]:

k(0) = a, alj ≤ klj(τ, alj) < klj(t, alj) < slj(t), 0 ≤ τ < t ≤ T, j ∈ {1, ..., nl}, l ∈ L; (7)

klj(t− τ, klj(τ, alj)) ≤ klj(t, alj), 0 ≤ τ ≤ t ≤ T, j ∈ {1, ..., nl}, l ∈ L; (8)

−c0ρ(t− τ, x, ξ) +
3∑
l=1

nj∑
j=1

alj|xlj|qj ≤
3∑
l=1

nj∑
j=1

klj(t, alj)|x̄lj(t)|qj ≤
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≤
3∑
l=1

nj∑
j=1

slj(t)|xlj|qj , 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, (9)

−c0ρ(t− τ, x, ξ)
3∑
l=1

nj∑
j=1

klj(τ, alj)|ξlj|qj ≤
3∑
l=1

nj∑
j=1

klj(t, alj)|x̄lj|qj ≤

≤
3∑
l=1

nj∑
j=1

slj(t)|xlj|qj , 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn. (10)

From these properties it is follows that

ϕ(τ,X1(t− τ)) ≤ ϕ(t,X1(t)) ≤ ψ(t, x),

exp{−c0ρ(t− τ, x, ξ)}ϕ(τ, ξ) ≤ ψ(t, x), 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn. (11)

For a given number λ ∈ (0, 1] we denote by C0, Cλ
ϕ, Cλ

1,ϕ and Cλ
2,ϕ the spaces of continuous

functions u : Π[0,T ] → C, for which the corresponding norms ||u||0ϕ, ||u||λϕ := ||u||0ϕ + [u]λϕ,
||u||λ1,ϕ := ||u||0ϕ + [u]λ1,ϕ and ||u||λ2,ϕ := ||u||0ϕ + [u]λ2,ϕ are finite, where

||u||0ϕ := sup
(t,x)∈Π[0,T ]

|u(t, x)|
ϕ(t, x)

,

[u]λϕ := sup
{(t,x),(t,x′)}⊂Π[0,T ]

(t,x) 6=(t,x′)

|∆x′
x u(t, x)|

(d(x;x′))λ(ϕ(t, x) + ϕ(t, x′))
,

[u]λ1,ϕ := sup
{(t,x),(t,x′)}⊂Π[0,T ]

(t,x)6=(t,x′)

|∆x′
x u(t, x)|

d1(x;x′;λ)(ϕ(t, x) + ϕ(t, x′))
,

[u]λ2,ϕ := sup
{(t,x),(t,x′)}⊂Π[0,T ]

(t,x)6=(t,x′)

|∆x′
x u(t, x)|

d2(x;x′;λ)(ϕ(t, x) + ϕ(t, x′))
.

Except these spaces we will use the space Cλ
ψ. The definition of this space is obtained if

in the definition of the space Cλ
ϕ the function ϕ replace by the function ψ.

2 Main theorem

Let us formulate the main results of this paper.

Theorem. Let M ∈ M(ν, c, γ) and function u is determined by the formula (1). Then the
following statements are valid:

a) if ν ≤ 1− 1/(2b) and f ∈ C0, then u ∈ Cγ
ψ and

||u||γψ ≤ C||f ||0ϕ; (12)

b) if ν ∈ (1− 1/(2b), 1] and f ∈ Cλ
ϕ, λ ∈ (0, 1], then with ν + (γ − λ)/(2b) < 1 we have

u ∈ Cγ
ψ and

||u||γψ ≤ C||f ||λϕ, (13)
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and with ν + (γ − λ)/(2b) > 1 we have u ∈ Cλ
ψ and

||u||λψ ≤ C||f ||λϕ; (14)

c) if ν ∈ (1, 1 + m′/(2b)] and f ∈ Cλ
1,ϕ, λ ∈ (0, 1], then with ν + (γ −m′ − λ)/(2b) < 1

we have u ∈ Cγ
ψ and

||u||γψ ≤ C||f ||λ1,ϕ, (15)

and with ν + (γ −m′ − λ)/(2b) > 1 we have u ∈ Cλ
ψ and

||u||λψ ≤ C||f ||λ1,ϕ; (16)

d) if ν ∈ (1 +m′/(2b), 2 +m′/(2b)] and f ∈ Cλ
2,ϕ, λ ∈ (0, 1], then with ν − 1 + (γ −m′ −

λ)/(2b) < 1 we have u ∈ Cγ
ψ and

||u||γψ ≤ C||f ||λ2,ϕ, (17)

and with ν − 1 + (γ −m′ − λ)/(2b) > 1 we have u ∈ Cλ
ψ and

||u||λψ ≤ C||f ||λ2,ϕ. (18)

The constants C in the inequalities (12)–(18) depend only on the constant C from the
conditions A2 and A3, and also they depend on the numbers n1, n2, n3, b, ν, c, γ and λ.

