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ÏÐÎ ÅÊÑÒÐÅÌÀËÜÍI ÇÍÀ×ÅÍÍß ÏÐÎÖÅÑIÂ ÍÀÐÎÄÆÅÍÍß ÒÀ

ÇÀÃÈÁÅËI

Óñòàíîâëþ¹òüñÿ øâèäêiñòü çáiæíîñòi äî åêñïîíåíöiéíîãî ðîçïîäiëó â ãðàíè÷íié òåîðåìi

äëÿ åêñòðåìóìiâ ïðîöåñiâ çàãèáåëi òà ðîçìíîæåííÿ. Íàâîäÿòüñÿ ïðèêëàäè çàñòîñóâàíü äî

ïðîöåñiâ, ÿêi çàäàþòü äîâæèíó ÷åðãè.
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Âñòóï

Ðîçãëÿíåìî îäíîêàíàëüíó ñèñòåìó ìàñîâîãî îáñëóãîâóâàííÿ (ÑÌÎ), íà ÿêó ïîñòóïà¹

ïóàññîíiâñüêèé ïîòiê çàÿâîê ç iíòåíñèâíiñòþ λ, à ÷àñ îáñëóãîâóâàííÿ η ìà¹ åêñïîíåí-

öiéíèé ðîçïîäië

P(η < x) = 1− exp(−µx).

Òîáòî â çàãàëüíîïðèéíÿòèõ ïîçíà÷åííÿõ - öå ÑÌÎ òèïó M/M/1 (äèâ. [4]).

Íåõàé Wi - öå ÷àñ ÷åêàííÿ â ÷åðçi i - ¨ çàÿâêè, W1 = 0 .

Ïiä äîâæèíîþ ÷åðãè òóò i äàëi áóäåìî ðîçóìiòè çàãàëüíå ÷èñëî çàÿâîê, ÿêi çíàõî-

äÿòüñÿ íà îáñëóãîâóâàííi àáî ÷åêàþòü éîãî. I ïîçíà÷à¹ìî ÷åðåç Q(t) äîâæèíó ÷åðãè â

ìîìåíò ÷àñó t. Íåõàé

Q̄(t) = sup
0≤s<t

Q(s),

W̄n = max
1≤i≤n

Wi.

Íà ÑÌÎ M/M/1 íàêëàäåìî óìîâó:

ρ =
λ

µ
< 1, (1)
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Åêñòðåìàëüíi çíà÷åííÿ äîâæèíè ÷åðãè Q̄(t) òà ÷àñó ÷åêàííÿ â ÷åðçi W̄n äëÿ ÑÌÎ

âèâ÷àëèñü â áàãàòüîõ ðîáîòàõ(äèâ., íàïðèêëàä, [2], [6] òà îãëÿä [1]). Ïîäiáíi çàäà÷i ðîç-

ãëÿäàëèñü i äëÿ ïðîöåñiâ íàðîäæåííÿ òà çàãèáåëi [10].

Çâè÷àéíî â òàêèõ äîñëiäæåííÿõ âèêîðèñòîâóâàëèñü ëiíiéíi íîðìóâàííÿ i êëàñè÷íà

òåîðiÿ åêñòðåìàëüíèõ çíà÷åíü íåçàëåæíèõ îäíàêîâî ðîçïîäiëåíèõ âèïàäêîâèõ âåëè÷èí

(í.î.ð.â.â.). Àëå, ÿê âèÿâèëîñü, â áàãàòüîõ âàæëèâèõ âèïàäêàõ (íàïðèêëàä, êîëè λ < µ)

ïðè ëiíiéíèõ íîðìóâàííÿõ äëÿ Q̄t íå iñíó¹ íåâèðîäæåíèé ãðàíè÷íèé ðîçïîäië. Àíàëî-

ãi÷íà ñèòóàöiÿ çáåðiãà¹òüñÿ i äëÿ ïðîöåñiâ íàðîäæåííÿ òà çàãèáåëi [10].

Iíøèé ïiäõiä äî ïîäiáíèõ çàäà÷, ÿêèé ãðóíòóâàâñÿ íà äåÿêîìó íåâèïàäêîâîìó ïåðå-

òâîðåííi ÷àñó, áóâ çàïðîïîíîâàíèé ó ñòàòòÿõ [11], [12]. Ïðè öüîìó ãðàíè÷íèì âèÿâèâñÿ

åêñïîíåíöiéíèé ðîçïîäië. Áiëüøå òîãî, äëÿ ÑÌÎ M/M/1 ó ðîáîòi [12] áóëà çíàéäåíà

íàñòóïíà îöiíêà øâèäêîñòi çáiæíîñòi.

Ïîêëàäåìî äëÿ x > 0,

∆(Q, x) = P(Q̄(t∗) ≥ u)− 1 + exp(−x),

t∗ = t∗(x, u) =
x

λ(1− ρ)q(u)
, (2)

q(u) = (
1

ρ
− 1)

ρu

1− ρu
.

