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WIMAN’S TYPE INEQUALITY FOR SOME DOUBLE POWER SERIES

By A? denote the class of analytic functions of the form f(z) = 372 a,mz]'23", with

the domain of convergence T = {z = (21,22) € C?: |z1] < 1, |22] < 400} = D x C and
az f(21,22) Z 0in T. In this paper we prove some analogue of Wiman’s inequality for analytic
functions f € A2. Let a function h: ]R+ — R4 be such that & is nondecreasing with respect
to each variables and h(r) > 10 for all 7 € T := (0,1) x (0,400) and [[, hlrdridry _ |

e (17’(‘1)7“2
for some € € (0,1), where A, = {(t1,t2) € T: t1 > g, to > e}. We say that £ C T is a set

of asymptotically finite h-measure on 71" if v, (E):= [[ h((f )Uf:l)izz < +oo for some ¢ > 0. For
ENA.

r = (r1,72) € T and a function f € A? denote
My(r) = max{|f(2)|: |z1] < 71, |22] < 72}, ps(r) = max{|anm|rir5: (n,m) € Z3 }.
We prove the following theorem: Let f € A2. For every 6 > 0 there exists a set E = E(J, f) of
asymptotically finite h-measure on T such that for all r € (T N A.)\E we have
My < PO (MO0 s e
(1 — 7)o 1—m €
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1 INTRODUCTION

Let £g be the class of analytic functions f represented by power series of the form

+o0o

f(2) =) an" (1)

n=0

with the radius of convergence R := R(f) € (0;+00]. For r € [0, R) denote My(r) =
max{|f(z)|: |z| =r} and ps(r) = max{|a,|r": n > 0} the maximum modulus and maximal
term of series, respectively. We also denote by Hy the class of continuous positive increasing
to +o0 on [0; R), R < 400, functions such that h(r) > 2 (Vr € (0, R)) and frlj h(r)dlnr =

YK 517.55
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+oo for some 19 € (0, R). In paper [1] the following statements are proved:
19 If h € Hp and f € Eg, then for any & > 0 there exist E(6, f,h) := E C (0, R), 70 € (0, R)
such that

(Vre(ro, R)\E): M(r) < h(r)ps(r){lnh(r) ln(h(r)uf(r))}1/2+‘5 and /h(r)dlnr < +00.

20, If we additionally assume that the function f € Eg is unbounded, then

In M(r) < (14 o(1)) In(h(r)pus(r))

holds as v — R (r ¢ E). Remark, that assertion 1° at h(r) = const implies the classical
Wiman-Valiron theorem for entire functions (see [2, 3, 4, 5, 6, 8, 7]) and at h(r) = 1/(1 —7r)
theorem about the Kévari-type inequality for analytic functions in the unit disc D = {z €
C: |z| <1} ([10, 9, 11]). From statement 2° in the case where Inh(r) = o(In us(r)) (r — R)
and from Cauchy inequality ps(r) < Mg(r) it follows that In M,(r) = (1 + o(1)) In pus(r)
holds as r — R (r ¢ E).

In paper [12] it is proved some analogues of Wiman’s type inequality for analytic functions
represented by the series of the form

FE =Gz = ane (2)

lInl[=0

with the domain of convergence
DPxC™" P ={z=(21,...,2m) €C": (21,...,2,) €D (2p41,...,2m) € C"7P}.

Papers [13, 14| deal with the same for analytic ([13]) and random analytic ([14]) functions
in the case m =2,p =1, i.e. when T=D x C = {z = (21, 22) € C?: |z1| < 1,2, € C} is the
domain of convergence.

By A2 we denote the class of analytic functions of form (2) with the domain of convergence
D x C and %f(zl,@) Z0in D x C,

rlglnfmf(r) +Inr; >1 (‘v’ r=(ry,r) € (T?, 1) x (rg,—l-oo)).
1

We say that £ C T = (0,1) x R, is a set of asymptotically finite logarithmic measure
on T if there exists ro € T" such that
dryd
vm(ENA,,): // ik <400, Ay ={r=(ri,r): " <r <1,r,>r}
L—ry)re
ENAy,
i.e. the set ENA,, is a set of finite logarithmic measure on 7.
The following theorem is proved in [13].

Theorem 1 (|13]|). Let f € A32. For every § > 0 there exists a set E = E(5,f) C T of
asymptotically finite logarithmic measure such that for all r € T\ E we obtain

py(r) 149 pyp(r) 1/2+46
Me(r) < =)o In e -In To. (3)
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Another result of [13] asserts that, for some function f € A? the set

B={rem M) > 1y, L)Y

has infinity logarithmic measure on 7.