Proof. We will denote by the same letters the below various constants if we have no interest
in constant’s values.

a) Using the equality [2]∫
Rn

(t− τ)−N exp{−c′ρ(t− τ, x, ξ)}dξ = C, 0 < τ < t ≤ T, x ∈ Rn, c′ > 0, (19)

with the help of (3), (5), (11) and of the definition of the norm ||f ||0ϕ we have

|u(t, x)| ≤ C

t∫
0

(t− τ)−ν−Ndτ

∫
Rn

exp{−cρ(t− τ, x, ξ)}|f(τ, ξ)|dξ

= C

t∫
0

(t− τ)−ν−Ndτ

∫
Rn

exp{−c0ρ(t− τ, x, ξ)}ϕ(τ, ξ)
|f(τ, ξ)|
ϕ(τ, ξ)

exp{−(c− c0)ρ(t− τ, x, ξ)}dξ

≤ Cψ(t, x)

t∫
0

(t− τ)−νdτ ||f ||0ϕ = Cψ(t, x)t1−ν ||f ||0ϕ, (t, x) ∈ Π(0,T ]. (20)

Let x and x′ be arbitrary fixed points from Rn and d := d(x;x′). Let us estimate the
difference ∆x′

x u.
When d2b ≥ t, with the help of estimate (20) we obtain

|∆x′

x u(t, x)| ≤ |u(t, x)|+ |u(t, x′)| ≤ C(ψ(t, x) + ψ(t, x′))t1−ν ||f ||0ϕ
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≤ C(ψ(t, x) + ψ(t, x′))(d(x;x′))γt1−ν−γ/(2b)||f ||0ϕ, t ∈ (0, T ], {x, x′} ⊂ Rn, γ ∈ (0, 1]. (21)

Let us consider the case when d2b < t. We have

|∆x′

x u(t, x)| ≤
t∫

0

dτ

∫
Rn

|∆x′

xM(t, x; τ, ξ)| |f(τ, ξ)|dξ, t ∈ (0, T ], {x, x′} ⊂ Rn. (22)

Let us prove for the difference ∆M := ∆x′
xM(t, x; τ, ξ) the inequality

|∆M | ≤ Cdγ(t− τ)−γ/(2b)−ν−N exp{−cρ(t− τ, x, ξ)}. (23)

We shall distinguish the following cases: 1) d2b ≥ t− τ , 2) d2b < t− τ .
In the first case, we obtain estimate (23) immediately from (3), (5) and from the inequality

|∆M | ≤ |M(t, x; τ, ξ)|+ |M(t, x′; τ, ξ)|. In the case 2) note that

∆M = (t− τ)−ν−N∆x′

x Ω(t, x; τ, ξ).

Because of (6) we have estimate (23) in case 2).
With the help of (11), (19), (22) and (23) we get

|∆x′

x u(t, x)| ≤ C(ψ(t, x) + ψ(t, x′))dγt1−ν−γ/(2b)||f ||0ϕ,

t ∈ (0, T ], {x, x′} ⊂ Rn, γ ∈ (0, 1]. (24)

From (21) and (24) the estimate

[u]γψ ≤ C||f ||0ϕ

follows and by this result and (20) the estimate (12) holds.
b) Let ν ∈ (1−1/(2b), 1]. Because of the first condition from (4) we represent the integral

(1) in the form

u(t, x) =

t∫
0

dτ

∫
Rn

M(t, x; τ, ξ)∆
X1(t−τ)
ξ f(τ, ξ)dξ, (t, x) ∈ Π(0,T ]. (25)