ßêùî âèêîíó¹òüñÿ óìîâà (1), òî äëÿ äîñèòü âåëèêèõ u

sup
x≥0
|∆(Q, x)| ≤ Cuρu, (3)

äå C - äåÿêà êîíñòàíòà, çàëåæíà âiä ïàðàìåòðiâ λ, µ, i íå çàëåæíà âiä u.

Òóò ìè ñïðîáó¹ìî îòðèìàòè îöiíêè, àíàëîãi÷íi (3) äëÿ áiëüø çàãàëüíîãî âèïàäêó

ïðîöåñiâ íàðîäæåííÿ òà çàãèáåëi. Òàêi îöiíêè ðîçãëÿäàëèñü i ó ïðàöi [12]. Òîìó äàíó

ðîáîòó ñëiä ðîçãëÿäàòè, ÿê ïðîäîâæåííÿ ðîáîòè [12] òà äåÿêå óòî÷íåííÿ ¨¨ ðåçóëüòàòiâ.

Äàëi áóäóòü íàâåäåíi òàêîæ çàñòîñóâàííÿ îòðèìàíèõ ðåçóëüòàòiâ äî ïðîöåñó Q(t), ÿêèé

îïèñó¹ äîâæèíó ÷åðãè â ÑÌÎ.

1 Îñíîâíà òåîðåìà

Íåõàé X(t) - ìàðêîâñüêèé ïðîöåñ çi ñòàíàìè 0, 1, 2, . . . , à éîãî éìîâiðíîñòi ïåðåõîäó

pi,j(t) ñòàöiîíàðíi, òîáòî

pi,j(t) = P(X(t+ s) = j/X(s) = i).

Ïðèïóñòèìî, ùî âèêîíóþòüñÿ óìîâè: ïðè h→ 0

1. pi.i+1(h) = λih+ o(h), i ≥ 0,

2. pi,i−1(h) = µih+ o(h), i ≥ 1,

3. pi,i(h) = 1− (λi + µi)h+ o(h), i ≥ 0,

4. µ0 = 0, λ0 > 0, µi > 0, λi > 0, i = 1, 2, . . . . (4)
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Òîäi X(t) íàçèâàþòü ïðîöåñîì íàðîäæåííÿ òà çàãèáåëi. Òàêi ïðîöåñè øèðîêî çàñòîñî-

âóþòüñÿ â áiîëîãi¨, òåîði¨ ìàñîâîãî îáñëóãîâóâàííÿ, òåîði¨ íàäiéíîñòi i ò.ï. ([4], �1.4, [5],

�6.3, [7], �7.4).

Ââåäåìî òàêi ïîçíà÷åííÿ:

θ0 = 1, θk =
k∏
i=1

λi−1
µi

, k ≥ 1,

α0 = 1, αk =
k∏
i=1

µi
λi
, q(u) = (

u−1∑
k=0

αk)
−1. (5)

Äàëi ââàæà¹ìî, ùî ïðîöåñ çàãèáåëi òà ðîçìíîæåííÿ çàäîâîëüíÿ¹ óìîâè (4), à òàêîæ∑
k≥1

θk <∞, (6)

∑
k≥1

αk =∞. (7)

Âiäîìî [7], ùî òîäi iñíóþòü ñòàöiîíàðíi éìîâiðíîñòi ñòàíiâ

lim
t→∞

P(X(t) = k) = lim
t→∞

pk(t) = pk, (8)

ïðè÷îìó

pk = θkp0, p0 = (
∞∑
k=0

θk)
−1. (9)

Ñôîðìóëþ¹ìî îñíîâíi ðåçóëüòàòè ðîáîòè.

Ïîêëàäåìî

X̄(t) = sup
0≤s<t

X(s),

Òåîðåìà 1. Íåõàé X(t) ïðîöåñ íàðîäæåííÿ òà çàãèáåëi, ÿêèé çàäîâîëüíÿ¹ óìîâè (4)-

(7). ßêùî

X(0) = 0 ì.í., x > 0, t∗ = t∗(x, u) = xa−/q(u),

∆(X, x) = P(X̄(t∗) ≥ u)− 1 + exp(−x).

Òîäi ïðè äîñèòü âåëèêèõ öiëèõ äîäàòíèõ u

sup
x≥0
|∆(X, x)| ≤ κ(u), (10)

äå

κ(u) = (p0 + o(1))q(u)
u−1∑
n=0

αn

∞∑
k=n+1

θk + C1q(u) ln
1

q(u)
, (11)

a− =
1

λ0
(1 +

q(u)

1− q(u)

u−1∑
n=0

αn

n∑
k=1

θk),

C1 = (π)−1
(
1 + (λ0p0)

2a2/2 + o(1)
)
.