Remark, that regarding the statement about the classical Wiman inequality, Prof. 1.V.
Ostrovskii in 1995 formulated the following problem: what is the best possible description
of the value of an exceptional set E? Later, the same issue was considered in a number of
articles (for example, see |7, 15, 16, 17, 18, 19, 20, 21, 22|) concerning many other relations
obtained in the Wiman-Valiron theory. In this regard, each time the question arises of
finding the most general possible description of the magnitude of the exceptional set in each
specific case. In particular, in the case of analogs of the Wiman-Valiron inequality. The
present article is devoted to obtaining a very general description of the exceptional set in
some analogs of the mentioned inequality for analytic functions in D x C.

Let H be the class of functions h: R2 — Ry such that & is nondecreasing with respect
to each variables and h(r) > 10 for all » € T and some ¢ € (0, 1)

// dTldT’Q .
1— 7"1 ]
We say that & C T is a set of asymptotically finite h-measure on 7" if h € ‘H and

// drldrz < too
1-— Tl T9

ENAq,

for some 7y € T'. The collection of such sets we denote by Cp,.
Some analogs of Wiemann’s inequality for entire functions of one and several complex
variables can be found in [23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33].

2  WIMAN’S TYPE INEQUALITY FOR ANALYTIC FUNCTIONS ON T

By A? we denote the class of analytic functions of the form

+o0

f<z> = f(zh ZZ) = Z Anm?1 23" (4)

n+m=0

with the domain of convergence T and %f(zl, 25) Z0 on T.
For e € (0,1), r = (r1,m9) € T:=[0,1) X [0, +00) and function f € A? we denote

Ag = {(tl,tg) eT: tl > €, t2 > 8}, Mf(?") = max{|f(z)| |Zl| S T, |22| S TQ},
+o0

uy(r) = max{|anm|rirs': (n,m) € Z2}, My(r) = Y lalrirs'.

n+m=0
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Let Ds(r) = (D;j) be a 2 x 2 matrix such that
0 ( 9,

0
a_ri 7“]'8_71]' h’lmf(’l”)>: (918] lni)ﬁf(r), 82 =ri—

Dij =
/ 87"1-’

i,7 € {1,2}.
The following statemen for entire function of several variables we find in paper [27], and for
analytic functions on the domain in D x C [13].
Theorem 2 [13, 27]). Let f € A% There exists an absolute constant Cy such that
M (r) < Copg(r)(det(Dy(r) + I))"/?,
where I is the identity 2 X 2 matrix.

Lemma 1. Let 6 > 0. Then there exists a set E € C;, such that for all r € T\E the
inequalities

det(Dy(r) + 1) < 1h£r21 . (a%lnsz(r) (rza%lnsz( )+ In @))”‘5, (5)
ail 9, (r) < 1h£721 (o () 1n6€ﬁ> o (6)
5 () < s () )

hold.

Proof. Let By C T be a set for which inequality (5) does not hold, and A, := A.,
for e € (0,1). Now we prove that E; is a set of asymptotically finite h-measure. Since
Tjar InM,(r) >0, j € {1,2}, for any r € TN A, we have

0 er;
rja—rjlnfmf(r) —+ IH?J > 1.

W(Ey N AL) // d’f’ld’f’g <
1-— 7“1 T2
F1NA.

// det(Dys(r) + I)(1 — ri)dridry <
1+e <
sirin (5 () (s WMy () + 102 ) ) (1= 7,

/ / det(Dy(r) + I)drydr,
' 1+6 115"
s (i ms() 02 (e )+ 1 2

Then

Let U: T — R3 be a mapping such that U = (ui(r), u2(r)) and u;(r) = rja%jln Ms(r) +
In=L, j € {1,2}, r = (r1,r2). Then for i, j € {1,2} we obtain

ou; o o ery 1
or; 87"2< Yo Iy () + In ?) ri@,@, In 94 (r) + ri

ou; 0 o eriy 1 o
oy Or; ( o, Pl )+ln?>_ T_jaiajlnmf(r>7 i # ]
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So, the Jacobian
D(u1 UQ) Quy Juy

Jyi=——— = g1 92| = det(Dy(r) + 1

' D(ry,72) g_;?g_;f ( f( ) )7”17’2
Therefore,

+00 +00
duldu2 duldu2
n(E1NAL) 1+6 1+6 = 1+6 1+5 +00.
ElmA )

Suppose that Fy C T is a set for which mequahty (6) does not hold. Then
(1 — T‘1>d7‘1d7“2

lnfm
un(Ey (1 A) // d?“ldTQ // f
L —1ry)ry lnfmf -In 6”)1”(1 —ry)ry

FEoNAc EanA;

Consider the mapping V: T — R2, where V = (vi(r), v2(r)) and v; = InMy(r), vy =

In 2, r = (ry,72). So,

D(v1,v2) |72 In9My(r) = In9Mp(r)| 1 _ilngﬁf(r)_

Jy=—— = =
2 D(ry,rs) re Or
0 1
T2
Therefore
lnfmf r)dridrs
n(Ee NAL) =
2 // 1nsz n €2 1+0y,
EoNAg
+00 +00
// duldu2 / / duldug <1
00.
(w1 - ug) 1+5 = (uy - up) 1+6
EQﬂA