With the help of (3), (5) and (7)–(11) we get

|u(t, x)| ≤ C

t∫
0

(t− τ)−ν−Ndτ

∫
Rn

exp{−(c− c0)ρ(t− τ, x, ξ)} exp{−c0ρ(t− τ, x, ξ)}

×(ϕ(τ, ξ) + ϕ(τ,X1(t− τ)))
|∆X1(t−τ)

ξ f(τ, ξ)|
ϕ(τ, ξ) + ϕ(τ,X1(t− τ))

dξ ≤ C

t∫
0

(t− τ)−ν−Ndτ

×
∫
Rn

exp{−(c− c0)ρ(t− τ, x, ξ)}(d(ξ,X1(t− τ)))λdξψ(t, x)[f ]λϕ.
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Now let us use the inequality [2]

(d(ξ,X1(t− τ)))λ exp{−c̄ρ(t− τ, x, ξ)} ≤ C(t− τ)λ/(2b) exp{−c̄1ρ(t− τ, x, ξ)},

0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, 0 < c̄1 < c̄, λ ∈ (0, 1]. (26)

For c̄ = c− c0 with the help of (19) we have

|u(t, x)| ≤ C

t∫
0

(t− τ)−ν−N+λ/(2b)dτ

∫
Rn

exp{−c̄1ρ(t− τ, x, ξ)}dξψ(t, x)[f ]λϕ

= Cψ(t, x)[f ]λϕ

t∫
0

(t− τ)−ν+λ/(2b)dτ = Cψ(t, x)[f ]λϕt
1−ν+λ/(2b), (t, x) ∈ Π(0,T ]. (27)

Then
||u||0ψ ≤ C[f ]λϕ. (28)

Let us estimate the difference ∆x′
x u. If d2b ≥ t, where d := d(x;x′), then under condition

(27) we have the estimate

|∆x′

x u(t, x)| ≤ C(ψ(t, x) + ψ(t, x′))[f ]λϕt
1−ν+λ/(2b), t ∈ (0, T ], {x, ξ} ⊂ Rn.

We obtain
|∆x′

x u(t, x)| ≤ C(ψ(t, x) + ψ(t, x′))[f ]λϕd
λt1−ν

≤ C(ψ(t, x) + ψ(t, x′))dλ[f ]λϕ, t ∈ (0, T ], {x, ξ} ⊂ Rn, (29)

for any {γ, λ} ⊂ (0, 1], including where ν + (γ − λ)/(2b) > 1; and with ν + (γ − λ)/(2b) < 1

we receive from (27)

|∆x′

x u(t, x)| ≤ C(ψ(t, x) + ψ(t, x′))[f ]λϕt
1−ν−(γ−λ)/(2b)tγ/(2b)

≤ C(ψ(t, x) + ψ(t, x′))[f ]λϕt
1−ν−(γ−λ)/(2b)dγ

≤ C(ψ(t, x) + ψ(t, x′))dγ[f ]λϕ, t ∈ (0, T ], {x, ξ} ⊂ Rn. (30)

It is sufficient to consider case, where d2b < t. By the first condition from (4) like (25)
we write

∆x′

x u(t, x) =

t−d2b∫
0

dτ

∫
Rn

∆x′

xM(t, x; τ, ξ)∆
X1(t−τ)
ξ f(τ, ξ)dξ

+

t∫
t−d2b

dτ

∫
Rn

M(t, x; τ, ξ)∆
X1(t−τ)
ξ f(τ, ξ)dξ

−
t∫

t−d2b

dτ

∫
Rn

M(t, x′; τ, ξ)∆
X′1(t−τ)
ξ f(τ, ξ)dξ =:

3∑
l=1

Kl, (31)

where X ′1(t) := X1(t)|x=x′ .
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Using (3), (6), the second inequality from (9), (11), we get

|K1| ≤ C

t−d2b∫
0

(t−τ)−ν−Ndτ

∫
Rn

(d(x;x′))γ(t−τ)−γ/(2b) exp{−cρ(t−τ, x, ξ)}|∆X1(t−τ)
ξ f(τ, ξ)|dξ

≤ C

t−d2b∫
0

(t− τ)−ν−Ndτ

∫
Rn

(d(x;x′))γ(t− τ)−γ/(2b) exp{−cρ(t− τ, x, ξ)}

×(ϕ(τ, ξ) + ϕ(τ,X1(t− τ)))
|∆X1(t−τ)

ξ f(τ, ξ)|
ϕ(τ, ξ) + ϕ(τ,X1(t− τ))

dξ ≤ C

t−d2b∫
0

(t− τ)−ν−N−γ/(2b)dτ

×
∫
Rn

ψ(t, x) exp{−(c− c0)ρ(t− τ, x, ξ)}(d(ξ;X1(t− τ)))λdξdγ[f ]λϕ.