Âåëè÷èíà q(u) çàäà¹òüñÿ ôîðìóëîþ (5), a2 = ET 2 - öå äðóãèé ìîìåíò òðèâàëîñòi öèêëó

ðåãåíåðàöi¨ äëÿ ïðîöåñó íàðîäæåííÿ òà çàãèáåëi âiäîìà (äèâ. [12]).
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Íàñëiäîê 1. ßêùî X(t) ïðîöåñ íàðîäæåííÿ òà çàãèáåëi, ÿêèé çàäîâîëüíÿ¹ óìîâè

òåîðåìè 1 i

∀ i ≥ 0, j ≥ 1, 0 < ρ0 ≤
λi
µj
≤ ρ < 1,

òî âèêîíó¹òüñÿ íåðiâíiñòü (10) ïðè

κ(u) = (p0 + C1(
1

ρ
− 1) ln

1

ρ0
)uρu,

äå âåëè÷èíà C1 âèçíà÷åíà â òåîðåìi 1.

Çàóâàæåííÿ 1. Ó êiíöi ðîáîòè ìè íàâåäåìî ïðèêëàä ïðîöåñó íàðîäæåííÿ òà çàãèáåëi

X(t), äëÿ ÿêîãî

∀ i ≥ 0, j ≥ 1, λi = λ > 0, µj = µ > 0,
λ

µ
= ρ < 1,

C2uρ
u ≤ sup

x≥0
|∆(X, x)| ≤ C3uρ

u,

à âåëè÷èíè C2 òà C3 íå çàëåæàòü âiä u.

Ïîçíà÷èìî ÷åðåç TX(u) 1-é ìîìåíò äîñÿãíåííÿ ïðîöåñîì X(t) ðiâíÿ u, òîáòî

TX(u) = inf(t ≥ 0 : X(t) ≥ u).

Îñêiëüêè

∀t > 0 {X̄(t) ≥ u} ⇔ {TX(u) ≤ t},

òî iç òåîðåìè 1 âèïëèâà¹

Íàñëiäîê 2. Â óìîâàõ i ïîçíà÷åííÿõ òåîðåìè 1

sup
x≥0
|P(

q(u)

a−
TX(u) < x)− 1 + exp(−x)| ≤ κ(u), (12)

äå κ(u) çàäà¹òüñÿ ðiâíiñòþ (11).

2 Äîâåäåííÿ òåîðåìè 1

Ñïî÷àòêó óñòàíîâèìî äåÿêi äîïîìiæíi ðåçóëüòàòè. Ðîçãëÿíåìî ðåãåíåðóþ÷èé âè-

ïàäêîâèé ïðîöåñ Y (t), t ≥ 0,

Y (t) = ξk(t− Sk−1), ïðè t ∈ [Sk−1, Sk),

äå Sk = T1 + . . . + Tk, k ≥ 1, S0 = 0, £k = (Tk, ξk(t)), k ≥ 1, íåñêií÷åííà

ïîñëiäîâíiñòü íåçàëåæíèõ öèêëiâ, îäíàêîâî ðîçïîäiëåíèõ ç öèêëîì £ = (T, ξ(t)), T ≥ 0

ìàéæå íàïåâíî(ì.í.) (äèâ., íàïðèêëàä, [8], ÷.II, ãë.2, [3], ãë.11, �8). Çâè÷àéíî òî÷êè Sk
íàçèâàþòü ìîìåíòàìè ðåãåíåðàöi¨, à ïðîìiæîê [Sk−1, Sk) � k - ì ïåðiîäîì ðåãåíåðàöi¨.
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Ââåäåìî äåÿêi íåîáõiäíi â ïîäàëüøîìó ïîçíà÷åííÿ.

Ȳ (t) = sup
0≤s<t

Y (s), Zk = sup
Sk−1≤s<Sk

Y (s), k = 1, 2, . . . .

Áóäåìî ââàæàòè, ùî

ET = a <∞, ET 2 = a2 <∞. (13)

i äëÿ âñiõ u ∈ R

q(u) = P(Zk ≥ u) > 0

(ó âèïàäêó ïðîöåñó íàðîäæåííÿ òà çàãèáåëi âåëè÷èíà q(u) çàäà¹òüñÿ ðiâíiñòþ (5) ).

Íåõàé T−k äîâæèíè öèêëiâ, íà ÿêèõ âiäáóëàñÿ ïîäiÿ {Zk < u} (öèêëè òèïó 1),

F−(x) = P(T−k < x) = P(Tk < x/Zk < u),

a− =

∫ ∞
0

xdF−(x), a−2 =

∫ ∞
0

x2dF−(x).

Àíàëîãi÷íi ïîçíà÷åííÿ

T+
k , F+(x), a+, a+2

âiäíåñåìî äî öèêëiâ 2- ãî òèïó, íà ÿêèõ âiäáóëàñÿ ïðîòèëåæíà ïîäiÿ {Zk ≥ u}.
Âàæëèâèì êðîêîì íà øëÿõó äîâåäåííÿ òåîðåìè 1 ¹

Ëåìà 1. Íåõàé Y (t), t ≥ 0, ðåãåíåðóþ÷èé âèïàäêîâèé ïðîöåñ, x > 0 , t∗ = t∗(x, u) =

xa−/q(u),

∆(Y, x) = P(Ȳ (t∗) ≥ u)− 1 + exp(−x).

