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ASYMPTOTIC BEHAVIOR OF THE LOGARITHMIC DERIVATIVE OF

ENTIRE FUNCTION OF IMPROVED REGULAR GROWTH IN THE

METRIC OF LQ[0, 2π]

Let f be an entire function with f(0) = 1, (λn)n∈N be the sequence of its zeros, n(t) =∑
|λn|≤t 1, N(r) =

∫ r
0
t−1n(t) dt, r > 0, h(ϕ) be the indicator of f , and F (z) = zf ′(z)/f(z),

z = reiϕ. An entire function f is called a function of improved regular growth if for some

ρ ∈ (0,+∞) and ρ1 ∈ (0, ρ), and a 2π-periodic ρ-trigonometrically convex function h(ϕ) 6≡ −∞
there exists a set U ⊂ C contained in the union of disks with �nite sum of radii and such that

log |f(z)| = |z|ρh(ϕ) + o(|z|ρ1), U 63 z = reiϕ →∞.

In this paper, we prove that an entire function f of order ρ ∈ (0,+∞) with zeros on a �nite

system of rays {z : arg z = ψj}, j ∈ {1, . . . ,m}, 0 ≤ ψ1 < ψ2 < . . . < ψm < 2π, is a function of

improved regular growth if and only if for some ρ3 ∈ (0, ρ)

N(r) = c0r
ρ + o(rρ3), r → +∞, c0 ∈ [0,+∞),

and for some ρ2 ∈ (0, ρ) and any q ∈ [1,+∞), one has{
1

2π

∫ 2π

0

∣∣∣∣ ImF (reiϕ)

rρ
+ h′(ϕ)

∣∣∣∣q dϕ}1/q

= o(rρ2−ρ), r → +∞.

Key words and phrases: entire function of improved regular growth, logarithmic derivative,

Fourier coe�cients, �nite system of rays, indicator, Hausdor�-Young theorem.

Drohobych Ivan Franko State Pedagogical University, Institute of Physics, Mathematics, Eco-

nomics and Innovation Technologies, 3 Stryis'ka Str., 82100 Drohobych, Ukraine

e-mail: khats@ukr.net

1 Introduction and main result

It is well known that ([14, p. 24]) an entire function f of order ρ ∈ (0,+∞) can be

represented in the form

f(z) = zλeQ(z)

∞∏
n=1

E

(
z

λn
, p

)
,
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where λn are all nonzero roots of the function f(z), λ ∈ Z+ is the multiplicity of the root at

the origin, Q(z) =
∑ν

k=1Qkz
k is a polynomial of degree ν ≤ ρ, p ≤ ρ is the smallest integer

for which
∑∞

n=1 |λn|−p−1 < +∞ and E(w, p) = (1 − w) exp(w + w2/2 + · · · + wp/p) is the

Weierstrass primary factor.

Let f be an entire function of order ρ ∈ (0,+∞). The function

h(ϕ) = lim sup
r→+∞

log |f(reiϕ)|
rρ

, ϕ ∈ [0, 2π],

is called the indicator of f ([14, p. 51]). The indicator is continuous 2π-periodic ρ-trigonomet-

rically convex function that has a derivative at all points except possibly of a countable set

(see [14, pp. 52�55]). A set C ⊂ C is called a C0-set ([14, p. 90]) if it can be covered by

a system of disks {z : |z − ak| < sk}, k ∈ N, satisfying
∑
|ak|≤r

sk = o(r) as r → +∞. A set

E ⊂ [0,+∞) is called an Eη-set ([14, p. 96]) if lim sup
r→+∞

r−1mes(E ∩ [0, r]) ≤ η, η ∈ (0, 1].

Let (λn)n∈N be the sequence of zeros of an entire function f , f(0) = 1, let F (z) :=

zf ′(z)/f(z), z = reiϕ, and let

n(r) :=
∑
|λn|≤r

1, N(r) :=

∫ r

0

n(t)

t
dt, r > 0.

An entire function f of order ρ ∈ (0,+∞) with the indicator h(ϕ) is said to be of

completely regular growth in the sense of Levin and P�uger (see [2], [14, pp. 139�167]) if

there exists a C0-set such that

log |f(reiϕ)| = rρh(ϕ) + o(rρ), C0 63 reiϕ →∞,

uniformly in ϕ ∈ [0, 2π).