Now let us use the inequality (26) and equality (19). We get

|K1| ≤ Cdγ
t−d2b∫
0

(t− τ)−ν−(γ−λ)/(2b)dτψ(t, x)[f ]λϕ. (32)

If ν + (γ − λ)/(2b) < 1, then from (32) we obtain

|K1| ≤ Cdγψ(t, x)[f ]λϕ(t− τ)1−ν−(γ−λ)/(2b)|0τ=t−d2b

= Cdγψ(t, x)[f ]λϕ(t1−ν−(γ−λ)/(2b) − d2b(1−ν)−γ+λ) ≤ Cdγψ(t, x)[f ]λϕ.

If ν + (γ − λ)/(2b) > 1, then from (32) we obtain

|K1| ≤ Cdγψ(t, x)[f ]λϕ(t− τ)1−ν−(γ−λ)/(2b)|t−d2b

τ=0 = Cdγψ(t, x)[f ]λϕ(d2b(1−ν)−γ+λ)

−t1−ν−(γ−λ)/(2b)) ≤ Cd2b(1−ν)+λψ(t, x)[f ]λϕ = Cdλψ(t, x)[f ]λϕ.

Let us estimate K2. With the help of (3), (9), (11) and (26) we obtain

|K2| ≤ C

t∫
t−d2b

(t− τ)−ν−Ndτ

∫
Rn

(d(ξ;X1(t− τ)))λ exp{−cρ(t− τ, x, ξ)}

×(ϕ(τ, ξ) + ϕ(τ,X1(t− τ)))dξ[f ]λϕ ≤ C

t∫
t−d2b

(t− τ)−ν−Ndτ

×
∫
Rn

(d(ξ;X1(t− τ)))λ exp{−(c− c0)ρ(t− τ, x, ξ)}ψ(t, x)dξ[f ]λϕ

≤ C

t∫
t−d2b

(t− τ)−ν−N+λ/(2b)dτ

∫
Rn

exp{−c̄1ρ(t− τ, x, ξ)}ψ(t, x)dξ[f ]λϕ.
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Using (19) with c′ = c̄1, we have

|K2| ≤ C

t∫
t−d2b

(t− τ)−ν+λ/(2b)dτψ(t, x)[f ]λϕ.

Since −ν + λ/(2b) > −1, we obtain

|K2| ≤ C(t− τ)1−ν+λ/(2b)|t−d2b

τ=t ψ(t, x)[f ]λϕ = Cd2b(1−ν)+λψ(t, x)[f ]λϕ (33)

and thus, we have

|K2| ≤ Cdλd2b(1−ν)ψ(t, x)[f ]λϕ ≤ Cdλψ(t, x)[f ]λϕ,

if ν+(γ−λ)/(2b) > 1. In case, where ν+(γ−λ)/(2b) < 1, we receive from (33) the following
inequality

|K2| ≤ Cdγd2b(1−ν)+λ−γψ(t, x)[f ]λϕ ≤ Cdγψ(t, x)[f ]λϕ.

By the similar way we obtain

|K3| ≤ Cdλψ(t, x′)[f ]λϕ

in case, where ν ∈ (1− 1/(2b), 1], and

|K3| ≤ Cdγψ(t, x′)[f ]λϕ

in case, where ν ∈ (1− 1/(2b), 1] and ν − (γ − λ)/(2b) < 1.
From (28), (29), (30) and from the estimates for Kl, l ∈ L, the estimates (13) and (14)

follow with ν ∈ (1− 1/(2b), 1].
c) Let ν ∈ (1, 1 + m′/(2b)]. Because of the second condition from (4) we represent the

integral (1) in the form

u(t, x) =

t∫
0

dτ

∫
Rn1

( ∫
Rn2+n3

(t− τ)−ν−NΩ(t, x; τ, ξ)∆
X2(t−τ)
ξ f(τ, ξ)dξ2dξ3

)
dξ1,

(t, x) ∈ Π(0,T ]. (34)