I íåõàé âèêîíó¹òüñÿ óìîâà (13).

Òîäi

sup
x≥0
|∆(Y, x)| ≤ κ0(u), (14)

äå

κ0(u) =
a+

a−
q(u) + Ĉq(u) ln

1

q(u)
, (15)

Ĉ = (π)−1
(
1 + a−2 /2(a−)2 + o(1)

)
.

Ëåìà 1 - öå ôàêòè÷íî åêâiâàëåíòíå ïåðåôîðìóëþâàííÿ òâåðäæåííÿ 1 iç ðîáîòè [12].

Äîáðå âiäîìî [12], ùî â óìîâàõ òåîðåìè 1 ïðîöåñ íàðîäæåííÿ òà çàãèáåëi X(t)

áóäå ðåãåíåðóþ÷èì ïðîöåñîì ç ìîìåíòàìè ðåãåíåðàöi¨ S0 = 0, S1, S2, . . . Sk . . . , òóò

Sk - öå ïåðøèé ìîìåíò ïîïàäàííÿ â ñòàí 0 ïiñëÿ k - ãî âèõîäó iç íüîãî,

Tk = Sk − Sk−1, - äîâæèíà k - ãî öèêëó ðåãåíåðàöi¨, T1 = T .

ßê i â ëåìi 1 ÷åðåç T−k ïîçíà÷à¹ìî äîâæèíè öèêëiâ 1-ãî òèïó (íà ÿêèõ ïðîöåñ

X(t) íå äîñÿãà¹ ðiâíÿ u ).
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Ëåìà 2. Íåõàé X(t) ïðîöåñ íàðîäæåííÿ òà çàãèáåëi, ÿêèé çàäîâîëüíÿ¹ óìîâè òåîðåìè

1. Òîäi

a− = ET−k =
1

λ0
(1 +

q(u)

1− q(u)

u−1∑
n=0

αn

n∑
k=1

θk). (16)

Äîâåäåííÿ ëåìè 2. Ââåäåìî òàêi ïîçíà÷åííÿ:

Ti,0 = min(t > 0 : X(t) = 0/X(0) = i),

Tui,0 = Ti,0I(X̄(Ti,0) < u), i = 1, 2, . . . , u− 1,

òîáòî Tui,0 - öå ÷àñ äî ïåðøîãî ïîïàäàííÿ ïðîöåñó X(t) â ñòàí 0 iç ñòàíó i ïðè óìîâi, ùî

ðiâåíü u íå äîñÿãà¹òüñÿ, òà äîðiâíþ¹ 0 â ïðîòèâíîìó âèïàäêó.

I íåõàé mi = ETui,0. Ïîçíà÷èìî ÷åðåç τi ÷àñ ïåðåáóâàííÿ ïðîöåñó X(t) ó ñòàíi i,

Eτi = 1/(λi + µi). Òîäi ïîâòîðþþ÷è ìiðêóâàííÿ Êàðëiíà([7], ãë.7, ñ.228) â áëèçüêié

çàäà÷i, îòðèìà¹ìî äëÿ mi ðåêóðåíòíi ñïiââiäíîøåííÿ

mi =
1

λi + µi
+

λi
λi + µi

mi+1 +
µi

λi + µi
mi−1, i = 1, 2, . . . , u− 1,

ïðè÷îìó m0 = mu = 0.

Çâiäñè âèïëèâà¹ òàêà ðiâíiñòü(äèâ.[7], ãë.7, ñ.229)

mn −mn+1 =
n∑
i=1

1

λi

n∏
j=i+1

µj
λj
−m1αn. (17)

Äàëi ñêîðèñòà¹ìîñü ðiâíiñòþ

n∑
i=1

1

λi

n∏
j=i+1

µj
λj

= αn

n∑
i=1

θi
λ0

i ïåðåïèøåìî (17) íàñòóïíèì ÷èíîì

mn −mn+1 =
αn
λ0

n∑
i=1

θi −m1αn, 1 ≤ n ≤ u− 1. (18)

Âðàõîâóþ÷è ñïiââiäíîøåííÿ m0 = mu = 0, α0 = 1 òà
∑0

i=1 = 0, íåâàæêî ïîáà÷è-

òè, ùî ðiâíiñòü (18) çàëèøèòüñÿ âiðíîþ i ïðè n = 0.