The asymptotic behavior of the logarithms and logarithmic derivatives of entire and mero-

morphic functions of positive order of completely regular growth in the metric of Lq[0, 2π]

have been described in [13, 16, 17]. Similar results for entire functions of zero order of slowly

regular growth were obtained in [1, 15]. In particular, [17, Theorem 3, p. 140] implies the

following statement.

Theorem A. Let f be an entire function of order ρ ∈ (0,+∞) with the indicator h(ϕ) and

f(0) = 1. Then the following assertions are equivalent:

1) f is of completely regular growth;

2) for some q ∈ [1,+∞) and h̃ : [0, 2π]→ R, h̃ ∈ Lq[0, 2π], one has{
1

2π

∫ 2π

0

∣∣∣∣ImF (reiϕ)

rρ
− h̃(ϕ)

∣∣∣∣q dθ}1/q

→ 0, r → +∞, r /∈ E ∈ Eη, η ∈ (0, 1),

and

N(r) = c0r
ρ + o(rρ), r → +∞, c0 ∈ [0,+∞).

In this case, h̃(ϕ) = −h′(ϕ) for almost all ϕ ∈ [0, 2π].
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The aim of the present paper is to obtain an analog of Theorem A for entire functions

of improved regular growth (for details, see [3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 18, 19, 20]) with

zeros on a �nite system of rays.

An entire function f is called a function of improved regular growth ([5, 19]) if for some

ρ ∈ (0,+∞) and ρ1 ∈ (0, ρ), and a 2π-periodic ρ-trigonometrically convex function h(ϕ) 6≡
−∞ there exists a set U ⊂ C contained in the union of disks with �nite sum of radii and

such that

log |f(z)| = |z|ρh(ϕ) + o(|z|ρ1), U 63 z = reiϕ →∞.
If an entire function f is of improved regular growth, then it has the order ρ and indicator

h(ϕ) ([19]). In the case when zeros of an entire function f of improved regular growth are

situated on a �nite system of rays {z : arg z = ψj}, j ∈ {1, . . . ,m}, 0 ≤ ψ1 < ψ2 < . . . <

ψm < 2π, the indicator h has the form ([19])

h(ϕ) =
m∑
j=1

hj(ϕ), ρ ∈ (0,+∞) \ N, (1)

where hj(ϕ) is a 2π-periodic function such that on [ψj, ψj + 2π)

hj(ϕ) =
π∆j

sin πρ
cos ρ(ϕ− ψj − π), ∆j ∈ [0,+∞).

In the case ρ ∈ N, the indicator h is de�ned by the formula ([5])

h(ϕ) =


τf cos(ρϕ+ θf ) +

m∑
j=1

hj(ϕ), p = ρ,

Qρ cos ρϕ, p = ρ− 1,

(2)

where δf ∈ C, τf = |δf/ρ + Qρ|, θf = arg(δf/ρ + Qρ) and hj(ϕ) is a 2π-periodic function

such that on [ψj, ψj + 2π)

hj(ϕ) = ∆j(π − ϕ+ ψj) sin ρ(ϕ− ψj)−
∆j

ρ
cos ρ(ϕ− ψj).

Our main result is the following theorem.

Theorem 1. Let f be an entire function of order ρ ∈ (0,+∞) with zeros on a �nite system

of rays {z : arg z = ψj}, j ∈ {1, . . . ,m}, 0 ≤ ψ1 < ψ2 < . . . < ψm < 2π, f(0) = 1, and h(ϕ)

be the indicator of f . If f is a function of improved regular growth, then for some ρ2 ∈ (0, ρ)

and any q ∈ [1,+∞), one has{
1

2π

∫ 2π

0

∣∣∣∣ImF (reiϕ)

rρ
+ h′(ϕ)

∣∣∣∣q dϕ}1/q

= o(rρ2−ρ), r → +∞, (3)

where h(ϕ) is de�ned by formulas (1) and (2). Conversely, if for some ρ3 ∈ (0, ρ)

N(r) = c0r
ρ + o(rρ3), r → +∞, c0 :=

1

ρ

m∑
j=1

∆j, ∆j ∈ [0,+∞), (4)

and for some ρ2 ∈ (0, ρ) and any q ∈ [1,+∞) relation (3) is true, then f is an entire function

of improved regular growth.