With the help of (3), (5) and (7)–(11) we get

|u(t, x)| ≤ C

t∫
0

(t− τ)−ν−Ndτ

∫
Rn

exp{−(c− c0)ρ(t− τ, x, ξ)}

× exp{−c0ρ(t− τ, x, ξ)}(ϕ(τ, ξ) + ϕ(τ,X2(t− τ))
|∆X2(t−τ)

ξ f(τ, ξ)|
ϕ(τ, ξ) + ϕ(τ,X2(t− τ))

dξ

≤ C

t∫
0

(t− τ)−ν−Ndτ

∫
Rn

exp{−(c− c0)ρ(t− τ, x, ξ)}d1(ξ;X2(t− τ);λ)dξψ(t, x)[f ]λ1,ϕ.
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The inequality below follows from definitions of d, d1 and X2:

d1(ξ;X2(t− τ);λ) =
3∑
l=2

|ξl − x̄l(t− τ)|(λ+m′)/(2b(l−1)+1)

≤ C

(
3∑
l=2

|ξl − x̄l(t− τ)|1/(2b(l−1)+1

)λ+m′

= C (d(ξ;X2(t− τ)))λ+m′ ,

0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, λ ∈ (0, 1].

Here C > 0 is some constant. Then take to account inequality (26) we have

d1(ξ;X2(t− τ);λ) exp{−c̄ρ(t− τ, x, ξ)} ≤ C(d(ξ;X2(t− τ)))m
′+λ exp{−c̄ρ(t− τ, x, ξ)}

≤ C(t− τ)(m′+λ)/(2b) exp{−c̄1ρ(t− τ, x, ξ)},

0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, 0 < c̄1 < c̄, λ ∈ (0, 1]. (35)

For c̄ = c− c0 with the help of (19) we have

|u(t, x)| ≤ C

t∫
0

(t− τ)−ν−N+(m′+λ)/(2b)dτ

∫
Rn

exp{−c̄1ρ(t− τ, x, ξ)}dξψ(t, x)[f ]λ1,ϕ

= Cψ(t, x)[f ]λ1,ϕ

t∫
0

(t− τ)−ν+(m′+λ)/(2b)dτ = Cψ(t, x)[f ]λ1,ϕt
1−ν+(m′+λ)/(2b), (t, x) ∈ Π(0,T ].

(36)
Then

||u||0ψ ≤ C[f ]λ1,ϕ. (37)

Let us estimate the difference ∆x′
x u. If d2b ≥ t, where d := d(x;x′), then under estimate

(36) we have the inequality

|∆x′

x u(t, x)| ≤ C(ψ(t, x) + ψ(t, x′))[f ]λ1,ϕd
λt1−ν+m′/(2b)

≤ C(ψ(t, x) + ψ(t, x′))dλ[f ]λ1,ϕ, t ∈ (0, T ], {x, ξ} ⊂ Rn, (38)

and with ν + (γ −m′ − λ)/(2b) < 1 we receive

|∆x′

x u(t, x)| ≤ C(ψ(t, x) + ψ(t, x′))[f ]λ1,ϕt
1−ν−(γ−m′−λ)/(2b)tγ/(2b)

≤ C(ψ(t, x) + ψ(t, x′))[f ]λ1,ϕt
1−ν−(γ−m′−λ)/(2b)dγ

≤ C(ψ(t, x) + ψ(t, x′))dγ[f ]λ1,ϕ, t ∈ (0, T ], {x, ξ} ⊂ Rn. (39)

It is sufficient to consider case, where d2b < t. By the second condition from (4) like (34)
we write

∆x′

x u(t, x) =

t−d2b∫
0

dτ

∫
Rn1

( ∫
Rn2+n3

∆x′

xM(t, x; τ, ξ)∆
X2(t−τ)
ξ f(τ, ξ)dξ2dξ3

)
dξ1
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+

t∫
t−d2b

dτ

∫
Rn1

( ∫
Rn2+n3

M(t, x; τ, ξ)∆
X2(t−τ)
ξ f(τ, ξ)dξ2dξ3

)
dξ1

−
t∫

t−d2b

dτ

∫
Rn1

( ∫
Rn2+n3

M(t, x′; τ, ξ)∆
X′2(t−τ)
ξ f(τ, ξ)dξ2dξ3

)
dξ1 =:

3∑
l=1

K ′l , (40)

where X ′2(t) := X2(t)|x=x′ .
Using (3), (6), the second inequality from (9), (11), we get

|K ′1| ≤ C

t−d2b∫
0

(t− τ)−ν−Ndτ

∫
Rn

(d(x;x′))γ(t− τ)−γ/(2b)×

× exp{−cρ(t− τ, x, ξ)}(ϕ(τ, ξ) + ϕ(τ,X2(t− τ)))

×
|∆X2(t−τ)

ξ f(τ, ξ)|
ϕ(τ, ξ) + ϕ(τ,X2(t− τ))

dξ ≤ C

t−d2b∫
0

(t− τ)−ν−N−γ/(2b)dτ

×
∫
Rn

ψ(τ, x) exp{−(c− c0)ρ(t− τ, x, ξ)}d1(ξ;X2(t− τ);λ)dξdγ[f ]λ1,ϕ.

Now let us use the inequalities (35) and equality (19). We get

|K ′1| ≤ Cdγ
t−d2b∫
0

(t− τ)−ν−N−γ/(2b)+(m′+λ)/(2b)dτ

∫
Rn

ψ(τ, x) exp{−c̄1ρ(t− τ, x, ξ)}dξ

×dγ[f ]λ1,ϕ = Cdγ
t−d2b∫
0

(t− τ)−ν−(γ−m′−λ)/(2b)dτψ(t, x)[f ]λ1,ϕ.

If ν + (γ −m′ − λ)/(2b) > 1, then

|K ′1| ≤ Cdγψ(t, x)[f ]λ1,ϕ(t− τ)1−ν−(γ−m′−λ)/(2b)|t−d2b

τ=0 = Cdγψ(t, x)[f ]λ1,ϕ(d2b(1−ν)−γ+m′+λ

−t1−ν−(γ−m′−λ)/(2b)) ≤ Cd2b(1−ν)+m′+λψ(t, x)[f ]λ1,ϕ ≤ Cdλψ(t, x)[f ]λ1,ϕ.

If ν + (γ −m′ − λ)/(2b) < 1, then

|K ′1| ≤ Cdγψ(t, x)[f ]λ1,ϕ(t− τ)1−ν−(γ−m′−λ)/(2b)|0τ=t−d2b = Cdγψ(t, x)[f ]λ1,ϕ

×(t1−ν−(γ−m′−λ)/(2b) − d2b(1−ν)−γ+m′+λ) ≤ Cdγψ(t, x)[f ]λ1,ϕ.

Let us estimate K ′2. With the help of (3), (9), (11) and (35) we obtain

|K ′2| ≤ C

t∫
t−d2b

(t− τ)−ν−Ndτ

∫
Rn

d1(ξ;X2(t− τ);λ) exp{−cρ(t− τ, x, ξ)}
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×(ϕ(τ, ξ) + ϕ(τ,X2(t− τ)))dξ[f ]λ1,ϕ ≤ C

t∫
t−d2b

(t− τ)−ν−Ndτ

×
∫
Rn

d1(ξ;X2(t− τ);λ) exp{−(c− c0)ρ(t− τ, x, ξ)}ψ(t, x)dξ[f ]λ1,ϕ

≤ C

t∫
t−d2b

(t− τ)−ν−N+(m′+λ)/(2b)dτ

∫
Rn

exp{−c̄1ρ(t− τ, x, ξ)}ψ(t, x)dξ[f ]λ1,ϕ.

Using (19) with c′ = c̄1, we have

|K ′2| ≤ C

t∫
t−d2b

(t− τ)−ν+(m′+λ)/(2b)dτψ(t, x)[f ]λ1,ϕ.

Since ν − (m′ + λ)/(2b) < 1, we obtain

|K ′2| ≤ C(t− τ)1−ν+(m′+λ)/(2b)|t−d2b

τ=t ψ(t, x)[f ]λ1,ϕ = Cd2b(1−ν)+m′+λψ(t, x)[f ]λ1,ϕ. (41)