Òîìó, ïiäñóìîâóþ÷è ïî n âiä 0 äî u− 1 ïðàâó i ëiâó ÷àñòèíè â (18), îòðèìà¹ìî

0 =
1

λ0

u−1∑
n=0

αn

n∑
i=1

θi −m1

u−1∑
n=0

αn,

àáî, ùî åêâiâàëåíòíî

m1 = (
u−1∑
n=0

αn)−1
1

λ0

u−1∑
n=0

αn

n∑
i=1

θi.
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Îñòàííÿ ðiâíiñòü âæå äîçâîëÿ¹ ïðîñòî îá÷èñëèòè âåëè÷èíó a−.

a− = E(τ0 + T1,0/X̄(T1,0) < u) =
1

λ0
+

1

1− q(u)
E(T1,0I(X̄(T1,0) < u)

=
1

λ0
+

m1

1− q(u)
=

1

λ0
(1 +

1

1− q(u)

∑u−1
n=0 αn

∑n
k=1 θk∑u−1

n=0 αn
). (19)

2

Çàóâàæåííÿ 2. Âåëè÷èíà a− äëÿ ïðîöåñó íàðîäæåííÿ òà çàãèáåëi áóëà çíàéäåíà ðà-

íiøå ó ëåìi 5 ïðàöi [12]. Íà æàëü íàâåäåíi òàì îá÷èñëåííÿ ìiñòÿòü ïîìèëêó.

Çàóâàæåííÿ 3. Îñêiëüêè ïðè u→∞ q(u)→ 0,
∑u−1

n=0 αn →∞, òî∑u−1
n=0 αn

∑n
k=1 θk∑u−1

n=0 αn
→

∞∑
k=1

θk,

à îòæå

a− → 1

λ0p0
= a. (20)

Ïåðåéäåìî áåçïîñåðåäíüî äî äîâåäåííÿ òåîðåìè 1. Çðîçóìiëî, ùî âîíî áóäå ãðóíòó-

âàòèñÿ íà ëåìàõ 1, 2.

Ñïî÷àòêó ïåðåïèøåìî âåëè÷èíó k0(u) iç ëåìè 1 ó áiëüø ïðîñòîìó åêâiâàëåíòíîìó

âèãëÿäi. Çãiäíî ç îçíà÷åííÿì â.â. a− òà a+ ìà¹ìî

a = (1− q(u))a− + q(u)a+.

Òàê ñàìî ìîæíà çàïèñàòè ðiâíÿííÿ äëÿ äðóãèõ ìîìåíòiâ

a2 = (1− q(u))a2
− + q(u)a2

+.

Çâiäñè íåâàæêî âèâîäÿòüñÿ íàñòóïíi íåðiâíîñòi

a− ≤ a

1− q(u)
, a2

− ≤ a2
1− q(u)

, (21)

òà

q(u)a+ ≤ |a− a−|+ q(u)a−. (22)

Çáèðàþ÷è ðàçîì ñïiââiäíîøåííÿ (20), (21),(22), îòðèìà¹ìî òàêó îöiíêó

k0(u) ≤ k(u) = (λ0po + o(1))|a− a−|+ C1q(u) ln
1

q(u)
, (23)

äå C1 âèçíà÷åíî ó òåîðåìi 1.
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Äëÿ çàâåðøåííÿ äîâåäåííÿ çàëèøà¹òüñÿ îá÷èñëèòè âåëè÷èíó a− a−. Ñêîðèñòà¹ìîñü
ëåìîþ 2.

a− a− =
1

λ0po
− 1

λ0
(1 +

q(u)

1− q(u)

u−1∑
n=0

αn

n∑
k=1

θk)

=
1

λ0
(
∞∑
k=0

θk − 1− 1

1− q(u)

∑u−1
n=0 αn

∑n
k=1 θk)∑u−1

n=0 αn
)

=
1

λ0
(

∑u−1
n=0 αn

∑∞
k=n+1 θk)∑u−1

n=0 αn
− q(u)

1− q(u)

∑u−1
n=0 αn

∑n
k=1 θk)∑u−1

n=0 αn
)

=
q(u)

λ0

u−1∑
n=0

αn

∞∑
k=n+1

θk +
q(u)θ

λ0p0(1− q(u))
, (24)

äå 0 ≤ θ ≤ 1.

Ïiäñòàâëÿþ÷è âèðàç äëÿ a− a− iç (24) ó ôîðìóëó äëÿ k (u) (äèâ. (23)), áóäåìî ìàòè

îöiíêè (10), (11) òåîðåìè 1. 2

Äàëi ðîçãëÿíåìî íàñëiäîê 1. Â éîãî óìîâàõ ìîæíà çàïèñàòè íàñòóïíi ïðîñòi îöiíêè:

q(u) = (
u−1∑
n=0

αn)−1 ≤ (
u−1∑
n=0

1

ρi
)−1

=
1/ρ− 1

1/ρu − 1
≈ ρu(

1

ρ
− 1), (25)

1

q(u)
=

u−1∑
n=0

αn ≤
1/ρu0 − 1

1/ρ0 − 1
≈ 1

ρu0
(

ρ0
1− ρ0

), (26)

αn

∞∑
i=n+1

θi =
λ0
µn+1

+
λ0λn+1

µn+1µn+2

+ . . .

≤ ρ+ ρ2 + . . . =
ρ

1− ρ
.