52 Khats' R.V.

2 Preliminaries

Let f be an entire function with f(0) = 1, let (λn)n∈N be the sequence of its zeros, let

Ω = {|λn| : n ∈ N}, and let ([16, p. 42])

ck(r, log |f |) :=
1

2π

∫ 2π

0

e−ikϕ log |f(reiϕ)| dϕ, k ∈ Z, r > 0,

ck(r, ImF ) :=
1

2π

∫ 2π

0

e−ikϕ ImF (reiϕ) dϕ, k ∈ Z, r > 0, r /∈ Ω,

be a Fourier coe�cients of the functions log |f(reiϕ)| and ImF (reiϕ), respectively.

Lemma 1. If an entire function f of order ρ ∈ (0,+∞) with zeros on a �nite system of

rays {z : arg z = ψj}, j ∈ {1, . . . ,m}, 0 ≤ ψ1 < ψ2 < . . . < ψm < 2π, is of improved regular

growth, then for some ρ4 ∈ (0, ρ)

ck(r, Im f) = −ikckrρ +
k

k2 + 1
o(rρ4), r → +∞, (5)

holds uniformly in k ∈ Z, where

ck :=
1

2π

∫ 2π

0

e−ikϕh(ϕ) dϕ =
ρ

ρ2 − k2
m∑
j=1

∆je
−ikψj , ∆j ∈ [0,+∞), (6)

if ρ ∈ (0,+∞) \ N, and

ck =



ρ

ρ2 − k2
m∑
j=1

∆je
−ikψj , |k| 6= ρ = p,

τfe
iθf

2
− 1

4ρ

m∑
j=1

∆je
−iρψj , k = ρ = p,

0, |k| 6= ρ = p+ 1,
Qρ

2
, k = ρ = p+ 1,

(7)

if ρ ∈ N.

Proof. If an entire function f of order ρ ∈ (0,+∞) satis�es the assumptions of Lemma 1,

then ([6, Lemma 1, p. 10]) (see also [9]) for some ρ4 ∈ (0, ρ) the following relation holds

ck(r, log |f |) = ckr
ρ +

o(rρ4)

k2 + 1
, r → +∞, (8)

uniformly in k ∈ Z, where ck are de�ned by formulas (6) and (7). Since ([16, p. 43])

ck(r, Im f) = −ikck(r, log |f |), k ∈ Z, (9)

using (8), we obtain (5). Lemma 1 is proved.
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Remark that, from relations (6)�(8) and the Fischer�Riesz theorem ([13, p. 5]) it follows

the existence of an indicator function h ∈ L2[0, 2π] de�ned by the equality h(ϕ) :=
∑
k∈Z

cke
ikϕ

(see also [13, p. 77]).

Lemma 2 ([7]). An entire function f of order ρ ∈ (0,+∞) with zeros on a �nite system

of rays {z : arg z = ψj}, j ∈ {1, . . . ,m}, 0 ≤ ψ1 < ψ2 < . . . < ψm < 2π, is a function

of improved regular growth if and only if for some ρ5 ∈ (0, ρ) and k0 ∈ Z and each k ∈
{k0, k0 + 1, . . . , k0 +m− 1}, one has

ck(r, log |f |) = ckr
ρ + o(rρ5), r → +∞,

where ck are de�ned by formulas (6) and (7).

3 Proof of Theorem 1

Let f be an entire function of improved regular growth of order ρ ∈ (0,+∞) with zeros

on a �nite system of rays {z : arg z = ψj}, j ∈ {1, . . . ,m}, 0 ≤ ψ1 < ψ2 < . . . < ψm < 2π,

and h(ϕ) be the indicator of f de�ned by formulas (1) and (2). By virtue of Lemma 1, for

some constant C > 0 and all r ≥ r0 > 0, we have∣∣∣∣ck(r, ImF )

rρ
+ ikck

∣∣∣∣ ≤ C
k

k2 + 1
, k ∈ Z. (10)

In view of this, the sequence (r−ρck(r, ImF ) + ikck)k∈Z belongs to the space lq̃ for all q̃ > 1

and r ≥ r0. Moreover, applying the Hausdor�-Young theorem ([13, p. 5]), for q ≥ 2,

q−1 + q̃−1 = 1, we get{
1

2π

∫ 2π

0

∣∣∣∣ImF (reiϕ)

rρ
+ h′(ϕ)

∣∣∣∣q dϕ}1/q

≤

{∑
k∈Z

∣∣∣∣ck(r, ImF )

rρ
+ ikck

∣∣∣∣q̃
}1/q̃

.