The estimate

|K ′2| ≤ Cdγd2b(1−ν)+m′+λ−γψ(t, x)[f ]λ1,ϕ ≤ Cdγψ(t, x)[f ]λ1,ϕ

follow from (41) if ν + (γ −m′ − λ)/(2b) < 1, and the estimate

|K ′2| ≤ Cdλd2b(1−ν)+m′ψ(t, x)[f ]λ1,ϕ ≤ Cdλψ(t, x)[f ]λ1,ϕ

if ν + (γ −m′ − λ)/(2b) > 1.
By the similar way we obtain

|K ′3| ≤ Cdγψ(t, x′)[f ]λ1,ϕ

in case, where ν + (γ −m′ − λ)/(2b) < 1, and

|K ′3| ≤ Cdλψ(t, x′)[f ]λ1,ϕ

in the case, where ν + (γ −m′ − λ)/(2b) > 1.
From (37), (39), (40) and from estimates for K ′l , l ∈ L, the estimates (15) and (16) follow.
d) This case can be proved by the similar way as the case c). We must use the third

equality from (4); representation of the integral (1) in the form

u(t, x) =

t∫
0

dτ

∫
Rn1+n2

( ∫
Rn3

(t− τ)−ν−NΩ(t, x; τ, ξ)∆
X3(t−τ)
ξ f(τ, ξ)dξ3

)
dξ1dξ2, (t, x) ∈ Π(0,T ],

and estimates
d2(ξ;X3(t− τ);λ) exp{−c̄ρ(t− τ, x, ξ)}

≤ C(d(ξ;X3(t− τ)))m
′+2b+λ exp{−c̄ρ(t− τ, x, ξ)}

≤ C(t− τ)(m′+2b+λ)/(2b) exp{−c̄1ρ(t− τ, x, ξ)},
0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, 0 < c̄1 < c̄, λ ∈ (0, 1].

These estimates are obtained in the same way as estimates (35).
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Дронь В.С., Мединський I.П. Властивостi iнтегралiв типу похiдних вiд об’ємного по-
тенцiалу для виродженого

−→
2b-параболiчного рiвняння типу Колмогорова // Буковинський

матем. журнал — 2021. — Т.9, №2. — C. 7–21.

При побудовi i дослiдженнi фундаментального розв’язку, встановленнi коректної роз-
в’язностi задачi Кошi та одержаннi оцiнок розв’язкiв параболiчних рiвнянь важливе зна-
чення мають властивостi вiдповiдних об’ємних потенцiалiв. Такi властивостi встановле-
но для параболiчних за Петровським i

−→
2b-параболiчних за Ейдельманом рiвнянь як без

усяких вироджень, так i з виродженнями на початковiй гiперплощинi. Також вивчалися
об’ємнi потенцiали для вироджених параболiчних типу Колмогорова (ультрапараболiчних
типу Колмогорова) рiвнянь довiльного порядку. Проте лише для рiвнянь другого поряд-
ку були встановленi властивостi об’ємних потенцiалiв iз густиною з просторiв Гельдера
обмежених i зростаючих при |x| → ∞ функцiй.

Такi властивостi зручно отримувати, якщо попередньо довести твердження про вла-
стивостi iнтегралiв типу похiдних вiд об’ємних потенцiалiв. Цi властивостi описуються
належнiстю таких iнтегралiв до вiдповiдних функцiональних просторiв залежно вiд того,
до яких просторiв належить густина та ядро iнтеграла.

У статтi розглядаються iнтеграли, якi мають структуру та властивостi, подiбнi до по-
хiдних вiд об’ємних потенцiалiв, породжених фундаментальним розв’язком задачi Кошi
для виродженого

−→
2b-параболiчного рiвняння типу Колмогорова. Коефiцiєнти цього рiв-

няння залежать тiльки вiд часової змiнної. Залежно вiд розмiрностi груп просторових
змiнних рiвняння може вироджуватися за двома або однiєю групою просторових змiнних,
або навiть може бути невиродженним

−→
2b-параболiчним за Ейдельманом рiвнянням.

Для побудови просторiв Гельдера використовуються спецiальнi вiдстанi та ваговi нор-
ми. Вiдстанi враховують анiзотропнiсть за просторовими змiнними рiвняння, яке поро-
джує iнтеграли, що розглядаються. Ваговими функцiями є експоненти, якi необмежено
зростають при |x| → ∞ i тип їх зростання спецiальним способом залежить вiд змiнної t.

Результати роботи можуть бути використанi для встановлення коректної розв’язностi
задачi Кошi та оцiнок розв’язкiв даного неоднорiдного рiвняння у вiдповiдних вагових
просторах Гельдера.