À îòæå
u−1∑
n=0

αn

∞∑
i=n+1

θi ≤
ρu

1− ρ
. (27)

Íàñëiäîê 1 íåãàéíî âèïëèâà¹ iç îöiíîê (25)-(27) òà ôîðìóëè (11) òåîðåìè 1. 2

3 Ïðèêëàäè

Ó äàíîìó ïiäðîçäiëi áóäóòü íàâåäåíi êiëüêà ïðèêëàäiâ çàñòîñóâàíü îòðèìàíèõ âèùå

ðåçóëüòàòiâ äî åêñòðåìàëüíèõ çíà÷åíü äîâæèíè ÷åðãè â ÑÌÎ. Ôàêòè÷íî òóò ìè äåùî

óòî÷íþ¹ìî êîíñòàíòè â îöiíêàõ iç ðîáîòè [12].

Ïðèêëàä 1. ÑÌÎ M/M/s, 1 ≤ s <∞.
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Ðîçãëÿíåìî s- êàíàëüíó ñèñòåìó ìàñîâîãî îáñëóãîâóâàííÿ (ÑÌÎ) , 1 ≤ s < ∞ ,

íà ÿêó ïîñòóïà¹ ïóàññîíiâñüêèé ïîòiê çàÿâîê ç iíòåíñèâíiñòþ λ, à ÷àñ îáñëóãîâóâàííÿ

η ìà¹ åêñïîíåíöiéíèé ðîçïîäië

P(η < x) = 1− exp(−µx)

(äèâ. [4], [7], [9]).

Ââàæà¹ìî, ùî ïàðàìåòðè λ òà µ çàäîâîëüíÿþòü óìîâó

ρ =
λ

sµ
< 1. (28)

Íåõàé â ìîìåíò S0 = 0 ñèñòåìà ïîðîæíÿ, à S1 - öå ìîìåíò çâiëüíåííÿ ñèñòåìè ïiñëÿ

1-ãî ïåðiîäó çàéíÿòîñòi. Âiäïîâiäíî Sk - öå ìîìåíò çâiëüíåííÿ ñèñòåìè ïiñëÿ k-ãî ïåðiîäó

çàéíÿòîñòi.

ßê i âèùå ÷åðåç Q(t) ïîçíà÷à¹ìî äîâæèíó ÷åðãè â ìîìåíò ÷àñó t, à Q̄(t) =

sup0≤s<tQ(s). Òîäi ïðîöåñ Q(t) - öå ðåãåíåðóþ÷èé ïðîöåñ ç ìîìåíòàìè ðåãåíåðàöii¨

(Sk), Tk = Sk − Sk−1 - òðèâàëiñòü k - ãî ïåðiîäó ðåãåíåðàöi¨, T1 = T .

Áiëüøå òîãî, äîáðå âiäîìî ([7], ñ.219-220 ), ùî Q(t) áóäå ïðîöåñîì çàãèáåëi òà ðîç-

ìíîæåííÿ ç ïàðàìåòðàìè:

λk = λ, k = 0, 1, 2, . . . ,

µ0 = 0, µk =

{
kµ, ïðè 1 ≤ k ≤ s,

sµ, ïðè k > s.

ßêùî âiðíà íåðiâíiñòü (28), òî ïðîöåñ Q(t) çàäîâîëüíÿ¹ óìîâè (6), (7). Òàêèì ÷èíîì,

äëÿ îöiíêè âåëè÷èíè ∆(Q, x) ìîæíà ñêîðèñòàòèñÿ òåîðåìîþ 1.

Âiäîìî [4],[7], ùî çà óìîâè (28) äëÿ ïðîöåñó Q(t) iñíóþòü ñòàöiîíàðíi éìîâiðíîñòi,

ïðè÷îìó

p0 =

(
s∑

k=0

(sρ)k

k!
+

ssρs+1

s!(1− ρ)

)−1
. (29)

i äëÿ äîñèòü âåëèêèõ u

q(u) =

(
s∑

k=0

k!

(sρ)k
+
s!((1/ρ)u − (1/ρ)s+1)

ss(1/ρ− 1)

)−1
∼ (1/ρ− 1)

ssρu

s!
(30)

(äèâ. [11]).

Íàñòóïíà ïðîñòà îöiíêà çíàéäåíà ó ðîáîòi [12]

∞∑
k=u

θk ≤
ss

s!

∞∑
k=u

ρk =
ss

s!(1− ρ)
ρu. (31)
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Äàëi iç ñïiââiäíîøåíü (30), (31) òàê ñàìî, ÿê i ó âèïàäêó íàñëiäêà 1, îäåðæó¹ìî ïðè

u→∞
u−1∑
n=0

αn

n∑
k=1

θk ≤
(ρ+ o(1))u

1− ρ

Çáèðàþ÷è ðàçîì íàâåäåíi âèùå îöiíêè, ìà¹ìî

Òâåðäæåííÿ 1. Íåõàé äëÿ ÑÌÎ M/M/s, 1 ≤ s <∞, âèêîíó¹òüñÿ óìîâà (28) i

Q(0) = 0 ì.í., x > 0, t∗ = t∗(x, u) =
a−x

q(u)
,

∆(Q, x) = P(Q̄(t∗) ≥ u)− 1 + exp(−x).