Let E5 C T be a set for which inequality (7) does not hold. Then

lnﬁﬁf( Yrodridry
NISSNPY/ . T |
== My (r)(1 —r1)re

EsNAg

Define the mapping W: T'— T, where W = (wy(r), wa(r)) and wy = ry, we = InM4(r), r =

(r1,72). So,
D(Ujl,U)Q) 1 0 0
Jai— Y = —1nM .
3 D(Tl,rg) 87’2 n f(T)
%lnimf(r) (%ln‘)ﬁf(r)
Therefore,

1

“+o00
duidus duy duy
n(Es N AL) // < / . < +00.
3 (1 — up)t=0ud™® — J (T —ug)t™? / uy ™

ESOA

It remains to remark that the set £ = U?Zl E; is also a set of asymptotically finite
m

h-measure in 7.
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Theorem 3. Let f € A% For every § > 0 there exists a set E = E(6, f) € Cp, such that for
all r € (TN A.)\E we obtain

W2 g (r) | s (B g (r) er
< NPTV +6 —f . 1/2446 _2
Mf(,r) - (1 — T1)1+6 hl ( 1 — T ) hl 9

Note, that Theorem 1 follows from Theorem 3 at h(r) = 10.

Proof. Let E' and Ej be the exceptional sets from Theorem 1 and Lemma 1, respectively.
Then for E = E' U E, and § € (0,1), we get for all r € T\E

M (r) < Copg (r)(det(Dy(r) + 1) <

1/2
1 0 1+6 0 ero\ 1+0
< CO\/ h(T)Mf(T)< (8_7*1 ln‘)ﬁf(r)> <7‘28—7n21n9ﬁf(r)+1n?2> ) .

1—7"1

Hence by Lemma 1 for all » € A_\E one can obtain

My(r) < Couf(r)h?’/Q(r) X

1/2
1 ery\ (1+6)? 1 erg\ 149
X <(— (msz(r) -In ?2) <ﬁ(ln9ﬁf(r))l+6 +In —2> > <

1—ry)? 1—r) €
pp (r) P32 (r)

(1 —r)t+o "0 () /22 . (8)

<
Using inequality (8) we get

Mf(?“) 3 2 1 €Trg
< _—_— — —_ JRE— <
InMty(r) <In (1= )75 + 5 Inh(r)+ (140)" Inln M, (r) + (2 + 25)111111 5

< 2111% +8Inln M y(r).

Therefore, InMy(r) < 21In %fﬁm Finally for all » € A\ E we have

h3/2( ) ( ) h( ) ( ) 1426462

r)pg(r r)ps(r 1/2425 €72
M <M < - PRIV At AN -2
f(r) >~ f(r) > (1 7“1)1""5 (2111 1—r > In 6 <

1461

WP (r)pg (r) [ h(r)pg(r) 1245, €72
In In ,
(]_ — 7”1)1+51 1—r €

where d; > 2(6 + §2). O
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Yepes A? nosnaanMo Kiac aHamituaanx GyHKHif suriany f(z) = :f’m 0 Qnm?1 25", 3

obmactio 36ixknocTi T = {2 = (21,22) € C?: |21| < 1, |22| < 40} =D x Ci (972f(21722) Z0
B T. V miii crarTi Mu J0BeneMo JesKi anajoru HepiBaOocTi Bimana mis anagituannx yHKIH
f € A%, Hexait pysxmig h: R — R+ TaKa o h HecmaJHa 1m0 KOxKHIN 3miumiit i h(r) > 10
g Beix r € T := (0,1) x (0,400) ffA ndridry | oo s pesioro € € (0,1), ne A. =

(1 7‘1)7'2
{(t1,t2) € T t1 > g, tg > 5} Bynemo ropoputu, mo F C T € MHOXXKHHOIO CKIHYeHHOI h-MipH
na T, axmo vy, (E ff h((f)ci?)igz < 400 mas gesoro € > 0. das r = (r1,72) € T i bynkmii

f € A? nosmaunmo
My (r) = max{|f(2)|: |z1] < 71, 22| < ra}, pp(r) = max{|an,|riry": (n,m) € Zi}

Jloseneno taky teopemy: Hexait f € A2, Jlna koxknoro § > 0 icaye mpoxuna E = E(, f)
acuMnTOTHIHO cKimgenHoi h-mipn Ha T Taka, mo aas seix r € (TN A, )\ E BUKOHY€TbCsT HEDIB-

h3/2(r)uf(r) 1o (R g (r) 1/2+46 €72
< - RV DR, e
Mf(?") - (1 — T1)1+6 n ( 1— T1 ) In 3

HICTH