According to (10), the obtained series is uniformly convergent on [r0,+∞). Passing termwise

to the limit as r → +∞ in this series and using Lemma 1, we obtain relation (3) for q ≥ 2.

From this and H�older's inequality it follows that (3) holds for 1 ≤ q < 2.

Let us prove the second part of the theorem. Let relations (3) and (4) be hold. Then for

some ρ2 ∈ (0, ρ) and each k ∈ Z \ {0}∣∣∣∣ck(r, ImF )

rρ
+ ikck

∣∣∣∣ ≤ 1

2π

∫ 2π

0

∣∣∣∣ImF (reiϕ)

rρ
+ h′(ϕ)

∣∣∣∣ dϕ
≤
{

1

2π

∫ 2π

0

∣∣∣∣ImF (reiϕ)

rρ
+ h′(ϕ)

∣∣∣∣q dϕ}1/q

= o(rρ2−ρ), r → +∞,

whence it follows

ck(r, ImF ) = −ikckrρ + o(rρ2), r → +∞.

From this, using relations (9), for some ρ2 ∈ (0, ρ), we obtain

ck(r, log |f |) = ckr
ρ + o(rρ2), r → +∞, k ∈ Z \ {0},
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and by using (4) and the equality ([16, p. 42]) c0(r, log |f |) = N(r), for some ρ3 ∈ (0, ρ), we

get

c0(r, log |f |) = c0r
ρ + o(rρ3), r → +∞.

Thus, according to Lemma 2, the entire function f is a function of improved regular growth.

This concludes the proof of the theorem.
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ðåãóëÿðíîãî çðîñòàííÿ â Lq[0, 2π]-ìåòðèöi // Áóêîâèíñüêè�è ìàòåì. æóðíàë � 2021. �

Ò.9, �1. � C. 49�55.

Íåõàé f � öiëà ôóíêöiÿ, f(0) = 1, (λn)n∈N � ïîñëiäîâíiñòü ¨¨ íóëiâ, n(t) =
∑
|λn|≤t 1,

N(r) =
∫ r
0
t−1n(t) dt, r > 0, h(ϕ) � iíäèêàòîð ôóíêöi¨ f , i F (z) = zf ′(z)/f(z), z = reiϕ.

Öiëà ôóíêöiÿ f íàçèâà¹òüñÿ ôóíêöi¹þ ïîêðàùåíîãî ðåãóëÿðíîãî çðîñòàííÿ, ÿêùî äëÿ

äåÿêèõ ρ ∈ (0,+∞), ρ1 ∈ (0, ρ) i 2π-ïåðiîäè÷íî¨ ρ-òðèãîíîìåòðè÷íî îïóêëî¨ ôóíêöi¨ h(ϕ) 6≡
−∞ iñíó¹ ìíîæèíà U ⊂ C, ÿêà ìiñòèòüñÿ â îá'¹äíàííi êðóãiâ iç ñêií÷åííîþ ñóìîþ ðàäióñiâ

òàêà, ùî

log |f(z)| = |z|ρh(ϕ) + o(|z|ρ1), U 63 z = reiϕ →∞.

Â öié ðîáîòi äîâåäåíî, ùî öiëà ôóíêöiÿ f ïîðÿäêó ρ ∈ (0,+∞) ç íóëÿìè íà ñêií÷åííié

ñèñòåìi ïðîìåíiâ {z : arg z = ψj}, j ∈ {1, . . . ,m}, 0 ≤ ψ1 < ψ2 < . . . < ψm < 2π, ¹ ôóíêöi¹þ

ïîêðàùåíîãî ðåãóëÿðíîãî çðîñòàííÿ òîäi i òiëüêè òîäi, êîëè äëÿ äåÿêîãî ρ3 ∈ (0, ρ)

N(r) = c0r
ρ + o(rρ3), r → +∞, c0 ∈ [0,+∞),

i äëÿ äåÿêîãî ρ2 ∈ (0, ρ) i êîæíîãî q ∈ [1,+∞) âèêîíó¹òüñÿ{
1

2π

∫ 2π

0

∣∣∣∣ ImF (reiϕ)

rρ
+ h′(ϕ)

∣∣∣∣q dϕ}1/q

= o(rρ2−ρ), r → +∞.