Òîäi

sup
x≥0
|∆(Q, x)| ≤ ss

s!
(p0 + C1(

1

ρ
− 1) ln

1

ρ
)uρu, (32)

äå a−, C1 âèçíà÷åíi â òåîðåìi 1, p0, q(u) çàäàþòüñÿ ôîðìóëàìè (29), (30).

Ó âèïàäêó s = 1 òâåðäæåííÿ 1 ìîæíà äåùî óòî÷íèòè

Ïðèêëàä 2. ÑÌÎ M/M/1.

Äàíà êëàñè÷íà ÑÌÎ îïèñàíà íà ïî÷àòêó ðîáîòè (äèâ. òàêîæ [4], [9]).

Ïðè âèêîíàííi óìîâè (28), òà ρ = λ/µ äëÿ ÑÌÎ M/M/1 âiäîìi íàñòóïíi ôîðìóëè

[4], [7], [11]:

p0 = 1− ρ, q(u) =
(1
ρ
− 1)ρu

1− ρu
. (33)

Ñåðåäí¹ çíà÷åííÿ òðèâàëîñòi öèêëó 1-ãî òèïó òàêîæ çíàõîäèòüñÿ ïðîñòî

a− = ET−k =
1

λ
(1 +

ρq(u)

(1− ρ)(1− q(u))

u−1∑
n=1

1− ρn

ρn
). (34)

Òâåðäæåííÿ 2. Íåõàé â óìîâàõ òâåðäæåííÿ 1 s = 1, 0 < ρ = λ/µ < 1.

(i) Òîäi

sup
x≥0
|∆(Q, x)| ≤ C3uρ

u, (35)

äå C3 = 1−ρ+ (1/π)(2ρ−2 + 1/ρ) ln(1/ρ) +o(1), q(u) òà a− çàäàþòüñÿ ôîðìóëàìè

(33), (34) âiäïîâiäíî.

(ii) ßêùî ϑ òàêå, ùî

0 < ϑ < 1, ϑ+ ln
1

ϑ
≥ ln

1

ρ
+ 1, (36)

òî

C2uρ
u ≤ sup

x≥0
|∆(Q, x)|, (37)

äå C2 = ϑ(1− ρ)2/(1 + ρ+ o(1)) .



Åêñòåìóìè ïðîöåñiâ íàðîäæåííÿ òà çàãèáåëi 247

Óìîâà (36) âèêîíóþòüñÿ, íàïðèêëàä, ïðè ϑ = ρ/e.

Äîâåäåííÿ òâåðäæåííÿ 2.(i). Âðàõîâóþ÷è ñïiââiäíîøåííÿ (32) òà (33), ìà¹ìî îöiíêó

sup
x≥0
|∆(Q, x)| ≤ (1− ρ+ C1(

1

ρ
− 1) ln

1

ρ
)uρu, (38)

äå C1 = (1/π)(1 + λ2(1− ρ)2a2/2 + o(1)).

ßê i âèùå ÷åðåç T ïîçíà÷à¹ìî òðèâàëiñòü ïåðiîäó ðåãåíåðàöi¨ ïðîöåñó Q(t), T z -

òðèâàëiñòü ïåðiîäó çàéíÿòîñòi, τ0 - ÷àñ ñèäiííÿ Q(t) ó ñòàíi 0. Òîäi (äèâ. [9] )

ET =
1

λ(1− ρ)
, Dτ0 =

1

λ2
, DT z =

λ+ µ

(µ− λ)3
.

Îñòàííi ðiâíîñòi äîçâîëÿþòü çíàéòè ïðîñòó ôîðìóëó äëÿ âåëè÷èíè a2:

a2 = DT + (ET )2 = DT z + Dτ0 + (ET )2 =

=
λ+ µ

(µ− λ)3
+

1

λ2
+

1

λ2(1− ρ)2
.

Çâiäñè

C1 =
2ρ2 − 2ρ+ 1

π(1− ρ)
+ o(1), C3 = 1− ρ+ (1/π)(2ρ− 2 + 1/ρ) ln(1/ρ) + o(1),

òîáòî íåðiâíiñòü (35) óñòàíîâëåíà.

(ii). Ùîá äîâåñòè îöiíêó çíèçó (37), âèáåðåìî

x = xu =
ϑ

a−(λ+ µ)
uq(u), t∗ =

a−xu
q(u)

=
ϑu

λ+ µ
.

Òîäi

sup
x≥0
|∆(Q, x)| ≥ |P(Q̄(t∗) ≥ u)− 1 + exp(−xu)|

= |P(
νu−1∑
k=1

Tk + ηνu ≤ t∗)− 1 + exp(−xu)|, (39)

äå νu - öå íîìåð ïåðøîãî öèêëó, íà ÿêîìó áóâ äîñÿãíóòèé ðiâåíü u, ηνu - öå ÷àñ âiä

ïî÷àòêó öèêëó νu äî ìîìåíòó ïåðåñêîêó ÷åðåç ðiâåíü u.

Ñïî÷àòêó îöiíèìî çâåðõó ïåðøèé äîäàíîê ñïðàâà ó ðiâíîñòi (39). ×åðåç τi ïî-

çíà÷à¹ìî ÷àñ ñèäiííÿ â ñòàíi i ïðîöåñó Q(t) íà öèêëi νu, τ ei - ñòàíäàðòíi íåçàëåæíi

åêñïîíåíöiéíi â.â. Âiäçíà÷èìî, ùî âåëè÷èíà ηνu çâè÷àéíî çàëåæíà âiä âêëàäåíîãî ëàí-

öþãà Ìàðêîâà, à âåëè÷èíà τi, ÷àñ ñèäiííÿ â ñòàíi i, íåçàëåæíà. Òîìó

P(
νu−1∑
k=1

Tk + ηνu ≤ t∗) ≤ P(ηνu ≤
ϑu

λ+ µ
)

≤ P(
u−1∑
i=0

τi ≤
ϑu

λ+ µ
) ≤ P(

u−1∑
i=0

τ ei ≤ ϑu). (40)
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Äàëi çàïèøåìî òàêó íåðiâíiñòü

∞∑
k=u+1

(ϑu)k−u
u!

k!
≤

∞∑
s=1

(ϑu)s

(u+ 1)(u+ 2) . . . (u+ s)
≤

∞∑
s=1

ϑs =
ϑ

1− ϑ
,

à îòæå

∞∑
k=u

(ϑu)k

k!
=

(ϑu)u

u!
(1 +

∞∑
k=u+1

(ϑu)k−u
u!

k!
)

≤ 1

1− ϑ
(ϑu)u

u!
. (41)

Iç îöiíêè (41) òà àñèìïòîòè÷íî¨ ôîðìóëè Ñòiðëiíãà îäåðæó¹ìî

P(
u−1∑
i=0

τ ei ≤ ϑu) =
∞∑
k=u

(ϑu)k

k!
exp(−ϑu)

≤ 1

1− ϑ
(ϑu)u

u!
exp(−ϑu) ∼ 1

1− ϑ
(ϑ)u√

2πu exp(−u)
exp(−ϑu)

=
1

(1− ϑ)
√

2πu
exp(−(ϑ+ ln(1/ϑ)− 1)u). (42)

Òàêèì ÷èíîì ðàçîì îöiíêè (40) òà (42) äàþòü òàêå àñèìïòîòè÷íå ñïiâiäíîøåííÿ

P(
νu−1∑
k=1

Tk + ηνu ≤ t∗) = O(
1√
u

exp(−(ϑ+ ln(1/ϑ)− 1)u).) (43)

Çàëèøà¹òüñÿ îöiíèòè äîäàíîê 1+exp(−xu) iç íåðiâíîñòi (39). Çðîáèòè öå íåâàæêî:

1− exp(−xu) = 1− exp(− ϑuq(u)

a−(λ+ µ)
) ∼ ϑuq(u)

a−(λ+ µ)

∼ ϑuρu

a(λ+ µ)
(
1

ρ
− 1) ∼ ϑ(1− ρ)2

1 + ρ
uρu. (44)

Çãiäíî ç óìîâîþ (36) òà îöiíêàìè (43), (44)

P(
νu−1∑
k=1

Tk + ηνu ≤ t∗) = o(1− exp(−xu)).

Çâiäñè íåãàéíî âèïëèâà¹ íåðiâíiñòü (37). 2

Çàóâàæåííÿ 4. Äëÿ ÑÌÎ M/M/∞(íåñêií÷åíå ÷èñëî êàíàëiâ) îöiíêà âåëè÷èíè

supx≥0 |∆(Q, x)| iç ïðàöi [12] çàëèøà¹òüñÿ áåç çìií. Ìåòîäè äàíî¨ ðîáîòè íå äîçâîëÿþòü

¨¨ iñòîòíî ïîñèëèòè.
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Matsak I.K. On extreme values of birth and death processes., Bukovinian Math. Journal. 9, 1

(2021), 237�249.

We establish the convergence rate to exponential distribution in a limit theorem for extreme

values of birth and death processes. Some applications of this result are given to processes

specifying queue length.).

We establish uniform estimates for the convergence rate in the exponential distribution in

a limit theorem for extreme values of birth and death processes. This topic is closely related

to the problem on the time of �rst intersection of some level u by a regenerating process. Of

course, we assume that both time t and level u grow in�nitely. The proof of our main result

is based on an important estimate for general regenerating processes. Investigations of the

kind are needed in di�erent �elds: mathematical theory of reliability, queueing theory, some

statistical problems in physics. We also provide with examples of applications of our results to

extremal queueing problems M/M/s. In particular case of queueing M/M/1, we show that the

obtained estimates have the right order with respect to the probability q(u) of the exceeding of

a level u at one regeneration cycle, that is, only improvement of the corresponding constants

is possible.

Key words and phrases: extremes, birth and death processes, queuing systems, queue length


